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PaccuaT::pnaeMW!: ae.mmei:Hag :KpaeB8.11 Sa,Ita'la BosaB:KaeT npiii 11cCJie,Ao

BB.BlDI aeorpaaneaBHX aBToMo,Ae.m.BHx pemeHd Sa,Ita'liii KOIIli/I .u;m~ ypaBBeiUIR 

T9WIODpOBO,D;HOCTI/I, B BOTOpoM BOacMlHni/IeBT T9WIODpOBO,D;HOCTI/I III 1/ICTO'IBBB 

Tewra SIBJIJillTC.I! CTeneBHlDII/I qlylmlli/I.I!III1 TewepaTYIJH. PemeiUIR RpaeBol sa

M 'Ill onpe,tte.MilT Tllml CTIJYBTYJ> Ji BOJIB, BOTOpse MOI'Y'l' 6HT:& BOS6PJteBH 

B COOTBeTOTBlD_!I91 Be.DBeiHol ,AIIICCHna'l'JIBBOI Cpe,Ae. 3'1'11 pemeiUIR nplUIJJ

TO BasYBaT:& LI] co6cTBeHHHMH ~ (C~) ropeBIII.I! ae.mmei:Hol ope~ 
HCCA9,AOB8BIIID C~ B O,D;HOMepHOM 11 MBOrOMepBOM cny'l8.11X noc~eHH pa-

60TH ( !) - [!5) • 0BO DpOBO,AMOC:& Ba OCBOBe BH'li/ICJIHTe.m.Horo 8:KCnepBMeHTa 

B CO'l9TaHD C aBaJIHTlN9CBI/IMI1 B BB'l9CTB9HHlMIJ MeTOMMI/I [ 2) : AOBM:&Hlil 

aHaAIIIS, acBMnTOT:nec:Kd aBaAIIIS, JIHHeapiiisainiJl ae.mmeiHoro ypaBHeHB.I!· 

OBOAO rOMOT9pMWi9CBOro M1r1 ~yB.llaM9HTM:&HOro pemeBB.I! [ 81-[ !4] . Ilpiii 

,ABC:KpeTB~ HeJIHH91HOI Rpa9BOI SB,Aa'lll 11CnOA:&SOBBAC.I! M9TO,A BOH9'1BHX 

paSHOCTel. Ji,JJ.I! pemeHJI.I! HeJIHBeiHol CBCT911H paSHOCTHHX ypa.BHeHBI npHMe

H.I!JlliiC:& pasJIH'lBH9 11T9partliOHHH9 M9TO,ltli, B TOM 'lBCJie M9TO,A lJ:&IlTOHB B ero 

MO~aQi~Jl [II], [!4j , B M9TO,A CTpeJI:&6H (!), [8], 
B 8TOI pa6oTe paspa6aTHBaeTC.I! BHOI no,AXO,A B Bli'lllCAeHI/ID c~ rope

HI/I.I! B98H91HOI cpe,ltli BaB B O,D;HOMepHOM, TaB B B ,AByYepHOM CJJY'Ia.I!X. 0H 
OCBOBSH Ha BCnOA:&SOBBHBB B9np9PHBHOro aaanora MeTO,Aa H:&llTOHa (HAMH) 
(!6], (!7] C nOCJI9.AYJIIIBif pemeHBeM ypa.BH9HI/I.I! HAMH M9TO,AOM BOH9'lBHX ue-

. ---· r __ , - .. 
M9HTOB \Ml\.:1) \oGOJ • .LW\va U:v,i4XC,._ :pc.nee !!C!!OJ!!:~I)!\A.ll~lf Jl!llil pemeHBB ltBYif9P-

BHX nOJJY.lDIHeiBH:x [raJ 11 ae.mmeiBH:x [19],[20] Sa,Ita'l. Hanpmlep, B pa6o
Te [ !9] pema.nac:& sa,Jta'IB JtByx D;9B'l'pOB B pmmax ypaBHeJUII .ffBra-MB.JJ.Jlca, 

a B [20] - SB,Zta'la T80pBB BOB,A8HCllpOBaBBHX Cpe,A. 

I • IloCWOBJA sanatQI 

IlpB IICCJle,AoBaHllll npocTpa&CTBeBBo-BpeMeHBol CTPYK'l'JPH 11 fCJIOBBI 

BOBHBI<HoBeHJI.I! aeorpaaneBBHX pemeHBI 38,1ta'IB Koa 11.1Ul BBaSilJiltBeiHoro 

ypa.BH9HB.I! T9WIODpOBO,AHOCTB C BCTO'lBI1BOM 

lit =f:. (uV.ux,). +U
13 

t>O x~(x,, .. ,xAI)eR", (I) 
(: ( x, , ' 

U{o,x)= u,Jx)~o' :x:c: RN.J lt/'f.L 6 c~(Rj (2) 

JEod IICnOA:&SOBaHHOI T9po!HOAOrBB l!l ]1.1Ul OSBaBOMJI8BJ[.f! C peSfJilo'l'aTa

MI/I B 8TOI o6ABCTH CM.MOHOrpalfliiiD [2) III CCHJIBB B Bel. 
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ocooo B8llHYJl po.nl> l!rpB.eT aHaJDIS 'laCTHHX aBTOMO.IteJIDHHX pemem. HsBe

CTBO [ 2], [3) , 'ITO npH JIIX5HX 6';, >0 H j3> 1 ypa.BB8BH8 (I) HM88T Be

Orpa.Bll'I8BHH8 aBTOMO.IteJIDHH~ pemeHBl! CJie~ero BH,JJ;a: 

u11(t,x)=(f- ~)-.13-1 tJ-(5), §={s~,&.z, ... ,s~.-)) <3> 

Si: x, /(1- i;) 177
' J m, =(/5-0';_ -1) /2((3-1)

7 
t =1,~, .,AI. 

