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I. BBe~eHHe 

B [I] HaMH 6NAa paccMorpeHa o6maR crparerHR MO~H~KKaUHM mapoKo 
pacnpocrpaHeHHNX Mero~oB ~ac~eHHoro Haxo~eHRR co6crBeHHNX 3HaqeHHff 
;IJ.JIR rpex,naaroH~l>HNX Ma·rp.Hn, BCe rMBHHe BepXH.t!e yr~OBble MMHOpbl KOro
pNX OT~~HH or Hy~, a raKXe nocrpoeHO MHO~eCTBO (H3 ITRTM He M3B9CT
HNX paHee) KoppeKTHNX Mero~OB ITpaKrH~eCIWrO pemeHM Ha 3BM yKa3aHHOft 
s~a~a. TaM ~ 6NAa npKBe~eHa o6WMpHaR 6a6~orpa~an (KoHe~Ho, He rrpe
re~ymman Ha no~Hory) rro asBecTHHM HaM pesy~I>raraM B yKa3aHHO~ o6Mc
Ta BH~ac~re~Hon MareMaraKR. 

Y'U'lrHBaR acKJIKJ~areJII>Hyx> Ba!IHocri> yKa3aHHOlt npo6~eMH KaK B reope
raqecKKX, raK a B npaKraqecKHX aee~e~oBaHHRX npa pemeHaa 3anaq Mare
MaTaqeeKofi (reoperaqeeKolt) ~3HKa, B HaeroRme~ pa6ore MH rrarr.y~ 
~Heiinrne o6o611l9HIDI pesyJII>TaToB [IJ Ha 60Jiee lllliipoKIDi KJiaee MaTplll{ 
YKasaHHoro THITa. 

~raK, B (I) 6~a ITOJiyqeHbl eJie~yiDIIlHe 31¢eKTHBHbl9 KOppeKrHble ~0-
paTMH (reopeMH I,2) ~~ Haxo~eHHR eo6erneHHNX suaqeHall rpex.rumro-

H~HNX Marpan: lq. zl ] 
P, qt 't, 

( calJ )= ~,_qJ_z. 
t... q~ 'i,;, ' 

P.., q,.. 
(I. I) 

Bee B9pXHRe r~BHble yr~OBHe MHHOpbl KOrOpNX or~qHbl OT uy~ a Bee eo6-
eTBeHHble 3Ha~eHRR pa3~HqHbl, T.e. 

I .A, I > I .A z l > · · · > {). ... I > o . 
! 0 • .1LnJI Marpmt {I.I), (1.2), y KOTOpNX {2if0,f!d:O, 9;#0( 

, .... , l 

I. (A-Mero~). Ec~H 111/>E ;IJ.JIR ~biX K=l,2, ••• , !Q 
01:) w I O<l ~-) (J<) (I<) • 

r,~UH•) (9i-,.'fi); ~. •8',.,t, =0; ,.,z,J, ... , m,) 
lj<l (~I~~ 'Jfl 'I:J , (ICI • 
1\i+t~-f-JL/\~ i 1\o~= I12=.,J 1\,,.1=0; L•2,J, ... ,n7, 

51', = ~f 't;., , i = 1, l, ... , m , 

.:lc = e,, :f. ·, i • 1 2 ... , m 
1( ... 08 " I 1 • 

(IC'f) (k) (-) ( (k) ) -f • } {{ =9;.t·A1.,· 1-1\,·., ·t,; ,=z,J, ... ,m, 
frt) Cir:) flo (I() • 

1q?=fh At•• +Cfi.,·(1-Ai+z); 9m.,=O; «•1,2, ... ,m • 

Ec~ t'f\ .. ! ~ £ B Jlll60fl arepaURR K=K* ~ 2 14 HeKOTOpOM i= ~*' ' .IQ 

{ 
cx"tl} CJ!'+II clf!'l IK*) ri<'J (If!') Ill"! } m 

P,=O; q,_,.q,_; (.,=O;t\~t1 :1;i\n~q, ., 
l!:t 

11<+1) 

;IJ.JIR Beex K;;. K•. 

