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BBeliemre 

PaccMaTpRBaeTca HecTaunoHapHaa aaua~a 

- ou ) a fi = u 11 -f(x,u,u 1 ,a:fx~b, t , 0 (I) 

(2) 

(3) 
l 2u =<X 2u + p2u• tf2(t), x=b, t~O 

rne o:1~o. J'1 ~a. h>O 11 u0 (x),'/'1(t)l! r 2(t)- 3a.JlaHHHe rJI8Jll(l!e 

~· KOHCTaHTa a B (I) MOJKST 6:tl:Tb KOMIIJI8KCHOii: H u(x,t) 

KOMTIX6KCH03H8~8R H8~3B8CTHaff W~. ITpe~rro~OXHM, ~TO' 3alla~a (I)

(3) HM88T 8~CTB8HH08 pemeHRe, npnqeM ORO ~8TCH ~0CT8TO~HO r~-

IrnM. 

YpaBH8HH8 (I) Bl<."'O'la8T p>m BaJKHHX )\Jlf[ np!L1l0J<8HWI ypaBHSHIIl!. 

ITpH BemeCTB8HHOM a YPaBH8HR8 (I) HBna8TCH He~efiHHM rrapa6o~ec~ 

Ec~ 8 - ~CTO MHHM08, TO ypaBH8HH8 (I) npeBpamaeTCH B HeXKHeiHoe 

ypaBHeiDie Illpe,II.illlrepa, Koropoe mapoKo rrpHM:eWieTcH .u,mi o:rmca.mm npo

u;eccoB B H8JIIIH8HHofi ®i3HK8. B 3a.BHCHMOCTH OT BH.I(a H8JUIH8fu:l:OCTlt OHO 

OITllCliB88T pa3~HH8 RBn8HHR B H9XHH8fiHOil OITTHK8, B OnRCaHKH CB8TO

BliX nyqKOB B Cp€,U8 C H8Clllll8HH8M H8JiliH8ibJ:OCTH, B 0j3HK8 I17183Ml:l, T€0-

pHK BarrH, B MonexrrpoBaHHR ~orpoHHoro peaouaHca I-S/. 
KpoMe Taro, rroBe.rceu~e mHPOKoro ~acca .rr;ByxKOMTIOHSHTHH~ ~ccH

rraTKBHUX CHCT8M B OKpSCTHOCTR TO~ 6WpyPKauHH OI!l1CHB88TCff/S/ ypaB

H8HH8M BH){a (I). 
B H8CT0Km88 Bp8Mff cymeCTBY8T MHO~SCTBO rrpn6~eHHHX M8TO,UOB 

pemeHWI 8a,uaq11 (I)-(3). 

0TM8THM, ~TO B HSKOTOpHX C~aHX IIp8,UCTaB~IDT RHTepec rrpH SBO

.JIIOI.UIH no t coxpaiDIKJ:UHeCJI BS.JIWfliHH. Oun IIMSIOT orrpe.zte~emrn::il: @-Ialrle

crutii: CMI:lCJI n rrpe.rr;cTa.BJIRIOT co6oii HHTerpaJill or creneue:fi pernemm sana

'll! (I)-(3) a ero npo1!3BO){HHX. Tax KaJ< clj,J!8,iiHH xopomo armpoKC!lM!!pYJOT 

H8 TOXI>RO peill8HH8, HO Hero rrpOH3BO,rr;BH8/?/, MO~O O~aTI>, ~TO CXS-
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MH crr.naJIH-lWJIJ!OKal1Hl!l WJll 3a.I(8'lll (I)-(3) 6y;rzyT )(8BaT:b XOpollll!e pe-
3yJIE,T8TH np11 B!l'll!cneHIII! I!HTerpaJIOB .l(BIDJ<emm. l.{8JI!, MBHOii pa6oTH -
ITOCTP09HKB H ~CHBHHOB HCC~9~0BaHH9 CBOfiCTB TaKKX Ba~C~TB~HHX 
CXBM. 