3,Itec:D To > 0 - BpeWI CYDISCTBOBaHHJI pemeBliJJI U 11 • 
Y.ItOBJI8TBOPf18T B R AI 9JIJIHIITH119CROMY ypaBB8BHil 

~ (J(S)~O 

N' ~- / v-: . . m, j f 15 L_ -( 8 tj,)'# + -;=;=:;- 5, ~, + / ~"' fJ- fJ = 0. (4) 
t-=L "' / o J (~- .1. lu 

llOMHMO ~ pemeHHI 9'1'0 ~HeBHe HM99T npoCTp6BCTB8HHO-O,ItHOpO,li;-

B08 pemeBHe _ :1. 
fJ-(j)=tJI( =(1:((3-:1.)) {13-1} • 

Ees OrpaBH'IIaBliJJI OOIIIHOCTH [ I] BH6:a:pa.eu 

To= _2. 
(;.--~) 

(5) 

H Tor.na 6-ll = I. 
.• --·----... _____ .......,..,_ I ~- t;-* Ul.,l)lUUil'iiiJ::M1tflllU11 tu:lCW.W.,VJII AOU.I.jiU.a.u:a..D.A \ v' - v _,• - T 9 "~' . ... - -·-·-, 

p8,1tBMl>RO-Clr!MM8Tpli1UIHX aBTOMO,JJ;eJIDHHX pemeBJII, SaBJICJDQBX OT O,ItHOI 

npoCTPaHCTB8HHOI nepeM8HHOI: 

~=r/(i-+o)m ' r= I xl . 
C y-qeTOK {5), (6) ypaBH8BH8 (4) npliBliiM8.8T BH,ll; 

~ {j = - S ~-1 ( 5"'-J {J (j'" (j) I+ m S (}I+ (} - e- j?J = 0 J 5 > 0' 

m=-(;B-t)rn =(!8-o-.L)/2_, Al=1,.:c,3. 

Hm.eu pemeBliJJI ( 7) , y,ItoBJieTBOpsm!IB8 rpaHl!1IBHM ycJIOBliJJIM ( 2): 

(j'(O) = 0, 

(} {oc} =0. 

YpaBBeBHe (7) BHpoz,.naeTCJI np11 (} = 0, no&TOMY sa.na11a (7)-(9) 

HM88'1', BOOOm,e rOBOp!l, 00061118HH08 pemeBHe; B T01Dtax BliPOZJl8BliJJI HaT 

2 

(6) 

(7) 

(8) 

(9) 

r 

.. 

... 

A/-1 &J (J" {). I 
ayzHOil: r..na,ItROCTB. Tax RaR TSMOBOI nOTOR (- ~ v ) ,li;OJllltSH 

6HT:b H8np8pHBHHM, TO 

{)-Q" {). 
1
:. o· BCJ:UtY, r,JJ;e {j = 0 • 

llpoCTpe.HC'l'B8HHQ-BpeM8HHM CTpYJ(TYJl8. aBTOMO,It9Jll>HilX pemeBHI (3) 
CyDI9CTB8HBO pa3JDI1Ula B CJ19,1P;YIIIU!X TP9X CJ!Y'IMX: 1 <J' <::. ().,. f ( HS 

- peuM c OOOCTP8HH8M). j3: ff' .. J ( s - peDM c OOOCTP9BH8M). 

_R, :> q-.. f ( LS - peuM c OOOCTPBBHeu). OHa aeceT ocaoBBjll li'll$>pMa

ItHil 00 o6opa CBOii:CTBax SBo.nonDI H80rpa.Bll'I9BHHX pemeHJd ypa.BB8BliJJI (I). 
lla.CTHHS pemaBliJJI (3) sa,JJ;B.'IH (I), (2) H COOTB8TCTBYJIIIH9 pemeBliJJI sa,JJ;B.'IH 

(7)-( 9) HaSHBallTCJI COOCTBSBHYMH (flyBia:tBsDm ropeBliJJI H9J1HH8IBOA: ,li;HCCHna

TiriBHOA: cpe,ItH, oliJI!cHBaeuoA: ypaBBeBHeu (I) • 
llepa'IHCJIHM H9ROT0p!i9 H3B8CTBH8 pesynTaTH [2] , [3] : 
llpH .nmwr 1 < (& ~ d'"+ .f 11 IV~ I cyDiecT:ayeT ~HBH'l'Hoe pemeBHe 

(}{~)~0 sB,lta'IH {7)-(9). EcJm mes suppff=~o>O, TotJ{!)=O 
npH ~~So, H HS ycJIOBHit aenpepm!HOCTH (JU"f7Y~o)=0. llpH 

fi<{/+J, IV~L ·:~~np:~~ /3=0"+1, N'>L sa.na-qa(?)-(9) 

Be HM88T BeMOHOTOBHHX pemead. EJtmiCTBSHHOCT:& pemeBliJJI ,ItORasaHa TOJlb

RO B c.uy-qae ft <:.. (j".,. J , A/= 1 . 
llPH j5 > rJ+ ff , AI~ 1 sa.na-qa (7}-(9) ae HMeeT ~HYX OOOOIIIBB

HHX pemeBHI. PemeBHe {}- ('r,) HM88T CJlS.u.yDIIyll aCHMnTOTmry npH § - oo : 
2.. 

(}(~}~Cs-(fJ-f"-i.)(I+JJ(5)), v(s}--o ,J-oeo. <ro> 
Cnpaae,Jr,.DJr~Ba CJI8.DYJIII8SI Teopeua [ 2] : 

a) EcJm fr .. d_ < f.J <_ ((J+J){A/f2)/(j;-2):, TO 3a,JJ;B.1Ul (7)-(9) HM88T, 

no Rpalael Mepe, O,ItBO pemeBHe ~(1) >0 B R: , ROTOpoe CTporo MOBOTOH-

HO y6HBB.eT no! 11 HMeeT ac&nTOTHRY (IO). 
6) llpB N = I sa,JJ;B.1Ul (7)-(9) HM99T He ueaee 

M:-[-a]-i, a.=(~-!)/(p-(J-1.)>1. 
pas.7IB'UIIlX pemeBHI, OTJlJil118111111X no 'IHCJJY T0119R SRCTpeyYMB. npH S c [o, -) 

(CM. TaRllt9 [ 9], flO]) • 
Ha OCBOBe JIIIBeboro 8H8JDI8a [IO) ,(II] B H8ROTOpiX 'IHCJ18BHHX pe

SYJll>TaTOB B pa60Tax ( 6), [8], (IO] , (II] 6YJIO BHCRasaBO npe,ItiiOJ10&8BHe, 

"'ITo 'IHCJIO paSJIJCCDIHX pemem sa.na'IH (7)-(9) np11 {3>()+- i a Al?.f 

paBBO M+I. 
0IIHpMC:& aa STH•~,npB "DDCJ19HHOM pemeBJDI sa,JJ;B.'IH (7}-(9) rpa

IUAH08 yCJIOBBe ( 9) sBMeBHM ycJioBHeM 

8{l): 0 ' {>>.I' e >So (II) 

• (c)+=ma.x{c,OJ.· 

3 



,IVJJI C~ ~- H l-IS- pelUDIOB H 

e'lt)+p&(eJ;e =o , p=:z./(!3-!J-1) (I2> 

,IVJJI LS - peuMa. BeJIH'DIBa e B STOM ~ BH6Jq>aeTCJ! Jl8 YCJIOBJll'l 

mao,® pemeHH.R: Ha acllMI!TOTRKy ( IO) . Y cJioBHe ( I2) Jierxo CJIEI,lcy"eT n 
aCHMIITOTHRH. 