2. ('t'-MeTOJ!,). Ec~ IP.!>.E lWI ~biX R=I,2, ••• , lQ 

·~~~~-·· - , .... "-·~.-,-~ 
~ (f,r;;t.; ~- .•. · .i' ~--~~O::;t~·: i I -

• ,. ... %.> .. ;. •• .. ' '·' • • · •• "''""1 . .\4 ·~",.. ,.,.. .• .,_. ,, .·. ;~·..t.!\r ~ , ~ 

I 6hLJ~~ ;.._J r.:JiA ; 
• __ _......._ ·~-~ ¢ ..... "" =-

(I.2) 

( !.3) 

( I.4) 

( !.5) 



{~J lii'J (ld_f (Kl.of (It} (It) • } r! = ( p, . ~.,.)· c.q. . q; ) ; ~. = (..,., "'0; ~ = 2,3, ... ' m. ,_, . 
~) (I;\ (I<) -'f (K} (IQ • 
[i = ri. (1-'t,_,) ; -r, ~ 't,., ~o ; ~=2,a, .. .• m 

( I.6) 

"•<~ l•<z '"' ,., f } A =qi .{1-'f:;).'f:,·ti. ; L~2,3,···, m, 
(C+f) ) ~) ,., I<J • I<J • ( I. 7) q,=lf;u-c.J+-q,.,·7:,.,, 9,.,=0; t=1,2, ... ,m 

..il i = t_,.,. If~ i ; 1, 2, . .. , m . 
I( .... OD 1 L 

l""' EcJra I P" I~ E. B mo6ofi uepauRia K=K* ~ 2 .u HeKoropoM i. = i." , .IQ 

Pn =0; q,=q,; r,=O; '&,=0; ),=q ... n=i! .nJIR Bcex I<~K·. (I.8) { 
""•'' r•'l-ll 1••J I•'> IK

1> (K*> 1J11> }"' 

II0 • .ll.Jm MaTPID:l C( I. I)' (1.2)' y KOTOPHX TOJI:bKO q1,. 0 
(Ktf) 

3. (T-MeTO,I!). EcJia I r, , ... £ .nJIR m:>6wc K=I,2, •••• 12 
{Jr::'•ll (/c) (K+I) (It} , } 'fc = ().j).;_,) ·'f; i t =2,3, ... , m, 

(l('+l) Oc.) (k (ICtJ) {l(<tt) trc} • 

), = Ai ... 7;., - ri i r. "'o~ r...,.,; L"'~,z .... ,m 
n. (~··J • .At c rim At ; t.. = 1, 2, ... , m • 

l!!f!l " ... -
EcJia I r,.! ~ E _ B Jlll6ou arepauaa K=K* >/ 2 a HeKoTopoM i. = i. .. ,!Q. 

[ 
(,{'.,) = (•"••> - (fl*l J"' . 
T, 0' .A, -A., n•L' 

li,JIR BC8X K ~ II! 

rJie ,.,, k to (IJ _,. /} r, 
r,. = {/J,'t.,)·(q,_,-r._,) , t='f'...,.o,· i.:: 2,.3, •.. , h? ,. 

J. (/1 II) (II 

),i = 4i -7\ i." {,Z, ... 'm 
fl'•'>/ 4. ( (T- .il.) -M8TO,I!). EcJia I T, "> E ,nJIR Jlll6HX K=I,2, ••• , 1Q 

(K) {~ (k)_ 1 r, = c p, ?., )· ;.,_, 
(Ill:) (.IC.) (lc, ., 

). , = q, - r, ; 11 = o 
00 • f r. =0 · t=za ... ,m. 

lt'l#f J I I 

i.. = 1, 2, ... , m 

fC'+d (lc) (lt.} Oc) , } P, = ()., j;,,_,)· P; ; ~=2,3, ... , m.., 
(ll'.ff) Cit) fl > , f~e.J "' • - m qi " ( ~. + ~i.,)-l., ; ~ .... , =O=~mt• j L-~,z, .... 
).; =- tim 1~f' "' li.m ~'• · i. = -1, 2., .•• , m . 
~} f(..,.OD l )I(_..CIO I T"* 

EcJII! l 'ft• I "£ B Jlll6oM nepauaa K=1\n ~ 2 a HeKOTOpoM i. ~ i.. , 12 

{ 

CK'> h<'ttJ cor\•J 1
"'

1 1m ff' r .. ~o ·, Pn ~o ; qn ~.An J~-·~ ,nJIR BCeX K. ~/( • 

(,It H) 

5. ( J. -Mero.n). EcJia I Pt I> t li,JIR JIJ:06HX K=I,2, ••• , .IQ 
I<) (K) (~) (IQ 

