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BBEAEH~E 

B pa60Te / 1l paCCMOTpeHbl Kpaeable 3aAa'll1 AI1A Kaa31111I1HeHHbIX 31111l1nTl1

'1eCKI1X ypaaHeHI1H Al1aepreHTHorO Tl1na (a03HI1KaIOLlII1X, Hanpl1Mep, a MarHI1TOCTa
/ 11 

H1Ke) a HenOI1HOH-HeI1I1HeHHOH (IN) nOCTaHoaKe. Cor11acHo ,o611acTb Hel1l1 
p 

HeHHocH1 OF pa3611aaeTcA Ha KOHe'lHOe '1I1CI10 p nOAo611acTeH 0 F = U 0 1 ' 
1 "" 1 

a Ka>KAOH 113 KOTOPblX 3Ha'leHl1e MarHI1THOH npOHI1u,aeMOCTI1 Il( x) nOl1araeTCA 

paaHblM KOHCTaHTe Ill' nOAl1e>KaLlleH onpeAel1eHI1IO, 11 3aal1CALlIeH Hel1l1HeHHo OT 

CPeAHero 3Ha'leHI1A rpaAl1eHTa peWeHI1A a 0611acTI1 0 1 . nOKa3aHO, 'ITO peWeHl1e 

TaKOH 3aAa'll1 MO>KeT 6bITb HaHAeHO MeTOAoM npOCTblX I1Tepau,I1H C nepeo6YCl1aal1l1

aaHl1eM, o606Ll1eHHblM MeTOAoM COnpA>KeHHbIX rpaAl1eHToa 111111 MeTOAaMI1 HbIOTO

HoaCKoro Tl1na . 

~cn0l1b30aaHl1e nepe'lIflCl1eHHblX I1Tepau,110HHbIX npou,eccoa CaOAI1TCA K MHoro

KpaTHOMY peweHlfllO I1I1HeHHOH KpaeaOH 3aAa'll1 C nOCTOAHHblM 3Ha'leHl1eM K03cPcPlfI

u,lfIeHTa Il (x) = Ill' x E a Ka>KAOH 113 nOAo611acTei1. 3Ha'leHI1A Il i 3TI1X KOH 0 1 
CTaHT MoryT OTI1I1'1aTbCA Ha HecKOl1bKO nopAAKoa AI1A Pa311"''1HbIX 0 1 , np"''1eM 

COOTHOWeHl1e 3TI1X KOHCTaHT AI1A npl1MbiKalOLlI"'X 0611aCTeH a npaKTIfI'IecKIfIX 3aAa

'lax Aal1AeTCA HenpeAcKa3yeMblM. OT 3qxpeKT... aHOCT... peweH ...A TaKOH KpaeaOH 3a

Aa'l'" a nepaylO O'lepeAb 3aa11C...T 3qxpeKTI1aHOCTb peal1...3au,l1 ... I1Tepau,...OHHbIX al1ro

plfITMoa AI1A 3aAa'llfl a IN -nOCTaHoaKe. KpOMe TOro, onepaTOp ynOMAHYTOH Kpae

aOH 3aAa'l'" (o603Ha'l ...M ero '1epe3 A) MO>KeT 6bITb ...cn0l1b30aaH a Ka'lecTae n epe

o6ycl1aal1... aaTel1A np... peweH ...... KaK I1 ...HeHHblx, TaK 11 Hel1l1HeHHblX 31111 ...nnl'lecK ... X 

ypaaHeH ... H C C"'l1bHO MeHAIOLlI... M ...CA Ko3cPcPl1u,l1eHTaM .... nepeo6ycl1aBI1... BaH14e AaI1A

aTCA OAH ...M 113 Ha... 6011ee 3qxpeKT"'BHbIX np...eMoa YCKopeH ...A CXOA... MOCT... IfITepau,lfI-

OHHblX npou,eccoa peWeHI1A B03H... K aIOLlI"'X np... AIfICKpeT... 3au,lfI ... c ...CTeM anre6pa... 

'1eC KMX ypaaHeH ...H 12,31 . PAA nOAXOAoa K nocTpoeH ...1O 6110'lHbIX nepeo6ycl1aa

I1l1aaTel1eH AI1A pa3HocTHblX 31111...n TI1'1ecK ... X ypaBHeHIfIH, pa3B'MBaeMblx a nOCl1eAHee 

apeMA , MO>KHO HaHT ... a pa60Tax 14 - 10 1 IfI u, ...T... pyeMoH TaM I1...TepaType. CI1Y'laH, 

KorAa 6110'lHOe npeACTaal1eH... e He...3aecTHblx COOTaeTcTayeT p Cl36 ...eH ...1O 0611aCTM 

npoCTpaHCTBeHHblX nepeMeHHblX Ha nOAo611aCT... T... na n0110C (pa36HeH ...e TIma 

"streeps"), AOCTaTO'lHO nOI1HO ...ccl1eAoaaH a pa60Tax 111 -20 1 _ M eToA AeKOMKO

3HU,M I1 AI1A HeorpaH"''1eHHOH 0611acT......CCl1eAoaaH a 121, 22 1 . ~Tepau,HoHHble MeTO

Abl AI1A pa3HocTHblX 31111l1nTl1'lecKI1X ypaaHeHI1H C CI111bHO MeHAIOLlIHMHCA KO~' 
1323-251 6 BEM FEMUHeHTaMI1 I1CCl1eAOBal1l1Cb a' , npo611eMbl 0 'beAIo1HeHIo1A H 

pacCMOTPeHbl a 135,35 / , III 
H acTOAUI,8A CTaTbR RBl1AeTCR HenOCpeACTaeHHblM npoAon>KeHHeM pa60n.1 

11 nOCBAUI,eHa nocTpoeHHIO 94K1>eKT...SHbIX n epeo6YCl1aBl1HBaTenei1 AnR o nepaTopa 

a HenOI1HO-H eI1MHeHHOH n OCTaHo a K e I I I B A SYMepHoM M TpexMepttOM CI1Y'laAX . 

I 
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B § 1 paCCMaTplo1BaeM anroplo1TMbl, OCHOBaHHble Ha npoLle.a.ype pa3.a.eneHIo1A 06nacn1 

Ha no.a.06n acTll1 , HMelOLUlo1e BHYTpeHHlo1e TO'lKIo1 nepeCe'leHIo1A (pa36lo1eHHe Tlo1na 

.. box" ) 1 26 1 . TaKOH no.a.xo.a. ABnAeTCA 60nee 06LUHM, no cpaBHeHlo11O C MelO' 

.a.aMH, Hcnonb3YIOLUIo1MIo1 paJ6101eHIo1e Ha nonOCbl, o.a.HaKO nplo1 evo peanlo13aLllo1101 H 060c

HOBaHlo1101 B03HIo1KalOT xapaKTepHble oc06eHHocTH, CBA3aHHbie C HanH'Ilo1eM BHYTpeHHIo1X 

TO'leK nepeCe'leHHA 101, KaK cne.a.CTBlo1e, nplo1Bo.a.ALUlo1e K He06xo.a.Io1MOCTIo1 paCCMaTplo1BaTb 

BonpoCbl cKnel:1 KH <PYH KLlIo1I:1 Ha nHnWIo1L1eBbIX nOBepxHocTAX/ 27 I . nepe06ycnaB' 

nlo1BaTenlo1 .a.nA .a.BYMepHbIX KOHe'lHo-:meMeHTHbIX 3nnlo1nTIo1'1eCKIo1X CIo1CTeM, Io1cnonb3YIO' 

LUlo1e pa36101eHIo1e Ha no.a.06nacTIo1 Tlo1na •• box·· , paccMaTplo1sanlo1Cb B /26 , 29.30 ~ HeKO' 
/ 30 1Topble no.a.xo.a.bl MIA TpeXMepHblX 3a.a.a'l paCCMOTpeHbl B . MeTo.a. pa3.a.eneHIo1A 

06naCTill B CO'leTaHHH C MHorOCeTO'lHbIMIo1 anroplo1TMaMIo1 npe.a.nO>KeH B/ 34 1 . 

3.a.ecb (aHanOrlo1'1HO cnY'IalO Henlo1Hel:1HoH 3a.a,a'llo1 BIN .nOCTaHOBKe 1 1/ ) 

Io1cxoAHoe onepaTopHoe ypaBHeHlo1e <popMynHPyeTCA Ha BHYTpeHHlo1x nOBepxHocTAX 

pa3.a.ena no.a.o6nacTeH n i' KaK B .a.BYMepHoM, TaK 101 B TpexMepHoM cnY'Iae Io1Tepa

Illo1oHHble npolleccbl paCCMaTplo1BaeM AnA ranepKIo1HCKOH CIo1CTeMbl ypaBHeHIo1H, onpe· 

.a.enAeMoH Bbl60pOM HeKOTopblX cneLllo1anbHblX no.a.npOCTpaHCTB (He 06A3aTenbHO 

KOHe'lHOMepHbIX) Io1CXOAHoro c060neBCKoro npOCTpaHCTBa cne.a.OB <PYH KLlIo1H Ha 

nOBepXHOCTAX pa3.a.ena. AnA pa36101eHIo1A "waxMaTHoro" Tlo1na nOCTpoeH Knacc nepe

06ycnaBnlo1BaTeneH B, ''61l1013KHX no cneKTPY" Io1CXO.a.HOMY nlo1HeHHoMY onepaTOpy 

A, nplo1'1eM He3aBHCHMO OT OTHoweHIo1H KOHCTaHT 11 I B pa3nlo1'1HblX no.a.06nacTAx. 

npH 3TOM 3a.a,a'la 06paLUeHIo1A onepaTopa B CYLUecTBeHHo npOLUe peweHHA HCXO.a.

HOH npo6neMbl, ~1 B CBoeH HaH60nee TPy.a.oeMKoH 'IaCTIo1 CBO.a.Io1TCA K He3aBIo1CIo1MOMY 

peweHlo11O 3a.a,a'l Alo1plo1xne 101 CMewaHHblX .a.IlA onepaTopa Ilannaca B no.a.06nacTAx 

n I' a 3Ha'lIo1T, nerKO no.a..a.aeTCA KpynH06no'lHoMY pacnapannenlo1BaHIo1IO. 

nOKa3aHo, 'ITO OlleHKIo1 rpaHlo111 cneKTpa oneparopa B -lA, Ha no.a.npocTpaHcTBe 

X h 6aJHCHbiX <PYH KLlIo1H, onpe.a.enAIOTcA MHHHMYMaMH HeKOTopblX <PYH KLlHOHanOB 

Ha <PYHKIlHAX H3 X h' onpe.a.eneHHblx nHWb B no.a.06llacTAx n i . AnA HeKoTopblX 

KOHe'lHOMepHblx no.a.npocTpaHCTB Xh TaKHe OlleHKH nonY'IeHbl B § 3. B 'IaCTHOCTH, 

IJ .a.BYMepHOM cnY'Iae .a.nA CHCTeMbl X h KYCO'lHO-IlHHeHHblx 6a3HcHbiX <PYHKLlHH Ha 

an I C napaMeTpOM TpHaHrYIlALlHIo1 h H3 nOIlY'IeHHbIX pe3ynbTaToB cne.a.yeT OLleHKa· 

C (Au,u) S (Bu, U) S c 2(Au,u), u E X h ,
1 

C2 (d 2 
- = 0 ( 1 + In -) ), c l' C 2 > 0,

hC 1 

He3aBHCHMO OT OTHoweHHA 11/ll j , 1,J ~ p. 3.a.ecb d= mrx(diarnnl). B Tpex· 

MepHOM cnY'Iae TaK>Ke nonY'IeHbl norapH<pMH'IeCKHe OlleHKH KOHCTaHT C l' C .a.nA2 
HeKoTopblX KOHe'lHOMepHblx no.a.npocTpaHcTB. 

B § 4 paCCMOTpeHa 3a.a,a'la OnTHMH3allHIo1 cYMMapHoH palMepHOCTIo1 MaCCHBOB 

(B 3aBHCHMOCTH OT 'IHCna no.a.06nacTeH n I ) , Heo6xo.a.HMb1X .a.nA peweHIo1A .a.Io1CKpe

TH30BaHHOH 3a.a,a'lH, Kor.a.a HTepallHoHHblH npoLlecc oCYLUecTBnAeTcA Ha o.a.Honpo

lleccopHoH 3BM TaKIo1M 06PaJOM, 'ITO HH<popMaLlHA 06 HCKOMblX <PYHKLlHAX J<paHIo1T' 

CA nHWb .a.nA Helo13BecTHbiX Ha nOBepXHOCTAX pal.a.ena an I ' 

2 

OTMeTIo1M, 'ITO B paMKax IN -<popMynHpoBKIo1 .a.nA nonY'IeHHA "TOHKOH" CTPYK 

TYPbl peweHHA B HeKOTopblX H3 no.a.06naCTeH n i BMeCTO onepaTopa flannaca MO>KHO 

Io1cnonb30BaTb onepaTOp B IN -<popMynlo1poBKe, ecnH nOCTpOIo1Tb .a.ononHlnenbHoe pa3' 

6HeHHe 3TOH 06naCTH Ha no.a.06naCTH. CKOPOCTb CXO.a.HMOCTH paCCMOTpeHHblX Io1Tepa· 

LlIo10HHbiX npoLleccoB He MeHAeTCA, .a.a>Ke ecnlo1 nplo1 HeKOTopblX i Io1MeeM 1.1. i .. 00, 

n03TOMY anroplo1TM MO>KHO Hcnonb30BaTb B Ka'leCTBe o.a.Horo 1013 BapHaHTOB MeTo.a.a 

<PHKTIo1BHbIX 06naCTeH, KaK B nHHei;;HOM, TaK H B HenHHeHHOM cnY'Iae. 