Ttmo o6pasou, cqiop&yJIHPOBB.HH KpaeBHe sa,na~, pemeHllHMK KOTOpu: 

HBJIIID'l'CJ! C~ ropeHJif{ HeJIHHeAHoit JI80TpoiiHol cpe.Jiji B liJIOCKOII ( N .= J ) , 
~a.m.Ho-c.IIIMMeTplii'IHOM ( It/= 2 ) H *pm:qecn-c.IIIMMeTplii'IHOM ( IJ; .5 ) 
CJIY'Iae. Tpy,ItHoCTH 'IHCJieHHoro pemeBJIII SaRJlJJilall'l'CJ! B CJie~eM: 

- HeJIHH9itHOCTD ~~Hi 

- BHpaJr,Il9HHe ypaBHeHHSI (?) B CJIY'Iae ~ <.j3 ~ (J+ J Jl IIOTepJI rJJB,D;-

KOCTH pemeHH.R: B TO~e BHp<m,IJ;eHH.R: ~ o ( fJ-'(J) TepiiHT pa8piB B T, ~o ) i 

- Hee~HCTB9HHOCTD pemeHH.R: H 6eCROH9~ JIHT9PBBJI JIHT9rpHpOBaHHJI 

B c~ae ft > fl"~ 1. 
0TM9TJIM, ~0 HeTpHBHaJILHlie pemeHH.R: STliiX ~11 H9 MOryT 6HTD IIQ

~eHli M9TO,IJ;OM YCTaHOBJ19HJISI, TaK KaK OHH H9YCTO~ B STOI IIOCTaHOB

Re [2]. 

2. MeT em, '1JHCJI9UBOro nemeHH.R: 

PemeHHe HeJIHHeiH!ix Sa,IJ;a~ (?),(8),(II) H (?),(8),(I2} peaJIHSOBa

HO C HCIIOJID80BaHH9M HAMH [I6],[I?]. 0H OTHOCHTCJI R BJiaCCY M9TO,IJ;OB BBe

~A~w~ ~AITPAr"RHn~n rrR~A~pA, C~~nHMHX HCXOnayD CTaiiHOHapHVD sanaqy 

R SBOJIIIlHOHHOI. 

2. I • Henpel?liBlnll auyor MeToAA HDmoaa 

.BBe,IJ;eM H9IIp9p!iBHHI IIapaMeTp 0 ~ t <:. oo , OT KOTOporo aaBHCJIT 

aemsBeCTHM 4JYHRD;lr1ll tr ( §, t). 3ammleM s~oHHoe ypaBH9HHeM HAMH, 
COOTB9TCTBYDJI99 ypaBH9HJIJl I.J (}) = 0 

L' (e-):: = -./.,ft7), (I3) 

(I4) ()-(s,o) == B-o (~}. 
3,lt9CD ()o (l) - 88,I{aHHaJI WSRD;lr1ll' Y,IJ;OBJ19TBOPfiiJIIWI rpaHlf'mliM YCJIOBWDI 

(8), (II) ,IVJJI 5- H J./5 -peuMOB H (8), (I2) ,IVJJI L5 - pauMa. B pa6o
Te (I?] IIORaSaHO, ~TO IIpH H9ROTOpiX YCJIOBHJIX Ha OII9paTOp jj t!} BH-

IIOJIHJI9TCJ! COOTHOW9HH9 

e,m fJ-(s,t)= f7*t(5), 
t...,_, 

r,IJ;e ff(S, t) - pemeHHe s8,lla~ (I3}, (I4}, a tJ*{s)- pemeHHe s8,lla~ 
(?},(B),(II) HJIH (?),(8),(I2}. 

4 

.. 

... 

"'" 

IlOJIODM II' = otJ-/?t • IlpHMeiUIJI R Sa,IJ;a~e Konm (I3), (I4) MeTO,II; 

31Jlepa, II0~9M HT9pan;HOHHj'll CX9yY 

L 'f f7.c)Vx =- L(&-.), U5) 

{j-,+1 ~ {}~<- + 'L~i!",, O.c._ ~ s 1, k. ~ c.~L, __ , 

e-, = ~ (5} = e-(s,i.), v-~. = tr.,(s) = ~r(t, t,J, (I6) 

ffo ( S) - Ha'llaJILH09 IIpH6JID9HH9. 

Ilpm ~~ = I oaa coBII8,llaeT c l(JlaCcm:qecRHM MeTo,IJ;OM HDDToHa-KaHTo

poBH'IIa, HM9JJIIHM acHMIITOTJorCI9CRH KB8,llpaTJorCIHYJl CXO,IJ;HMOCTD. IlpH l"A: < I 
CROpocTD CXO,IJ;HMOCTH HTepan;HOHHOro nponecca (I5),(I6) JIHHefiHaH, HO npH 

STOM C~9CTB9HHO paCWJtipR9TCJI o6JiaCTD ,IJ;OnyCTHMHX SHa~eHJtii Ha~aJILHOrO 

IIpH6.mmeau if;, ft). C yueHDmeHHeM HOJlMii aeB!ISRH J; =IlL( ff,..) II "Bpe

MeHHol mar" t~r. CTp9MHTCJ! R I. 
B HameM c~e ypaBHeHHe (I5) IIp:HHHMaeT BH,IJ; 

J. ( AI-J Q" 1 j I _l_/j. 11-d rJ=1 I ) I ._..., 1 

- 5 ,.-~ 5 tJ._ ~/ - 5 ..,-~s o-b!c ~ ~ + m $ ~ +-

a-1.) [- ! (t,#-1. II" I ) I ~ )l' I j3 ] + ( J. - f3 ~K' t'~<- =- - ! 11_1 l ~ ... 8-~.- + m :J &Jr.. +- ~- f),.. 
(I?) 