A< ~q, -(p, ·'1.1)/.,;..., 
til) rr) 
},f=f~i i ::2,3, ... , m, 

{o("' lfl ,/E) fin 
flt=().;/Al-t)·P;; 
i<+f) ( '"' (0) ) (I<) q, : .ill + q,., - -t, •• ; 

I. ~tl) 1 . 00 
.;1.. = ~m. . "um. .Al 

" K...-oo t. -'...,CliO 

i =2,3, ... , m. 
'"' (f) q,.. .. , = 0 ~ "I'Pttl 

i..•d1 2, ... ,m 

i•1,z, ... , m, 

~·' EcJII! I,., .. !~ E. B Jlll6o~ arepauila K=K* ~ 2 

{ 
1.., rr•J • ~) • ( .. +>) lit') } '" 
). ... = q ~ 1 P. "'o , q, =.A., " ~ i."' 

.H. H8KOTOpOM i:i.'',.IQ 

,nJIR BC8X I( 7~>1<:*'. 

2 

(I. 9) 

(I.IO) 

u .•. LI.J 

(I. I2) 

(I. I3) 

(I. I4) 

(I.I5) 

(I. I6) 

II 

Ilpa 3'l'OM CKOpOCT:b CXO.D;ll.MOCTa nepeqRCJI8HHHX Blilll8 A-,'7:-,T--, (T-). )-:, .il-· 
-Me'l'o.noB He xyxe [I],qeM 

tiff) I = f1 ) ~t I· 'f}, 
,.c .. r. 1: "2,3, ... , m, l<=f.2 ... (I. I7) 

3.nec:& 

{ 
0 - B TeoperaqecKax pacqe'l'ax 

E.= KOHCTaHra, 38Jta.Ba.9Mrui pa3p.li,nHOH ce TKOft 1BM, B npaKTaqecKRX 

BHqll.CJI9Hll.RX ,nJIR npe.nc'l'aBJI8HRK MBHKMaJI:bHOrO qacJia. nJIR llOCJie,noBaT8~:bHO

C'1'9:lt lXd, { -!-~] a { ~ J npa aToM MMeRJr Mecro cJie.D;yiOIIUie npe.n;eJI:bHHe co-

OTHOW8Hll.K ; { IKl I· lcJ 

IJ.m. 1\ 1,, = 1., c.im. 1:, =O, 
1(.....,011 l{wfi'OD 

(~) J,., 
lim. 7i = 0 i=2. K ..... (I. IS) 

Tor.n;a ycJioBM 
II) [ (ltl lkl 
A< "'o- /\,_, = ~,_, , 
'"' [ ,., 't~-~·i-. 1;t ,a ... ao' 
rt<l $\'-' [.!!' 
1'i-tc'1i.:r- 1i::t.-OO • 

(K) (<) IK)] I "i . t\., "" - If, 
(IC) (!!) fKJ J 
7::;. o;,., a-o;,, 

' I() (kJ ~ t, .,-f{.,· Z;.,] 

/l) I<) A,.2 =!.., A;., =o<>; HO 
(I() (10 (~J 

'l:,,,~o, "ti+Z =~i+Z i HO 
.1.!/ J!!.! I•> •f,IC) 
~li,., = 0 , 'li.,:: /1.-z. 'tt,.,tf!fitr ;HO 

(I. I9) 

Jnl.1L!JJ)TCK .nocraroqm~MR, a yCJioBru:r 

~',=o (ft.n~i-1) (I.20) 

Heo6xo.niiMHMa R .nocraroqHl:tiMa coorBercrBeHHO .nJIR o6pa~eHli.fi a,,,pYJI:b ri-1) 
-BepXHero rJiaBHoro yr~oBoro MRHOpa B RTepaUZOHHOft MaTpRU8 C(K=I,2, •• ). 

ilepeqRICJI8HH!i8 BHm8 anropaTMH llO~qeHH Ha OCHOBe pe3yJiz.raTOB [2] 
(IQ· i (k1 (If) r~e:J Itt (lt.) (a:J 1 
~t = n cq. A • .,)-det (c)= r. q,.. · -"·" 

1 ... ., •• ' 
(o) r (It) (lt.J ftc} (f) (It) '~' (lr:} 

A: , o- 1\ ,_, = (;_, • A;., = 1 , 1\ ;., = "" , .It; · A;., ~-If; 1 
J 

(I.2I) 

