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1. BBe,neI-me 

Xoporno H3B8CTHO [ 1] , lJTO (pYHKnIDf .lli!TIYHOBa .HBJUUOTC.H He .. TO_JibKO 

KpaCHBllM MeTO,I\OM HCCJI8,I\OBaHH.H _YCTO:A:l!HBOCTH, ,HO H ,I\OnycruuoT IIJJ.HMYIO 

(pH3HlJ8CKYJO HHT8PTIP8T81\IDO_ K8K SHeprH.H HJIH ,SHTTJOTIH.H paccMaTpH1388~0:A: 

(pH3HlJ8CKO:A: CHCT8Mll, 38TIHCI1Ba8Ml18 B BH,I\8 (p~ BalKH8:0:nll1x ee 

rrapaMeTpoB. 

0,I\H8KO TIPHM8H.H8Ml18•B COBP8M8HHHX TIPHJIOE8HH.HX M8TO,I\H K8lJ8CTB8HHOro 

HCCJI8,I\OBaHH.H [2-4) OCHOBaHH Ha Blll!HCJI8HHH B8JIH"!JHH, 06lllJHO.H8 HMeIOil(HX 

CTOJib me .HCHYJO (pH3HlJ8CKYIO .HHTepnpeTa1\IDO, lJTO, BOo6me rooopa, He 

COBC8M Y.I\06Ho TIPH cpaBH8HHH P83YJibTaTOB, TIOJiy-qaeMHX B npaKTHK8 

"qJH3HlJ8CKHMH" H "M8T8M8TH"!J8CKHMH" M8TO,I\aMH. 

BM8CT8 C T8M, TIP.HMO:A: M8TO.I\, .lli!TIYHOBa CO,I\8~T MHOE8CTBO 

TIOJiysa6!1TllX peuerrTOB, KOTOplle TIPH Ha,I\JIBEameM npHMeHeHHH Bcer,I\a 

TIPHBO,I\.HT K TIOCTPQ8HHIO .HCKOMO:A: (pYHKUHH ].HTIYHOBa. 8TO ,I1eJia8T 

H3CTO.HT8JibHO H806XO,I\HMllM 03H8KOMJI8HH8 IllHpoKoro Kpyra ITpaKTH"!J8CKHX 

HCCJI8,I\OBaT8JI8:A: C STHMH peuerrTaMH, oco6eHHO B (pH3HlJ8CKHX npHJiomeHH.HX. 

IlOSTOMY ITPHBO,I\HM08 HCCJI8,I\0BaHH8 YCTO:A:"!JHBOCTH B TO"!JK8X 6Hcpyp:r<aUH:A: 

CT8UHOHapHllX perneHH:A: MO,I\8JIH ]opettua TIPOB8,I\8HO M8TO,I\aMH .lli!TIYHOBa ,I\JI.H 

KPHTH"!J8CKHX CJiyqaeB [5,6), H H3JIOE8HO C TO:A: ,I\OJie:A: Il0,I\po6HOCTH, KaKYJO 

TI03BOJI.HJI o6~eM mypHaJibHO:A: 3aMeTKH. IlpoCTl18 pesyJibTaTH, IlOJiyqeHHH8 

STHMH M8TO,I\aMH qacTblO .HBJI.HIOTC.H HOBHMH, a qaCThlO IlO,I\TB8PE,IlaIOT paHee 

H3B8CTHH8. 

CHCTeMa ]op~HUa [7,8), HJIH TpexnapaM8TPH"l!8CK8.H CHCT8Ma Tpex 

o6HKHOB8HHHX ,I\H(p(p8P8HUHaJibHHX ypaBH8HH:A: BH,I\a 

x=-Ox+oy, y=-y+rx-xz, z=-bz+xy, O>o, r>o, b>o, (1.1). 

r,I\e B8JIH"lJHHa r o6lllJHO cqHTaeTC.H 6H(JJYPK8UHOHHHM napaMeTpoM·, 6HJia 

IT8PBOH8lJ8JihHO c(JlopMyJIHpoBaHa KaK ).\HHaMH"!J8CK8.H MO,I\8Jih nepexo,I\HHX 

npoueccoB B Masepe [7J, H HecKOJihKO rrosme - KaK npocTe:A:maa MO,I\BJih 

,I\JI.H HCCJI8,I\OBaHH.H Typ6yJI8HTHOCTH lKH,I\KOCTH, no.norpeBaeMO:A: CHH3Y B 
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, x3 =~bx3 +x1x 2 . ( 2 .1) 