HTepanHoHHHe nonpaBRH V: ( S) y,IJ;oJ3JleTBOpJmT o,IJ;Hopo,II;HliM rpaHJorC~HHM yCJio-

B:wlM 

V:'(o)=-0, rJ;,.'(t)=O 

,IVJJI $- H /-15 - peuMOB, 

~ lror= o, ~ '(t) + p t~(eJ = o 
.IVJJI i..s - peuMa. 

2 • 2 • CJia6aa d!Qlll48 sana'IJH 

(IB) 

(I9) 

)J.HCKP9THaaD;lr1ll no MK3 IIpoBO~TCJI Ha OCHOBe CJia60it <l>OJMI SB,,J;a~ 

(I?},(IB) H (I?),(I9): 
HaiTH qiylnutHil ~ ( ~) t:: 1-1 1 

( 0, t), y,IJ;oBJieTBOpsm!IYJl HHTerpaJIDHOMY 

TOlK,II;9CTBY 

(.!_,'(fJ.,)v;_,w-}=='-{L(tJ-IL),·w), -t/w-cll}_(o,e) (20) 

H rpaHJorCIHHM ycJIOB:wlM (IS) HJIH (I 9} , r,IJ;e tJ;J~) - Sa,IJ;aHHaJI <I>Ym<n;wl:, 
f}-JL E JJ = {til{~): o, d. t}rr..t/d§ c L zro, e)j, 
II.Uo,e) • !w-:..u-J tP- 1r; Lz(t:l, t)~ (.t-.t}cP-(t'}=Oj. 
3Ha~eHHe ~ = 0 OTBe'UleT yCJIOBHil (IS), a at..= I - yCJioBHD (I9). 
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CI<a.JJSipHoe npo~sBe~eBHe B (20) onpe~eJIR:eTCH 

{/l';w)= /sN-~ V"(s)w-f!)as. 
0 

~ S~~ (17),(18) H (17),(19) T~eCTBO (20) HM88T ~ (~ 

y~o6cTBa s~ec~ B ~ee ~exc "x" o~eu) 

e 
J ( S N'-ia_(tr) t).- 1 U~' 1 + 5AI·.I. Cf-L ( tJ) VU/ 1 + m S 11

ii'W t SAI~<:f8)11'JriJ+ 
0 

+ .,L (./ + rr) p 5 V-.t &- C" (/' t/1-;;= { = .,/ p 5 1./ -.[ Cf v-..t. (.,(/'Is= t -

e 
(2I) 

-J /SAl-~(&) [j-'r,v'-,- m#A/tf't_v- + $v-9Jft7)fl-W'}d5' i/-W6/I:(~e}. 
0 

~ImD a., ~,, Cf.z J 9-J onpe~8Jl1Dl'l'CH ~opqJl811J/1 

a.J&-) = tJ-U" ' ct,(fJ)=(/{)-p-;.1{)-'' (22) 

Gf.l (IJ) = 1-;B c;-1'·.1. ) Cf3 (tJ} = j- &!3·~. 

AlmpoKCJ11118InUI (21) npoBO~TCH Ha OCBOBe MK3. 

2.3. llHCKDBTHsanRR no MK3 

,lL.JIII annpoKCliMSitl!l! (21) HCDOJll>SY811 BSOIUlpaM8Tpli"'8CRB8 KBa,lijlaTR~

HHe 8JI8118B'l'H [ 25 j. 
IJycT~ 10 =~.t "- S,t <.-. < ~n=-e,t.t-~i~h 1 - pas6HeBHe 0'1':p8SRa [o, e] 

Ha 8Jl8M8HTH ~i = [ Si, g,.L]. sh.::: f W'(~) €: c [~ l]; w-h.,§••.t.) E: ~ J, . s~..- ROHe~oMepuoe npoCTpaHCTBO npo6BHX \li~. Pz - IIIHOZ8C'1'

BO DOJIBHOMOB BTOpo! C'1'8D8BH. AlmpoRC~OHHHe CBOICTBa \li~ HS 

Sn.. onpe~8Jl1Dl'l'CH &epaBeHCTBBMH [25] 

II I h. w--- w- 111,2(o,e) +h. I/ v I~,..w--- v w- ll.e·(o,t)' C h 3 ~ w~~-~~ _, 
(23) 

/IIh.w-w-1/J.-[o.e] ~ Cli/lu.rllw.! [o,t]. .tn-J. 

3,ltec~ I h. W' - HHTepnOJISIHT ~ W no 6asBcy { ':i'i-J i= 1. npocT-
~CTBa 5"- ; 'fj('l,i)= 5't,i , $;./ - CHMBOJI KpoHeRepa; _ 

W1a.. = { 0= fl 1 <: 11~ <. ..•. <.'l,2,. . .t=f, 'Z~<-f =- ~iJi-=i,n.,fk,=§t•, ,i=J,n-1]- IIIHOZ8CTBO 
BC8X YSJlOB C8TIOI Ha O'l'peSKe (0, tJ, Z 

PasJIODM ~HRI\D 6-, II', Ll.)- no 6aucy J 'f i. J 
6~- Ad ~~ 

(}= :L ff,· ':Pi , IJ"= E ~ Yi , ur= L w; Y'c.· 
~ ~ ~~ 

(24) 

6 

... 

fi/J 

~ 

.. 

r;n;e @T:{i.,~, ... ,fiL .. -.t) • vr=(it.',t(;, .. , '0 .. -L) • WT:_(~)~, ·}~;,,~)-
B8KTOpH SHa~eBH! COOTBeTCTBYJIIIHX qiy&RJl)I! B Y3JIBX C8TRH Wh,. 

llO~C'1'8BJIIJJI (24) B (2I), ~ HT8paltHOHHHX UOnpaBOK V UOJIY'IaeM 

JIHHeiBYJ) CBC'l'eyY C8TOliHHX YpaBBeBHI 

A ( f7) V = - B ( tJ-)@. (25) 
.JmJ I {m)/ 

Maorp~l B B aecHMMeTpHt!HHe H JieHTo~e. ,llaJiee, nycTL a ~ a,; 1, 
ft';{8t.'J/-JioRSJJl.HHe (3x3)-MS.TPBn!l SJieMeHTa e'"-J=Hm, ~m.J• TaR ~TO 