J,',LIC 

i•• \ ,., n l.tlfl 0, llCJill. 1\j+t = 0, "= fiiJ fJl tlr) flO htl 110 • 

•d 11 1 ... ( 1\n · "~·•) ... t\3 ·llj., ~0 , ec.JrA 1\io ,nJIR J006oro .3 ~ n !:J , ( 1.22) 

r.ne { '!{, ecrz. (I. 2 )2 ) n (I. I9) I)&., a ~~ -( ~ -BepXH>~~) rJia.BHH~ yrJio-

BO~ Mll.HOp B ll.TepauaoHHO~ MaTpaue C(I.IJ. 
B [2] noKB.saHo TaKJKe, qro ( i. -HWIHae) r JiaBHHe yrJioBHe M.llliOpbl 

,., f \f' 
'l'pexnaaroHaJI:&HO!t MaTpiUlli C C l1i -HeHyJieBbiMR} 3~8M8HT8Mll. BHqll.CJIKIOT-

CK B BH.n;9 

"""' t:,, 
"" uo A (t) I {IC) "' («} ,.., (It) 

= n q" I I r;..-aetfC)=n q. n G-. 
1\•C. .. ,~-· ,,.1 ,., r.n;e (1.23) 

[ 
r., 

.., oo 0, ecJI.K G-,.., =o, n s.. - "'' lOri ,.., ~., (lt.) •·i-• G;., ... (Go •• ;G-.) .. ·~,.-#o, ec~a r;.,. =O .nJIR m:>6oro ( 1.24) 
i ~ 1'1. ',.,., -2. G.) [ (t() (j(J fit) • t~el (k) (I() (lt.) ] " = O - r:,., = r~~, 6=,._1•1, ~ •. ,coo , HO ((;n-< . G-.,) 5- rn., . ( 1.25) 

B [ 3] noKB.3aHox), q'l'o .n;JIR noc~e.noBare~:bHocre!t { ,\L} a [ ~d 
HMeDT M8C1'0 C~8.D;YJOmHe a.n;.nHTRBHO-MJJI:bTRllJIRKaTRBH!i8 "aHHKrll.JiffllZOHHHe" 

X) IlpaBo,naMHe HRae C001'HOill8Hll.K CllpaB8.D;JIRBH, KaK llOKa3aHO B [3J, B 06-
meM Oll9pa'l'OpHOM C~e, CJI8.D;OBaT6~:bHO, OHa 6y,nyr RM8T:b M9CTO Z B 
cKaJIKpHOM cJiyqae. Ilpa aToM MH, He repRR o6mHocra, onycKaeM K-Ho
Mep arepaua11. 
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pa.BeHC'l'Ba (B CJiy'm8 det(~')i=O R1 {L1~~0*lf;J:~ 

B" -1 [-B .. -f (I\ ] ~ -f L.L (/\):: "(t\,G-)= L•r +G-L_,-1) = Btt (G-) , (I.26) 

i
r ~ii (,',} "ti~tt + ci+t ~i+ti+t (t\)·J>i+ti b..,·li~., j t~r>l-1, ... , i 

C,., ~ A1., t;.., i />i+r =- Pt+l 1\-~+t } 

i\ =- Pt q:~, ; ii t .. 'tt · 9~1 
, 

A;.,=i-'rtlr(; t\1 =/\2.•1, i=2.,3, ... ,m. 

[

- f - ~ - - I &i.t (G-)= G-;:_, + C;. Bt-tl-t (G-)· fot ; B11 (G-)= c;: i L "2,3, ... , m 

c>=- (G-i_~,. Pi) i ;, .. - (~. r.;.t,) 
Pt = P; Qi~r j ti :: ~ i q-i.' , 
G-j-r=1-~j+r &:j1 • C., :-G-m-rai i J=m-t, ... ,i 

lli.lell'l' MeCTO Tarute (;n;Jlll J006Wc ! ~ i. !: m ) JIB8. paBeHCtBa 

(I. 27) 

(I.28) 

(I.29) 

} (I.30) 

~ ~ [- I ( ] ,.i:, S...-t II ,;
4 

= B~, (ll,fr):: 6-i_,+t\t+r-i) .. II 7\ 
,.:£ n•l " 

(I.3I) 

KOTOp!ie CJie;D;pl!' a3 'leTHpeX pa.3JWlffiliX MyJIDTWIJUUCa'l'.I!BH!iX npe;n;CTaBJieHd 

&i,(RI3 (2.4) [4] ~ onepa.TopHor~ cnyqaa}. Kax noKa3aHo B (I], npRIBe

;n;eHHHe BYW8 anropa~ KoppeKT~ ~ MaTpHU ~(I.I}, Bee r~HHe yr

JIOBHe MJIHOpH KOTOp!iX OTJW'IHH OT HyJUi. 

