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1.BBe,neHHe 

3a,naqa ,l{Byx QBHTpOB B KBaHTOBOH MexaHHKe( sa,naqa ZleZ2 ) COCTOHT 

B Haxom,neHHH BOJlliOBHX q>Y'}IK!lH:8 BJI9KTpoHa , JI. ·-IDKYl!l9rocH B IIOJie ,l{Byx 

SaKperrJieHHHX sapH,l{OB zl H Z2,Y'AaJI8HHHX ,npyr OT ,npyra Ha paCCTOHHHe 

R. IlpH BTOM CTfilUlj'.OHapttoe YP8BH9HH9 111pe,nHHrepa HM99T BH.n111 

( - -2
1 ~ - ~l - : 2 )¢CR,;) = E ¢CR,;), (1.1) 

; rl r2 

r,ne t - B9KTOp, coe,nHHHIOinlfil cepe,nHHy 0Tp93K8. RC 8JI9KTpoHOM, rl H 

r2 - paccTOHHHH OT 8JI9KTpoHa ,no sapH,l{OB zl H Z2 COOTB9TCB8llli0, a 

E - BHeprHH CBHSH 8JI9KTpoHa. 

Kruc HSBecTHO, ypaBHeHHe (1.1) ,norrycKaeT pas,neJieHHe rrepeMeffilllx 

B BHTHHYTHX cqiepoH,naJibHHX KOOp,nHHaTaX 

r1+r2 
{; = --, 1 ~ g < +m; 

R 

rl-r2 
Tl = --, -1 ~ Tl ~ 1. 

R 

IlO,l{CTaHOBKa B ypaBHeHHe (1.1) rrpe,ncTaBJieHHH BOJlliOB08 <l>YHKUHH ¢ B 

BH,l{O 

¢ = F({;) i('fl) e ±imp m = 0,1,2, ... , 0 ~ ~ < 2~ 

IIpHBO,l{HT/l/ K CJI8,nyxmHM YP8BH9HHHM ,l{JIH F(g) H i('fl) 

d 
( 1?- 1 ] 

dF 
-+ 

dg dg 
d 

( 1 - 11
2

) 
di 
- + 

d'fl d'fl 

. ER2 

[ -;- c,2-1) 

ER2 

[ -;- ( 1-11
2

) 

- 'A + 

2 

a{; - _m_ ] F = 0, 
,2_ 1 

2 

+ 'A t b'fl -
112

: l ] i = 0, 

r,ne a= R(~l+ Z2), b = R(Z1-Z2>· 'A - KOHCT8HT8 pas,neJieHHH. 

Ilpe,nrroJiaraeTcH, qTo 

IF(l)I < m, 1ic±l)I < <D. 

( 1. 2) 

( 1. 3) 

(I. 4) 

iYJIKI.UIB F({;) HMeeT pas.lIH'lHHe 8CHMTOTHKH IIpH {; ➔ +m B CJiyqSHX 

,l{HCKpeTHOro ( E<O) H HerrpepHBHoro ( E>O )CII9KTpoB. EcJIH E < 0, TO 



SHeprHfl TipHHHMaeT ,l(HCKpeTHHft Pfl'A 3HaqeHHft H 

e-pg 
F(g>_ 

1- a/ 
(2pgJ 2p 

TipH g ➔ +ro 2 ER2 • -p = -
2 

( 1.5: 

J{JIH E > 0 ( HenpephlBHilll CTI8KTP) (pyttKJ.Uffi F(g) TipH g ➔ +ro HM68T 

cne,nyIOIJzyIO aCHMTITOTHKY 

r'Ae 

1 
F(g) ~ - Sin ( cg 

cg 

a 
+ - + 

2c 

~ 1 
ln2cg - - 1 + tJ. ) +O [ - 2) , ( 1. 6) 

2 g 

c = R If, 1 - op0HT8RbHhlft MOM6HT, a tJ. - cpasa pacceflHHH. 

3Maqa 'ABYX U6HTpOB HrpaeT (p~8M8HTanbHYIO ponb B T60pID. 

aTOMHHX CTOnKHOBeHHfi. KaK H3B6CTHO, pemeHHe 3M8qff ZleZ2 CRYJ!{Hl 

Oa3HCOM, TIO KOTOpOMY pasnaraIOTCfl pemeHHH Oonee CROlKHhlX 3Maq, 

HaTipHMep , BOnHOBhl6 (pymcrJ,lfl1: 3MaqH Tpex Ten C KYROHOBCKHN. 

B38HMO'A6fiCTBH8M. 