1. nOCTPOEHl-1E nEPE06YCIlABIll-1BATEIlEC'I 

HanOMHIo1M He06xo.a.Io1Mble B .a.anbHeHweM 0603Ha'leHIo1A 101 onpe.a.eneHIo1A, Io1cnonb
Ilf M

30BaHHbie B . nYCTb 06nacTb n = u n i pa36101Ta Ha no.a.06nacTIo1 n i C nlo1n
i = 1 


WHLleBblMH rpaHIo1L1aMIo1. l-1cnonb3yeM "waxMaTHoe" ' (lo1nlo1 'IepHo·6enoe) pa36lo1eHHe, 


KOTopoe B .a.BYMepHoM cnY'Iae (N = 2) TonOnOrH'IecKIo1 3KBIo1BaneHTHO pa36101eHIo11O 


npAMoyronbHIo1Ka n Ha KneTKIo1 C nOMoLUblO (n -1) BepTIo1KanbHoH 101 (n y -1)
x 
rOpH30HTanbHOH nHHHH, TaK 'ITO npH .a.BYMepHoH HYMepallHH 06nacTeH n ,1 <1" 

J 
< i :5 n x' 1 ~ j 'S. n y HMeeM npe.a.CTaBneHHe 

n nBun W' 

n B= U nIj' i + j - 4eTHOfl, n W = U , i + j - H84eTHoe.nij 

B cnY'Iae Tpex npOCTpaHCTBeHHblX nepeMeHHblX (N = 3) pa36101eHHe aHanOrlo1'1HO. 

Aanee coxpaHAeM o.a.HOMepHYIO Io1H.a.eKcaLlIo1IO 101 0603Ha'lHM 'Iepe3 I B MHO>KeCT· 

BO Io1H.a.eKCOB 1, .a.nA KOTOPblX n i E nB , 101 aHanOrH'IHO onpe.a.enAeM Iw. 0603Ha· 

'IHM r. = an . , r = an, a r = u r. \ r == u r \ r  MHO
1 1 I iEI 1 lEI i 

B 01 W 
>KeCTBO scex BHYTpeHHHx rpaHIo1L1. nYCTb V = W 2 (n) . npOcTpa~CTBa cne.a.OB 130 1 

YI u Ha rl ' i = 1, M <PYHKLlHi;j U E V 0603Ha'lHM V i1J2 = W~ / 2 (r i ) (c 

HOfMoi;j H3. W21 12 ( r I) ), a npocTpaHcTBa cne.a.o~ HopManbHblx np01013Bo.a.HbIX 

Vi 1/ 2=YI U = (au/ au) In ,u e V '1epe3 wj1l2(ri) (C HOPM?i;j 

H3 W-
2 

1/ :?( r.)) . nonaraeM X =.l e V/ 2 ,X 
w 

= L eV ~, 
1 B iE-IB iE-Iw i 

-1 / 2 ~ -1/2 V2X* 
B 

L (g V I ' X~ = .:.. (g Vi' CornacHo onpe.a.eneHIo1IO V . , 
I ~ IB iE- Iw 1 

BCAKaA <PYHKLlIo1A . u E X , T.e. U LeU., u. Eo V~ , eCTb cn e.a.
B i Ell 

B 
Ha r I HeKoTopoi;j <PYHKLlIo1H H3 npocTpaHcTBa V, a <PYHKLlHA V E X;( v = Le vi' 

I E I B 

V E V -1 / 2) r - - - ....I I . eCTb cne.a. Ha I HopManbHoH npo1013Bo.a.HOH HeKoTopolo1 ,+,YHK-

IlHH H3 V. AHanOrH'IHbIH BH.a. HMelOT 3neMeHTbi npocTpaHcTB Xw H X~. 
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OnepaTOp nyaHKape-CTeKnOBa AnA nannaCHaHa B n i 0603Ha'lHM 'Iepe3 8!:l, i ' 

D(8!:l 1) = lu E- XB: (udx = 0 I. a 06paTHblH K HeMY onepaTop - 'Iepe3 
, ~ 1 

8 -1 ~ Gl (V 1/ 2 V-1I2 ) Ker S- luG- V
1/ 2 : u const, x G!:l,1 J.. i -+ i , . !:l,1 i 


~ n I I. OnpeAenHM onepaTopbl 


8-1 8-1I- $ S ;ltl Eo f (X -+ XB),
B.!:l I~IB !:l,1 . B 

(1 .1 ) 
8 -1 fj 8-1I 8-; ~ !:l E f (X w -+ X ~ ),w,!:l !:l, II~ I W 

a TaK>t<e onepaTOp nepeCTaHOBKH T, TaKoii . 'ITO TT* = E, T : X B-+ Xw ' KOTOPblH 

Ka>KAOH cPYHKUHH H3 XBCHBHT B COOTBeTCTBHe cPYHKUHIO H3 Xw nyTeM nepecTaHoB-
KH COOTBeTCTBYlOll4HX 6nOKOB HeH3BecTHbiX 1 11 . __ 

nYCTb3C1AaHBeKTOp li = ( 1l1,.··,IlM! E RM , rAe III > O,1=1,M.o 
Ha 06nacH1 n pacCMOTPHM 6HnHHeHHYIO cPOPMY A : V x V -+ R, onpeAenAeMYIO 

4loPMynoH 
M 

A(u,v) I- III r ( V U, V v ) dx , "Iv E V, (1.2) 

1= 1 n I 

rAe CKanApHoe npoH3BeAeHHe 3C1AaHo B L2 (n I) . ~pMe A. onpeAeneHHOH B 

(1.2) • CTaBHM 8 COOTBeTCTBHe onepaTOp A ( ii 0 ) E f (X B -+ X B ) 

A(~o ) u M B·8;,l!:l u +T*Mw8;~!:lTU, U E X B , (1.3) 

rAe 

MB = I- $ III EI ' MW I- $IlIEI 

IE IB I E I W 


eCTb AHarOHanbHble onepaTopbl, a E I - TO>KAecTBeHHbIH onepaTop Ha VI' Cornac
Ho / l i , § 2 HOpMbl B X H X* 3C1AClAHM COOTHoweHHAMH

B B 

2 _ I


Il u l l x - EI II UI II VI'~ + I I I (Tu \ I I V 'h 
1BIB I t;; I 'tV' 

(1.4) 
I I v 11 2 (A(~ )-l v ,v), I e U l'U 

ox* I E IB B 

Ha'lHeM paccMoTpeHHe C ABYMepHoro cnY'IaIl. nYCTb n1- cTporo BHYTpeHHHH 

npAMoyronbHHK, T.e. fin f = \2l (He YManAA 06114HOCTH, C'IHTaeM, 'ITO Bce n 1 

npAMoyronbHHKH). KOMnOHeHTY U 1 E- '1 /1 2 JneMeH~a U E XB~a306beM. 
B CBOIO O'lepeAb. ell4e Ha 'IeTblpe KOMnOHeHTbl U 1 = lUll, k = 1.4. Ka)I(AaA 

H3 KOTOPblX onpeAeneHa Ha OAHOH H3 'IeTblpex CTOPOH npAMoyronbH~Ka n l' CoOT

.BeTCTBeHHO onepaTOp 8-;,1 I npeACTaBHM B 6nO'lHOM BHAe , 

4. 

Is km ( 1.5)8,;1 = I, k,m = 1,4. 
Ll, 1 1 

AnA npAMoyronbHHKoB H3 npHrpaHH'IHOrO cnOA 6nO'lHaA palMepHOCTb onepaTopa
1 -1

S~, 1 paBHa 2 HnH 3. a onepaTOp S!:l, 1 nonY'IaeTCA H3 npeAcTaBneHHA BHAa (1 .5) 

Bbl'lepKHBaHHeM 6nO'lHbIX CTPOK H CTon6uoB, COOTBeTCTBYlOll4HX HyneBblM KOMno 


HeHTaM u~ BeKTopa U l' 


3aMeotattMe 1. OnepaTop S;,\ HMeeT ABHoe npeAcTaBneHHe 


S~\ = L-1 (E - K ) , (1 .6) , 

rAe HHTerpanbHble onepaTopbl K H L Ha rpaHHue fl onpeAeneHbl4loPMynaMH (N 
pa3MepHocTb npOCTpaHCTBa) 

cos(r pM ,n p)_1__ JKu(M) u(P) dap ' 
7T(N-1)f I r 12 

PM1 

1 1Lv(M) 7T(N-O! I r pM 1- v(p)dap ' M, P E fl ' 

I 

rAe I r PM I - eBKnHAOBa HopMa BeKTopa rpM' COeAHHAlOll4erO TO'lKH M. P E fl ' 
n P - BeKTop BHYTpeHHeH HopManH B TO'lKe P. E - TO>KAecTBeHHbIH onepaTop. 

~opMyny (1.6) MO>t<HO Hcnonb30BaTb AnA AHCKpeTH3aUHH onepaTopa A (Il ) , o 
HMelOll4erO ABHoe npeACTaBneHHe. M 

nYCTb paccMoTpeHHoe pal6HeHHe 06nacTH n = . u n 06pa3yeT ceTKY, 
l 

I = 

onpeAenAlOll4YIO KOHe'lHble JneMeHTbl cepeHAHnOBa ceMei1cTBa nepBoro nopAAKa 131 /. 

Pa3MepHOCTb cooTBeTcTBYlOll4erO npocTpaHcTBa 6a3HcHbiX cPYH KUHH, KOTopoe 0603 

Ha'lHM L Kl. 2 '" X l' paBHa 'IHcny K I BHYTpeHHHX BepWHH nOA06nacTeH n 1 . 
AHanOrH'IHOe npocTpaHCTBO cepeHAHnoBblx 6a3HcHbiX cPYHKUHH nepBoro nopAAKa 

B TpexMepHoM cnY'Iae 0603Ha'lHM L KI 9 :; y 1 . 

nepeHAeM K nocTpoeHHIO nepeo6ycnaBnHBaTenA B AnR onepaTopa A(Ii' 0 ) '" 

'" A 2' B ABYMepHoM cnY'Iae onpeAenHM npOCTpaHCTBa 

4 

X 2 1 I- e'H 1/ 2 (fk) X2 I- eX 2 ,i' (1.7) 
, 1 

k = 1 1 E IB 

<Xl 1/ 2 /30 / 
rAe npoCTpaHCTBo H ( f) onpe,qenReTCR, HanpHMep, B . nYCTb X2 C X2 
KaKoe·nH60 nOAnpocTpaHCTBO npoCTpaHCTBa X2' a X 0 = L KI. 2 $ X 2 . AnR BCR

KOH U ~ X 0 cnpaBeAnHBo eAHHCTBeHHOe npeAcTaBneHHe U = U 1 + U 2' U 1 E 
~ L , U 2 E X · n03TOMY AlIR BCRKHX U. V E X HMeeM 

KI,2 2 0 

5 



z z (1 .8)(Azu,v) 	 ~ I. (A ZU l' Vj ). 

= 1 j = 1 


npH KOHCTpYHpoBaHHH onepaTopa B Bbl6paCblBaeM 1013 (1 .8) nepeKpecTHble ~neHbl 

101 ynpoLl.laeM BTopoe cnaraeMoe. OnpeAenHM onepaTOp 

4 4 


diag A 2 = M B' I. e (I. Ell S ~k ) + M w' I. Ell ( I. Ell S ~k ) , (1.9) 


iEIB k=l 1 i~IW k=l 
1 


Hcnonb3YR 6nO~HOe npeACTaBneHHe (1.5). 3aAa,QHM onepaTop B2 u, U ~ X0 pa

BeHCTBOM 

(B 2 u,v) (diagA2u2.V2) + (A Z U 1.V1)' 'Iv ~XO. (1 .10) 

3TOT onepaTop Hcnonb3yeM KaK nepe06ycnaBnHBaTenb AnA A2 B cnY'Iae ABYX npo


CTpaHCTBeHHblX nepeMeHHblX. 