MaTpID.la JIHH88H08 qacTH CHCT8MH (2.1) BllJ)OmneHa: COOTB8TCTBYJOm88 

xapaKT8PHCTHqecK08 ypaBH8HH8 HM88T KOPHH l
1
=o, l

2
= -(0+1)<0, 

A3= ~b<O, T.8. peaJIH3Y8TCH KPHTHqecKH8 cnyqa8 C 0~ HyneBHM KOPH8M 

[5,6]. Cne,eyeT JIH6o.' rrpHM8HHTb MeTon, COOTB8TCTBYJOIIIIDl 9TOMY 

KpHTHqecKOMY c~q8!0 [5,6J, JIH6o rrpHMeHHTh Jl1lHM08 MeTon .lli!rryHoBa. 

IlepBH8 MeTon Bcerna naeT HCKOMH8 oTBeT rrocne KOHeqHoro qHcna 

Jl1)eo6pasoBaHH8, HO rrpHBOnHT K nocTaToqHo rpoM03nKHM BH~anKaM (CM., 

K ITPHMepy, pa60TY [17], rne paccMaTpHBanCH KPHTHqecKH8 c~qa8 C 

0~ eyneBHM KOPH8M n~ TIHTHM8PH08 CHCT8MH ypaBHeHH8, conepmame8 

Monenh ]ope~a KaK qacTHH8 c~qa8). MH BOCITOnh3Y6MCH rrpHMHM MeTO~OM 

!IBITYHOB8 H ITOCTpoHM COOTB8TCTBYJO~ ¢YHKUJflO .lli!rryHOBa; C 9T08 uenhID 

BBeneM HOBHe rrepeMeHHHe: 

z1=x1-f-0Xz, z2=0x2--0x1, . z3=0X3-

06paTH08 rrpeo6pa30BaHHe HM88T' BHn: 
z

1 
-z

2 
Oz1 +z2 z3 

x= ,, x= , x= -
1 CJ + 1 2 0(0+1) 

3 
CJ 

CHCTeMa B HOBHX rrepeMeHHHX rrpHHHMaeT qJOPMY: 

z1-z2 
z = -z ---

1 3 CJ + l 
z1-z2 . 

z
2

= -(O+l)z
2
-z3 = -(O+l)z2+z1 , 

CJ + 1 

Oz1 +z2 z 1 -z2 z = -bz +-~--= ---
3 3 CJ + 1 CJ + 1 

IlonaraeM ¢YHKUJflO .lli!rryHOBa paBH08 

1 [ ]. 0(0+1)[ ] 
V=- Oz~+z~+(O+l)z; = --- x

2
+ Oy

2
+az

2 
;;,o 

2 2 

H BWillC~eM ee rrpoH3BOneyID: 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

V= -(O+l)[z~;bz;]= --02 (0+l)[(x-y)
2

+bz
2

] ~O. (2.6) 

B CH~ HepaBeHCTB (2.5)-(2.6) Tp,mHanhHOe pemeHHe CHCTeMH (2.4) 

ycTo8qHBO, HO He acHMTITOTmecKH. Hs (2.5)-(2.6) cne,eyeT, qTO ¢YHKUIDI 
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]HITYHOB8 (2.5) H~eTCH rno6anbH08, T.e. OJ11)eneneHH08 He TOnbKO B 

OKpeCTHOCTH co, a BO BCeM rrpoCTJ)aHCTBe rrepeMeHHHX x, y H z. ~o. 

'!TO ITPH re::1 cpenH pemeHH8 CHCTeMH ]opeHUa HeT npyrHX. YCTO~HX 

pemeHH8, KpoMe co . 3aMeTHM, . qTo ¢YHKUHH .lli!rryHOBa. · ( 2. 5) HMHeTC.ff 

'iaCTHHM cnyqaeM ¢YliKI.U1Jf ].ffrryHOBa, rronyqeHH08 B [17].· 

3. Mccne~oBaHHe YCTO£llmBOCTH HeTpHBH8nbHHX CT8QHOH8PHHX 

pemeHID!:_ c 1 , 2 npH r=r2=0CO+b+3)/(0-b-1) 

BHme ToqKH r2=0(0+b+3)/(0-b-l) KaK TpHBHanbHOe co, _TaK H 

HeTpHBHanbHHe c1,2 CTaUHOHapHHe pemeHHH CTaHOBHTCH H8YCTO~HMH. 