3aMe'laHRie I. Kax CJie;n;ye'l' a3 (I.2I}, a 'l'aKEe (I.I4) Rl3 [IJ (T.e. 
ii<J ~ 00· {("' J"' paBeHcTB ~•t= 1/.1.~-' ) yCJioBu IJ.i.,:/:o 1,,_ JniJIJII)fCJIHeo6xo;n;m.mr.m 

Rl ;D;OC'l'aTO'IHHMa ;D;Jlll cymeC'l'BOBSHIIIJI (B CJzyTme { fzt 0 .J f". J. ) clm<'l'OpRI-
"=-n'AA'Rl.fnT'n TTn.ann'f'Q'R T1'~UIIa J!''""' 1.' I if lllf'Ans::ln•nuuuv IIQ ~t~ntiTT rr ka~no - ·---- -...-~~---~--------- ~ ---r----·-~--~···- .. r-- --o~-r-

( &R -aJII'OPHTMa). B 'iBC!'HOCTRI, npH K=I YKQ3aHHHe yCJioBi!JI <t .• e. 

{ ~in f: 0 Ji:Z ) JIBJIJm!'CR H806XO,IU!Mm4RI a ;D;OC'l'a!'O'IHHMH ;n;~1 { ~~ i:O J::~ -
Bcex BepxHKX r~HHX yrJIOBHX MHHOpOB aCXO;D;HOft MafpHUH 8 , eCJI.I! 

{ 
M J"' tp q,., 0 ;. 1 • EcJIRI lite HeKO!'OpHe H3 .JJl::.fl_, TO .I!M81l!' M8CTO SKBRIBaJieH'l'-

HHe paBeHC!'Ba (I.I9} H (!.20}, KOTOpH8,B006~e roBOpR,H8 3aBHCRT OT 

<Im<ropa~ Eayapa. llpa aTOM B cooTBeTC'l'BRIRl c npe;n;craaxeHRieM 5 (Teo
til> (!O'Ifl 

peMH 7 [3) ~ Cita.JISlpHoro cnyqaa) ifloJ*8..1IltHOe npe;n;ctaBJieHRie C .. t. K 

(K=I,2, ••• ) cymecr~e'l' c To~oc::m ;n;o nRTH ~~onpe;n;eJieHHHX ~~eMeH'l'OB 
( Ai••; ( Pi/'Ji-1)· Ai; (ti/qd·li.t ; (P.·.,I9&h1;.,; (t;.,/q;+l)·lti+l). 

B CJI8,D;yJ>IlleM naparpaifle Mli CHHMeM orpaHa'leH.I!R ( Tpe60BaHBJI OTJIRI'IIIIJI 

OT HYJill aJieMeHTOB KCXO;D;HOft MaTPHilLI ff, T.e. f lf: .. wfo, n-1oA:I'O, f,~oJ:'.:, 
f It)• }"' Cl) 

a TB.Ue OTJIK'IIIIJI OT HYJill Bcex A~~o ict , .BlCJIIl'IM t.~1ot1:det (c) ) w 
r~HHX BepXHHX yr~OBHX MHHOpOB ~ ;D;JIR MaTpKU o6wero BB;n;a, y;n;oBJie'l'-

BOpSDmBX cJie;n;~eMy onpe,n;eJieHR!Il. 

OnpeJteJieue I. ~ec:& .11 BCl\ItY ,n;aJiee no;n; rpex.naaroH8.Jl:&Hiii4H MB.TpKUa

wa o6wero B~ 6y;n;eM TIOHHMaT:b Ma'l'p~ B~a C(I.I),(I.2), y KOTOpHX 

x} llo,n; KOppeKTHOCT:bll (KaK a B [I]) 3;D;eC:b a BCil;D;Y .n;aJiee fiOHR!Ma8'l'CR 

BOsMo&HocT:& ocymecrBJieHIIIJI ycroi'IHBoro BH'IRICJIKTeJI:&Horo npoQecca ,n;o 

KOHUa (6e3 CpHBOB). 
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II 

ROOMe '!'Oro: 

I. BosMolltHo o6pameHae B eyJI:& TOJI:&Ko .':\....,, r.e. ).,., ,_ o , '!TO npHBo
f!J 

;n;u K de.t rc )=0 • ,,, 
2. MoryT 6sT:& HyJitlBbiMa nw:& HeROTO~ll.e aJieMeHTH C -fda'l'PHULI 

$4) (I) ( • ) ( } fr) 'H .1 t,.. npa JII06HX ~ an, , T.e. i =:o Rl .IL1I1l. ~n-o • Ha aJie-
'.!) 