A= r arm: B = f B(mJ. (26) 

'"=i m=f 
HcllOJII.syJI ~yHRitD ~pal 

~ (s):::. _..Ls(1-s) 'fz(S)=i-s2
, '13(5)= ls(!t-s), -t~s~i 

.l.. ' (mJ (rn) 
R8HOHB119CROrO 9JI8118H'1'a e :. f: i, J] , ~ 8JI8118HTOB Q d H 8 t ,/ MaT-

afm) 11 On) ~ 
pBIJ; B Q U0JJY118.811 

1 
rm} j{t:ll-t. "'f.,t , rj.12 tAl-f..__ f.,J. '/.1 

a,1 = !7 ac61 If', j ltm t-::J Cf-1 /(h If;~ 1 hm + 
-( 

+ rn sA/vt'~· !lim +- fl-.{(j.zftJ-) yt· 'l} /i,.,r/5 +.t( fo~{) )p !/-.! t90" cr(S -e), 
1 . ' . 

/Jtm; J/~N-~"'{ !l 1 •/ z. '-"iJJ 1 1 
ot.i =- :; a e1 ~ Yj'; fz., +- m;; yt· ~ rlirn + _, (27) 

+5AI-ilj.3 (&-) Ye 'i/ lim fi5 - ,Lp tV;< {J-V".-.1. $'(5 -t)j 

§ = Sm + ~ ( S+JJ hrn , hm = §ffl+t- Snc j fi,., = h,_,/.2 :~ 

o'fs-e)=o, ~ * t _, s-(s-t)=-1' 1 s=t. 

tiepes Cl(6J), (j,,({))}J Cj.;z (tJ}, 9.3 (f7) o60SHa~eHH annpoRClrJIIaltD \liYHR
Itd (22) B 8JI8118B'1'8 em. . Hcno.m.soBaHH ~ cnoco6a annpoRClrJIIaltD: 

- CTruutapTHWI annpoRCBII8ItU no MK3: 

a(&)= ( ~ fJfm)Y1; (sJJV: 
·CJiff) =0'"' ( t ficmJ~ (s~tr-$ { j; fJ{,.qVc·'(s) /1im) 

(28) 

B '1'.~.;. 
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- HHTepnOJimJ;Hll HeJIHHeftmix lWSIPP~eHTOB (22) no 6a5BCY f 'ft.-(~/" 
[21).[22]: 

a(tJ)= (t(&tr-yv'f/c·{s), (29) 

~( 61} = v t_ ( ()/»j P"-1 lf, (s). t_ IY;~)Yi '(s) /lim-,_, ,.-( 
l'I T.,ll. 

3aM81JB.HHe. Mli JllllleM aeoTpll:QB.TeJU,HOe pemeHll:e fJ[~) aenpepm~Hol 
sa,u;a'DI. O,llHBI<O Bs-sa annpoRClDiailD {}-( ~) B Bs-sa BH'DICJDil'l'eJU,HHX 

norpemaocTel pasaocTaoe pemeHll:e MozeT npHHHMaTD oTpll:QB.TeJU,BHe saa~e

IUm. I!OSTOyY npB COCTaBJieHD paSHOCTHbiX ypaBHeHd (25)-(29) ypaBHeHl'Ie 

(7) SaMeHeHO O,llHl'IM ll:S HKKeCAe~: 

-
5
u\ (sw·tlt7la--o1/+ms·6l-' + &-111-/~-~&= 0 (7') 

": ;~-· ( ~H [ mox { o, <>\]. (j-r. m ~ u '• ~-[max I o, t>l] ~ 0, (?' l 

ROTOp!ie T~eCTBeHHO COBna,u;am C (7) npll: $ (~}~0. 
2. 4 • feaJmAATWH l'ITQpam!OMOfO JIP®eCCa 

Pemeue sa,u;a'DI (I5), (I6) BRJ!IlllaeT B ce6R ·pemeue pasHocTHol cBc
·rtsMtt (Z[;j , u.U!)tJAtuiOiW~ "DD~~:::;~c~~::-~" ~~ 7;. ~ ~~..!!~.!!~~ Rs:~1fA~n'hlfn-ro 
npB6Jl1DleiUm 6}., • 

MaTplllUB- A sa,u;a'DI (25), RBI< y71e OTUe'laJIOCD, JmJIReTCJl HeC:HMMeTp~

HOI B l'IMeeT JieHTO'IHYJl CTPYRTYW. Ha RBll,llOM BTepallllloHHoM mare npoBO,llHT

CJl pasJIOlleHll:e A = LV , r,D;e V - Bepxwm TpeyronHM MaTp~a, L -
HDHHJi TpeyrOJIDHM MaTpll:QB. C e,llHH¥JV310! Ha ,llHarOHaJm. Ilpl'I pewsm:nm 

STOrO paSJIOZeiUm B TI8MIJTH :3BM xpaHRTCJl BepXHd l'I HKKHd npcxJ>lriJDI MaT

Pl'IIJJi A. CylllecTBeHHO, ~To LV -paSJiozeMe He yB9JIII'DIBB.eT YRasaHHHX npo-· 
qJHJiel. 3aMeTl'IM, ~0 paspa60TaHBHe nporpaMMI:l MOryT 6HTD BCnOJIDSOBaHH 

I4 B ,D;BprepHOM CJIY"'Iae. _ 

mar tit. B (I6) onpe,D;eJIReTCJl sRcTpanoJUtnlloHHol qJ9pqJiol L24}: 

{,

mul. (1, Lt-.t 5".:-t), oil< d'~-.1 T- ~ , 
.t - ,.,._ r.-

ma.x.((.o, {.ll-1 O~t.-.t), i)ll >- ~-f 
~JI.- ;-- • 

3,llec:& ~ JmJIJi9TCSI HeROTOpol HOpiOI HeBSISRll: ,G ( ~) • B pac~eTax 

~ = mc.~x / B {fJ") @ll./. (30) 

~£W~ ~ 
3aa~eHBe reo BaPDHPOBaJIOCD OT O,OI ,llO o,r. TBI<ol BH6op Lt. npii preHDme-
HD Dt.. o6ecne'DIBaeT CTpeiiJleHll:e 'tt.. R I,B CROpoCTD CXO,llHMOCTH (I5), 
(I6) CTaHOBl'ITCJl RBa,u;p8TH~HOI. 