HeTpHBHanhHHe CTaUHOHapHHe.pemeHH.H.B TOqKe 6H¢YPKaUHH r2 8CTb: 

c1,2 = {xo, xo, ~~}. (3.1) 
lr=r 

rne o6osHaq:HO X = - 1 b(O+l)(O+b+l) . COOTBeTCTB~e ypaBHeHHH .. B 
O + CJ - b - 1 

BapHaUHHX {x1,x2,x3} OKono CTaUHOH8.PHHX pemeHH8 (3.1) HMeIDT BHn: 

x1=--0x1-f-0~2' x2=x1-Xz-XoX3-X1X3, X3=xox1+xox2-bx3+X1Xz· (3.2) 

XapaKTepHCTH'ieCKOe ypaBHeHHe n~ MaTpHUH JIHHe8Ho8 qacTH ypaBHeHH8 

(3.2)_HMeeT cnenyro~e KOpHH: 

P1 ,2= ±ipo' p =i20b(O+l) 
O - 0-b-l 

, P3=-(0+b+l). (3.3) 

CnenoBaTenbHO, peaJIH3yeTC.ff KpHTmecKH8 cnyqa8 C nBYM.ff MHHMHMH 

KOPHHMH [5,6]. HccnenoBaHHe ycTo:tl~BOCTH B 9TOM cnyqae rrpoBOnHTCH B 

TPH 9Tarra. 

Ha rrepBOM 9Tarre CHCTeMy (3.2) cne,eyeT Jl1)HBeCTH Heoco6eHHHM (B 

. o6meM c~qae He.JIHHellirnM) rrpeo6pasoBaHHeM K BH,Jzy, Karna JIHHe8HHe 

qacTH .IU3YX rrepBHX ypaBHeHH8 HMeIDT raMHnhTOHOBY CTPYKTYPY, a JIHHe8HaH 

qacTh TpeTbero ypaBHeHHH He co~el)lllliT nByx rrepBHX · rrepeMeHHHX. 

norronHHTenbHHM Tpe60BaHHeM .ff~eTCH TO, qTO H8HHH3ill8H CTerreHb 

He.JIHHeattoCTH B Tp0TbeM YpaBHeIDIH noJIJKHa 6HTb He HIDKe, qeM HaHHH3maH 
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CTeneHh_HeJIHHelli!OCTH B Ilffl;lBHX ,I(Byx YJ)aBHeIDIBX. EcJIH HOBH8 nepeM8HHH8 

y,n;oBJieTBOJIBIOT STHM Tpe6oB8HHHM, TO nepBHe -)(Be nepeMeHHHe Ha3HB8IOT 

KPHTW!eCKHMJ1, a OCT8JlhHH8 {B HallJeM CJiyqae TpeThH) - ·HeKpHTHqecKHMH 

[5,6). ,llJrn CHCT8MH (3.2) HCKOMOe npeo6pa30B8Hl18 MOlKHO BH6paTb B BH,Il;8 

mrn:etrnoro npeo6pasoBaHHH: 

_ ,,2 2C5 . P0 
y1=-- x1+ --~- X3• 

p
0

x
0 

p
0

x
0 

b(r2 -1) 

x 1+ ~ . 0+1 
Y2= +. 

x 0 b(r2 -:-1) 
x3, 

y = 
3 

(O+l) ( 1--0-b) 

(O-b-1) x 0 

0+1 
x1+--~+ ~• 

XO 

(3.4) 

nocJie qero JIHH8fiHH8 '!aCTH ypaBHe~ npHMyT Ha,IJ;JI8lK3ll\IDt BH,Il; . .I{JIH 

BH'!HCJI8HIIB H8JIHH8ftHOCTefi Heo6xo,n;HMO BOCilOJ!h30B8ThCH o6paTHHM 

npeo6pasoreHHeM: 

x1 =xoS( 122Y1-1 ~2Y2+8 13Y3)' 

x2=x0S(-l21y1+l11Y2-S23Y3), 

[ 
O+b+l ] 