Tp~OHHO 3Maqa 'AByx USHTpoB pemanach C TIOMOmhID pasnomeHHH_ 
( 

HCKOMhlX cI>YH~ F,~ TIO TIOnHHOM8M, saBHCflll\lfX OT H63aBHCHMhlX 

TiepeMSHHHX/l-B( Kosqxp~eHThl STHX pasnomeHHa saBHCflT OT nap8M6TpoE 

3MaqH H Y'AOBn6TBOpflIDT H6KOTOphlM peKyppeHTHhlM COOTHOW6HHHM, H3 

KOTOphlX OIIJ)6'A6RflIDTCfl KOSqxll~eHThl pasnomeHHH H HCK0Mhl6 KOHCT8HThl E 

HA. IlpH STOM TOqttOCTb pesynbTaTOB oOecneqHB8nacb SKCTI6pHM6HTanbHH 

TIO'AOOpOM qHcna qneHOB pasnomeHHft H ~yrHX TiapaMeTpOB BhJqffCnHT6RbHO 

CXeMhl. 3Maqa 

pa3HOCT6ft/7/, 

Z1eZ2 pemanacb TaKme C TIOMOmhID M6TO'Aa KOH8qHHX 

ToqHOCTb KOTOporo 'ARfl 3MaqH illTypMa - J!HyBHnnfl 

OU6HHB86TCfl TeopeTHqecKH181 H MOEeT Oh!Tb TIOBhlWSHa SKCTp8TIORflUH6ft 

TIO wary CSTKH/9/_ 

B nocne~ee Bp6Mfl K 3Maqe 'AByx KYROHOBCKHX USHTpoB BHOBb 

B03HHK HHTepec B CBfl3H C ee HCCR6'AOB8HHflMH H8 KOMTIR6KCHOft 

TIROCKOCTH1101 . OHll Tp60yroT pasapaOoTKH Oonee YHHBSpcanbHHX 

anropHTMOB H nporpaMM 'ARfl pemeHHH 3a'AaqH Z1eZ2· TipHrO~X 

0~0Bp8M6HHO B ,l(HCKp6THOM H Henpeph!BHOM CTI6KTpaX. Ilepe'A HOBhlMH 

anropHTMaMH CTaBflTCfl TpeOoBaHHfl TIOBhlW6HHfl TO~OCTH Ha OCHOB6 

2 

b 

,,, 

'A8T8pMHHHpoB8HHHX OU6HOK H CKOpoCTH BhlqHCRSHHft 3a cqeT OTITHMH38UHH 

BhJqHCnHT6RbHhlX CX6M. 

B HaCTOHmea paOoTe Tip6'AROE6Hhl 'AB8 anropHTMa pemeHHH 3MaqH 

( 1. 2-6) , KOTOphle MOrYT CRYJ!{HTb OCHOBO:P. ~fl ee pememrn B 

KOMTIR6KCHO:P. TinOCKOCTH. IlepBhlft anropHTM HCTIORb3YST M6TO'A cnna:P.H -

annpoKCHMaUHH H HenpephlBHilll aHanor M6TO'Aa HhIDTOHa C BKnroqeHHeM 

B03MymeHHH111( Bo BTOpoM anropHTM6 npHM6H6H KOH6~0 - pa3HOCTHhlft 

M6TO'A H Henpeph!BHhlft aHanor M6TO'Aa HbIDTOHa1121 . 

B TIYHKTaX 2,3 TipHBO'AflTCfl TIOCT8HOBKH 3Maqtt z 1ez2 B ,l(HCKp6THOM 

H Henpeph!BHOM CTI6KTpax, TI03BORHIDmH6 e~ooopa3HO ccpopMYnHpoB8Tb 

STH 3MaqH KaK HSnHHe:P.Hhle cI>YHKUHOH8nbHhl6 ypaBH8HHfl. ,llanee ( TIYHKT 

4) paccMaTpMBaIDTCa qttCReHHHe anropHTMhl. B TIYHKTe 5 oOcYllt)J;aIOTCfl 

pesynbTaThl pacqeTOB. 

2. ,llHcKpeTHblft CTI6KTP 

~3B6CTHO, qro 'ARfl Kpa6BO:P. 3MaqH (1.2-5) TipH K8JK,ll;OM 

(pHKCHpoB8HHOM 3HaqeHHH napaMeTpoB R H m cymeCTByeT ,l(HCKpeTHhlft 

HaOop C00CTB6HHHX 3HaqeHHft ( E,A ), a COOTB6TCTBYIDmH6 C00CTB8HHH6 

cI>YHKUHH OTip6'A6RHIDTCfl C TOqttOCTbID 'AO TIOCTOflHHHX MHOJKHTenea. 

YcnoBHH . orpaHm6HHOCTH BOnHOBhlX cp~ ( 1. 4) HBnflIDTCH 

H60Tip6'A6R6HHhlMH. Heonp6'A6R6HHOCTb MOJICHO oOofiTH TipH TIOMOllm 

H6KOTOphlX npeoOpasoBaHHft. Hm!te Mhl paCCMOTpHM 'AB8 THTia rpaHHqHHX 

ycnoBHft. 

2.1.C'AenaeM B (1.2-3) npeoOpasoBaHHe 
m m 

f(g) = ( g2- 1 )2 F(g), <P<TJ) = ( 1- TJ2 )2 ~(TJ), 

B pesynbT8T6 KOTOporo Mhl HM66M 

L
1

<tJ = q," _ 2(m+l)TJ 
1 - ·TJ2 <If 

+ [ ER
2 

+ bTJ+A _ m(m+l) ) 

2 l-TJ2 1 - TJ
2 <P = o, 

2(m+l}g [ ER
2 ag-1 m(m+l)) 

L f = f" + --- f + - + -- + --- f = 0. 
2 g2 - 1 2 g2-1 g2 - 1 

3 

(2.1) 

(2.2) 

(2.3} 



H3 (2.2-3) RCHO, qTO ~nR Toro, qToOH ypaBH8HHR llM8JIH CMHCn IIpH 

lJ ➔ ±1 Hg ➔ 1, H800XO.!UfMO Bl:1II0~8HH8 paBeHCTB 

-2lj(m+l) <If (lj) + (bl)+ A - m(m+l) ) ¢(lJ) = 0, lJ ➔ ±1, 

2g(m+l) f' (g) + ( ag - A+ m(m+l) f(g) = 0, g ➔ 1. 

Orc10~a. yqHTHBaR aCHMIITOTHKY/l/ ~nR f(g) rronyqaeM rpaIDfqHHe 

ycnoBHR: 

A-b-m(m+l) 
11¢ = <If + ¢ = o, Tl = 

2(m+l) 
-1, 

(2.4) 
A+b-m(m+l) 

12¢ = ¢' - ¢ = 0, 
2(m+l) 

Tl = 1, 

a-A+m(m+l) 
1 1f = f' -

2(m+l) 
f = 0, g = 1, 

12f 
m+l-a A-a-a2 a 

_ ( p + -- + --
2
- )f + f' = o, a = 

g 2pg 2p 
g ➔ m. 