B TpeXMepHOM CJly~ae, HapRAY C Y1 = 4L KI, :\ ' onpeAeJlHM eLl.le ABa npOCT


paHCTBa. nYCTb r = u r .k, ar.k = u r .m. Ha Ka>K.QOM pe6pe f~ID 

i k = l 1 1 m=l 1 1 


onpeAeJlHM npOCTpaHCTBO <PYHKUHH xkm <= If 1/ 2 (r ~m) . AaJlee Ka>K.QoH <PYHK

UHH U ~ ~~m (Ha~eM ee 06pa3YIOtueH <PYHKUHeH) MO>KHO conOCTaBHTb '1eTblpe 

<PYHKUHH U j , j = 1.4, onpeAeJleHHble Ha 'leTblpex rpaHRX, HMelOLl.lHX 06Ll.lee pe6po 

r~m. OHH RBJlAIOTCR JlHHeHHblM npOAOJl>KeHHeM <PYHKUHH U Ha 3TH rpaHH , HMelOT 

CJleA U Ha pe6pe r~m 101 paBHbl HYJlIO Ha OCTaBWHXCR Tpex pe6pax Ka>K.QOH rpaHH, 

HMelOLl.leH pe6po rrm . ECJlH npOAOJl>KHTb <PYH KUHIO ii j' j = 'i';4 Ha OCTaJlbHYIO 

'IaCTb rpaHHUbl r I HYJleM, TO nOJlY'IeHHble TaKHM 06pa3QM <PYHKUHH 06pa3YIOT, 

no onpeAeJleHHlO, npOCTpaHCTBO X~~ nOJlO>KHM 

Y I. Ell -X km (1.11)2 • 1 • 

rAe CYMMa pacnpoCTpaHAeTCA Ha Bce BHYTpeHHHe pe6pa r .kID rpaHHUbl 11 . 

PaccMoTpHM AnR Ka>K.QOH 06JlaCTH n 1 MHO>KeCTBO ~YH KUHH u E W~ (n i) , 


TaKHx, 'ITO CJleA 'Y U paBeH HYJlIO Ha Bcex r lk, k = 1,6, KpOMe OAHoro 3Ha'leHHR
l 
HHAeKca k = k ' MHO>KecJBo CJleAOB TaKHX <PYHKUHH, onpeAeJleHHblX Ha 'IaCTHo 
rpaHHUbl r~o, 0603Ha'lHM W 1/ 2 (r~O ) . nOJlO>KI<1M

2
 
6 0 

Y I. Ell ( I. Ell W~2(r.k)).a 	 (1.12)
k = 1 	 1
1E IB 

OnpeAeJlHM npOCTpaHCTBO 

Yo Y1 e Ell 	 (1.13)Y2 Y3 

~MeeT MecTO 
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lleMM8 1. CnpaBeAJlHBO BnO>KeHl<1e Yo C XB' 

BJlO>KeHHe KOMnOHeHT Y1 1<1 Y3 O'leBHAHO. AnR KOMnOHeHTbl Y2 AOCTaTO'lHO 


YCTaHOBI<1Tb, 'ITO AnR VUE Y2 ee cY>KeHHe Ha 11, i E I B U I w BnO>KeHO B npo


CTpaHCTBO WV 2 (r1 ) ,T.K. B 3TOM cnY'Iae, cornaCHO 127 1 , AnR rapMOHI<1'1eCKOH 


B n 1 <PYHKUHH U, TaKOH, 'ITO Y U = U Ha 11 ' BblnOnHeHO II UII 1 :;;
l 
k W2 CO I ) 


:;; c II U II W1/ 2 (f ) . nYCTb Uj E Xi m. KaK HeTpYAHO nOKa3aTb (CM. MM
2 1 


My 5), BblnOnHeHO Ilujll 1/ 2 r <,;, C ll Yj uj 11't'I 1/ 2 (f.km).w2 ( 1) 	
1 


00 
n03ToMY, Y'IHTbIBaA BKnlO'IeHHe y U E H 1/ 2 ( 1 .km) , 3aBepwaeM AOKa3aTenb
CTBO neMMbl . i j 	 1 


-1
B TpeXMepHOM cnY'Iae npeACTaBHM onepaTOp 	 B 6nO'lHOM BI<1Ae, aHano·S!>",1 
rH'IHO (1.5): 

(1.14)S ~1 = I s km 	 I k m = 1 6 

L.1, 1 1" • 6 


B COOTBeTCTBHH C pa36HeHHeM rpaHHUbl 11 U 11k npl.1 cooTBeTcTBYIOLl.leH 

k = 1 


MOAH<pHKaUHH AnA npHrpaHH'lHblX nOA06naCTeH n I . OnpeAenHM onepaTOp 


. 6 kk 6 kk 

dlagA s = MB • I. II (I. e S i ) + MW' I. e ( I. Ell S 1 ). 


t E IB k = liEIW k = 1 


~OClie_'Iero nepe06ycnaBnHBaTenb B3 U, U U 1 + U 2 + U 3 ' E Yi ,u l 

1 = 1,3 3a,QaAI<1M paBeHCTBOM 


(Bsu. v) = (A au 1.v 1) + (A 3 u 2 'V2) +(diagAaUa.va) ( 1 .15) 

AJlAVV E Yo' rAe AS onpeAeneH B (1.3) npl<1 N = 3. 

npHBeAeM HeKOTopble onpeAeneHHR. EcnH X X 1II X2 ecTb npRMaR CYM-


Ma HeKoTopblX rHnb6epToBbiX npocTpaHcTB Xl 101 X 2' TO onpeAenHM 'IHCna 


a(X.X 1 ) sup a ~ 0, a (X, X 2 ) sup f3 ::. 0, ( 1.16)
• TaKHX, 'ITO 

222 

a II xl ii + f3 11 x 211 :s; IIx 1+ x 2 II , V Xl E Xl' X 2 E X 2 • (1.17) 


k 

AHanorH~Ho onpeAenHM BenH'lHHbl a (X • X. ), i = 1.k, rAe X = I. Ell Xi' 
1 1 = 1 


XI - rHnb6epTOBbi npoCTpaHCTBa. 3TH onpeAeneHHR aHanorH'IHbl nOHATHIO pacTBO' 


pa rHnb6epTOBbiX npoCTpaHCTB. nepeHAeM K oueHKaM AnR nepe06ycnaBnHBaTeneH 

B2 H Bs' 

2. ~ccnEAOBAH~E OnEPATOPOB B2 ~ B3 

~a'lHeM C ABYMepHoro cnY'IaA. AnA <PYHKUHH v E X2• 1 ' 3a,QaHHoH Ha fik, 
k= l.4,onpeAenHM <PYHKUHoHanbl (aHanOrH'IHO 1 27 1 ) 
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a1 -
! (v) ( J v 2( X ) ( 1 + 1 ) d x ) 1/ 2 x f: r k 

, 
k ao Ix-aQI l x -al l l 

4
k 
rAe a ' a 1 - KOHUbl oTpe3Ka ['I ' Aanee AnA CPYHKUIiIIiI U. = L eU~E ~ p npeAenlilM o 

1 k = 1 • 
4 


2 - 2 k (2.1 ) 
(I(U!) = ! ! k (U i ). 


k = 1 


Lilcnonb3YBM HeKOTopble xapaKTepliICTIiIKI-1 npoCTpaHCTBa X2 . nYCTb cnpaBeA' 

lil-1Bb l CJ1 eAYIO~liIe rliinOTe3bl: H 1. Cy~ecTByeT KOHCTaHTa g( X 2) > 0, TaKaA, 

'ITO AnA BCAKOi1 CPYHK UI-1I-1 U f: X ,YAOBneTBopAIO~ei1 ycn OBl-11O u( cf ) = 0 
o 0 

AnA HeKoTopoi1 TOIfKIiI cf 0 ~ r I ' c npaBeAnlilBO HepaBBHCTBO 

- 22 < g( X ) . I IVu l dx. (2.2)Il u II L"" ( f( )- 2 o( 

3 Aecb iii Aaliee lfepe3 U 0603Ha'laeM r ap MOHI-1'1eCKYIO B o6naCTI-1 ni cPYH KUl-1lO, 

I-1MelO~YIO cneA U Ha ['i . H2 . AnA BCAKOi1 CPYHKUI-1I-1 U E cnpaBeAnlilBo HepaX 2 
BeHCTBO 

-2 k 

rk(u ) ::; dX ) max IU k 12 (2.3)


i 2 J: 10; r k I ' 

i 


rAe r~ npo6er aeT Bce BHyTpeHHlile pe6pa, a '1l-1cno ( X 2 ) > O. 

CcpopMynl-1pyeM HecKonbKo cneAcTBI-1i1 1-13 rl-1nOTe3 H 1. H 2 , He06xOAI-1MbiX 

B AanbHei1weM. Lilx AOKa3aTenbCTBa npliIBBAeM B § 3. 
I1eMM82. nYCTb AnA npOCTpaHCTBa Xa CnpaBBAnlilBa rl-1nOTe3a H 1. TorAa BbinOnHe

Hbl HepaBeHCTBa 

_\ ) -1 
a (X 0 • Xl) 2: c ( 1 + g (X e)) , a (X 0' X 2 ) > c (1 + g ( X 2) , (2.4) 

rAe KOHCTaHTa C onpeAenAeTcA nl-1Wb CPOpMOH 06nacTei1 0 I ' 


I1eMM8 3. nYCTb BblnOnHeHbl rliinOTe3bl H 1, H2. TorAa AnA BCAKHX CPYHKUHi1 uLf: 


f: X 1 iii U 2. i 10; X2, I cnpaBeAnl-1Ba OUeH Ka 


r2 (U I) ::: c.g(X )·(X ) r IV(u 2 i+ uL )1 2 
dx. (2 .5)

1 2 2 2
 . 0'
i 


0603Ha'lIilM Aanee HHTerpan AHplilxne ( IV -u I 2 dx OT CPYHKUIo1H if , onpe

AeneHHoi1 Ha ill ,'1epe3 Al (u ) . (11 


Teo peMI 1. nYCTb BblnOnHeHbl rl-1nOTe3bl H 1, H2, TorAa AnA nepeo6ycnaBnlilBaTenA 


B2 , onpeAeneHHoro B (1 .10), cnpaBBAnHBa oueHKa 

8 


(2.6)c (A U.U) S (B u.u) ~ c
2
(1+g(X e»(1 + (X 2 »(A 2 U.U) 


1 2 2
 

AnA Y U (; X o' KOHCTaHTbl C 1, C 2 3aBHCAT nlilWb OT CPOpMbl o6nacTei1 0 i . 

iii IiICAOKa3aTenbcTBo. nOnO>KIiIM U = U

L 
+ U 2 ' U L E Xl ' U2 E X2 

nonb3yeM npeAcTaBneHHe 
M 

(A 
2
u,u)= 1 I-LIAI(UL,i+ue,I)' (2.7) 

1 

o cneAaxB cHny HepaBeHCTBa Tpeyr~nbHHKa, HepaBeHCTBa nyaHKape iii TeopeMbl 

CPYHKUHi1 H3 W~ (0 I) 2 I Ha nHnWHueBblX nOBepXHOCTAX, nonY'laeM 


M 

(A2U,U) S C L I-L I (AI ( U L, I) + II 
-
u 2, I II 

2 
W 21 CO . ) ::; (2 .8) 


I = 1 1 


M 2 

< C i:- 1 I-L I(A I ( U L , I) + II u 2, I I I V jl / 2 ). 


C APyroi1 CTOPOHbl, AnA B2 IiIMeeM 

M 4 

kk k k 

+(B u,u) L I-L I A i ( U L ,I) + L I-L I L (S I U2. I • U 2. I ) 
2
 1=1 iEIB k=l 

4 

kk k k 

(8 I (Tu 2) I ' (T U2 ) I ) (2.9) 
+1;I I-LI k:1 

w 
4
M 4 
 k
L A I ([ Tu 2 ] I ) ) >= L I-L (A (u ) + 1: A i (u ~ i) + 


1 = 1 I I L,I k=l • k = 1, 


I E IWI E I B 

4 

M k , 2 ) 


~ C L iJ. ( A (U L I) + ~ Il u 2,1 " CO l / 2 k) • 

i i, k=l H Cr I

1 = 1 


npliIMeHAA KO BTOPOMY cnaraeMOMY H3 (2.8) HepaBeHcTBo TpeyronbHHKa 1-1 


IiIcnonb3YA (2 .9), nonY'IaeM 

c(A 2u. u) ::: (B2u.u ). yu E Xo. 

rAe KOHcTaHTa C He 3aBIiICliiT OT j:i 0 E RM. 