I. 'lncnelllihll! aJII'DPIITM 

ITpe.l(llOJIQmi!M, ~To HeJII!Hellliaff ~acT:r. ypaBHeHI!H (I) HBJIKeTca .l(OcTa
Toqao r~ofi ~e~ H rrpe~cTasnaeTca B ~e 

r;ue f' 1 H f 2 - ,Il;9~CTBHTSJI!,Hl:l9 @rHK.mm OT CBOKX apryMSHTOB, u1 H 
"2 - peaJI:bHBH II MlmMBR %CTII pememm u( x, t) • iJTMeTIDI!, ~TO npe.l(
CT~SHHe (4} ;uonycKaeTCH ~ mnpoxoro Knacca ~ f(x,u,u') • 

C yqeTOM (4) II a = a 1+i&2 ypaBHSHI!e (I) CBO.l(I!TCH K CIICT9Me 
.llJil!xilepeH111iaJI!>HHX ypaBHSHJ!ll 

1tu1 'Ou2 a 1 ~ - a2 ~ = u1 - t 1 

'0 u
2 Cl u1 

a, """'3t + a2 15T" a:! - ! 2 
} (I') 

}J)Ja 'li!CJieHHoro pememm BaM'lll (I)-(3) noCTpoiDI! ceTKy A= AN x ,~,:, r.l(e 

6.N: a=x0 ( x 1 < ••••• < ~b , h1 = x1+1 - x1 
.6.-t:: tn = nT , n=0,1 ••• 

M!< 6y;IleM IICKBTI> npH6JillllteHHoe pemeHI!e BaM'lll (I)-(3) B Bl!.l(e @rHK.mm 
S(x,t) , KOTOpaa rrpll Kam.l(OM @I!KcnpoBaHHOM t IIBJIHSTCH Ky6~8CKIDI! 
c~oM ~cca c2 no nepeMeHHoa x c ya~ Ha ceTKe ~N , T.e. 

"'' u~s = ?=, Oij(t) B/x) (5) 
J=-1 

3.l(ec:r. Bj(x) - HOPMaJIII30BBHHHe KY6~ecKHe B -c~7/. ITp11 3TOM 
npe,ItiiOJiaraBTCJi, 't!TO CBTKa AN ,1lOIIOJIHSH8. Y3JI8.MH 

"-3 ( "-2 < "-1 < ;,:0 • ;, < "N+1 < "N+2 < "N+J 

ITorpe6yeM, ~To6u np11 Bcex t=tn crr.nal!H s 
Hl!lO 

<fcsn+1 le 

Lf n+1 
1 

lf n+1 
2 

x = a , 

X= b 

2 

y;IlOBJI9TBOp<JI ypaBHe-

X E .d N' (6) 

(7) 



S0 - HHT8piTO~OHHHft RHH ~OR~HO-annpORCHMauKOHHNH Ky6~ecKHli 

Cmrali!! ,1\Jif[ Ha'!a.m;HOJI: (Wm<:uJm u 0(x) Ha C8TK8 /:;N, YHOBJI8TBOprulllll!li 

YCJIOBl!JO (3). 
CX9Ma (6)-(7) HBAKSTCH ~CTO HeHBHOfi H H8XHH8RHOfi OTHOCHTenDHO 

sn+ 1 , R ITOSTOMY ~ 99 pemeHHH H906XO~O HCIT0~30BaTb T8 REa HHH9 

HTep~oHHHe rrpo~eccu. Mu JIHHeapaaapxeM ypaHHeHHe (6) c rroMomoro 

He~pHBHoro aHaJ!ora MeTo,lla HoiDToHa!~l. B peayJ!bTaTe, Ha ~OM Bpe

MSHHOM 0~08 MU HM99M HT9p~oHHHH IlpOU9CC 

I n+1 'D+1 I '< n+1 1n+1) B '" vk-t3 ,(x,sk ,sk )vk-(t3 x,sk ,sk + ~)vk = ..,..k (8) 

X E l:t.N , 

( 9) 

(IO) 