(2.5) 

O~opo~mm Kpa8BH8 ycnOBHR (2.4-5) IT03BOnRIOT BB8CTH HOpMHpOBKY 

pa~HanhHOfi H yrnoBofi BO~OBHX IPYHKUHfi, HarrpHMep, B BM8 
(D 1 

Jf2
(g) dg - 1 = 0, J ¢2 (1)) dlj - 1 = 0. (2.6) 

1 -1 

2.2.Bocrronb3Y8MCR ITOCTaHOBKOfi 3a~aqH, ~aHHOfi B pa0oTe171 . Ilepe:ttneM 

B ypaBHeHHRX ( 1.1-2) OT !PYHKUHfi F H ~ K HOBHM H8H3B8CTHHM 

¢YHKUHRM x Hy npH rroMOmH rrpeoOpasoBaHHR Hqxtie111 

2. 2 x = ( g - 1 ) F, y = ( 1 - lj) ~-

38T8M, HCITOnh3YR ~0Ho-paUHOH8nhH08 rrpeoOpa30BaHH8 H838BHCHMOfi 

rrepeM8HHOfi g 
g - 1 

µ---
g + 1 

rrepe:ttneM OT Jfr!T8pBana 1 ( g < +m K IlpOM8lKYTKY O ,c; µ < 1 . 

IlpeoOpa30BaHHH8 ypaBH8HHR (1.1-2) Dy~yT JThl8Tb BM 

ct2 d 

[ µ(1-µ) 2 2 - (1+2µ-3µ 2 ) - + 
dµ dµ 

,I 

r/ 

"' 

-~ 

'"4 

2 1+µ2 a(l+µ) m2 ( 1-µ>2 1+µ2 
+ ER---

2 
+A+---·- + -- ] x(µ) = 0, (2.7) 

( 1-µ) 1-µ 4µ µ 

d2 d 
[ (1-1)2) - + 2lJ - -

dlj2 dlj 

1+1)2 m2 2(1+1)2 ) 
- ER2 - -- - A - bl) - -- + ] y (Tl) = 0. 

2 1-1)2 1-1)2 

I'paHHqHHe ycnoBHR ~nR IPYHKUHfi x(µ),Y(lJ) 

rrpeoOpa3oBaHHfi BHrnR~RT cne~YI<JIIIHM oOpa3oM: 

x(O) = x(l) = 0, y(-1) = y(l) = 0. 

rrocne 

(2.9) 

(2.8) 

IIpOB8~8HHHX 

)l.nR 3aMHKaHHH CHCT8MH ~qxtiepeHUHanbHHX ypaBHeHHfi (2.7-8) C 

rpaHWIHHMH ycnoBHRMH (2.9) Oy~eM cqHTaTb, qTo IPYHKUHH x(µ),y(l)) 

Y~OBn8TBOpRIOT ycnOBHRM HOpMHpOBKH. 

1 

J x2 (µ)dµ - 1 = 0, 
0 

1 

J Y2 (l))dlj - 1 = 0. 

-1 

(2.10) 

TaKHM o0p830M, MH nonyqHJIH B OOOHX cnyqanx HSnHHeattoe yp8BH8HH8 

OTHOCHTSnhHO H8H3B8CTHHX co0CTB8HHHX 3HaqeHHfi H C00CTB8HHHX 

qJYHKUHfi. 

3. HerrpepHBHHfi cneKTP 

H3B8CTHO, qTo B cnyqae HerrpepHBHOro cneKTpa 38,ll;88TCR B8J!Hqlltt8 
k2 

E = - > 0, ·a HCKOM8R (p838 paCCSRHHR H8XO~TCSI }13 8CHMIITOTHKH ~na 
2 

p~anhHOfi Bo~ooofi IPYHYUHH F(g) npH g ➔ m. ,UpyrHM B03MOlfilillM 

no~XO~OM SIBnR8TCSI ITOCT8HOBK8 38,ll;8qH pacceRHHR K8K 38,!J;8qH H8 

C00CTB8HHH8 3HaqeHJIB. Hlrae pacCMOTpeHH 8TH ~Ba no~xo~a. 

3.1. PemeHHe ypaBtteHHR illpe~rnrepa (1.1) ~onycKaeT pas~eneHHe 

nepeMeHHHx rrpH rrpe~cTaBneHHH oo~ooofi IPYHKUHH ¢ B EMS 

¢ = 

m 

cg2-1>2 ~ 
m+l (1-1)2)2 F(g) ~(lj) e±intp, 

g 

B KOTOpoM ~(lj) 8CTb pemeHHe 38,!J;8qH 

5 

(3.1) 

(2.2), (2.4) 1 a F(g > 



YAOBJI8TBOpfl8T ypaBH8HHIO 

2(m+l) 
LF=F""F--- F'+ 

2 gcg2-1> 
[ c2 

ag-11. 
+-~ 

g2-1 

(m+l)(m+2) 

g2cg2-1> 
) F = 0, (3.2a) 

1 c = 2Rk, 1,:, g < (X) 

H rpaHJiqHHM yc~OBJffiM 

11 F = F' + 
a-11.-(m+l) (m+2) 

2(m+l) 
F = 0, g = 1, 

a X 
F(g) ~ Sin( cg+ - ln2cg - 2 1 + h. ), g ➔ ro, 

2c 

(3.2b) 

(3.2c) 

B H3~araeMOM ITOAXOA8 napaMeTp 11. B p~MbHOM ypaBH8HIDf (3.2a) 

nepeCT88T OHTb IlpOH3BO~bHHM H AOJDlC8H BH0Hp8TbCfl Ka.K C00CTB8HH08 

sHaqeHJ1e 3MaqH (2.2),(2.4). 

IlpM cg » 1 acHMJITOTHRY p~~bHOfi ¢~ F(g) MOlKHO 

npeACT8BHTb B BJi,I\8 

rAe 

F(g) = f
0

(g) Sin8(g) + g
0

(g) Cos8(g), 

nl ai 

fo(O =iiO (cg)i' 

nl bi 

go ( g ) = iiO ( cg ) i, 

a X 
8(g) =cg+ -1n2cg - 2- 1 + h., n1> 0 - U8~08 qHC~O. 

2c 

(3.3) 

(3.4) 

IlOACT8BJiflfl Bl:lpallt8HJ18 ( 3. 3) B ypaBH8HJ18 ( 3. 2a) , ~SrKO HafiTH 

~PMY~ A~fl KOS!W>ID.U18HTOB ai,bi, KOTOpHe 0~03H8qff0 onpSAS~flIOTCfl, 

ec~ 3MaHhl a
0

,b
0

. 