9 




PaCCMOTpHM OueHKY csepxy AnA (B ll, u) . lI1cnonb3YA HepaseHCTSO cne
2 


AOS, H3 npeACTasneHHA (2.9) nonY'IaeM 


M 

(B 2 u, u) ~ c i: 1I-Li(A 1(U L ,i) + 

4 


+ L k 11 2 ).Il u2,1 'I'l1 / 2(1 k )k = 1 
 j 

-	 / 271
C APyroH CTOPOHbl, S cHny , HMeeM 

r2(U k . ))lI u k II 2Q~1I2 k ::;c (IIuk 
2 · , '1 2 

1/ 2(r k ) + k 2,1
2, 1 H (1 ) , 1 w2 I 

1
 

-	 1271
AnA k = 1,4, OTKYAa, Hcnonb3YA HepaSeHCTSO 

4 	 2 

! II u~ i 112 V2(1k) S C Il u2 ,i Il w1I2(f. (2.10)


k = 1 ' I 2 1
W2 

n01lY'lHM oueHKY 

4 	 2 
 2 

J1.. L I l u~ 1 1 1 ~ ~ cl1i( l l u2,tl l 1/ 2([ +(I(U2,1))' (2 .11)


1 k = 1 ' H 112 (rk ) 	 w2 i 


CornaCHO npeACTasneHHIO (2 .7) H neMMe 2, AnA tPOPMbl (A 2u, u) cnpaseAnHsa 

oueH Ka CHH3Y 
M 

( 1 + g ( X 2 )) (A 2u , u) 2 c i : 1 I-L i (A i ( U L ,i ) + A I (u 2, I )) • 


B cHny TOro, 'ITO u 2,1 (a k) 0, rAe a k - sepwHHbl npAMoyronbHHKos, H3 

HepaseHCTsa (2.10) cneAyeT 

2 

A I (u 2. i) ? c IIu 2. i 11 w~ (n I ) ~ 


4 
 2 (2.12) 

> c IIu2 i l l 
2 
W 1I2 (1 ) 2 C L Ilu2,1 II w; / 2(r:)' 

, 2 I k= 1 


Tenepb, CyMM>1pyA HepaeeHCTSO (2.11) no H Y'lHTblsaA (2.12), nonY'llo1M 

oueHKY 

10 


M 
(2 .12')c(B 2u,u) $ (1 + g(X 2 ))(A 2U,u) +1: 1J1.1(~(U2'1)' 

lo1 3 KOTOPOH, cornaCHO neMMe 3, CneAyeT HepaseHCTBO 

(B
2

u , u ) $ c(1+g(X 2 ))(1 + dX 2 ))(A 2 U, u ) 

A1lA U ~ Xo' 'l TO lo1 Tpe6oBoIlOCb AOKa3aTb. 


n epeHAeM K oueH KaM AnA tPOPMbl ( B:3 u ,U ) nYCTb 3aAaHbi HeKOTopble 


nOAnpoCTpaHCTsa Y2 C Y2 lo1 Y3 C Y3 . 0603Ha'llo1M Yo = Y 1 $ V2 e ? S lo1 


o npeAenHM '1lo1cna 

al ,O a (Y1,YO ) ' a 2 , 2 +S = a (Y2 ,YZ e Ys ) , 	 (2.13) 

rAe Hop Ma s (1.17), (1.18). 3KSlo1saneHTH aA onpeAenAeMoH sbtpa>KeHlo1 eM II · Ilx H3 

(1 .4) • 3aAaeTCA paseHCTBaMlo1 11 U 11 2V 11 2 = A (u ). i = 
-1,M ,
1 1 _ _ 


3aMe't"'Me 2.1 . lI1cn01lb3yeMble Aanee nOAnpOCTpaHCTsa Y2' Ys TaKosbl, 'ITO HOPMbl 

B npOCTpaHCTsax wil2(r I) ( r - nosepxHocTb napannenenlo1nEl,Qa) , nocTpoeH l
/ 271
Hb le cornacHo onpeAeneH HIO H3 , rAe B Ka'leCTBe KOHe'lHOrO nOAnoKpblTHA 

rpaHHUbl r I sbl6HpaeM 06beAlo1HeHHe BceB03MO>KHbIX nap CMe>KHbIX r paHeH, 3KBH

BaneHTHbl HopMaM, Hcnonb3YIO_U4HM nOKpblTlo1A, SKnlO'IalOU4lo1e se~lo1Hbl r L.:. k 

AnA tPYHKUHH V . e Y s, I, 3aAaHHOH Ha rpaHAX r 1 ' k = 1,6 , f i = 
I x1 , x2: 0 ~ Xl .:;' a, 0 <;;'X2 :;, b l,onpeAenlo1MtPYHKUlo1 oHanbl 

a II v(x ,X ) \1 2 	 ) 11 2 

b II V(x l' X 2 ( 12- dx ~ ,
J _ 1 2 (2)

f k (V) dx+f Ib- x 1 

o 	 xl la -xli loX 2 2
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rAe 1\ . II (i 
2 

) - HopMa s L 2 no nepeMeHHoH Xi' AnA tPYHKU lo1 lo1 u 1= I e 

e u~ E '2'S,1 onpeAenHM tPYH KUlo1OHan k = 1 


'4 

6 


- k 
(I(U ) I ! k( u 1), 	 (2. 14)i
 k = 1 


127 1 

ct>YH KUlo10Han f i ( U 1) Ma>K0 plo1pyeT tPYH KU>10Ha1l, lo1Cn01lb3YeMblH s npH 

tP0PMY1lHpoBKe YC1l0B lo1H CK1leHKlo1 tPYHKUlo1H lo13 npocTpaHcTB W~/2 ( r ik) , k = 1,6 
A1lA Ka>KAOH nap bl CMe>KH bI X rpaH e~ ' l 12 k . 1/2 

OnpeAe1lHM npocTpaHcTso W!). ( r i ) tPYHKUHH u E- W2 (r I ) Ta

KHX, 'lTO U ( en = 0 AIlA ve i: r i . OHO RB1lReTCR TpeXMepHblM aHanorOM npOCT
00 	 - 

paHCTsa H1/2 (1.k) . YcnoBHMcA 060 3Ha'laTb cneA tPYHKU lo1lo1 U e- Ym' m = , ,3 
1 


Ha rpaHHue 1 'lepe3 U m, 1 . _ _ 


T eopeM8 2. r1YCTb npOCTpaHCTsa Y2 lo1 YS TaKOSbl, 'ITO 'l lo1Cna a 1,0 H a 2, 2 + S 

n01l0>KHTenbHbl, TorAa cnpaSeA1lHSa oueHKa 

II 




M 

c 1(A 3 u,u) ~(B3u,u ) ~ C2[i : 1 iLi !~(Ua'l) + 

(2.15)-1 -1 
+ (1 + a 1,0 ) (1 + a 2, 2 + 3) (A aU, u ) ] • 

AOKa3aTeJlbCTBO nepBoro 1i13 HepaBeHCTB (2.15) CJleAyeT 1>13 Ol.\eHOK, aHaJlOnt'lHbiX 

(2 .8) , (2 .9) 

M 	 6 

(B3 u,u) ~ C ~ iJ. l(Al(u11)+Al(U21) + ~ I l u:1 11 2~1 / 2(lk) ),
1 = 1 ' • k=l • 2 i 

M 3 

( A 3 u , u) S. -c ~ Ii 1 ( ~ A i (u j»'
i = 1 q q. 

iii HepaBeHcTBa TpeyronbHIiIKa . ,lJ.anee, cornaCHO 3aMe'laHIilIO 3 .1, IiIMeeM 

-1 -1 
a 2 1- 3 , 0 ~ (1 + a ~,10 )-1 , Q3, 2 +3 ? (1 + Q 2 , 2+ :3) ' 

n03TOMY cnpaBeAnlilBa oueHKa 

:i-1 -1 M 
(1+a )(1+a )(i\ U,U ) > c ~ Ii . ( ~ A (u j » , (2 .16)

1,0 2,2+3 3 	 I j q,
i = 1 q = 1 

B TO BpeMR KaK 

M 2 	 6 2 

(BSu,u) ~ c ~ lij ( 1 Ai(uq,i) + l II U~.I II ; 1I 2(l~ k ) )' (2 .17) 
1=1 q = l k=l 2 1 

npliIMeHRR pe3YJlbTaTbi 0 CKJl ,~~K/e ¢YHKUIiI~ 1i13 W~, 0 < r S 1 AJlR ABYX 

CMe>KHbIX rpaHe~ napaJlJleJlenlilneJ\OB ' 27 . , nonY'IIiIM AJlR u:3 1 E Y:3 

2 	 1. 2 
A j (uS. 1 ) ~ .c ll uS,! II W~ ([li ) ?: c l l us , l I W~/ 2(11 )?: 

6 

k 2 1/ 2 k
> c 	 ~ II uS1	 11 W (1 )

1k = 1 , 2 

k 2 I k 12 - 2 k
II Us 	 1 11 °11 2 r k ) S c ( 1u 3, 1 I W 11 2 (f ~ ) + !k(ua.i» 

. W 2 ( 1 	 2 I 

AJlR k 1,6. CYMMIiIPYR nOCJleAHee HepaBeHCTBO no k, nOJlY'I IiIM 

12 

6 k 2 	 2 (2.18)
iii ~ Ilus! ll ow 1I 2(r'k) ::; clij ( l lus i Il 1I2(r ) + f~(U3 j»'

k = 1 ' 2 11 • w2 j , 

CYMMlilpYR no i HepaBeHCTBO (2 .18) iii cpaBHIiIBaR pe3YJlbTaT C Ol.\eHKaMIiI (2 .16), 

(2.17) , HaxOAIiIM 
M 

-1 -1 	 2 
(Bau,u) .!S c(1 +a1.0)(1 +a2,2+3)(A 3 U,u) +C : 11i1!I(Ua,I)'

i 

'ITO iii 	AO Ka3bl BaeT TeopeMY . 

C¢OPMYJlIiIPyeM aHaJlOrH rHnOTe3 H 1, H 2 AJlR TpeXMepHoro CJlY'IaR : 

01. CYl1\eCTByeT KOHCTaHTa g(Y 0) > 0, TaKaR , 'ITO AJlR BCRKOi1 ¢YHKl.\1iI1iI U E~, 
YAOBJleTBOpRIOl1\e~ ycnoBlil1O U (f, ) = 0, f, E ll" cnpaBeAJlIiIBO HepaBeHcTBo o 0 


'. 2 - 2
s g(Y ) f IV' u l dx.
Ilu IIL ""( ll ) o 

[li 

02. AJlR BCRKO~ ¢YHKUIiIIiI U i €:: Y3 cnpaBeAJlIiIBO HepaBeHcTBo 

f 2 (uk) < ( y3 ) max Iu~ I2 
k 1 - x€:: rk 


1 


C eAIiIHo~ KOHcTaHTo~ ( V3) > 0 AJlA Bcex BHYTpeHHlilx pe6ep rt _ 
Lt1cnOJlb3yeM TaK>Ke rlilnOTe3Y 0 3 ~ CYl1\eCTByeT KOHCTaHTa I( 0 (Y 2 ) > 0, 

TaKaR, 'ITO AJlR BCRKO~ ¢YHKUIiIIiI U2 E Y2 cnpaBeAJlIiIBa Ol.\eHKa 

k 2 	 (- ' ) 11 k l 2 Il v l 	 Il oHl / 2(e~) !S Y2 VI I LOQ (e~ )1(0 

AJlR Bcex BHYTpeHHlilx pe6ep £1 'krAe v~ - o6pa3YIOl1\aR ¢YHKl.\HA AJlR u: .o1 
onpeAeJleHHaR Ha pe6pe e~ C 1 '1 ~ 

fleMM8 4. nYCTb BblnonHeHa rlilnOTe3a 01, TorAa cnpaBeAJlIiIBa Ol.\eHKa 


min(a 1.0 :a 2 + S,o) 2 c(1+g(Y »-1. o 

flSMM8 5. nYCTb BbtnOJlHeHbl rHnOTe3bl 01 , 03 , TorAa cnpaBeAJlIiIBa Ol.\eHKa 

. - -1
i4 mIn (a : a 2 S ) > c (1 + K ( Y2) g ( Y ) ) . 

3,2 +3 2 , + - ° ° 
1013 TeOreMbl 2 HenocpeACTBeHHO BblTeKaeT 

CneJ).cTBMe 2.1. nYCTb BbtnOJlHeHbl rt.1nOTe3bl 01, G2 , G 3 . T o r Aa AJlR eCRKOI1 

u E Yo cnpaeeAJlHBa Ol.\eHKa 

(Bau,u) !Sc (1 + g(Yo» ( r(Y~) + K(V 2 ) g~Y 0 ) +l )(AS u ,U) . (2 .19) 

Ol.\eHKIiIKOHcTaHT (V3 ), K(Y2 ) , g(Yo ) AJlRHeKOTopbl xKo HKpeTHblx 

nOAnpocTpaHcTB V2' Va paCCMOTpliIM B § 3. 3Aecb OCTaHOBIiI MCR Ha 3aAa'le o6pal1\e· 

HH.R onepaTOpoB B2 iii B 3' 
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PeWeH/ile ypaBHeH/ilA 

(B
2 

u, v ) (f, v ) , fEX~, VvE-X o (2.20) 

npOBOA/ilM sABa 3Tana. HaXOA/ilM cPYHKUlll10 U2 /113 ypaSHeHIIIA 

(diag A 2 u 2' v) (f, v ) • Vv ~ X (2.21)2 

III cPYH KU/ilIO U 1/113 ypasHeH/ilA 

(A 2u l' v) (f, v), V v E Xl' (2 .22) 

CKnaAblsaA (2.21) /II (2.22) /II Y4/11TbiSaA npeACTasneHllle (1 .10), y6e>KAaeMCA , 4TO 

cPYHKU/ilA U = U 1 + U2 eCTb peweHllle ypasHeH/ilA (2 .20). 