·x
3
=2bS(0-1)(0-b-l)(r

2
-1) p

0
y

1
-(0+b+l)y2 - ---y; , 

r
2
-1 

r,n;e o6ostta'!eHo: 

s~-[2co-l) (0-b-l ){ (O+b+1)
2

+p~ 1]-: 

s
13

=20(0-1)(0-b-1), 

(3.5) 

s
23

=2(0-l)(O~b-l)(b+l), (3.6) 

1
11 

=2b[(O+b+l) (O-b-1 )+0(0+1)( 1-0-b)], 

1
12

=2b[o(O+b+l)(O-b-1)+0(0+1)(0-b-1)], 

1
21 

=Po (0-b-1) [b(O+b+l)-(0+1)(1-0-b)], 

.1
22

=p
0

(0-b-l)[b(O+b+1)~(0+1)(0-b-1)]. 

~CTIOJih3YH npeo6pa30B8HHH (3.4)-(3.6), npHBO,IDfM CHCTeMy (3.2) K 

CTaH,IJ;apTHOfi qiopMe; Tpe6yeMOfi npH HCCJie,IJ;OB8Hl1H 

KPHTHqecKOM CJIYqae C .I(BYMH MHHMHMH KOPHHMH [5,6]: 

6 

ycTofiqHBOCTH B 

~ 

., 

. [ 2 . 2 2] 
Y1=-Po y2+a11y1+a12y1y2+a22y2+a13y1y3+ a23Y2Y3+ a33Y3 ' 

. , 

. [ . 2 2 2] 
Y2=Po y1+b11y1+b12y1y2+b22y2+b13Y1Y3+b23Y2Y3+b33Y3 ' ( 3 . 7 ) 

. [ 2 2 2] 
Y3=P3 Y3+d11 Y1 +d12Y1y2+d22y2+d13y1 Y3+~3Y2Y3+d33Y3 . 

KosiP,1JHI.U18HTH 8JI6M8HT3PHO BHpalK3IOTCH qepes napaMeTpH HCXO,Il;HHX 

ypaBH8~: 

s2 
a 11 =-; [ 121 (0-2b-l)-122 ( 1--0-b)] 122 • 

s2 
a12=-; [ 2112122 ( 1-0-b)-( 111122+112121 )(0-2b-1)]. 

s2 
a

22
=-; [1

11 
(0-2b-l)-112 (1-0-b)] 1 12 , 

2 . 
. p0 s [ ] · 

b 11 = 20b 122 (1-0:--b)-2121 (0-b-l) 122 , (3.8) 

2 
p0 s [ . ] 

b12=~ <1 11 122+1 12 121 )(O-b-l)-l12 122(l-O-b).' 

Pos2 [ ] b
22

=--- 1
12

(1--0-b)-21
11

(0-b-1) 1
12

, 
20b 

0CT3JlbHH8 KOSiP,1JHIJ,H8HTH BHWJIH TIPH BHqHCJI8HHHX H8HYJI8BHMH l1 B 

,n;aJibHefirueM He HCITOJ!b3YJOTCH. 

Ilo.nyqeHH3H TaKHM o6pa30M CHCT8Ma ypaBH8~ (3.7) y,n;OBJl8TBOPH8T 

BH,IJ;Y, Tpe6y8MOMY B T80pHH KPHTHqec:KHX cJiyqaeB C ,IJ;BYMH MHHMHMH 

KOPHHMH [5,6]. CJI8,Il;OB8TeJibHO, BOrrpoc 06 ycTofiqHBOCTH CT311,HOHapHHX 

perue~ c1 H c2 HCXO,IJ;HOfi CHCT8MH ]opeHua (1.1) rrpH r=r2 CBO,IDfTCH K 

Borrpocy 06 ycTofiqHBOCTH TPHBH3JibHOro perneHHH "YKopoqeHHO!l" CHCT8MH 

BTdporo ITOPH,IJ;Ka, cOcTaBJieHHO!l H3 "'KPHTHqecKHX ,. rrepeM8HHHX [ 5, 6) : 