M8H!'LI ~~ HRKSK.I!X orpaHH'!eHH! He HaKJianHBaeTCR. 

. 3. MoryT 6Hr:& HyJieBLIMR JIHm:& HsonpoBaHHHe rAaBHLie yrJioBLie BepXHae 

~~ (HaEHae At ) MHHopLI MB.TP.I!Uhl Y, T.e. He MoXeT 6HT:& o~HoBpeMeHHO 
( t/~1 ::0=-6~) JW6o ( t7 ::0 = .t.i:-1 ). 

3aMeqaHHe I. Y Ma'l'p-'m 8 o6mero aa;n;a (B cooTBeTcTBaa c onpe;n;eJie-

HRieM I} cymecTBYIOT H RpaTHLie .A , a f! MoryT 6!:1'1':& H BLipolll,ll;eHHHMH, 

ecJW J, = o • 11oKa 'ITO Hac 6y ~eT HHTepecoBa n c.rry'1a:!1 (I. 2) • 

2. CTpaTeri!JI CMemeaa~ a KoppeKTHHe MeTo;n;LI peweHaa cneKT~Hol 

3ana'l.l! nAR TpexgaarOHaJI:bHLIX MB.TPRU o6mero Bana Ha OCHOBe OT

HOmeHR!A r~HHX BepXH.I!X yrJIOBHX M.I!HOpOB 

B Ka'leCTBe o6mea cTpa.TerHa o6o6meHHH pesyJI:&raToB [I], npHBe~eHHHX 
BHIIle, C O;n;HOBOOMeHHLIM OTKa30M OT OrpaHa'!eHRII 'l'IDia O'l'JW'!ae 0'1' HyJIJ! 

{ IJ.f IJJ !V (I) ,JI'I 
SJieMeH'l'OB 'It 'f 0, 'f•:/:0, z-,."'o,p"~<Q • ..,Rl BepXHHX rAaBHLIX yrJIOBLIX MKHOpOB 

{A~ IO }i:r HCXO;D;HOft MB.Tp.HQH ~(I. I), MH BOCnOJI:b3yeMCR asBeCTHHM npMe
MOM CABKPOB (6) H CJI8;D;yDWHM pesyJIDTa!'OM, KO'l'OpLIH npRBO;D;HTCR s;n;ec:& C 

ne~ llOJIHOTH H3~0EAH"R. 
C1] 

3aMe'iSHRI8 2 (JleMMB. I}. 11ycTD t;(I.I} MB.TpKUa, y KOTOpoft JIRIOO He-

KO!'OpHe q,=O,JW6o A~=o(.1i =o) ~ JIJ)6oro L=I,2, ••• ,m • Tor;n;a cyme-

crByeT COl;n;i~T.I!BHo-no.!lo6Hoe npeo6paso:aaHae 
aJ (f) 

L' = c t d.E, r;n;e (2.I) 

E - e;n;ZHH'IHBJI ,Ma'l'p.~~Qa, a d - HeKOTOpoe qacJIO, 'l'aKOe. 'i'l'O uqt::: 9• ~d'J~O; 
(l.'; + O) z (J~ :P 0) ]{':.., • 11pa noM co6cJ..PeHnse sHa'leH.Illi ().,X) .R co6-

CTBeHHHe B8KTOpH (U U) onepa.TOpOB t! a ri , T. e. , ~ w · w- -~ c;u .. ;.u a cu::::).u, (2.2) 
CBR3aHH COO'l'HOmeHRRMRI: 

)=J.-d H (2.3) 

I. ECJI.I! Bee KOMIIOHSH'l'H f u, O.;>J:~ KaJJr,IJ;oro as co6cTBeHHHX 

BeX_TOPOB 1.(.(1. j )J {j =I ,2, ... , m,) HOpMRpO:aaHH Ha Be.mr<UIHy -

c.ot&'-rt,j ( B o6uteM CJIY'Iae COfZ.st~ f.Corz4t.. n. rrp:aj ~ n.. ) :a cooT-

Be!'C'fBeHHo Bee xoMIIoHeHTH f fi.1. 0:~) 1td ~oro .R3 co6cTBeHHHX BeKTo-

poB fHJ1> HO~Hpo:aaHs Ha BeJUPmHY - CoMi] ( B o6~eM 
CJJY'Iae ~i.j · .:f. ~i. n,' np:a j t- tL ) , TO 