11:3 (3.3) H~SM 

-(n +1) 
F' (g) = f 1 (g) Sin8(g) + g1 (g} Cos8(g) + 0 (<cg) l ) 

rAS 
n di 

1 . 
f 1 < g) = 1io (cg) i, 

n 1 µ i 

gl(g) =iio (cg)i 

(3.5) 

d
0
= -cb

0
, d 1=-c[ (i-l)a1 _1 + bi + ~ bi-l] , i=l,2, ... , 

2c 

6 

t, 

.. 

:,;, 

i1 

µ 0 = ca0 , µi= c[ -(i-l)bi-l + ai + ~ ai-l ], i=l,2, ... 
2c 

-(n +1) 
Ee~ npeHe0pe% q~eHOM o ( ( cg ) 1 ) B (3.3),(3.5), TO H3 HIDC 

~erKo no~yqaeM ypaBHeHHe 

A 2 2 2 
12F = ( Ff1- f

0
F') +( FgC g

0
F') -( g

0
f 1- g1f

0
) = O,cg ➔ ro, (3.6) 

KOTopoe MOJKHO paCCMaTpHBaTb Ka.K npH0JllillC8HH08 rpaHWIHbe yc~OBHS A~fl 

F B AOCTaToqHo YA8~8HH08 TO~e gM= cg» 1. 

TaKHM oOpasoM, Mll HM88M KpaeByro 3Maqy 

L2F = 0, 1< g ,:;; gM, 
A 

11F = 0, g = 1, (3. 7) 
A 

12F = 0, g = 'w 
Iloc~e pememm sMaqn (3.7) ¢asa pacceHmm HaXOAHTCfl no ~pMy~e 

Fgl- goF' 
a X 

t,. = -cg - - ln2cg + 2 1 + ,arctg , g = gM, (3.8) 
2c ·F'f

0
-Ff1 , 

npu yc~oBHH f
0

g1- ,g
0

f 1 #- o, g = tw KOTopoe B1:lIIO~fl9TCfl Mfl 

OO~hnrnx gM, B qaCTHOCTH ec~ B3flTb a= 1;✓c, b = 0. 
, 0 0 

38M8THM, qTo M8TOAMR8 TIOCTpoemm H9JJHH98HOro yc~omrn (3.16) c 

ycrrexoM MOE9T OHTb npHMeHeHa A~fl 3Maqn pacceflmm, ec~ H3B8CTH8 

8CHMJITOTHR8 ITOT9H!Uffi~8. Yc~oBHe u' 2 + k2u2 - k2 = 0, paCCMOTp8HH09 

B/l3~ flBJifl8TCfl qaCTHHM c~yqaeM yc~omrn (3.6) 

KOS!W>lfi.U18HT8MU a
0

= 1,a1= O,b
0

= O,b1= 1(1+1)/(2k) 

npH nl= 1 C 

CM. T8KlK8/l4/) . 

,3.2.~pyrofi TIO~XOA K ITOCT8HOBK8 38A8qff B HenpepuBHOM Cil8KTpe 

38KJil()qaeTCfl B ee ~PMY~BKe K8K 3M8qff H8 C00CTB9HHll9 

3Haqemm115". 0CYll\8CTBHM nepeXOA OT ¢YHKUH8 F(g) ,<I>(T)) K HOBHM 

H8H3B8CTHHM ¢YHKIUffiM x(g),Y(T)) npH TIOMOlllH npeo0pa30B8Hlm 

2 x = ( g - 1 ) F, y = ( 1 - T) ) II>. 

Ilpeo0p830B8Hllli8 yp8BH8Hlifl ( 1. 1-2 ) 11M8IOT BJi,ll; 

7 



d 2 d 

[ cg2-1> 2 - 2g - + 
dg dg 

l+g2 
+ ER2 -- +A+ 

2 

m2 _:.._] 
--- + 

ag - g2_1 g-1 

d2 d 

[ (1-T]2) - + 2T] - -
dTJ

2 
dTJ 

x(g) = 01 (3.9) 

2 l+TJ2 m2 2(1+1]2) 
- ER --- 'J,. - bl] - --2 + 2 ] y(T]) = O. (3.10) 

2 1-T], 1-T] 

l'paHH~e YCROBHa ARR ¢YHKIUtll: x(g),y(T]) TIOCRB rrpOBBABHHOro 

rrpeo6pasoBSHHa rroR~amcR CRBAYKJmHB 

x(O) = 0, y(-1) = y(l) = 0. (3.11) 

~KUIDI x(g) rrpn g ➔ +w HM88T aCHMTITOTHKY 

x(g) ~ ( 1 - ! ) Sin( cg+~ ln2cg - ; 1 + b. ]. 
2c 

(3.12) 

IlpH 'IliCRBHHOM pemeHHH ypaBHBHHa (3.9) ¢HKCHpY8TCR 3H8'l8HH8 

rrepeMSHHOtl g, Ha~aR C KOTOporo 8CHMTITOTHK8 (3.12) BHTIO~RBTCR 

AOCT8TO~O TO~O. IlyCTb gM - 8TO 3H8'l8HH8. TOrAa, corRaCHO 

BHTIHCaHHOtl 8CHMTITOTHK8 ¢YHK!UfH x(g), Mll MOJKBM IlpBATIOROlKHTb, 'ITO 

rrpH HBKOTOpoM 3H8'l8HHH 8H8prHH E TO 8CTb K08¢¢HUH8HT8 c 

¢YHKUIDI x(g) o6paTHTCR B HORb rrpH g = gw CR8AOBaT8RbHO, MOlKHO 

TIOCT8BHTb HYR8B08 r~oe YCROBH8 B TO'lK8 g=gM ARR ¢YHK!UfH x(g) 

x(gM) = o. (3.13) 

Ecnn 38T8M Mll H~8M COOTB8TCTBYJOm88 3H8'l8HH8 8HBprHH E, TO, 

HCTIORb3YR 8CHMTITOTH'l8CK08 pa3R0~8HH8 (3.12) H rpaHH~Oe YCROBH8 

(3.13), MOJKHO rrpH6nHJK8HHO HatlTH ¢a3y b. H3 BllpaJKBHHa 

[ 1 - g) Sin( cgM+ ~ ln2cgM - ~ 1 + b.) = 0, 
M 2c 

OHa 6YABT HM8Tb BRA 

b. = Xj - [ cgM+ ~ ln2cgM- ; 1 ]-
2c 

8 

(3.14) 

I 

l 

1 
~) 

l 

3A8Cb j - ~eRoe 'IliCRO, Bl:l6HJ)810ln88CR TBK, 'lT061:l O ~ b. < X. 