PeWeH/ile ypasHeH/ilA 

(2 .23)(Bau, v) (r, v), vv t;;. y
o 

CBOA~TCA K peweHlll10 cneAylOll.l/llX 3aAa4 . HaXOA/ilM cPYHKU/il/il U l' u2 ' Us /113 ypas· 
HeH/il/il 

(diagA U ' v) = (r,v), Vv ~ Ya (2 .24)a a 

(Aau2' v) = (r,v), Vv E Y2 (2 .25) 

(A u 1 ,v) = (C,v), Vv E Yl (2 .26)s 

/II, /IIcnOflb3YA onpeAeneHllle (1.15), y6e>KAaeMCA, 4TO cPYH KUIIIA U = U 1 + U 2 + U a 
ecTb peWeH/ile ypasHeH/ilA (2.23) . 3aAa4111 (2 .22), (2.26) COOTBeTCTSYIOT KOHe4HO' 

3neMeHTHbiM CIIICTeMaM AnA CepeHA/ilnOSblX 3neMeHTOS nepsoro nopAAKa, 06pa3ye

MblX pa3.6/ileH/ileM 06naCT/il n = ~ n I. . Pa3MepHOCTb COOTseTCTSYIOll.lei1 CllAY 
eCTb M. - 1 

3aAa4/il (2.21) /II (2.24) CSOAATCA K He3aS/ilC/ilMOMY peweHlll10 CMewaHHblX 3a

Aa'l AnA onepaTopa llannaca S 06naCTAX n l ' i = 1, M ,KorAa Ha oAHOi1 CTopOHe 

(/iln/ll rpaHIII) 3aAaHO ycnos/lle Hei1MaHa, a Ha scex OCTaSWIIIXCA CTopOHax (/IInlll rpa

HAX) 3aAaHO OAHopOAHoe y~oslIIe Alllplllxne (u r = 0). np/ll Bbl60pe COOTseTcTsylO

ll.lIllX nOAnpOCTpaHCTS X , Y TaKllle 3aAa'l/il MO>KHO peW/llTb MeTOAOM 6n4> .
2 a 

AnA peweHIIIA ypasHeH/ilA (2.25), S KOTOPOM Helll3seCTHbie onpeAeneHbl TonbKO 

Ha sHYTpeHH/IIx pe6pax, MO>KHO /IICnOnb30saTb 0606ll.leHHbli1 MeTOA COnpA>KeHHbIX 

rpaAllleHTOB C nepe06ycnasnlllsaTeneM diag Aa.2 , ASnAIOll.lIIIMCA 6nO'lHO-A/ilarOHanb

HOi1 '1aCTblO onepaTOpa AS /113 (2.25) (0603Ha'l/ilM ero A 3,2 ), rAe Ka>KAbli1 6nOK 

COOTseTcTsyeT He/ll3BeCTHbiM Ha OAHOM /113 pe6ep. 06pall.leHIIIEJ onepaTopa diag A 3 2 

CSOA/IITCA K He3as/ilc/ilMoMY peweHlll10 S 06naCTAx ni' i = 1, MI cMewaHHblx 

Kpaesblx 3aAa'l AnA o nepaTopa llannaca S cn eU/IIanbHOM Knacce cPYHKUIlli1 (T .e. nplII ' 

14 

- km 
HaAne>Kall.l/llX npOCTpaHCTSY X 1 ) . Apyroi1 ne~e06ycnaSnlllsaTenb BS 2 AnA CIII' 
CTeMbl (2.25) MO>KHO onpeAen/llTb, aHanorlll4HO 1 91 ,no cP0pMyne ' 

M 

(BS ,2 U , V) 1 i-L i J u (x ) v ( x)dx , Vv E Y2 
I r 

i 

OueHKIII AnA Sen lll 'llo1Hb l Ao / AI , rAe 

Ao(Fu, u) :; ( As 2u, u ) :; A1( Fu, u). v u E Y2 ' . 
a F ecTb OA/IIH 1013 onepaTOpos dJag A a,2 /IIn/il B a, 2 ' MO>KHO nonY'l/llTb Ha OCHOBe 

pe3y.'1bTaTOS § 3 AnA KOHKpeTH blX nOAnpOCTpaHCTS 1 2, 60nee nOAP06HO 3TIII Bo npo· 

Cbl p aCCMOTp/ilM B OTAenbHoi1 pa60Te. OTMeTIIIM, 'ITO MO>KHO /IICnOnb30s aTb Sap/ilaHT 

anrOp/ilTMa, He /IIcnOllb3YIOll.llo1M KOMnoHeHTY \1 ' T.e. Yo =: YIe .Ys ,Hanplo1Mep2 
An R Pa3pbIBHbIX KOH e411 blX 3n eMeHTOS . 

3. AO KA3ATEllbCTBA BCn OMOrATEllbHblX YTBEP>KAEH~VI 

LiI CllEACTBII1A T EO PE M 1.2 n plI1 CnELtIl1 Allb HO M Bbl 6 0 PE 

n pOCT PAHCTB X ' Yoo 

CHa'lana CAenaeM OAHO 3aMe'laH/ile. 

311M8'laHMe 3.1. Ecnlo1 1113BecTHO HepaseHCTSO aID > a > 0, TO AnA '1lo1cna 

a 2+S,O SblnOnHeHaoueHKa a2+a , o ~ (1 + a- t ) -1. 
,lleiilCTS/ilTenbHO, ecn/ll a l l x~1 12.~ll x .ln+X 2 11 2 , X~ E YI, X 1 + x 2 e 

E Yo ,TO I l x 21 1 2~ ll xI + X2 11 + Ilxlll '~ ( 1 +a-1) II x 1 + x 
2 11. 

,lloKa>KeM neMMY 4, n eMMa 2 AOKa3blsaeTCA aHBnOr lo1'1HO. B cIo1ny 3aMe'laH/ilA 3.1 
AOCTaTO'lHO paccMoTpeTb Senlo1Y/ilHY a 1,0 . A nA AaHH olii 06nacTIo1 n1 npeAcTasIo1M 

cPYHKU/il1O UL E YI S S/ilAe = UL,O + cons t , rAe U ~ .o (Xk) == 0 ,UL 
a - OAHB /113 BepW/llH °1 , TaK KaK Ai (u + U L ) == Ai (UL.D + u) , TOXit 
AO Ka>KeM n eMMY nlllWb AnA U L '= U L. 0 . npOCTble Sbl'l/llCneHIIIA nplIIBOAAT K Hepa· 
BeHCT SY 

12 

Ai en L) ::; 1 (UL(la) - U L (X/3» 
2 

, (3 .1 )c 1 
m= l' x x~ em. , a' p 1 

rAe X a ' X fj - BepwlIIHbl n i' n pIIIHBAne>Kall.llo1e oAHOMY!f3 pe6e2 f~ , m = 1,12. 
TaK Ka K 3Ha'leHIIIR KOMnOH eH Tbl Z 2 = U 2 + U a E- Y 2 e PBSHbl HynlO SYa 
sepwlIIHax n i ' TO 1113 (3 .1) cneAyeT 

12 
Ai(u L) ~ c 1 l (uL(X a) + u2 (X ) + uS( X ) - uL(x rJ - U2(xfj)a a 

m = 1; 
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-U (X{3))2s. c2I1uL+u2 + u3 1 1 ~oo([') :; cg(YO)A j (U L +U 2 +U 3 ),
S 1 

. 1 
no:noMY a 1 0 :2: c g (Y 0 ) - , oTKYAa C11eAyeT neMMa 4. 

AOKa>t<e'M neMMY 3 . CornacHo 3aMe'laHI-1IO 3.1, nono>t<I-1M U L "" U L, 0 . B cl-1ny 

n1nOTe3 H2 1-1 Hi I-1MeeM AnA HeKOToporo ko 

2 k 0 2 

f 1 (U 2, I) :; 4 ( (X 2) II U2, I il L 00 (r Ik0) :; 


2 
:; C(X 2 ) Il u L ,o + u2,1 11 L"" ( I' i) ::; (3 .2) 

:;; c ( ( X 2) g ( X 2) A I ( U2 , i + UL) • 

BTOpoe 1-13 	 HepaBeHcTB (3.2) BblTeKaeT H3 HepaBeHCTBa TpeyronbHI-1Ka 1-1 OlleHKI-1 

I l u L , a II ~ "" (['I) <;;. 1\ u 2,1 + U L,O Iii"" (['I)' cneAYIO~e~ 1-13 

Toro, 'ITO MaKCI-1MYM neBO~ '1aCTI-1 AOCTHraeTCA B yrnoBblX TO'lKaX x k 06naCTI-1 n I ' 

a U2 I (x k) = O. fleMMa AOKa3aHa. 

'AHanOrl-1'1HO MO>t<eT 6blTb AOKa3aHa 

J1e~Ma 6. nYCTb Bbl~onHeHbl rl-1nOTe3bl 01, G2. TOrA<l AnA BCAKI-1X cPYHKlll-1~ US,I ~ 

~ ' U 2, I E , U L E Y 1 BblnOnHeHa OlleHKa Y s Y 2 

f2(U ) ::; cg(Yo )f( Y3 )A . (U s 1+ U 2 I + U L )· 	 (3.3)I S, I 	 1, , 

AOKa>t<eM neMMY 5. PaCCMOTpl-1M Benl-1'1I-1HY a 2 2 + S . He YManAA 06~HO-

CTI-1, npeAnonO>t<I-1M, 'ITO n I - Ky6, 1-1 AOKa>t<eM He06xOAI-1MOe HepaBeHCTBO AnA 

- k 


cPYHKlll-11-1 U 1 E Y 2 ,OTnl-1'1HO~ OT HynA nl-1Wb Ha OAHOM pe6pe ei rpaHI-111bl [' i , K 


KOTOPOMY npl-1MblKalOT rpaHI-1 rok1 1-1 ['k2 . CHOBa I-1cnonb3YA pe3ynbTaTbi pa60
127 1 	 I I

"fbI , nony'lHM 

- 2 2 
A I ( U I) ::: c II U I II W~ (n ) ::; c Il u . 11 112([,) < 

1 W 2 1l (3.4) 

:; c (I. 
2 

II u I I I 
2 

11 2 k. + f 1 ( u i) + ! 2( u . )) , 
j = 1 W ([' J • 1 

2 i 
k 

JrAe CPYHKllHoHan f 1 onpeAeneH Ha rpaHAx ['I , j = 1,2 (I-1MelO~I-1X nOKanbHble 

KOopAI-1HaTbl 11k 1 = !x, y : 0 ::; x ::; a. 0 ::; y ::; a I 1-1 1~2 = ! x, y : 

-a :s x ::; 0, 0 So Y ::; al ),nocP0pMynaM 

a lj. 	 2 1 
{l(U ) 	 ff(ut(x,y) -u~(-x,y)) dy-dx, (3.5)

I o 	0 x 

2 

1 1 1 1 


CTBeHHO. c:t>YH KllHA f 2 I-1MeeT BI-1A 


rAe u~ 1-1 	 u -cneAbl cPYHKlll-11-1 U . HacMe>t<HblxrpaH Ax l lkll-1 1, .k2cooTBeT 

16 

as. 1 2 2 2 1 1 
f2 (u 1 ) ff ((u i ( x , y )) + (u I ( - x, y)) ] dx (- + -I ---I) dy + 

00 	 Y Y a 

aa 1 2 2 2 1 
+ 	J.( ( U I ( X ,y ) ) + ( u 1 (- x ,y )) Jdy - dx • (3 .6) 

00 Ix-a l 

2 
OlleHI-1M cnaraeMble B (3.4) '1epe3 HOpMy Ii v II 1/ 2 (e k o6pa3YIO 

W 2 I 

l.1IeH cPYHKUl-11-1 v(y) = u~(O,y) "" U~(O,y) ,rAe u~(x,y) = v(y) x 

x 
x (1 - - ) . Bo-nepBblx, Benl-1'1I-1H<l II u~ I I ~ ~ / 2 ( ['Ik l ) OlleHI-1BaeTCA '1epe3 HOP-

a 
12k 1-1 ABa cnaraeMblX BI-1AaMY I I U i I I L (1 1 ) 

2 I 
aaa 1 

I m ( u ~) = HI (u ~ (x, f) - u ~ (x, T/))2 dx --2dC;dT/, (3 .7) 

000 	 ( C;- T/) 

rAe m = 1 COOTBeTcTByeT nepeMeHHoH X, a m= 2 - nepeMeHHoH y. npOCTble Bbl 

'1I-1CneHHA npl-1BoAAT K cneAYlOI.1II-1M Bblpa>t<eHI-1AM : 

1 12 kl a I 2 
I l	 u 1 1 

L2 ( ['1 T I v ll L (e k )
2 I 

aaa (v(f ) -V(T/))2 
I (u 1 ) Jr---- dC;dT/' r (1 _ ..!. ) 2 dxa •

1 1 	 o00 

1 a , 11 2 k 
12(u l ) = '3 ll v L (e )

2 1 

BO-BTOPbIX , OTMeTI-1M, 'ITO AnA cPYHKlll-10Hana BI-1Aa (3.5) (KOTOPbl~ AnA Ky6a paBeH 

HynlO) B 06~eM cny'lae cnpaBeAnl-1Ba oueHKa 

a mln(b 1, ~) 

f 1 < 
-

r V 2 ( Y ) dy . r 
0 ~ 

-~ (x ( ~ 
x b 1 

_1_ )) 2 dx 
- b 

2 
< c Il v II ~ 

2 
(ek ) 

I 

B-TpeTbI-1X, 	 nepBaA rpynna cnaraeMblX 1-13 (3 .6) OlleHI-1BaeTCA Bblpa>t<eHl-1eM BHAa 

a 

f 2 (v ) 	 ~ f V 2 (y ) (_.!... + __1__ ) d Y • 
3 y I y-a l0 

2 
a BTopaA rpy nna Benl-1'1I-1HOH c I I V I I k . B I-1Tore nonY'laeM HepaBeHCTBO 

L2 (e 1 ) 
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2 2 

A I(U I ) ::;c(a ll v l lw1"2 ( e~) + Il v II L2(e~) + 


a (3.8)
+ a ·fv 2 (y)(..l.+ 1 )dy).