U:;.<'ij) = [b().j) =II Li.(}.j)l /6 U(J)IJ. Ut0j) (2.4) 

u, (jj)=[/, = U£i {).)6 /6 U ().)ft} Ui ().j), ec- ~urA;lU=6UlA.JR,n~j; (2•5) 
~iilljlM ... IiUX.lR,n+i; 
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.ItJIJt JD06wc ~=1,2, ••• ,m, j=1,2, ••• ,m. 
II. EcJI.B JKe co6cTBeHHHe BeKTopH u (A.ii .0 u r.Xj) npe.ncTaBJieHI:l B o6-

meM BH.Ite ( = C npo.ll3BOJibHbiMil. HOpM.Bpyl!lllUiM.Il MHOUTeJI.fiMR), T.e. 

~(AJ) :dt:~[d,(~j)] ~(-:j) } (2.6) 
u (X)= cU~ [d; {).j) J U (~J) , r.ne _ 

HeBHpollr,II;6HHI:le ,ItHarOHBJil>HHe Ma.Tpmnt dia.t; [d£ (.iiJ) J H d1.41J [Cf; 0;)] 
B o6meM ~e He paBHI:l Me~ co6ofi H anpmopH aa.ztaHH , a BeKTopu 
U 0.j) H u(J.j) B CBOIO O'iepe,n:& (B 06018M CJJ:Y"{ae) y,ztOBJI8TBOpmJT YCJIOBH

.IlM HopMHpoBRH, $pMyJIHpoBaHHHM B nyHRre I, TO 

uJ~) =ai ().j) Ui ().j) ,ItJIJt BC8X i=1,2, ... , m, r,ne (2. 7) 

ai (J.j)=[dJA.j)/~ (..'i)].t 0), a (2.8) 

.t (J.J) onpe.zteJieHo B (2.4), (2.5). 

noxa3aT8.7IbCTBO. IIyCTb CHa~ d#O B (2.1) .B3BeCTHO. Tor.na. on
pe,I18JIJIIB }; l/13 (2.2) 2 ), 061:llJHO HaXO,IJ;JiT .:\ (2.3) H U (2.2) 1 )• a 3a,ztalJy 

(2.4), (2.7)+(2.8) 061:l'lHO He paCCMa.TpHBaDT. EJIJt ,ItORa3aT8.7IbCTBa (2.4) 
H (2. 7)+(2.8) BBe,zteM flU , ROTOpl:le y,noBJISTBOpJi!OT paBSHCTBaM 

- (I) 

t1U .. u-u j C llU ::)L1U (2.9) 

H nOJIY'iaiOTCJi nocJie BN'IHTaHHJi H3 (2.2)2 ) paBe~fTBa (2.2) 1)• 8CJIH BOC
noJI:&30BaTl>CJi (2.3). PaBeHCTBO (2.9) 2 ), r.e. c _,U .. ,A ALL, y&a3NBaer 

(npH Bl:lnOJIHSH.BH paB8HCTBa (2.2) 1 ) Ha H80,llH03Ha'lH?CTl> npo6JieMI:l C06CT-· 
B6HHIDC <PYmtu.Bfi npH 3a.ztaHHIDC C06CTBeHHIDC 3HalJeHR!JiX A • Ha CaMOM ,neJie 
lRaR .ll3B8CTHO, HanpRMep,(5J),co6CTB8HHI:l8 ~YHKQHR HCXO,ItHOfi 38,l(a'IR 
~ u.. .. ). U. (2. 2) np.11 3a,n;aaHWC co6crBeHHI>IX 3Ha'leH.BJiX ~ onpe.neM-

IOTCJt H80,llH03Ha'IHO (a C TO'IHOCTI>IO ,ItO HOpMRpOBO'illi>IX MHOUTeJien) B CHJIY 