3.llech ok - aTep~oHHUft rrapaMeTp. 
B rrpe)IIToJioJKeHHH (4) BSJ~B.'!a (8)-(9) rrpe.IICTaBJIIIeT co6oll MaTPH'!HYID 

CRCT9MY .mmeHmlx: a.nre6pal(q9CKRX ~HeHRit, R OHa pemaeTCJi M9TO,li;OM 

MaTplNI!OJI: Tp8XTO'l8'li!OJI: rrporoHKJ!" Wf • .l\Jili ~oro KO!!Kp8THOrO CJIY'Iall 

MOJKHO yCTaHOHHTh KpHT~paJI YCTOJi:'!HBOCTH H K0pp8KTHOCTH MaTpH'!HOA 

rrporoRKH. 
CXO~OCTD RT9p~OHHOrO nponecca, 0~9BnnRO, KM99T MSCTO, 90~ 

BP9M9lilndt mar 'C ~9 CJmJJIKOM BSJIWt, IlpWISM CKOpoCTl> CXO,IO!MOCTR RT8-

p~ KB!l,l\J)aTH'll!a/8/, IloaTOMy ,1\Jif[ OBO.JIRlUI!OHH!IX 38JIB.'I THUa (!) ,110-

CTaTO'li!O BU6paTh IITS~OHHUJI ITapaMeTp lik ~ 1, B aTOM CJIY'Ia8 H8~

paBHUJI aHaJ!Or M8TO,lla ffoiDTOHa rrp8B~8TCH B 06H'IHUA M8TO)I ffoiDTOHa, 

HTep~oHHUJI rrpo~ecc (8)-(IO) MOJK9T 6HTD rrpettp~eH, eCXH BHITOJIHeHo, 

Hanpl!Mep, YCJIOBBe 

(II) 

X e. 4N 

r,I(e E. - 3a,naHHaf.( TO'IIHOCTD. 

l3H6op Beca G' B CX8M8 (6), !tar< rrpaHHJIO, HIIKTYSTCH ycJIOBII8M yc

TOll'liiBOCTII H arrrrpo!tC~ CXSMH, HeTpy;l(HO BIIH8Th, 'ITO CX8Ma (6) 
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HMBBT aiiiipOIWHMai.UIIO 0( 'Cr + h 2 ) ,h = max hi , 

{ 
1 , ecmr rr f, 1/2 

( o 2 , ecmr <r = 1/2 

CxeMa (6) aasHEaerca JmHeliHo ycro~on/111, ecmr ycron~a JmHeJlHaa 

CXBMB. 

(12) 

IlOCJIB,lUmH ycTOii'!HBa Ha pa.BHOMBpHO:ii CSTKB , SCJlli BHIIOJIHBHO HBpa

BBHCTBO 

't).k(1-2o-')!:2a1 , 

r)le j\k - co6cTBel!Hble sHa'!eHWI onepaTopa Ay=yx/12/. !!Tax, aanpRMep, 

BCJID a 1) 0, TO JJJm8fuiaJI CXBM:a ( 12) 6eaycJIOBHO ycTOfi'D!Ba rrpH U ~ 1/2. 

ECTBCTBBHHO, llpll STOM C~TaBTCff 3~aHHUM O~OpO~OB KpaSBOB YCJIOBHB 
Sn(a) = Sn( b) = 0 , 

ii:CHO, liTO ,UJIH ne.r.amei.firnx 3Ma'tJ (I) HYJKHO RCIIOJID30BaT:& XOT.H 611 Jrn

HB:il:h-yiD ycTo.fttnmyro CX8MY1 R IT08TOMJ' llpHMBIDIBTCJI CXBM8. (6) C Becm.m 

o ~ 1/2, xor,IJ;a a1 ~ o • O,IUiaKo :noro He,n:ocTaTO'tJHO .nmi ycToiPnreocTH 
CXBMH ( 6) , H Ka't!BCTBO lffiCJIBHHOii CXBMbl rrpOBBp.F.[BTCR H8. TBCTOmlX IIpEMB

pax, ,IJ,JIR: KOTOpllX H3BBCTHH aHaJWT]!!JBCKllB pemel::IIDl. B C~e ~60Jill-
'!9CKOli SH)lH'lli (a = 1 ) CX9MB. ( 6) !!pH <S' = 1 paCCMOTp9Ha ,n3/, li 