CqiopMy.mrpoBaHHaR 3~aqa Ha C06CTB8HHH8 3H8'l8HIDI, AOTI0~8HH08 

yCROBH8M HOpMHpOBKH co6CTB8HHHX ¢Y}iKIUtll:, 

HeHHe:AHoe ¢YHK!UfOH8RbH08 ypaBHeHHe116~ 

4. Bll'Il1CnHT8RbHll8 CX8Mll 

Ilp8ACT8MR8T co6oa 

M3ROlK8HHll8 B Ilp8,IU:l,l(Yll\HX TIYHKT8X ABa TIOAXOA8 K TIOCT8HOBK8 3~8'! 

AlfCKpBTHoro H Herrpepl:lBHOro CTIBKTpOB Aam B03MOlKHOCTb B KaJKAOM 

CR~ae cqiopMYJIHPOBaTb TIOCT8M8HHYIO 3~aqy K8K H8nHHB:0Hoe 

¢YHK!UfOH8RbH08 ypaBH8HH8. ,lLJIR AHCKp8THOrO CTIBKTpa CYII18CTB8HHHX 

pas~ B paccMOTp8HHHX rroc~aHOBK8X 3~8'! HST: c¢opMynHpOBaHHH8 

38A8'lH Ha C06CTB8HHH8 3H8'l8HIDI paccMaTpHBalOTCR nHmb B p83Hl:lX 

06R8CTRX H3M8H8HIDI H838BHCHMHX rrep8M8HHHX. B H8rrp8pl:lBHOM CTIBKTpe 

TIOCTaHOBKH cymecTBBHHO OTnH'!aIOTCR, TIOCKORbKY B rrepBOM TIOAXOA8 

¢0PMYnlfPY8TCR H8nHH8:0HaR rpatt~aR 3~8'!8, a BO BTOpoM - 38A8'l8 

Ha C06CTB8HHH8 3H8'l8HIDI.0Att8KO B HTOre Mll IlpHXOAHM K 8AlfH006pa3HO"fl 

TIOCTaHOBK8 paccMaTpHBaeMHX 3~8'! B BRAS H8nHH8:0Horo ypaBHBHHa, 

KOMTIOH8HT8MH KOTOporo RMRIDTCR TIOR~8HHH8 CHCT8Mll ypaBHBHHtl, 

rpaHH'lHH8 YCROBHa H AOTIO~T8RbHll8 YCROBHa HOpMHpOBKH HCKOMl:lX 

¢YHKIUtll: B CR~ae o.nnopoAHUX rp~x ycRoBHtl. 

M1:l rrpHM8HR8M pa3~8 MBTOAJ:l AHCKpBTHOtl arrrrpoKCHM~ 

paccMaTpHBaBMHX 3~8'!: M8TOA CTIRatlH - KORROK~ H M8TOA KOHB'lHl:lX 

pa3HOCT8tl, KOTOpl:le Y'IliTl:lBa!OT OC068HHOCTH HCTIORb3Y8MHX TIOAXOAOB H 

TI03BORRIOT B38HMHO KOHTpGRHpoBaTb TO'lHOCTb Bl:l'IliCRSHHtl. 

4.1.IlpH AHCKp8TH3~ 3~aq (2.2-6) H (3.7) IlpHM8H8H8 cxeMa crrnaatt 

- arrrrpoKCHM~/l?,lB/ 'l8TB8pToro rropRAK8 TO~OCTH OTHOCHT8RbHO 

mara paBHOMB~HOtl CBTKH. 

,lLJIR pememrn TIOR~BHHHX H8nHH8tlHHX CHCTBM IlpHM8H8H H8Ilp8pl:lBH!ltl 

aH8ROr M8TOA8 HbIOTOHa C ¢ymmnea BK.JIIO'l8HHR1141 , KOTOpl:ltl TI03BOnlfn 

TIORY'IliTb pemeHHe, 06pamaR Ha KaJKAOtl HT8p~ Tp8XTO'l8~ 

orrepaTop. 
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B saBHCHMOCTH OT HOMepa KBBHTOBOrO COCTOHHIDI ( Nlm) B KaqecTB8 

HaqaJibHoro IIJ)HOJIIDKemrn BOJIHOBHX ~YHIGUfil ~ H F MOlKHO B3HTh, 

H8IIJ)HM8p, ~YHKlUlli, HM8IOII\H8 q = 1-m H k Hyneft ( CHHYCOH,IJ;y B cnyqae 

H8IIJl8pHBHOro CTI8KTpa) Ha HHT8pB8.nax (-1,1) H (1,gM). 3,necb 

rnaBHOe KB8HTOB08 qHcno OIIJ)e.nenH8TCH TIO ~pMyne 

N = k+q+m+l. 

qTO KacaeTCfl coOCTB8HHHX 3HaqeHHft EH A, TO MOlKHO HCTIORh3OB8.Th MX 

aCHMTITOTHKH/l,l9 , 20/_ 

Y.na~ BHOop HTe~OHHoro TI a pa M8Tpa 'tn1121 CTIOCOOCTBY8T 

YCKOpemrn CXO~OCTH HTep8!.U{0:. 