· 2 2 x=-p0 (y+a
11

x +a12xy+a22Y ), 

· 2 2 y=p
0

(x+b
11

x +b
12

xy+ b22y ), 

r,n;e KOSiP,1JHI.U1eHTH aij H bkl onpe,n;eJI8HH corJiaCHO (3.8), a Po

(3.3). 
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,ll.JUI IIOCTpoeHHH iilYHKmiH JIHIIYHOBa MOJKeT, o~aKO, IIOTpe6o:saTbCfl 

6ecKOHeqHoe lIBCno maroB (5,6] 1 ? IlOSTOMy Ha ~aHHOM STarre Heo6xo,IU1MO 

peIIIHTb sa~aqy pa3JIWieHHfl ueHTpa H qJOKyca ~~ CHCTeMH (3.9). 

3Ta sa~aqa ouna •pemeHa B [15J BMecTe c orrpe~eneHHeM sttaKa 

qJOKYCH08 BeJIWIHHll. O~aKo Mll rrpHBO,IU1M 3~8Cb BllqHcneHHe no M8TO~ 

IL C. CH6Hpc1<0ro, HMefl BB~ rrpocTOTY H BllCOKYJO 8qlql8KTHBHOCTh 

rrocne~ero. 3TOT MeTO~ (18] MOlK8T 6llTh IIIHpQKO HCITOnh30BaH ~nfl 

IT0~06HllX sa~aq, r~e HeRHHe8HOCTh HM88T H8 BTOPYJO, a rrpoH3BOnhHYJO 

KOH8qHYJO CT8IT8Hh. B ~aHHOM c~qae Mhl HnJIIOCTPHPY8M M8TO~ CH6HpcKoro 

rrpo6neMo8 ueHTpa B Mo~e~ JlopeHua, c uenhro cpaBtteHHH rro~qHBrueroca 

pesynhT3Ta C aHanorHqHllM B (15]. 

HecMOTPfl Ha TO qTo B o6meM B~e rrpo6neMa pa3~qeHHfl U8HTpa H 

qJOKyca eme H~ ·pemeHa, ~nfl KOHKP8TH08 CHCT8Mll (3.9) C H8RHH88HOCTHMH 

BTOporo rropfl~ MBTOA orrpe~eneHHH THITa H30~pQBaHH08 oco6o8 TOqKH B 

Haqane KOOp~a~ YlK8 H3B8CT8H. ,Una CHCT8Mll (3.9) STa 3a~aqa 6una 

riocTaMetta eme ITyattKape (191 H qJaKTHqecKH pemeHa B pa6oTax rzo-211. 

O~aKO ycnoBHH H3nHqHfl U8HTpa B Haqane KOOp~aT, BllpalK8HHlle 

Herrocpe~CTB8HHO qepe3 K08qlqJHUH8HTll CHCT8Mll (3.9), 6llnH rronyqeHll nHllih 

MHOro II03lK8 K.C. CH6HpcKHM (16,18]. HTaK, B Haqane Koop~aT HMe8T 

M8CTO oco6afl ToqKa THrra ueHTP, 8CnH K08qiqJHUH8HTll B ypaBH8HHH (3.9) 

YAOMeTBOPflIDT XOTfl 6u 0~08 H3 cne~mHX TP8X cepH8 YCROBH8 (16]: 

l) RH O,IU1H H3 APyrHX H3B8CTHllX M8TOAOB H8 HM88T 3A8Ch ITP8HMJm8CTBa 

rrepeA IIPflMllM M8TOAOM JlflrryHOBa, B TOM qHcne H anropHTM EayTHHa, 

rrpHM8H8HHli8 B [15],- B cnyqae UBHTpa BCB OHH ITPHBO~T·K 6eCKOHeqHOMY 

qHcny maroB. ITOSTOMY H8flCHO, rroqeMy B 

rrpe)U38pHT8RbHOe HCCneAOBaHHe rrpo6neMll U8HTpa, 

6uno ITpoB8AeHO. 
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(15] He rrpHBO,IU1TCfl 

KOTopoe,. HecoMHeHHO, 

l 
1 

;'1) 
'\/ 

L a11+~2= b11+b22=0; (3.10) 