8 

J 

1 
J 

OcTaaoB:HMCJl aa BH6ope aa~Hblx npB6Jl1DleHd )I)II! S- B 115'- pezli

MOB. ,TJ.ns: S -pezmm npB ~ = I BSBeCTHO TO~Oe pemeHll:e [15] : 

{)'(~) =- (~~.t} C05 ~ ' S ~ So • (3I} t(z. {lt-t-1) z. ;x 5 ) /= a) 

. 0 ' 5-? §J.t)' 
r,D;e 5~> = Jr Vlr+J.. '/ f' ; KpoMe Toro, B pa6oTe [ 6] TIOJIY"'IeBH npH6JJDea
HHe o~eHRB )I)II! 5o npH N = 2 , 3: 

~:") ~ JfV {/t-f +.1..8'1 {AI-.1)(//Ji, I c-. (32) 

Ha OCHOBaHl'Il'I 5TOI HHqJOpiBIJ.lm Ha~aJIDHble npB6JmlteHl'ISI )I)II! 5 -pezl!Ma BH-

6B:paJmCD _ [1/IV) cos'(JT~/.t~/4/l), 5 ~ 5o(N}' 

flo (s) - o , s~V) ~ s ~ e , <33> 

A(k) 
r,lle ~i - ROHCTaHTH. KaR noRaSllBB.Il'l' pac~eTH, saa~eHll:e So ,IJ,liJI 

HS- pezliMa npll: N = 1,2,3 MeHDme COOTB9TCTBYD!Iero So )I)II! 5 -pezli

Ma npH TOM ze SHa~eHHll: 0 . I!O&TOMY Ha~BHe npH6JJDeHl'ISI )I)II! HS-pe
llGIMa onpe,D;eJISIJil'ICD no TeM ae q,opqJJBM (32), (33). 

Onpe,D;eJieHll:e Ha~anHHX npB6JJDead )I)II! LS -pauMa SIBJIIIeTCJl 60Jiee 
TOHROI sa,u;a~el, T8I< RBI< pemeHBe B &TOM CJIY"'Iae Hee,llHHCTBeHHO l'I HMeeT 

6oJiee CAoaayil CTIJYRTYW. B pa6oTe Ha~aJIDHble npB6JJDeiUm Sa,u;aJJTCJl Tpe
MSI cnoco6aMB. 

B pa6oTax [8], [11] nOJIY"'IeBH np:HoJJ1DleHHHe peweHBJi ;:~~:~,~~,a'iltl \7)-\ 3) 
Ha OCHOBe "CmHBaHll:SI" pemeRHI JIHHeapHSOBaHHOrO OROJIO rOMOTe~eCROrO 

pemeiUm eH:i ypaBHeHl'ISI (7) C aCBMnTOTHROit (IQ). :3T:H pemeiUm &ellT Bl'I,ll "" l1 + o(_ $} ( $}, 0 ~ 5 L fo , 
A(~): _ (34) 
u cs-f', 5~~5~e. 

3,llec~o ~ (5)- pemeHBe JIHHeapBsoBaHHoro ypaBHeiUm, a napaMeTJii f, , 
o( , C onpe,lleJISIJJTCJl l'IS ycnoBd fl(s)e c-<[o, t} ( cz. -npH6JJDe

Hll:SI) lriJD1I ~{~)c C1[o, e] ( CL -npB6.mmeiUm). B o6oHX CJIY"'IMX 

ci = - 1 I [ y (5o} -t ; lf I ( ~) J , 
- (3~ 

c = t/•l' 'l'(ffo} /['j(fo}t f y'(L)] jp, 
r,D;e 

tt (s) = F (-(13-1) /(t->-fl-.t)!) tVI.z ~ {!3-fl- L) s'i4) , 
F(-a,8,~)- BHpoz.lJ;eHHM nnepreoueT~ecRaSI ~. 
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B Ta6Jim4B,X 2a a 26 npee,neHH saa11emm nepBHX 1UJYX C~ ff1 a ~~ 
]I)IR LS -peuua. npa rr- = 2, f> =3.(I8), IJ = I B pasHHX To'lltax -qeTH:pex 
BJIOJteHHHX pas6aem c mar&m h. = 0, I ; 0, 2; 0, 4; 0, 8. Bll'mc.neHHI:l:lt no 
M9TO,D;y P,yare llOpa,D;OK T011HOCTR BH-qHCXHTanDSHX CX9M 

o!. = en ff~t_ - fJAI.z I fj't .<. A./ 4 
6JA/.l - 6l-lt.!lf ' 

"'TO no,nTBe~eT ranoTesy o cBepxcxo.D;HMOcTR MK3 B STRX TO'IRax. OTMe-
TRM, "'TO ]I)IJi XHSe:ltHHJC O,D;HOM9IJHHX ,D;ByXT0119'qHi:IX KIJa9BHX SB,lta"' BTOporo 
llOpa,D;Ka B pa60T9 [ 23] ,D;OKasaaa CB9IJXCXO,D;RMOCTl> MK3 B TO'Iltax pa36ReHJUI 
npa acno~soBaHEH aenpepuBHHX KYco-qao-nonaaoMRanhHHX npocTpaacTB eTa
neaR r-1 : 

S~t. = f W' E C [o,i], W"h,, §us) t: Pr-.t, UY(o} = f...if(i) ;OJ' 

1 e t -g) l = I 't>l-~-. ( ~) - e-c ~ H ~ c h .lr-z II o-llur , 
~ c { o =- 51<.:: ~.z ~ ••• £... 5n = i , 5,.1- .~i ~ h}. 

ilO-BH,D;KMOyY, 9TOT ~T RM99T M9CTO H B c~e HeXHH9!HO:It sa,na-qa 
npa RCll0-!If>30BaHlm annpoKCI'JMaUld!: (28), (29). 

B .D;Byx noc.ne,naax CTOJI6uax Ta~ 2a, 26 caoBa npee,neHhl -qac.no 
RTepanal ]I)IJi ,D;OCTRE9HRR H9Bn3RR b~ = IQ-6 H BIJ9MH C119Ta Ha MamHH9 
EC-1061. B xa-qecTBe aa11~HHX npa6.HREeHR:It BH6RpaJIRc:D c2. -npa6.HREeHRR 
(34)-(36). 