4. 2. Bo BTOpoM TIO,nxo.ne sa.na~m ,nnH pacqeTa X8paKTepHCTHK CHCT8MH 

,nByx ~8HTpoB B cnyqaax ,nHCKp8THOro H H8IIJl8PHBHOro CTI8KTPOB HM8JOT 

8,nHHOoOpa3HYJO ~PMY 

Px(t) + ER2f(t) x(t) + Ax(t) = 0 

x(a) = x(b) = 0 

Qy(~) - ER2
g(~) y{~) - Ay{~) = O 

y(O) = y(l) = 0 

b 

J x2 (t)dt - 1 = 0 

a 
1 

J y
2

(~)d~ - 1 = 0, 
-1 

r.ne PH Q - ,nIDlxpepe~nhHHe oTiepaTopu BToporo TIOPH.nKa; f H g -

H3B8CTHH8 ~YHKUIDI H838BHCHMHX TiepeMeHHHX; a=O, b=l B CRY1{ae 

,nHCKpeTHoro cTieKTpa; a=l, b=gM .nna sa,na~ pacceamrn. 

IlonY'Ufl3llleecH ~~oHaRbHOe ypaBHeHHe, B KOTOpoM H8H3B8CTHHMH 

HMHJOTCH ~~ x,y H CKanapHHe B8~HHH E,A, pemaeTCH IIJ)H 

TIOMOII\H H8IIJl8pHBHOro aHanora M8TO ,n a HhJOTOHa/211 . ,nHcKpeTH3~ 

TIO H8IIJl8pHBHOMY TiapaMeTpy TipoBe.neHa TIO M8TO,ny 3ttnepa C TiepeMeHHHM 

maroM, BHOop KOTOporo OCYm8CTBnfl8TCH cornacHO paOoTe1221 . 
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AnnpoKCHMa~ TIO TipoCTpaHCTB8HHHM TiepeMeHHHM BHTIOJIHeHa Ha 

paBHOMepHoft C8TK8 C HCTIORh3OBaHH8M KOH8qttO - pa3HOCTHHX ~PMYR 

qeTB8pToro TIOpH,nKa annpoKCHM~ TIO mary C8TKH. 

MaTp~ nHHeftttllx CHCT8M, TIORY1{8.IOI$fXCfl B xo.ne pememrn, IIJ)HBO,nHTCfl 

K TIHTH,IJ;HaroHaRbHHM. OOpameHHe TaKHX MaTp~ ocyinecTMH8TCH IIJ)H 

TIOMOII\H LU-pa3ROE8HIDI. 

HaqanbHOe IIJlHOJIIDKeHHe .nnH ~YHIGUfil x,y sa,naeTcH B BH,IJ;e 

CHHYCOH,nll CH~ qHCROM Hyneft. 

BHOop MaKCHMaRbHOro 3Haqemrn TiepeMeHHOft g B CRY1{ae H8IIJ)8pHBHOro 

CTI8KTpa HM88T IIJ)HHIUffiH8RhHO8 3HaqeHHe. B IIJ)8MOE8HHOM anropHTM8 

BHOOp gM ocyineCTMH8TCH H3.YCROBHH MHHHMaJihHOCTH Be~ 

gM 

[ 1 a X )2 D = J x(g) - {1- ~) Sin(cg + - ln2cg - 2 1 + ~) dg, 
gM-d 2c 

r.ne d .nocTaTOqHO B8RHKO ( d = 1/15 gM ). 

5.~cneHHHe pesynhTaTu 

,UJIH TIO,nTB8pE.n8HIDI paOOTOCTIOCOOHOCTH H TOqHOCTH paspaOOTaHHHX 
/ 

HaMH M8TO,nOB IIJ)HBe,neM pesynhTaTH pacqeTOB KaK .nna ,nHCKp8THOro, 

TaK H MH H8IIJl8pHBHOro CTI8KTpOB. 

5.1.B cnY1{ae ,nHcKpeTHoro cTieKTpa pacqeTH c.nenaHH .nna pasnHqHHx 

COCTOHHHft IIJ)H Z l = Z2= 1; pesynbTaTH IIJ)HBe,neHH B TaO~e .If!!, r.ne 

TBKEe IIJ)HB8,neHH pesynhTaTH, TIORY1{8HHH8 B paOoTe161 M8TO,nOM 

pa3ROE8HIDI pemeHHft B pH,n TIO TIOnHHOMaM ]eEatt,npa. 

IlpH TIOCTaHOBK8 rpaHHqHHX ycnoBHft cornaCHO TIYHKTY 2.1 

HCTIORh3OB8.RaCh acHMTITOTHKa (1.5), H TIOSTOMY BHOop gM 8CT8CTB8HHO 

3aBHCHT OT 3HaqeHHft EHR. TpeOyeTCH B3HTh gM OORhmHM, Kor.na E « 1 

HR« 1. B TO Ee BpeMH ,nnfl sa,na~ (2.8-9) rpaHHqHHe YCROBHH 

TIOCTaBneHH TOqHQ, TO 8CTh STOT Tio,nxo.n HM88T IIJl8HMYm8CTBO B CRY1{ae 

E«lHR«l. 

CpaBHeHHe pesynbTaTOB pa0oTu161 C H811IHMH pacqeTaMH TIOKa3HB8.6T, 

II 



qTo rrpn BHOpamrnx Il8paM8TpaX C8TKH M8TO~ crrnantt-arrrrpoKCHM8IUfil H 

M8TO~ KOH8'lffiHX pa3HOCT8ft .n;am pesynbTaTH C ,ll;OCTaTOtJHO BliCOKOft 

TOtJHOCTbID, KOTOpafl rrpH HeoOxo~OCTH MOllt8T OliTb TIOBl:IllleHa rryTeM 

TIOCTpoeHHH C8TOK C OTITHManbHllMH rrapaMeTpaMH HnH SKCTparronHunea no 

STHM rrapaM8TpaM. 

5. 2. B cnyti:ae tterrpepHBHoro crreKTpa rrapaMeTpH s~atrn c 1. 2-3 > Ounn 

Bl:lOpaHll R = 2, z 1= Z2= 1. 

,lf.rrfl anropHTMa, IIp8MOllt8HHOro B TIYHKTS · 3. 1 B saBHCHMOCTH OT '.:!,t 

sttaqeHHfl c = kR;2 qncno qneHOB B pH.n;ax (3.4-5) mOpatto B rrpe~enax 

OT 10 ,ll;O 20. 