,!I;OKa3aHa CXO~OCTb rrpHd~BHHOrO pemeHHff K TO~OMy CO CKOpOCThiD 

0('1: +h2 ) • 

2. qHCJIB~ 3KCII8pKMBHT H 06C~8HR8 

C D;eJI~ID !!pOB9pKH KH'l9CTBH CX9MH (6) MH paCCMOTpHM KpaeByro 3H)lH

'!y .II1Ill ypaBHeHWI illpe)\IIHI'epa 

iut ~ uxx + 2 )uJ 2•u 

lui---+ 0 (13) 

0n;HOCOJ!I!TOHHOe pemeHHe 3an;H'!H (13) HM99T B~11/ 

u(x,t) = 22·e-i[2 ~x-4 (~ 2-~2 lt+ '~'o+ ~J.sech(2~ x-8~2t-x0 ) , (14) 

r.n;e x0 , 2, S 

xo~'flo'"' 

H '1'0 - KOHCTaHTH. Kax B/11/, ~ B03~MeM 
0' '!=1, z=o,s ;1;2;3. 

B Ka'I9CTBe <PYmtmm u 0 (x)B (2) 6epeM u(x,O) HS (14). MOJKHo noKH-

aaT:b, 'tJTO Ha pa.BHOM9pHO:ti C9TK9 ~ N .IJ;OCTaTO:qHliM ycJIOBH9M YCTO:kitmBOC-

TR H KOppeKTHOCTH MaTP~OY rrporOHKH HEillff9TCH ycJIOBH9 

'[; ,; h2 /3" • 
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Ka:qecTBO cxew (6) npoBepaeTcJI BbliiOJffieiDieM saxoHOB coxpa.HelillH 
~ 

J 4 '12 J 2 = (lui - [u )dx • (I5) 

HeTpy,IU:IO BHlffiCJIHT:b TO'l!Hbl9 3Ha't18HWI IDITerpaJIOB ( I5) 1 H ,UJTJI y,no6CTBa 

IIpHB9.II;9M HX SHa'l!elmfi IIpH HeEOTOpl:lX 3Ha'l!8mm.x 2 

? J1=4~ 
2 

J 2=16 z_C2 /J -1) 

0,5 2 - 7 ,333 ••• 
I 4 -I0,666 ••. 
2 8 I0,666 ... 
3 I2 96 

RRH Toro ~TOdH RanTa npa~eHHHoe pemeHHe s~a~ (I3), Heod

xo~o 3aM8HHT:D aCHMnTOTH'I!8CK08 KpaeB09 yc~OBH9 B {I3) yc~OBH8M 

u(-L,t) = u(L,t) = 0 , 

r,ne L - KOH9~09, HO ,IJ;OCTaTO'tiHO 60~ill09 'l!HC~O. 

B CBliSH C STliM llp8)18JIH HHT9rp!!p0BaHWI B (I5) SaM8HffiOTC!I COOT
B9TCTB8HHO 't!HCJIBMH -L,L, H IIpH STOM 3TH HHTSrpa.ml .BH1!HCJiff.JIHC:b IIO 

\!!OPMYJI8 TpaneiUll! C ySJiaMII Ha paBHOMeplioll C8TK8 L\ N • B ~cJieH
HHX pac~eTax BHdpaHH L =IO, <l" =I/2, £ =I0-4. B Tad.nm.\aX I -2, 