() Y la- yl 
3aMe'laeM. 2 'lTO npaBaA 'laCTb HepaBeHCTBa (3 .8) OlleHIllBaeTCA Belllll'lIIIHO~ e x 
x II v IIW 1/ 2 (f k) • n03ToMY. nplIIMeHAA K (3.8) rillnOTe3Y 03 . nOllY'llllM 

oueHKY I 

A I (\1 I) ~ C· max (1, a) K 0 ( y 
-

2 ) II v II 
2 
LOa (e ~ ) • (3 .9 ) 

nplllMeHAA K npaBO~ 'laCHl (3.9) nmOTe3Y 01 , nOllY'llllM 

a ~ C g( Yo ) -1 K o( Y2 ) -1 ,
2 ,2 +3 

'lTO BMeCTe C 3aMe'laHilleM 3.1 AOKa3blBaeT lleMMY 5 . _ 

nepe~AeM K OlleHKaM KOHCTaHT g(X ), €(X ) , g (Y 0) . ( y 3 ) •
2 2 

K 0 (Y2) AllR HeKoTopblX KOHKpeTHblx KOHe'lHOMepHblx n OAnpocTpaHcTB. Ha'lHeM 

C ABYMepHoro cllY'laA. nYCTb nOAnpocTpaHcTBo X 2 he x 2 COCTOIiiT 1113 KYCO'lHO-

1lIllHe~HbIX Ha ri, i = T;M" 4lYHKUIII~ C HYllAMIll B' BepWIIIHax 'leTblpexyrollbHI1KOB
k --- 0 1 , nYCTb Ka>K,llaA r 1 pa36111Ta Ha n 1• k + 10Tpe3KoB t1 J, j = 0, ni,k' TaK 

'lT0 AllA Bcex i III k CYW.ecTBYIOT KOHCTaHTbl C 0' C l' He 3aBlllcRw.llle OT h > O. 
'lTO Co h:;; I t1 j I ~ C 1 h AllA V j . OnpeAelllllM nOAnpocTpaHcTBa 

X I, k = I U E c (oflk), U It1 j E P1 (x ); U(x ) = 0, x E (J( rr ) I , (3.1 0) 

rAe P 1 (x) eCTb MHO>KeCTBO lllllHe~Hblx nOllIllHOMOB. npOCTpaHCTBO X 2 , h onpeAe

llAeM KaK 
4 

X 2 L = ~ $ X2 I • X 2 1 = ~ $ XI k • (3 .11 ) , 1 • , k = 1 • 

PaCCMOTplllM ew.e OAHO npocTpaHcTBO X2 S BIllAa (3 .11). KOTOpoe YA06HO 
, k 

IIIcnOllb30BaTb n lifWb AllA npAMoyrOllbH blX 0611acTe~ . Ha Ka>K,llOM OTpe3Ke r I 4lYHK

"Px 
lI"U1 1113 X 2 S B n OKallbHbl,X KOOPAIilHaTax III MelOT BItIA I sin - } , p = 1,,.., n 1 k' 

, fk , 
k k Ie 1 - AlllllHa pe6pa r 1 . AnA o 60lllx npocTpaHcTB 0 603Ha'lHM OJ = IDaX n I, k ' 

n M = m~x nj , rAe n l,k = dim (X i ,k) . npOCTpaHCTBO X 2 , h YA06HO nplll 

HcnOllb30BaHIIIIII KOHe'lHo-3neMeHTHo~ armpo KcHMalllll1ll 4lYHKUIII~, rapMOHlII 'leCKIIIX 

BHYTPIll 061l aCTei1 0 i . 

fleMMa 7. nYCTb KOHCTaHTbl (X 2) III g(X 2 ) onpeAeneHbl corllaCHO rillnOTe3aM 

H 1, H 2 AllR Ka>K,lloro 1113 npOCTpaHCTB X 2, h III X 2,S . TorAa cnpaBeAlllIIBbl 

OlleHKIII 

18 

(3.12)( (X 2) ~ c (1 + In n M ) , 

g(X 2 ) sc(l+]nn ),
M (3.13) 

rAe KOHCTaHTa C He 3aBIIICillT OT n M . 

AOKa>KeM lleMMY AllA npOCTpaHCTBa X 2 h . OTMeTIllM. 'lTO n = O(d:!h) ,
k • I

rAe d = max fl . AllA U E X I IIIMeeM
2k,l • 


d hl d 2
u2 (x) u2 ur--- dx = r-- dx + r - dx < max IU 12 (1 + ]n ..£...)
x . x . x h ' 

o 0 hl x. E e~ 1 
1 

OTKYAa clleAyeT HepaBeHcTBo (3.13). AllA AOKaaaTellbCTBa OlleHKIII (3.12) nocTpolilM 

perYllApHYIO TplllaHry II A1..111110 1 31 1 0 h , i R'le~KIII 0 i C warOM h III 311eMeHTaMIll 

e j ,corllacoBaHHYIO C Bbl6paHHbiM pa36111eHilleM CTOPOH A'le~KIII. nOCTpOIilM KOHe'lHO

311eMeHTHoenpocTpaHcTBo 

V (0 ) = I vEe (n ): v I E P (x), v(x) = 0, x. E a(r.k ) l, 
hie 1 1 

j 

rAe Pi (x) - MHO>KecTBO lllllHe~Hblx nOllIllHOMOB. PaccMoTplllM peweHllle U 3aAa'lill
h 


J ('V U h • 'V z ) dx = 0, U h (x) = u (x ). x E r 

0 1 


Vz E Vh(OI). 

AllA 4lYHKlIIIIIII U h • corllaCHO 1321 , cnpaBeAlllllBo HepaBeHcTBo 

2 d 12max I U h I ~ C ( 1 + ]n h) II U h I 1 (3.14) 
EO H (0.)
xii 

C APyro~ CTOPOHbl , AllR norpewHocTIll peweHIllA Uh CnpaBeAlllllBa OlleHKa 131 1 

(3.15)Il u - IT ll Hl(O ) ~ c llu II Hl(O .) , h 1 
1 

rAe U - rapMOHIII'lecKaR B 0 4lYHKIIIilR . AllR KOTOpO~ U E X 2 , i ' 1 U l-1i 
~3 HepaBeHcTBa TpeyrollbHIIIKa III (3.15) clleAyeT 

2 - 2 - 2 
<ll u-uh " 1+llu I11 < (1 +c)llu \I 1,,)II U b II H 1 (0 1 ) - H H - H (u i 

'lTO BMeCTe C (3. 14) YCTaHaBlllllBaeT OlleHKY (3 .12). 


OlleHKa (3.13) AllR npocTpaHcTBa X 2,S BblTeKaeT 1113 HepaBeHCTBa 


2 
d u2 (x ) dx 2 d 2 n i

f --- ~ max 1 U I On - + ( ---). (3 .16)
x k ( d 2 
o xE r j 
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cnpaBeAIlI>-1BorO B CI>-1IlY COOTHOWeHI>-1A I u '( x ) I ~ n 1 d -1 I u (x ) I, x E r:, 
u E X2,S . nOIlaraA B (3.16) ( = dn;1 ,npI>-1XOAI>-1M K (3.13) . AIlA nOIlY'IeHI>-1A 

(3.12) BocnoIlb3yeMcA 60Ilee 06~I>-1M YTBep>t<AeHl>-1eM 06 oueHKax Tl>-1na (2.2), cnpa

BeAIlI>-1BblM 1>-1 B TpeXMepHOM CIlY'Iae. nYCTb 3aAaHO MHo>t<.ecTBo Z 1 CPYHKUI>-1i1 u( x ) , 
x EO. , OlE R N , N = 2,3, AIlA KOTOPblX cy~ecTByeT KYCO'lHO-HenpepbIBHbli1 

1 	 -
BeKTOp V'u(x) ,x E ° ,1>-1 max lu(x) I AOCTl>-1raeTCA Ha rpaHl>-1ue. npeAno

1 xEnl 
nO>t<I>-1M, 'ITO BblnOnHeHa rl>-1nOTe3a Fl. AIlA BCA KOi1 CPYH KUI>-1I>-1 u E Z1 cnpaBeAIlI>-1Ba 

oueHKa 

h-1 1V'u(x) ! 5 c ! u(x)l, x E n
i 

, 	 (3.17) 

rAe KOHCTiJHTa c He 3aBI>-1CI>-1T OT napaMeTpa h > O. 
npl>-1 N = 3, TaK >t<e KaK 1>-1 npl>-1 N = 2, napaMeTp h > 0 xapaKTepl>-13yeT HeKO

TOPYtO Tpl>-1aHrYIlAUl>-1tO !:paHI>-1~bl r 1 npl>-1 nOCTpOeHl>-11>-1 KOHe'lHOMepHbIX nOAnpocT' 

paHCTB npocTpaHcTBa Y2 e Y3 . TO'lHble onpeAeIl·eHI>-1A AaAI>-1M npl>-1 aHaIll>-13e TpexMep· 

Horo cIlY'IaA. 

IleMM8 8. nYCTb AnA MHO>t<eCTBa CPYHKUI>-1~ Z I npl>-1 N = 2,3 BblnOIlHeHa rl>-1nOTe3a 

Fl 1>-1 3tE r ,TaKaA, 'ITO U( t ) = O. TorAa AIlA u(x) cnpaBeAIlI>-1Ba
o I 0 

oueHKa 

max 1u 12 < c ( 1 + In .s!.. ) r lV'uI 2 dx, 	 (3.18) 
h 

x E 	 0r l 	 1 

rAe KOHCTaHTa c He 3aBI>-1CI>-1T OT h . 
npl>-1BeAeM AOKa3aTinbCTBO AnA TpeXMepHoro cnY'IaA . nYCTb B TO'lKe Yo e r l 

AOCTl>-1raeTCA max lui · nono>t<VoM Yo = O. Vlcnonb3YA TeopeMbl aHanl>-13a, I>-1MeeM 

xE r l 
iY: 

u(O) u(y) f (V' u(t·I/ ),I/) dt. y E 01' 	 (3.19) 
o 

rAe 1/ = Y ( I y I) -1 . PaCCMOTpl>-1M KOHYC 0 C BepWI>-1Hoi1 B TO'lKe Yo = 0, 
TeIlecHblM yrnoM w 1>-1 orI>-16atO~e~ nOBepXHOCTbtO, Ile>t<alllei1 Ha '1aCTI>-1 ccpepbl pa,Ql>-1yca 

I y 1 ' TaKOI1 , 'ITO 0 = W x ( 0, I y 11 VlHTerpl>-1pYA paBeHcTBo (3 .19) no yrny 

w, nony'lI>-1M (nonaraeM t = t· 1/(11),8 e u), dt = t.dtd8, y = y(w) 
Benl>-1'1I>-1Ha TenecHoro yrna w ): 

y l u(O) 1\ ~ 1 f u(y(8»d8 I + 
w 

Bh 
+ I f r (V' u ( 0, i.) dt d 8 1 + (3.20) 

w 0 t 

+ 	I f (V' u( t), _t_ ) d t I, 

w x (Bh, lyl l I t l 2 
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B cl>-1ny (3.17) AnA BToporo cnaraeMoro I>-1MeeM oueH KY 

S l V'u(~) I ·y(w).5h::; cyB· l u(O) I . 