Ecnn pemaTb 3~aqy paCC8flHHfl crrocoOoM, IIp8MOllt8HHliM B TIYHKT8 

3.2, TO Herrocpe.n;CTBSHHO rronYtrn:Tb ¢asy pacCSflHHfl, COOTB8TCTBYJOl!\YIO 

Harrepe.n; 3~aHHOMY 3HaqeHHID SHeprHH, H8nb3fl. ,lf.rrfl pemeHHH STOft 

s~atrn MH rronyti:aeM HSCKOnbKO sHaqeHHft ~3 pacceHHHH rrpn sHeprHHx, 

3HaqeHHfl KOTOpliX 0Jllf3KH K 3~aHHOMY, a TIOTOM .n;enaeM HHTeprronflUHID 

.n;nH s~aHHoro sHaqeHHfl stteprIDI, 

PesynbTaTH pacqeTOB IIpH pa3JIWIHHX 3HaqeHHflX k H l,m rrpHBe.n;eHH B 

TaO~e ~2. Ilonyti:eHHHe sttaqeHHfl ~asu pacceHHHH Haxo.n;HTCfl B xopomeM 

cornacHH c pesynbTaTaMH paOoT123- 251_ .. 
PacqeTH BliTIOnH8Hli Ha 3BM PC/AT. Ilporpa.\!Ma 3aHHMa8T _o. 5 MO 

orrepaTHBH08 TiaMflTH; Bp8Mfl pacqeTa O,D;Horo BapHaHTa _60 C. 

3aKnIDqeHHe 

B paOoTe .n;aHH pasnH'lffiHe rrocTaHOBKH rpaHH'lffiHX sa.n;aq .n;nfl s~atrn 

.n;Byx U8HTpoB B cnyti:aflX ,ll;HCKp8THOro H HerrpepHBHoro crreKTpoB. 

C~pMynnpoBaHHHe sana1rn: paccMaTpHBamcSI KaK HenHHeattoe 

¢YHKUHOHanbH08 ypaBH8HH8, Mfl pemeHHH KOTOporo ITpliMeHmoTCfl 

tterrpepliBHlift attanor MeTo.n;a HJ,motta Hero Mo.n;n¢HKaUHH. ,nJicKpeTH38UHfl 

3~atrn OCYJl\8CTMfl8TCfl C TIOMOmbID M8TO,ll;OB CIIJiantt-arrrrpoKCHMaUHH H 

KOHSqttHX pa3HOCT8ft TOtJHOCTH O(h4 ), r.n;e h - mar CSTKH.; 
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TaO~a ffil. 3HeprHH CBfl3H sneKTpOHa ( ,ll;HCKpeTH!lft cneKTP) 

R lsO I 2s0 3p0 
-- --

-1. 734988000 -0.465074000 -0.227101924 A 
0.5 -1. 734987185 -0.465073929 -0.227104325 B 

-1.734988000 -0.465074000 -0.227101924 C 
-- -

-1. 451786313 -0.422924589 -0.239315480 A 
1 -1. 451786312 -0.422924588 -0.239315476 B 

-1. 451786313 - - C 
-- -

-1.102634215 -0.360864875 -0.255413165 A 
2 -1.102634222 -0.360864875 -0.225413155 B 

-1.102634214 - - C 
-- -

-0.910896197 -0.318887054 -0.253178033 A 
3 -0.910896227 -0.318887054 -0.253178013 B 

-0.910896197 - - C 
-- -

-0.796084884 -0.288514867 -0.245109550 A 
4 -0.796084960 -0.288514870 -0.245109540 B 

-0.796084884 - - C 
-- -

-0.724420295 -0.265505815 -0.236073136 A 
5 -0.724420466 -0.265505823 -0.236073175 B 

-0.724420295 - - C 
-- -

A - pesynbTaTH paOoTu161 ; 
B - pesynbTaTH ttacToHmea paOoTH no MeTo.n;y crrnaatt-annpoKcHMaUHH; 

hg=0.0125, ¾=0.0125, lsO:tM=ll, 2s0,3pO:gM=41. 

C - pesynbTaTH HaCTOflmea paOOTH no M8TO,D;Y KOHeqHHX pa3HOCTe8. 

hµ=0.001, ¾=0.001. 

TaOnnua ffi2. ~asa pacceHHHfl ~ .n;nfl pasnnqHHX k H m,l. 

~a3H pacceflHHfl H3 pa0oT 123 - 261 HOpMHpoBaHH B HHTepmn O ( ~ < ~

A - pesynbTaTH pa00TH1231; 

B - pesynbTaTH pa0oTu1241; 

C - pesynbTaTH pa00TH 1251; 
D - pesynbTaTH paOOTH/ 261; 

E - pesynbTaTH HaCTOHme8 paOOTH ITO M8TO,D;Y CITnaatt-arrrrpoKCHMaUHH; 

hg=0.0125, ¾=0.0125, k=0.1:gM~401, k=0.9, 1, 4:gM=ll. 

F - pesynbT3TH HaCTOHmefi paOOTH ITO M8TO,D;Y KOHeqHHx pa3HOCTeft. 

hg=0.005, ¾=0.005, gM:301. 
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m,l k = 0.1 k = 0.9 
---