II. ct(a11+a22>-BCb11+b22>= 
3 2 2 3 

=a11ct -(b11+a12)ct B+Cb12+~2>ctB -b22B =O; 
(3.11) 

2 2 III. ct+5(b11 +b22 >=B+5(a11 +a22 )=2a11 +2b22+a11 ~ 2+b11 b22=0, (3.12) 

rAe a=a12 -2b11 , B=b12-2c1z2 . Ka~afl H3 cepH8 ycnoBH8 (3.10)-(3.12) 

flBnfleTCfl H806XO,IU1Mh!M H ~OCT3TOqHllM YCROBH8M cYIIiecTBOBaHHfl U8HTpa B 

Haqane KOOp,IU1HaT CHCTeMll ( 3. 9) . B HarueM cnyqae, . KOrAa B~ 

KosqiqiHUHeHTOB orrpe~e~eTcH cornacHo (3.8), HH o~a H3 STHX cepH8 

ycnoBH8 H8 BllIIOmifl8TCfl, TaK KaK B KalK~08 cepHH He paBHll TO~eCTBeHHO 

HYnID YlK8 rrepBll8 BXO~mHe B 8TH cepHH BllpalKeHH.ff (CM. ,llorrontteHHe). 

Cne~o:saTenhHO, Haqano Koop~aT HBnHeTc.ff oco6on TOqKofi THIIa qioKyc, 

qTo COBI!a,Il;30T C 0~ H3 pesyRbTaTOB pa6oTll (15]. 

3~ech tteo6xo,IU1MO c~enaTh saMeqaHHe. YcnoBH.ff CH6HpcKoro [16J, TO 

eCTh YCROBH.ff ( 3. 10 )- ( 3. 12) , He BllIIOnH.IIIDTC.ff ·HH rrpH KaKHX IIORO_lKH

TeRhHllX 3HatieHHHX (J H b, Y~OMBTBOPflromHX YCROBHHM cymecTBOBaHHfl 

6HqJYPK3UHOHH08 ToqKH r = r2 CTaUHOHapHllX pemeHH8 c1 H c2, OIIpeAenH

eMllX H3 ( 3. 1) . KaK nerKO BHAeTh H3 ( 3. 3) , ycnOBHfl cymecTBOBaHHfl · 

6HqJYPKBUHH rrpH r = r2 ecTh ycnoBHe HaJIWIHH AByx MHHMllX KOpHefi: 

0-b>l. (3.13) 

B KB8.HTOB08 OIITHK8 STO ycnoBHe HOCHT H33BaHHe "YCnOBHe rrnoxoro 

P830H3TOpa" (22,23] 

ITepe~eM K IIOCTpoeHHID qJYHKUHH Jl.ffrryHOila. H3BeCTHO, tITO B cnyqae 

qJOKYCE:lqJYHKUHID Jl.ffrrytto:sa cne~eT HCK3Th B B~e (5,6,24,25]: 
. N 

V = x 2+ y2+·}: Vn(x,y), (3.14) 

n=3 

rAe V (x,y) - o~opo~ IIORHHOM n-ro IIOPfl~ OTHOCHTeRhHO x H Y, n . 

rrpmeM cymecTByeT lIBCRO N, COOTBeTCTByromee MaKcHManhHOMY .IIOPfl~Y 

IIORHHOMOB, BXO~mHX B V(x,y). ITOKalKeM. tITO B HameM cnyqae N = 4, 

T.e. qJYHK!Uf.ff Jl.ffrrytto:sa CTpQHTC.ff Ha rrepBOM lK8 mare H3B8CTHoro 
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aJiropHTMa JIHJIYHOBa. 

BHqJ,fCJIHH rrpoH3BO,IU-iY10 OT V(x,y) no BP8M8HH B CHJIY ypaBHeHIDl: (3.9), 

IIOJIYqJ,fM: 

dV { av3 av4 } 2 2 - =-p
0 

2x+--+-- (y+a11 x +a12xy+~2 Y )+ 
dt Bx Bx 

. { av3 av4 } z . , z 
+p

0 
2y+--+-- (x+b11 x +b

12
xy+b

22
Y ). 

By By 

(3.15) 

TIOJITJ8HH08 BHpalK8HH8 H84:illi88TCH 4:JI8H8MYI 3-ro IIOPfl,llKa, COBOKYIIHOCTh 

KOTOPHX 38IIHCHB8.8TCH B BH,ll8: 

dV( 3 ) 
2 2 -.-=-2p0x(a11 x +a12xy+a22 y )+ (3.16) 

dt 

z z { av3 av3 } 
+2poy(b11x +b12xy+b22Y )+Po --x---y. 