IIOKa3HB~ CXO,IJ;HMOCT:b npHd~eHHOrO pemeHRa, BB9,IJ;9HO 0603Ha'ti9Hn9 

LCIO(h) =max jsn(x) - un(x)\ , un(x).= u(x,tn) • 
I x.~dN 

B padoT&II/npHBe.l1eHo CpaBHeHHe ~cJieHHHX pesyJ!bTaToB, nanyqeHHHX 

pas~ MSTO,IJ;aMR (HBHaff H HeHBHaH CXSMH KOH9't!HHX pa3HOCT9H, CX9-

Ma KpaHH-l!!!KOJ!bcoHa, M9TO.l1 il)ypbe n npyrae) • 
Bee OHH .l1aJIH xopoillHll pesyJ!bTaT ~ B~ J 1 • A ~To &acaeTC!I 

BSJllNllHl,I J 2 , TO OHa TaM BHl!HC~eHa CO CpaBHHTeJiliHO M9H:bill9:kt TOtiHOCT:&Kl. 

8TO, IIO-BH.IJ;HMOMY, 06~CRH9Teff TBM, 'liTO nepBaa ilPOH3BO~ pemeaza 
annp0KCHMHPY8TC!I 0 TO~OCTbiD O(h) • B TO ~8 BP9Mff OHa BH~CJ!!I8TC!I 

ITO CX9M9 (6) C 6aHhmOfi TO'l!HOCTDD, 0 'l!9M CBU,Il;9T9~CTBJIDT 3Ha'ti9HKK J
2 

B Tad.nm.\aX I -2. CJre,11yeT OTM8THTb, ~TO ~ COJIHTOIIHHX pemei!Hll ypaBH8-

HH!I llipe)11iHrepa xapaKT8pHO HX p93K08 H3M8H8HH8 B H8HOTOpUX ysKHX RH

TSpEa.rrax.. B CBH3R C STHM IIpHXO,II;HTC.R: RCIIOJTh30BaT:O C9TKY C O't19llli Ma

~9HhKHM marOM. 3TO 9CT9CTB9HHO IIpHBO,IJ;HT K p93KOMY B03paCTaHHID C't19T

HOrO Bp8M8HH H Od~eMa orrepaTKBHOil rraMffTH 3BM. ilOSTOI\fY llpH RCITOJ!b-

30BaHRH PaBHOM9pHHX C9~0K aKTyaH:DHUM HB~9TCH XR60 RCII0~30BaHH9 

cxew c 6o.lThmoii TOtiHOCTDID, m6o rrpKMeHemte pasJ!iftiHHX rrpa.eMOB yTo'tiHe

HHi npH6~eHHoro pemeHBZ Ha llOC~e~OBaTS~HOCTH C9TOK. KaK 3aM9'tl9-
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T adJl!!!!a 1 ( '1: • o , o 1) 