Ecnl>-1 nOIlO>t<I>-1Tb B Hei1 C· y. '5 = y/ 2 ,T.e. B = (2c j-1 ,TO STopoe cnarae 

Moe B (3.20) MO>t<HO nepeHecTI>-1 B neaytO '1acTb. K OCTaBWiIIMCA cnaraeMblM B 13.20) 
•npl>-1MeHI>-1M HepaBeHCTBO WBapl.la 1>-1 Y'lTeM, 'ITO I y i $ cd : 

t \ u(0) I ::; y 'h (J Iu(y (11 » 12 de) 1h + 

+ 	IIV' u II L (0 . ( r !t I -2d ~) 'h 
2 I) w x(Bh, !yll 

1 
= y'h llu(ly l,l1) i I (w) + IIV'u II L (n) r r t- dtd8)'h::;

L 
2 2 1 W IOh, !yll 

,/, 	 + (ln~)'h ).< cy ( II u (I y I , e) i lL (w) 
h II V' u il L 2(n I 

2 

B03BOAA nocneAHee HepaBeHCTBO B KBaApaT, YMHo>t<aA 06e '1aCTI>-1 Ha t 1>-1 I>-1HTerpl>-1pYA 

no dt OT 0 AO 1 y 1 ~ cd ,nonY'lI>-1M 

2 . -1 2 2 

: u(O) 1 < c (d II u ! i n + In ( ~) I V' U I' L (n. )) • (3 .21) 


- L 2(H 1 ) h 2 1 

nOCKonbKY CPYH KUI>-1A U (x) TaKoaa, 'ITO u ( f 0 ) 0, foeri,TO 

npl>-1MeHI>-1M K (3 .2.1) HepaBeHCTBO nyaHKape B BI>-1Ae 

2 2 2 
I~ u II L 2 (n I ) < cd II V' u I i L (n ) , 

- 2 I 

'ITO 1>-1 3aeepwaeT AOKa3aTenbCTBO neMMbl 8 . OTMeTI>-1M, 'ITO AnA I>-1CnO!lb3yeMblx HaMI>-1 

06n aCTei1 AnA BCA KO~ TO'l KI>-1 X 0 E r 1 1>-1 BCA KO~ Y ~ n I CYlllecTByeT onpeAe!leH

Hbli1 paHee KOHYC G C Te!lecHbiM yrnoM y( w) 60Ilbwe HeKoTopo.;1 CPI>-1KCl>-1pOBaHHoi1 

KOHCTaHTbl A!lA Bcex 06nacTei1 0 1 , i = 1,M. npl>-1 N = 2 neMMa, aHa!lOrl>-1'1HaA 
1281 

IleMMe 8, I>-1MeeTCA B . 

npOAO!l>t<aA AOKa3aTenbCTBO OueHKI>-1 (3 .12) A!lA nOAnpocTpaHcTBa X 2•S 
BocnoIlb3yeMcA neMMoi1 8. npOCTO~ npoBepKo.;1 y6e>t<AaeMCA, 'ITO A!lA CPYH KUI>-1Io1 

U E X2, S ablnO!lHeHa rl>-1nOTe3a Fl C KOHcTaHTo~ h = dn i 1 
A!lA 06!laCTIo1 

0t ' nocne '1ero HepaBeHCTBO (3.12) C!leAyeT 1>-13 neMMbl 8 . D eMMa 7 nO!lHOCTbtO AO 

Ka3aHa . 

CneACTBMe 3.1. EC!l1>-1 B Ka'lecTBe nOAnpOCTpaHCTBa X 2 I>-1CnO!lb30BaTb !lt060e 1>-13 npoCT

paHCTB X 2 ,b 1>-1!l1>-1 X 2 ,S ,TO oueHKa cBepxy B TeopeMe 1 npl>-1H Io1MaeT BI>-1A 
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(3.22)( B 2 u, U) .:s c (l + (In n M) 2 ) (A2 U , U ) , 

r Ae n M = max n l,k ,a C He 3aBIo1CIoH OT n M' 

n epei;.AeM K aHanlo13Y TpeXMepHoro cnY'IaA. 

B Ka'leCTBe Y 2 Bbl6epeM nOAnpocTpaHcTBo Y 2 h tPYHKlIlo1~, AnA KOTOPbl X 
~ Q;l / 2 km' 

MHO>KeCTBO 06p a3YI-OLUIo1X CPYHKlIlo1101 U E t1 (1 ) k nplo1HaAne>KIo1T npOCTpaH1 
CTBY BIo1Aa X l,k ,0npeAeneHHOMY B (3.10), rAe nOA 1 i cneAyeT nOHIo1MaTb BHYT

peHHlo1e pe6pa. Iotepe3 n 2 M 0603Ha'lIo1M '1lo1cno n = max dim (X 1 k ) , rAe
• 2 .M • 

MaKclo1MYM 6epeTcA 1iI0 BceM BHYTpeHHIo1M pe6paM . 

PaccMoTplo1M nOAnpocTpaHcTBo Va . Ha Ka>KAO~ BHYTpeHHe~ rpaHIo1 r~ nOCTpo

101M perynApHYIO Tplo1aHrynAlIIo110 / 311 11~h C warOM h3 101 3neMeHTaMIo1 e j . 

n OCTpolo1M KOHe'lHO-3neMeHTHoe npOCTpaHCTBO 

V k (r.k)={v ~C(f.k): v \ E Pl(X); vex) 0, xE- a (-r~ )I. (3.23)1,h 1 1 e j 

rAe P 1 ( X) - MHO>KecTBO nlo1He~Hblx nonIo1HOMOB. HapAAY C V. kh MO>KHO Io1cnonb
k 1, 

30B8Tb npOCTpaH'CTBO U l.h ' nOCTpoeHHoe. Ha OCHOBe cepeHAlo1nOBblX 3neMeHTOB 

e j ,TaK 'ITO 

U~'h (1~)={V E CCr lk ) :V 1ae j E Pl(X); 
. k 01 12 k (3 .24) 

t-. v (x ) = 0, x E 8 ; vex) = 0, x E a(-1 1 )! C W2 (['I)'
J 

k 
n YCTb t-. j - oTpe3KIo1 , 06pa3YIOLUIo1e pa36101eHIo1e Ha pe6pax rpaHIo1 1 I . npeAno 

nO>KIo1M, 'ITO AnA O~OIo1X pa36lo1eHIo1~ (3.23) 101 (3 .24) npoeKlIlo1A 3neMeHTOB e j E 1 jk 

Ha pe6pa rpaHIo1 r I nepeceKaeTCA He 60nee '1eM C OAHIo1M 3aMKHYTbiM OTpe3KOM t-. j . 

1/ 2npocTpaHCTBO YS,h onpeAenAeM no cpopMyne (1.12), rAe B~ecTO cnarae~blX 
~ 2 ([' f) cneAyeT Io1cnonb30BaTb nlO60e 1013 nOAnpOCTpaHCTB VI.h Io1nlo1 U I,h . 

OlleHIo1M KOHCTaHTbl g(Y ), ( Ya ) , K (Y
2 

) ,onpeAeneHHble B rlo1nOTe

01 02 03 , h 0 ,h3ax , • • 0 

lleMM8 9. AnA nOAnpocTpaHcTBa Yo Y a, L t9 Y2, heY 3, h BblnonHeHbl 

olleH Klol 

g(Y ) ,5 c( l + In d/h ), (3 .2 5)o 0 

dY 3,h) .:s cd(l + Ind/ h 3 ). (3.26) 

rAe b = min ( h 2 .h S ) , 8 KOHCTaHTacHe3aBIo1CIo1TOT h ' o 
OlleHKa (3.26) nonY'laeTCA aHan Orlo1'1H O ABYMepHoMY cnY'f alO. An A OlleHK Io1 

KOHCTaHTbl g( Y o) Hcno nb3yeM n eMMY 8 101 Io1Aelo1 AOKa3aTenbCTBa n eMMbl 7. Pac

CMOTPIo1M, Hanplo1Mep, nOAnpoCTpaHcTBo Vl~h BIo1Aa (3.2 3) . nOCTpOIo1 M perynAp 

HY~ Tplo1aHrynAlIIo110 / 3 11 n I,h 06naCHI n l' cornacoBaHHYIO C p a3filo1eH Io1eM rpaH e~ 
1 1,b. ,k = W 101 paCCMOTpI-1M MHO>KeCTBO Vb (°

1 
) KOHe'lHbIX 3neMeHT OB nep

Boro n opAA Ka Ha °I,h ,0npeAenAeMbl x aHanOrlo1'lHO (3 .23) . nYCTb U E Y3.h ' 

a u eCTb peweHlo1e 3aAa'll-1 

o 

h 
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r (V'U h. V' Z) dx 0, Uh(X) u ( x ) . x e r l ' 

°1 


Vz E V h ( Oi). 


A n A tPYHKlIlo1101 BblnOnHeHa rlo1nOTe3a Fl. n03TOMY cornaCHO neMMe 8 , AIlAUh 
uh cnpaBeAIlIo1Ba OlleHKa (3.18) . CorIlacHo ' 31, 191 ,A~A norpeWHOCTIo1 peweHIo1A 

Uh BblnOIlHeHa OlleHKa BIo1Aa (3 .15). OTKYAa 101 cIleAyeT (3 .25). 

fleMM8 10. AnA nOAnpocTpaHcTBa Y 2,h cnpaBeAIlIo1Ba Ol.leHKa 

II: 0 (Y2 , h ) ;; c· ( n 2, M + d 1 (1 + In n 2, M » • (3.27) 

rAe d 1 = max (l • d) . 
AIlA AOKa3aTeIlbCTBa neMMbl Io1cnoIlb3yeM CIleAYIO~ylO HOpMy npOCTpaHCTBa'ft 1/ 2 (R k ) /19 1 

j e e e e 
U2

2 u(x) -U(Y) 2 2 
II U 11 001 / 2 k ff( ) dxdy + Iu dx + e J x(f _ x)dX. 

H (R I ) 00 x - y 0 0 

(3.28) 

k k D k f 191
rAe R - HeKoTopoe pe6po rpaHIo1 11 a L - AIlIo1Ha OTpe3Ka R j . AHaIlOrlo1'1HO • 

paccMJTPIo1~ npOCTpaHCTBO XI ,k == ?r 1/ 2 ( ;;; h) . onpeAeIleHHoe Ha HepaBHoMep

HO&;! ceTKe ~ co cneAYIOLUe~ HOPMO~ : 

2 
2 P P (V - V ) 

I v !1001 / 2_ = l 11 l -t j j 
+ (3 .29)

H (UJ h ) 1 = 0 I j = 0 j ~=--tj-T 

2 
p V I 

Pl. 2 e~1i UJ E R kh j • 
-+- l nlv1 + 1=1 1 tl(e-t )= 1 

l 

rAe p = nl,k + 1. 11i = O.5(t-. I + t-. i + 1) i = l,ni.k,'b o = 6. 1• 

lip - 6. ' - tl- t j -1' V j = v(t i ) to=0.CorIlaCHo / 19 / .nplo1 p 6. 1 
YCIlOBIo1Io1 Co h .:s 6. j .:s C1 h AIlA Bcex j. HOpMbl (3 .28) 101 (3.29) 3KBIo1BaIleHTHbi 

Ha tPYHKl.lIo1AX v E 'fi1 / 2 (~h ) . OlleHIo1BaA BeIlIo1~Io1HY K 0 (y 2, b) B HopMe 

(3.29) • npocTblM Bbl'lIo1CIleHlo1eM YCTaHaBIlIo1BaeM HepaBeHcTBo 

Il v 11 ~1I2(w ) .:s c(n 2 + d + 1 + In n 2). 
h 

001 / 2 ~ 
rAe n = max n i ,k' n i.k = dim (H ( UJ h ) ) • 'ITO 101 TpefioBaIlocb AOKa3aTb. 

2 

nplo1MeHIo1M CIleACTBlo1e 2.1 AIlA nocTpoeHHoro npocTpaHcTBa. 

Cne,o.CTBM8 3.2. AIlA 3IleMeHTOB U 1013 npOCTpaHCTBa Yo '"' Ys,L e Y2, h eI Y3 ,h 

BblnOIlHeHa OlleH Ka 
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2 (3.30)(B3 u • U ) ~ C(1 + In n M) ( n 2 + d 1(1 + In n 2 » (A 3u • il ) • 

rAe n M = max (n2.n3) . ECJl~ Y2,L = 0 ,T.e. Yo = Y 3 ,L e Y3,L ,TO 

(B 3 U • U) S. c d (1 + In n 3 ) 2 (A SU. U ) • (3.31) 

KaK B~AHO ~3 (3.30), Jlor ap~IPM~'IeCKaA 3aB~C~MOCTb Ben~'I~Hbl A 1 = 

max I ( B 3 U • U ) [ (A 3 U • U ) )-1\ OT pa3MepHocH1 n M ~MeeT MeCTO np~ 
u~ Yo 

n2:S O(lnn3) ,a np~ n2 = 0 (Y 2,h= 0) ~MeeM A1= dO(l + 
+ In n 3)2 . B ~CnOJlb30BaH~~ npocTpaHcTBa Y2, h HeT He06xoA~MOCT~, eCJl~ 
~CXOAHaA 3aAa'la y.o.OBJleTBOp~TeJlbHO annpoKc~M~pyeTcA Ha no.o.npocTpaHcTBe 

Y 3, LillY 3, L ,n~60 np~ ~CnOJlb30BaH~~ pa3pblBHbiX 3JleMeHTOB. 

KaK B~.o.HO ~3 CJle.o.CTB~A 3.1, B .o.BYMepHoM CJlY'Iae oueHKa cBepxy .o.JlA a2 COB

na.o.aeT C aHaJlor\ll'lHbIM~ oueHKaM~ ~3 128,28 1. nepe06YCJlaBm1BaTeJlb, paccMoT

peHHblH B 1261 ,no cYLUecTBY COBna,o.aeT C O.o.H~M ~3 CJlar aeMblX B 1P0pMYJle (1.3) , 

onpeAenAIOLUeH onepaTOp A(il0) oTKy.o.a B~AHO, 'ITO .o.JlA Hero Ben~'I~Ha A He 3a
- M .