By Bx 
qT06H IIPQH3BO~aH (3.15) 6HJia 3HaKoorrpe,neJJeHHo~. Heo6xo~MO, 4:T06H 

BHpalK8HH8 (3.16) o6pa~aJJOCh B HYJih. 3TO 8~CTB8HHHM o6pasoM orrpe,ne

JIH8T qK)pMy V3 (x,y), KOTOpaH HM88T BH,ll: 

3 2 2 3 V
3

(x,y) = f 1x + f 2 x y + f
3
xy + f

4
y, (3.17 l 

r,ne K08iWJJ:mHBHTH paBHH: 

f
1
= (4b22+2b11 -2a12 )/3, f2= 2a11 • 

(3.18) 
f

3
= 2h22 • f 4 = (4a11 +2a

22
-2b

12
)/3. 

BeJIHY:HHH (3.18) BHpaJKaIOTCH qepes rrapaMBTPH b HO COOTHOlli8HHHMYI (3.6) 

H (3.8). Orrpe,nernB Taill1M o6pasoM v
3

cx,y), rroTpe6yeM ,naJiee, Y:To6u 

COBOKYIIHOCTh 4:JI8HOB 4-ro IIOPH~ B rrpGH3BO,llHO~ (3.15) 6HJJa 

3HaKoorrpe,neJI8HHO~, T.8. Ha~,neM T3K08 ,ne8CTBHT8JihH08 4:HCJIO G4, 4:T06ll 

BHIIOJIHHJJOCb paB8HCTBO: 

( 4) dV av 3 2 2 av 4 • 
--= -Po-- (a11x +a12xy+a22Y )-Po--y+ 
dt ox ox 

av3 . 2 2 av4 2 2 2 
+p

0
-- (b11 x +b12xy+b22Y )+p

0
--x = G4 (x +·y) 

By oy 

(3.19) 

3HaY:eHHe G4 orrpe,neJIH8TCH 8~HCTB8HHHM o6pa30M [5,6,25) HS q,opMyJIH 

IO 

2'.lt 
..:. p0J{·BV3 (sin8.cos8) 2 . . _2 

G
4
--- . (b11 cos 8+b12cos8s1.n8+b22 s1.n 8)-

2 '.JC B(s1.n8) 
0 . . 

av 3 ( cos8 , sin8 ) 2 . . 2 }· 
---'--------- (a11 cos 8+a12cos8s1.n8+a22s1.n 8) d8. 

O(cos8) 

BI14:HCJI8HH8 ,naeT: 

G
4
= kP

3
P 4 t- 0, 

r.ne 

k = 1002b3 (0+b+1)2 (0-b-1)2 (0-1): 

(3.20) 

(3.21) 

(3.22) 

P
3

= b 3+b20+3b2-3b02+3b-03-o2+o+l, . (3.23) 

P4= -4(02 -t0-3)b2+2(02 -50+3) (0+1 )b-2(0-5 )b
3 +3b4 

--0
4 

-20
3 

+20+1. ( 3. 24) 

IlOJJOJKJ1TeJibHOCTh B8JIW-!.HHH .. k ·. IIPH yCJJOBHH : ( 3. 13) Oll8BH,nHa. JlerKO 

IIOKa33Tb; 4:TO IIOJIHHOMH p3 H p4 IIPH 8TOM ycJJOBHH OTp~aTeJJbHll. 

HarrpHM8P, HCIIOJ!b3YH (3.13) MOlKHO 38IIHC8Th CJJe,mnouiee H8paB8HCTBO: 

P;·; {cb+1>3 -o3} + {o.c1--0>} i{wch-30>} < o; 

IIOCKOJibKY KalK,ll~ t.IJJ8H .B qmrypHllX CK06Ka.X OTPHU8T8Jl8H. JlerKo OU8HHT.b 

CBepxy H IIOJIHHOM P4, ecJIH BB8CTH HOBYJ() nep8M8HHYJ(). [15) g=O-b-1, 

KOTOpaH B CHJJY (3.13) IIOJ!Ol!illT8JibH8: 

P
4

=-(g4 +2g 3 (~3)+4£2 (b2 +5b+3)+2g(4b3 +17b2 +19b+4)+2b(b
3

+6b
2

+11b+6)]<o. 