Ha pac. I npe,ncTaBJieHH rpaipm<a co6cTBeHHHx iPYHKIJ;H:It 5 -p9lltRMa 
( B~f'd. d) ailS-pauMa (ft = 2,75, ();, 2) ]I)IRIJ = I,2,3. 

B Ka'I9CTB9 Ha'I~HHX npa6.nKKeHR:It BH6RpaXHCl>·~ l~J C t = 5, 
c paSHHMH K<_>HCTaHTaMR A R c HOCRTe.nm.tlf So, 60JI1>lllHMR, paBHHMR R.nH M9H:b
IIII!MR npa6.nKKeaaoro aocRTeJISl (32) .~a.noc:D c.ne.D;YIIIlee. B c.ny-qae N= 3 
npa RCll0~30BaHEH Ha'I~HHX npR6.HREeHRI C HOCRTe.neM,M9Hl>mHM, 119M Ho
CRT~ COOTB9TCTB~e:lt C~, RT9panBOHHH:It nponecc (I5), (I6) CXO,D;R.nCH 
K TPRBR~HOMY pemeHRXJ (} =- 0. B c.ny-qae f..l = I, 2 HTepan~roamdt ~ 
necc CXO,D;RJICH K C~ 9- H f./S -pelU!MOB H93aBIIICRMO OT Be~ HOCRTe-
Jlli Ha'I~Horo npH6.HREeHRR • ,lJ)m pasaHHHx saa-qeHH:It j3 H (/ no.ny-qe-
HH c.ne.nyD~Uie Be~ HOCHTe.nel C~ ~R J15-p9lltRMOB npH A/= I,2,3: 

II= I N= 2 N= 3 

(o,s ""_2, 72 ~o.s- 3,1 ~,-3,46 

~o,H~"' 2,25 fqw$"'2,6 {q~;" 3,1 

OTMeTRM, "'TO npH6.HREeHHI:le saa11eaaa (32) ]I)IR ~~1 xopomo cor.na
cyDTca c 11Hc.neaHHMH pesy~TaTBMH. 

Ha p11Ic.2,3,4 llOKasaHH Bee 4 c~ LS -peamra npH () = 2, J3 = 3, (6) 
H N = I,2,3 COOTB9TCTB9HHO. 

Maoro11Hc.neHHHe axcnepHMeHTH, npoBe,neHHhle ]I)IR pasXH11HHJC saa-qeaH:It 
napaM9TIJOB U H (3 H /II = I , 2, 3, pasHBall'l' aa XOIJOJDYil CXO,D;RMOCTl> 
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PHc.4 

HTepaiUioHHoro nponecca (I5), (I6). B c.ny-qae L5 -peDMB. oHa aa.6JIQla.nac:D 
KaK npH Hcno.n:DsoBaHJm C~a C1 -aa-q~HHX npa6.HREeHH:It (34)-(36), TaR 
H npH HCllo.nl>SOBB.HU npH6.HREeHH:It (37), B o6J119M CJIY'W.9 paSJIIIBHilX B TO"'
Ke CmHBaHHII ~l , { = 2, ••• ,M+ I. 0TM9TRM c.ne.nyD~~He 3BM9119HHhl9 HaMH 
OCo69HHOCTR: 

- llO,D;TB9~M BHBO,D;H pa60TH [IIJ , 'ITO HT9paiUIOHHH:It nponecc 
CXO,D;HTM 6HCTpee • 9CXH B Ka'I9CTB9 Ha"'~HI:IX npH6.HREeHH:It HCllO~SOBaT:& 
iPYHI<nJ.m fW BM9CTO (};. (34)- (36) (o6H11HO 11HC.HO RT9panal JM9Hl>ma9T
CH B.D;Boe); 
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- KOr,Ita fi ~ (J..-1. , f>>G'-.. 1 1 C~H C1 -IIpH6.mmeHBJI (34)-(36) 
,I1)lJ! aecKOJli>I(HX nepma: C~ npHHHMam oTpHJ:l8.T9Jll>HHe saaqeHHH B aaqa.ne 
HHTepBa.na [ 0, f.] • B HeKOTOpiX H3 STHX CJIY'iaeB HCUOJll>SOBa.HHe ~ 
VI&J 1B xaqecTBe aaqanHHX IIpH6.mmeHHI o6ecne'IHBaeT cxo~oCTb HTepa
n&OHHoro npo~ecca K COOTBeTCT~ C~, B ~-HeT. Ho TOr,Ita XOpo
mo pa60Tam npH6.mmeHBJI (37), ROTopie Bcer,Ita o6ecne'iHBa.JlT cxo~ocT:r:. 
K STBII C~. ,Il,Jm C~ C 60Jll>IIIHMH BOMepaMH C~H C.i -IIpH6.mmeHHH pa60TaDT 
.nyqme, qeu IIpH6.mmeHBJI (37). 

llpoBe,IteHHoe HCC~e,ItoBBHHe UOSB~O YTO'IBHT:& CTpyRTYPY c~ LS -pe
u:ua.. B pa6oTax[6], [II]YTBe:pz,u;aeTc.a:, 'ITO xaqecTBeHHIIlil: :Blr.It ~ ae saBH

CHT OT reoMeTpHH npocTpaHCTBa H 'ITO BO Bcex Tpex c.nyqaa:x OJ = I,2, 
3) BElJlH'IHHii MSRCHMYI40B YBeJll!'mBaJ)TCSl C y,ItBJieBHeM OT ~eHTpa CH:MMeTp.r.m, 
TaR 'ITO CaMHI 6~o~ MBXCHMYM BaH6~ee y~ea. HamH pacqeTH noxasu
Bam c~e.ItYJlllee. llpH N = I Be~ MaKCHUYMOB Be ex Clli YBe~cSI 
C y,Ita.n9BHeM 0'1' ~eBTpa CHMMeTpHH, HO IIpH f.; ~ (J + .1.. ( fb > U + i. ) 
OBH :eupaBBHBall'l'CR: H CTpe!lfHTCSl R O,ItHOI H TOI ze BMH'IHHe, paBBOI MaK