2.168425 1. 732117 
2.170227290 1.728637204 

0,0 2.1702293 1.7286380 
- 1.7287048 

2.1702197 1.7286374 
2.1702669 1.7286999 

---
2.274631 2.079278 
2.276344790 2.075838524 

0,1 2.2763467 2.0758383 
- 2.0758356 

' 2.2763700 2.0758387 
- -

---
0.581513 1.184631 
0.583197930 1.181202910 

0,2 0.5831981 1.1812032 
- 1.1812032 

0.5832127 1.1812024 
- -

---
2.095600 0.323288 
2.097219470 0.319907010 

0,3 2.0972193 0.3199071 
- 0.3199202 

2.0972339 0.3199061 
- -

---
1.288417 1.228323 
1. 290107540 1.224877070 

1,1 1.2901066 1.2248771 
- 1.2249423 

1.2901206 1.2248768 
- -

---
0.367302 0.914822 
0.368967470 0. 911398680 

1,2 0.3689642 0.9113986 
- 0.9114515 

0.3689819 0.9113981 
- -

---
2.071879 0.289809 
2.073498060 0.286427070 

1,3 2.0634978 0.2864272 
- 0.2864356 

2.0735112 0.2864261 
- -

---

k = 1 k = 4 

1.904003 2.465617 
1.900248954 2.472350634 
1.9002487 2.4723516 
1.9003010 2.4723625 
1.9002490 2.4723481 
1.9002409 2.4723577 

2.266438 2.649086 
2.262783434 2:655814824 
2.2627837 2.6558152 
2.2627871 2.6558619 
0.8788093 2.6558144 

- 2.6558117 

1.456583 2.858779 
1.452865130 2.865500630 
1.4528656 2.8655002 
1.4528831 2.8655041 
1.4528645 2.8655006 

- 2.8654907 

0.641097 2.810858 
0.637429100 2.817576274 
0.6374292 2.8175739 
0.6374399 2.8175849 
0.6374280 2.8175753 

- 2.8175647 

1.439636 2.437395 
1.435894230 2.444128334 
1.4358948 2.4441278 
1.4359606 2.4441386 
1.4358940 2.4441386 

- 2.4441357 

1.174919 2.530930 
1.171195170 2.537655160 
1.1711955 2.5376568 
1.1712520 2.5376554 
1.1711947 2.5376543 

- 2.5376007 

0.605122 2.553718 
0.601453030 2.560437284 
0.6014531 2.5604401 
0.6014634 2.5604791 
0.6014520 2.5604361 

- 2.5604196 
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A 
B 
C 
D 
E 
F 

A 
B 
C 
D 
E 
F 

-
A 
B 
C 
D 
E 
F 

-
A 
B 
C 
D 
E 
F 

-
A 
B 
C 
D 
E 
F 

-
A 
B 
C 
D 
E 
F 

-
A 
B 
C 
D 
E 
F 

-

CpaBH8HM8 rrpe,nnomeHHHX rro,nxo,noB ITOK33HB38T, 'ITO B cnyqae 

H8ITp8pHBHOro CIT8KTpa rrpeHMYJn8CTBO HM88T CX8M3 crrna"lrn:-arrrrpoKCHM3UJlli 

Henlllie"llliofi rpaHH'lHOfi s~a'IH. MeTo.n crrna"lrn: - arrrrpoKCHMBUHH ,naeT 

oonee rro~yro miqJOpM8.11,HIO O BO~OBHX q>yttKUllilX H HX IlpOH3BO,nHHX, 'ITO 

MOmeT OHTb HCITOnb30BaHO rrpH BH'lHCneHHH MaTpH'IHHX sneMeHTOB, 

HeoOxo,nHMHx ,nnfl pemeHllil s~a'IH Tpex Ten, roaHMo,neficTBYJOI!UfX no 

3aKOHY KynoHa. 

CxeMa, HCITOnb3yromafl pa3HOCTHYIO arrrrpoKcHMawno sa,na'IU Ha 

co0CTB8HHH8 3Ha'18HMfl, HM88T rrpeHMymecTBO rrpH paC'18T8 ,nHCKpeTHOro 

crreKTpa. KpoMe Toro,s~a'IH ,nnfl ,nncKpeTHoro H HerrpepHBHoro crreKTpoB 

B ITOCTaHOBKe s~a'IH Ha co0CTB8HHH8 3Ha'18Hllil pemaroTCfl o,nllliaKOBO, 

'ITO MOmeT OHTb Hcrronb30BaH0°ITPH pemeHHH 3~3'1H .IlBYX U8HTpOB Ha 

·KOMITneKCHOfi rrnocKOCTH. 
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)l{aH11aB T., naa110B A.B., ny3blHl,1H 111.B. 

411c11eHHOe peweH1t1e 3aAa'!l,1 ABYX U,eHTpOB 

P11~91-138 

np1,1BeAeHbl ABe· nocTaHOBKl1 rpaHl1'!HblX 3aAa'! AilR 3aAa'!l,1 ABYX U,eHTpOB. 

CcpopMy11".1poBaHHble 3aAa<111 paccMaTp1t1aa10TCR KaK He111,1Hei:1Hoe cpyH1<U.t..1O· 

Ha11bHOe ypaBHeH11e, AilR peweHl1R KOTOporo npt..1MeHRIOTCR HenpepblBHblH 

aHanor MeToAa Hb10T0Ha 11 ei-o MOAt..1cp11Kau.11R. A11cKpern3au.1-1R 3aAa<11-1 ocy- · 

1UeCTBI1ReTCR C noMOIUblO MeTOAOB cn11aHH-annpOKCl1MaU,t..1l1 11 KOHe'!HblX pa3• 

HO<:TeH TO'!HOCTl-1 0 (h4
), rAe h - war CeTKl-1. 

Pa6oTa BblnOilH,eHa B ' Jla6opaTOpt..111 Bbl'!1,1CI111Te11bHOH TeXHl1Kt..1 

11 aBTOMaTt..13aU,t..11-1 01/1Al/1. 
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Zhanlav T., Pavlov D.V., Puzynin I.V. P11-91-138 

A Numerical Solution of the Two-Center Problem 

Two different statements of the two-center boundary prnblem are sugg·es-, · 

ted. jhe. problems state~_ are considered as '.a nonlinear functional equation 
which is solved ,bY the continuous analog of Newton's method, and its modifi

cation. The differential equations are approximated by the finite-difference 
method and the method of splin~ with an accuracy of the order of O(h

4
), where 

h is the step of a uniform mesh •. 

The investigation has been performed at the Laboratory of Computing 

Techniques and Automation, JINR. 

/ 

· Communicatio~ of· the Joint lnstit~t~ for Nuclear R~search. Dubna 1991, 

l -