TaKHM o6pa30M, Mil IIOJIYY:HJIH: 

G4 = kP3 P4 > 0. (3:26) 

CJI8,llOB3T8JibHO, HaY:aJio KOOp~HaT ,llJIH ypaBH8HHH (3.9) HBJIH8TCH 

H8YCT084:HBHM qK)KYCOM. 

3a,naqa HCCJJ8,llOB8.HHH YCTO~Y:HBOCTH CTaUHOHapHHX perneHIDl: c1 H CZ 

HCXO~O~ MO,ll8JIH JlopeHUa IIPH r=r2=0(0+b+3)/(0-b-l) 6HJJa , perneHa 

IIOCTPQ8HH8M ¢YHKUHH JIHJIYHOBa. JlerKO BH,ll8Th, .llTO ,naBHO ,H3B8CTH~ 

peueIIT [5] IIOCTpoeHHH ¢YHKUHH JIHrryoBa IIPHBO~T K ,04:8Hb rrpoCTHM H 

Herrpo,noJil!illT8JibHI1M BH'4:HCJl8HHHM. B OTJIHY:HH OT ylKe I1CIIOJ!b30BaHHllX B 

3TO~ sa,naqe M8TO,ll0B [15,26). IlpH 3TOM rrpe,nBapHT8JlbH08 .1)8lli8HH8 sa,naY:H 
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0 P83.J1Wi8HID! U8HTpa H qJOKyca HB~H8TCH H8H368lKHHM 8T8ITOM H ~JIH 

M8TO~OB pa6oT [15,26], ITOCKOJibKY B CJiyqae U8HTpa H 8TH M8TO~H 

ITpHBO~HT K 6eCKOHeqHOMY qHcJiy maroB B BHqHCJI8HHRX. 

4 . .nonoJlHeID!:e 

He P8BHH8 TOlK,!(8CTB8HHO HYJIIO IT8PBH8 BHpa~8HI1H B C8PHHX YCJIOBilll: 

CH6HpcKoro (3.10)-(3.12) HM8IDT CJI8~~ HBHIDi BH~ (qJI8HH I'PYITITH

PYIDTCH CHaqaJia ITO CT8IT8HHM rrapaMeTpa b, a 38T8M - ITO 0): 

a 11 +a22 =-2P0b0 (3b
6
0-3b

6
+2b

5
o 2+14b50-16b5 -13b4o 3+15b4o 2 +33b40-35b4 -

2b304-34b303+34b3o2+42b30-40b3+1lb2o5-sb2o4-38b2o3+34b2o2+27b20-25b2 

+8b0
5

-Bb0
4

-16b0
3

+16b0
2

+8b0-8b-07+o6+305 -304-303+302 +o-1)~0; cn1i 

a( + )-~(b +b )=16p b3o2 (3b11 o3 -9b11 o2+sb11 o-3b11 +b10o4+ a11 a22· 11 22 0 . 

28b
10

o
3
-90b

10
o

2
+92b

10
o~31b10-21b9o5 +67b9; 4+70b90 3 -402b9o2+ 431 b90-

145b9+ qJI8HH, C0~8~IIU18 M8HblliH8 CT8IT8~ rrapaMeTpa b)~O; cn2J 

a+5(b11+b22>=-2Pob0(11b
6
0-llb6 +Bb5o 2 +46b50-54~5 -55b4o 3+6lb4o 2+101b4o 

-113b
4

-14b
3

0
4

-130b
3

o
3

+138b3o 2+138b30-132b3+51b2o 5 -~3b20 4 -142b20 3+ 

146h
2

o
2

+91b
2
0-93b

2
+6b0

6
+32b05-5~b04~64b03+82b02 +32b0-38b-7o7+106 + 

- "Jl' 

210
5 
-210

4 
-210

3 
+2102 +w-7 >~o. cn3 > 
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