CBIIYMY C~ 5 -pauMa (IIpH TOM ze SHa'ieHHH U ) • llpH IV= 2 H AI = 3 
IIpHBe,IteHHoe YTBe:pz,u;eBHe aa'IHHaeT aapymaT:&c.a: no uepe IIpH6.mmeHBJI .fJ R 

(f"+ i. • llep:BHI (~eHTpa.lll>~ Ha OCH - .- < S < .-:> ) MaKCHMYM C~ C He-
'leTBHMH BOMepmm ( (}-,Ud. , ,{. = I, 2, ••• ) CTaHOBHTCR: 6~e He~eBT-
pa..JIDHHX H IIpH ft '"* fJ•L CTpeMHTCR: R MaKCJWYMY C~ 5 -pezmm ,I1)lJ! COOTBeT-
CTBYJJIIHX saauad u H N • .ll.a.nDBelmee YTO'IHeBHe CTPYXTYI»i c~ L s -
peKHUa 6y,neT IIpHBe,IteBo B ~~el pa6oTe. 

4. 3als.nJJqeMe 

B pa60Te npe~ozeH BOW UO,ItXO,It K BH'IHMeBHJJ C~ ropeHHSi BMHHei
HOI ,ItHCCHUaTHBHOI Cpe,Itii. ~ UO,ItXO,It UOSBOJ1f!8'1' e,ItHHoo6pa3BO pemaTD 
SBJtB.llY BO BC9X peuuax ropeHHSi B pa,ItilaJll>HO-cHMMeTpH'IHOM ~e ( N = 
= I,2,3) H aBTouaTHSHpoBaTb npo~ecc BH'IHMeBd. llpe~ozeHHHe HTepa.Ini
OHBHe H B!l'DI~eJll>HHe cxew ~er:Ko o6o6JIIlU7l'CR: aa ~ MHOrOMepaol 
SB,.ltB.U, B TOM 'IHC~e H IIpH Ha.JlH'IHH aHHSOTpOUHH. 

llpoBe,IteHHoe uc~eHHoe HCMe,ItoBaHHe B mHpoROM ,ItHanasoae H3MeBeHHSi 
napaMeTpoB H Onpe,It~9HHII Ba'ia.lll>BHX IIpH6JIJa:eBd yxasHBaeT Ba BHCORYJ> 
TO'IHOCTb npe~OZ8BHOrO M8TO,Ita H Ba Ba,ItezBOCTb n~eHHHX peg,y.lll>TaTOB. 
!3To o6CTOSl'1'9Jll>C'1'BO UOSBOJlf!eT YTO'IHHTb C'fPYRTYPY c~ LS-pem!Mii, HC~e-
,It0Ba'1'b HHTepecHHe npe.zte,m,HHe CJIY'UUI, Kor,Ita (3 ~ ~+.1 , J?>> [/+1 

( CTpeM.ll9HJie L 5- R 5 - peuMY) H If"- 0 B 5 - peDM8. 3TH HCC.ne.zto-
BaHJISi 6y,nyT TaKit9 HS.IOZ9HH B C.I8.111Dlel pa60T8. 

ABTopi r.uy6oi<o 6.naro,ItapHH B.A.rMaKT:a:oaoBy, B.C.Kypmmol, 
A.B.llOTanoBY, C.A.lloc8111KOBY sa n.nO,ItoTBOpBHe .ItHCKYCCD npH BHIIOJIHeHHH 
3Tol pa60'1'H, a Taxze C .H. Cep,ItJBoBOI, c,Ite.lJBBIJlel ps,u; ~eHHHX 3811e'iaHHI 
IIpH npo'ITeBD pyROnHCH. 
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nHMoBa C.H., KacqHeB M.C., Kyp~MOB c.rr. 
qHcneHHNH aHanH3 OAHOMepHWX C06CTBeHHNX 
~YHK~HH ropeHHH HenHHeHHOH cpeAhl• 
qHcneHHbJH MeTOA H 9KCnepHMeHTbl 

Pll-88-473 

Pa3pa6oTaH MeTOA qucneHHoro pemeHHH aBTOMOAenbHOH 
KpaeBOH 3aAaqH, KOTOpaH B03HHKaeT npH HCCneAOBaHHH Heorpa
HHQeHHhlX pemeHHH 38AaqH KomH AflH HenHHeAHoro ypaBHeHHH 
TennonpOBOAHOCTH C HCTOqHHKOM. 0H OCHOBaH Ha HCfiOnb30Ba
HHH HenpephlBHoro aHanora MeTOAa Hb~ToHa H MeTOAa KOHeqHhlX 
9neMeHTOB. 3TOT fiOAXOA fi03BOnHeT eAHH006pa3HO pemaTb 38,Aa
qy npH pa3nHQHhlX 3HaqeHHHX napaMeTpOB HenHHeHHOH Tennonpo
BOAHOH cpeAhl B PaAHanbHo-cHMMeTpHqHoM cnyqae H aBTOMaTH3H
poBaTb npo~ecc B~HCneHHH. qHCneHHO HCCneAOBaHa CXOAHMOCTb 
H TOqHOCTb npegno~eHHOrO MeTOAa. 

Pa6oTa BMnonHeHa B fla6opaTopHH B~HcnHTenbHoA TeXHHKH 
H aBTOMaTH3a~HH OHHR. 

OpenpiDIT Ofu.eAHReHHOro IDIC'IJITYTil JIAepHWX HCCJie.Jl()BaHHii. ny6aa 1988 

ITepeBoA O.C.BHHorpaAOBOA 

Dimova S.N., Kaschiev M.S., Kurdyumov S.P. Pll-88-473 
Numerical Analysis of One-Dimensional 
Eigenfunctions of Nonlinear Medium 
Combustion. Numerical Method and Experiments 

Numerical method for solving a self-similar nonlinear 
boundary-value problem is developed. This problem arises 
in analysis of the unbound solutions of Cauchy problem 
for nonlinear heat transfer equation. The proposed method 
is based on using the continuous analog of Newton's method 
and the finite element method. It allows one to solve the 
problem uniformly for different values of parameters of 
the nonlinear hekt conducting medium in the radially symr 
metrical case,and to automatize the computational process. 
The convergence and accuracy of the developed method are 
analysed numerically. 

The investigation has been pe~formed ~t the Laboratory 
of Computing Techniques and Automation, JINR. 
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