B~C~T OT BeKTOpa 11 0 ~ R np~ yCJlOB~~ max 111 :s mm 111 • 
I~IB I~IW 

HeTpy.o.Ho y6e.o.~TbCA, 'ITO AnA pa36~eH~H T~na "streeps" KaK B ABYMepHOM, 

TaK ~ B TpeXMepHOM CJly'lae (T.e . np~ N = 2, n = 1, np~ N "" 3, m y = mz "" 1) 

BeJl~'I~Ha Ai He 3aB~C~T OT nM. B CJlY'lae "KBa3~ABYMepHOro" pa36~eH~A (N = 3, 

mz:S 2) KOMnOHeHTa Y3 L He Hy>t<Ha, ~ AOCTaTO'lHO np~MeH~Tb BCIO KOHCTPYK 

U~IO n~Wb .o.JlA npOCTpaHCT'Ba Y hillY 3 h ' n~60 Yo = Y 3 h C Bblo Y2., • 
TeKaIOLU~M~ OTClO.o.a ynpoLUeH~AM~. 

ECJl~ HeKoTopble ~3 06JlaCTeH n 1 OTJl~'IHbl OT npAMoyrOJlbH~KOB Jl~60 napan

JleJlen~ne.o.OB, TO COOTBeTcTByIOLU~e ~M KOMnOHeHTbl onepaTopoB B2, B3 Ha no.o.

npocTpaHcTBax ~ Y3 COOTBeTCTBeHHO MO>t<HO 3aMeH~Tb Ha 3KB~BaJleHTHble ~MX2 
no cneKTpy, Hanp~Mep. onepaTopbl nanJlaCa-6eJlbTpaM~ 1301 , onpeAeJlAIOLU~e 
HOPMY, 3KB~BaJleHTHylO II· II 11 1 /~r k) . VlMeHHo TaK~e onepaTopbl ~ ~CnOJlb
3YlOTCA np~ N = 2 B pa60Te ' 28 ' . I 

3aMe'l8HMe 3.2. Vlcnonb3yeMaA TeXH~Ka aHam13a onepaTopoB B2, B 3 nOKa3blBaeT, 

'ITO Bce nOJlY'leHHble pe3YJlbTaTbi Henocpe.o.CTBeHHO nepeHOCATCA Ha CJlY'laH, Kor.o.a 

BMeCT0 rapMOH~'IecK~X IPYHKU~H B no.o.06JlacTAX n 1 ~cnonb3ylOTcA "h-rapMOH~

'IeCK~e", T.e. y.o.OBJleTBOpAIOLU~e KOHe'lH03JleMeHTHbIM aJlre6pa~'IeCKMM C~CTeMaM 

AllA COOTBeTCTBYIOLU~X Tp~aHrynAU~H 06nacTeH n I . 

4.06 Onn-1MIt13AL(VlIt1 YVlCnA nOA06nACTE'-1 n 1 

nOCTpoeHHble nepe06YCJlaBJl~BaTeJl~ B2 ~ B3 n03BOJlAIOT 31PIPeKT~BHo pe

waTb n~HeHHoe ypaBHeH~e C onepaTopOM A(ii0) ~3 (1.3), COOTBeTCTBYIOLU~M 

KpaeBoH 3a.o,a'le C nOCTOAHHblM K031P1P~u~eHToM B Ka>Kt!.OH ~3 nOA06JlaCTeH n 1 • 

ECTeCTBeHHO, 'ITO onepaTopbl B 2 ~ B 3 MoryT 6bITb Henocpe.o.cTBeHHo ~CnOJlb30Ba

Hbl KaK nepe06YCJlaBJl~BaTeJl~, np~ peweH~~ HeJlHHeHHOH 3a.o.a'lM B tN -IPOPMYJlHPOB

Ke I I I ~ .o.JlA 3a,o.a'l C nepeMeHHblMH K03qxpI1U~eHTaM~, " cJla60" MeHAIOLU~M~CA 
BHYTP~ no.o.06JlaCTeH n1 . AJlrOp~TMbl 06paLUeH~A onepaTOpoB B 2 ~ B 3 MorYT 

6blTb op~eHT~poBaHbl KaK Ha napanneJlbHble, TaK ~ Ha nOCJle.o.oBaTenbHble Bbl'l~CJle
H~A. nYCTb 3a.o.a'la pewaeTcA Ha nOCJle.o.oBaTeJlbHOH 3BM. B03HHKaeT Bonpoc: KaK 

Ha~60Jlee OnT~MaJlbHO npoBo.o.~Tb pa36~eH~e Ha no.o.06JlaCT~ np~ IP~Kc~poBaHHoH 
TO'lHOCT~ annpoKc~Mau~~ (T.e. IP~Kc~poBaHHoM ware A~cKpeTM3au~~), 'IT06bl 

M~H~M~3~poBaTb cYMMapHblH 06beM naMAT~ 38M, Heo6xoA~MOH AJlA Bbl'l~CJleHI1A 

peweH~A Ha BHYTpeHH~x rpaH~uax ani (He np~HHMaeM BO BH~MaHH e APyr~e lPaK
TOPbl, BJl~AIO ~~e Ha pa36~eH~e) . 

nYCTb AJlA npOCTOTbl paccMaTp~BaeTCA annpOKC~MaU~A ~CXOAHOH 06JlaCT~ 
n C;; R2 (Hanpl1Mep, npAMoyrOJlbH~Ka), xapaKTep~3yeMaA N He~3BeCTHbIM~ 
no Ka>t<AoMy HanpaBlleH ~IO. nYCTb 06JlaCTb n pa36~Ta Ha p2 oA~HaKoBblx nOA06

JlacTeH n1 C nOMOLUblO (p - 1) BepT~ KanbHOH ~ (p - 1 ) ropH30HT aJlbHOH Jl~
HI1H. CTaB~TcA 3a,o.a'l a onpeAelleH~A peweH~A ypaBHeH HA C onepaTopOM (1.3) Ha 3TMX 

JlMHMAX . Ha 2 (p - 1 ) n~H~~ npHXOA~TCA 2 (p - 1) N HeH3BecTHbIX. n YCTb 

AJlA peweH~A 3a,o.a'lH A~p~xJle B nOA06JlaCTAX n 1 Tpe6yeTcA MaCCHB pa3MepHoCTH 

(N / p ) 2 . C TO'lHOCTblO .0.0 BeJlH'I~H nopAAKa O(m), rAe m = N/ p , pa3MepHOCTb 
He06xoA~Mb1X MaccHBoB COCTaBHT 

Q(p) (~)2+2(p-l)N.
P 

PewaA 3a,o.a'lY 

Q (p) .... min 

1 .$ p .$ N-l 

HaXOAHM Q ' p (p * ) o np~ p '" N 1/ 3 , ~, CJle,o.oBaTenbHO, 

NQ ( p *) = 3 N 4 / 3. m* N 2 / 3 
(4.1 )p* 

np~ peweHHH 3a,o.a'lM 6e3 pa36~eHHH Ha nOA06JlacTH Tpe6yeTCA He MeHee N2 
A'IeeK naMATH. 

OueHMM aC~M nTOTHKY '1~CJla apHIPMeTH'IecK~X AeHCTB~H, Heo6xOAH MbiX AJlA 
1/3peweH~A 3a.o.a'l~ C TO'lHOCTblO (= m-(I ,npH p * = N . nYCTb An A pew eHHA 

3a.o,a'l~ A HpH XJle B 0 I (H aXOAHM IlHWb HeH3BecTHbie B npHrpaH~ '1HOH nOllece) , 

HCnOJlb3yeTCA , Hanp~Mep, anrop~TM THna 1331 ,Tpe6YlOlUH H O( N ]n N V) .o.eH

CTBHH. TorAa,cornacHo oueHKe (3.22), c YMMapHaA Sbl'lMCIlHTellbH aA pa60Ta onpeAe
JlAeTCA BeJlH'I~HOH 

O(p*) = O « p*)2 m *(Jn m*)V+2,8+1) O(N 4/ 30n N ) 1 +1/+, 2,8 ). 
(4.2) 

rAe'lHCJlO L < Q < 1 onpe,o.eJl AeTCA "sHewHHM" HTepau~oHH blM npoueCCOM.4 - fJ 
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3(p-l) nllOCKOCTAXB TpeXMepHOM CllY'lae AllA Bbl'lHClleHHA peWeHHA Ha 

(N nepeMeHHblx no Ka>KAOMY HanpaBlleHHIO) npeAnollaraeM, 'lTO npH peweHHH 3a

Aa'lH B 06llacTH n i Tpe6yeTcA MaCCHB pa3MepHocTH m 3 = (N / p ) 3 . MHHHMH

3HpYA Bblpa>KeHHe 

Q(p) =( 	~)3+3(p-l)N2-> min 
P 15p5N-1 

N 1/4 ,oTKYAa clleAyeTnOllY'laeM Q; (p * ) o npH p* 

4.N9/4	 m* = N 3 / 4,Q (p*) = • 	 (4.3) 

npH Tex >Ke npeAnOllO>KeHHAX, 'lTO 101 B ABYMepHOM CllY'lae, Heo6xOAHMaA 

Bbl'lHCllHTellbHaA (6e3 HcnOllb30BaHHA KOMnOHeHTbl Y2, b ) paooTa COCTaBHT 

v
G(p*) = O(N9/4(lnN )1+2f3+ ). 	 (4.4) 

rAe v 101 f3 HMelOT TOT >Ke CMbICll, 'lTO H B IPopMYlle (4.2) . 
npH pa36HeHHH Ha nOllOCbl B ABYMepHoM CllY'lae aHaJ10rH'lHble ou,eHKH AllA 

3 / 2 
OnTHMallbHoro 'lHCnanOllOC AalOT p* = N1/2 ,Q(p*) = 2N . B Tpex

MepHOM CllY'lae onTHMallbHoe 'lHCllO ClloeB ecTb p * = N112 , Q ( p *) = 2 N 5 / 2 . 

AllA "KBa3HABYMepHoro" pa36HeHHA, T.e. pa36HeHHA TOllbKO no ABYM nepeMeHHblM 

(pa36HeHHe Ha CTOll6u,bl) ,nOllY'lHM p * = N1/ 3, Q (p * ) = 3 N7/ 3 
lt1HTepecHo OTMeTHTb, 'lTO ecllH B Ka>KAO~ 1013 nOAo6llaCTe~ n i npHMeHATb TOT 

>Ke allropHTM, HcnOllb3YA HCXOAHYIO TpHaHrYllALlHIO 06llaCTH, TO B ABYMepHOM clly'lae, 

corllaCHO (4.1), npHxoAHM K 3aAa'le MHHHMH3aLlHH. 

N 4/3 .
Q 2 (p ) _ 3 (- ) + 2 pN -> mC. 

p 	 p 

117 	 8 / 7 
OTKYAanOllY'laeM p*= (8N) ,Q(p*) < 5N 


B TpeXMepHOM CllY'lae, y'lIilTbiBaA (4.3), nOllY'laeM 


Q 2 ( p) = 4 ( N ) 9/4 + 3pN
2 -> inC. 


P p 


4/13 + 4.3-9/13p * = 34/13. N1 / 13 ,Q(p*)= (3.3	 ) N27/13,
OTKYAa 

HeTpYAHO ou,eHHTb AonollHHTellbHYIO Bhl'lHCllIiITellbHYIO pa60TY nplil "BKlllO'le

HHH" OAHoro AonOllHHTellbHoro ypoBHA pa36111eHIiIA Ha KlleTKIiI IiIllH nOllOCbl. 

2
q

B Ta6ll. 1 npliIBeAeHbl 3Ha'leHIiIA p *, m *, Q (p * ) AIlA N = B ABYMep

HOM CllY'lae, a B Ta6ll . 2 Te >Ke Belllil'lIilHbl npeACTaBlleHbl AIlA TpexMepHoro Bap HaHTa. 

Ta6nulfa 7 

q 3 6 9 12 

p* 2 4 8 16 

m* 4 16 64 288 

Q (p * ) 48 3· ;28 3'2 12 3 '"2 16 

N 2 j Q(p* ) 1.5 4 ..)"2.8 32 

Ta6nUlfa 2 

q 2 4 6 7 8 

p* ..)2 2 ~3 ~4 4 

m* ~3 8 ~ 21 ~38 64 

Q( p*) 	 20 
~ 64 ~2' 103 ~4.5·104 2,5 . 10 5 2

3
N

~1 ~2 ~ 5,5 ~10 16
Q(p*) 

ECTeCTBeHHO, 'lTO npH Bbl60pe pa36HeHHA Ha nOA06llaCTH nl' KpoMe npHBe

AeHHblX co06pa>KeHH~, He06xoAHMO HcnOllb30BaTb HHcjlopMauHIO 0 nOBeAeHHH K03IP

IPHu,HeHToB HcxoAHoro llHHe~Horo HllH KBa3HllHHe~H oro ypaBHeHHA. 

ABTOP Bblpa>KaeT 6llaroAapHocTb npo¢. E . n .)f(HAKOBY 3a nOAAep >KKY npoBeAeH

HblX HCClleAoBaHH~, a Ta K >Ke r.E . Ma3ypKeBH'~Y 3a nOlle3Hbie 0 6CY>KAeHIiIA p AAa 

BonpocoB, CBA3aHH biX C HacToAU(e.;i pa6oTo~ . 
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