e~qs h = 0,25 h/2 = O,I25 h/4 = 0,0625 
t L., Jl J2 L~ J1 J2 L~ J 1 J2 

0,25 0,05404413 1,9901679 -7,2697220 O,OI306613 I,9993500 -7,329I479 0,00300691 1,9999590 -7,3330697 

0,5 0,10069340 I, 9901779 -7 ,2?608I5 0,02497650 I,9993527 -7,3295856 0,00576658 I, 9999596 -7,3330993 

0,75 0,14695263 1,9901880 -7,2821316 0,03708073 I,9993556 -7,3300277 0,00859856 1,9999602 -7,3331293 

I,O 0,19386330 I, 990I977 -7,2874045 0,04967916 I,9993586 -7,3304289 O,OII56693 1,9999612 -7 ,333I567 

2=1,0 h=O,I25 h/2 =0,0625 h/ 4 =0. 03125 

"' t L~ J1 J2 L~ J1 J2 L~ J1 J2 

0,25 0,0890I844 3,9972977 -10,658792 0,02283783 3,9998604 -10,666324 0,00569392 3,9999992 -I0,66666I 

0,5 0,18584963 3,9974047 -10,669624 0,048I5420 3, 9998896 -I0,667055 O,OI205994 4,0000067 -I0,666706 

0,75 0,29237790 3,9974045 -I0,669028 0,07555I32 3,9998878 -I0,666949 O,OI895560 4,0000063 -I0,666697 

I,O 0,3943II34 3,9973378 -I0,66I789 0,10I38339 3,9998677 -I0,666404 0,0254319I 4,00000Il -I0,66666I 
-- -



~-2.0 h = 0,125 
t L_ J1 J2 

0,125 0,59276663 7. 9759235 I0,242354 

0,25 1,23800850 7,9758163 I0,393438 

0,375 1,77691990 7,9756455 I0,576985 

0,5 2,28549430 7,9758036 I0,396306 

~-3,0 h = 0,0625 
..., 

t L~ J1 J2 

0,25 1,838181 II,992523 95,584082 

0,50 3,6127618 II,992199 95,692799 

0,75 5,195382 II,992340 95,650030 

1,0 6,6794203 II, 992400 95,608066 

h/2 = 0,0625 
L~ J1 

0,16232406 7,9984516 

0,33958II2 7,9984039 

0,48322607 7,9983624 

0,63769681 7,9984212 

h/2 = 0,03125 

L= J1 

0, 5137392 II,999741 

1,0231961 II, 999639 

I ,5238496 II ,999706 

2,0339325 II,999680 

Ta6J!J!Ua 2 ( 1: • o,oo25 ; 1. 2,0) 
1:= o,oo2 ; 'l = J,o 

h/4 = 0,03125 

J2 L= J1 J2 

I0,630709 0,04343521 7. 9999371 10,664546 

I0,646278 0,09089934 7,9999230 I0,665531 

10,656715 0,1289II5I 7,9999125 I0,666052 

10,640416 0,17091713 7. 9999292 I0,665104 

h/4 = O,OI5625 

J2 L.o J1 J2 

95,976481 0,16233497 12,000055 96,000639 

95,982207 0,32374539 12,000025 96,000243 

95,979627 0,48425687 12,000049 96,000542 

95,979520 0,64807334 12,000038 96,000348 



HO B / 8/, IIpli pa60T9 C 6biCTpO M9!1llJ<llU!MliC!l ~m llOrp9lllliOCTb MO
.iKST YBeJm'tflmaT:DOJI rrpn YBBJmtiemm rropB,JJ;Ka TO"CJHOCTH cxervru:. CJie.;n;oBaTeJTh

HO, ,IVLfl HameR 3a.llatm: CioJiee IIp8,IO.IO'ITHTBJII,HiiM JIBJIR:STC.!l MSTO.U yTO~e

HRH pemeHHH Ha nocJie,;n;oBaTanDHOCTH ceTOK. OqeBnnao, Ha ~OM WHKcn
poB~OM Bp8M9HHOM CJIOS M8TO~ JT0~8HEH pemeHHn IIO ?Rqap,;n;cOHy ITpHM9-

HHNfi4/ ~ K03~~9HTOB C~anHa (5) HH paBHOMepHon C9TKe.B Ta~e 
3 llp>!B9.!19Hhl 3TII yTO'lli9HI!Jl. B Heli qepe3 L~(h,h/2) II Loo(h/2,h/4) 
o6o3Ha'!J8HH BS~ 

L 00 (h,h/2) 1
4S~12 Cx)-S~(x) n I 

= ne.x j - u ( x) , 
X r, !J.f{ 

I 
4Sn -sn (x) I 

L
00

(h/2,h/4) = max h/4 jh/2 - un(x) 
XEfJ.N 

r..u;e sh(x)- cnnaHa,orrpe,;n;eJieHHHfi aa paBHOMepaott ceTxe c maroM h 

Ta6J!!I!!B. 3C'C= o,0025) 

~=2,0 h=O,I25 h/2=0,0625 h/•=0, 03I25 

t Loo(h) Leo(h/2) Loo(h/4) L00 (h,h/2) L~ (h/2,h/4) 

~.I25 0,59276663 O,I6232406 0,0434352I 0,03300498 0,003948I4 

~.25 I,2380085 0,33958II2 0,09089934 0,0886695 0,009530I8 

~.375 I, 7769I99 0,48322607 O,I289II5I O,I5604559 O,OI472728 

~.5 2,2854943 0,6376968I O,I709I7I3 0,24958195 0,02296895 
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