Heo.nHoaHa'!Hocr.B MYJibTRnJIHKaT.BBHHX npeo6pa3oBaHRft no.no6HJt 

3'u. = ).U -[1(r-~~r)(r-•u .. u) ... ;.u]-+ f di.tg, U;)u =Jii J-
-.. H n oli.a.8 r J.,) ·l>-'] u. .. .i\ uJ- [dit.UJ o>. a"' ciia8 r..A.>. a 1 

r,ne a "'7)-' U = Ir' r-• U , a ]) =:elias ( d i ) R (d i. .j: O) - JII06He O~JIR'IHI:l8 
or HYJIJt 'lRCJia. CJie.ztoBaTem,no, MaTPJIIUI:l T-npeo6paaoBaHM no.no6M (.nHaw 
roHaJIRaau.Bl/1 ~ ) onpe,neJieHH c TO'IHOCT:&IO .no YMHOlKeHHJt cnpaBa Ha npoHa-
BOJI:&HyiO (H8BI:lpolil,ll;8HHy10) ,n.BarOHBJILHYIO MaTpHUy l> , TaR RaR 1>-rT-1,. (TD)-1 

s:; 

H co6cTBeHHI:le BeKTOPN U y,noBJie TBopJi!OT np.a aa.n;aHHOM .A JIICXO,nHott 3a-
,na'!e (2.2)1)• r.e. oJ ::: 1e .., 

CU.=) U. (2.IO) 

llpR 3TOM 38,l(alJH (2.2) 1) H (2.I0) B CHJIY ). ~J H [U = (TDf' U] 06l:l'lHO 

npKHJt~o aaaHBarb MYJ!l>THnJI.BRarHBHo-no,no6HI:lMH HJil/1 npocro no,no6HNMH. 
3aMe'laHHe 3 (Onpe£eJieH.Be 2). Ey,neM ~aJiee (B OTJIHlJHe or MYJI:&TR

UJIRRaTHBHoro UO,U06RJi, KOTOpoe npo,neMOHCTpHpOBaJIH Bl:lm8 H rrp.11 ROfOpoM 
COXpaHJi!OTCR: C06CTB8HHI:l8 3Ha'f8HM ft = ..X , HO l1 ~ (TDr' U. )), npeo6pa30-
BaHH8 (2.1), rrpH ROTOpOM C06CTBeHHI:l8 3Ha'f8HHJi CBJt3aHN a.n,nHTHBHHM 06-

6 

., 

pa30M (2.3), a C06CTB8HHH8 B8KTOpHMyJ!l>TH~THBHO B BH,ne (2.4) H 
(2.7)+(2.8), Ha3NBaTl> a.n,nRTHBHO- llO.U06HI:lMX • 

~ee,.UJ!Ji ,UORa3aT8JILCTBa (2.4) l/1 (2.7)+(2.8) OTMSTHM, 'iTO llpH 0~
HHX H TeX lite A H ~ HMSIOT MeCro paB8HCTBa (2.9) H (2.2) 1 ) npR YCJIO
BRR:X (2.9) 1), r.e. 

rn 
CU=AU 

(I) 

c ..1 U=J !J.U , r.ne !J.U=U-U. (2. II) 

Tor,na (B CaJiy OTM8'18HHOrO Bl:lW8 MyJILrHnJIRRaTHBHOrO llO~OORJi B 00Dt8M CJIY
'Ia8 .llJIJi JII06NX oneparopoB A H B) RM810T MSCTO paB8HCTBa 

f AlP ::.t\ \~'} [S·.d'T»JA cr»r'J l Bx "' J.:x [o.& .. A•AA),.t(J;l"{11>)lp()i)]c2.I2) 

.ItJIJt Bcex i. =d,Z, .. ·, m . 
PaccMaTp.11BM renep:& BMSCTO f } - JieBof:t lJaCTR ~2_.12) 38,l(alJY (2.II), 
T.e. 3aM8HJiJi BCJO,ny B (2.12) A H B Ha oneparop 2 R {;!~ =..1=-).A,'f:..U 

.11 X = A U] , noJiy'iaeM -I 
t=(TJJ) (5J(T1>); !J.ll=(T1>f

1
ll.. (2.13) 

DTRy,na (B Cl/1~ (2.13)1)) JIIM88M 

(TD)=diafJ (]);, ().j)) ::di~ (1J()jl ), 

AU (Jj ,.Ai) = J,U (.iljl • di~ [D().j)j-U(A.j) = ])( Aj)· U(Aj). 

~e 8 , YlJ.BTI:lBaJi }, U = [i- U , UOJIY'iaeM 

[i(Jj)::::[1+<D(ilj)]·U(}.j)=-tO.j)WJj) ~J!Ji Bcex j=1,2, ... ,m. (2.14) 

Hrax, npH a.n.nRTHBHo-no,no6HNX npeo6pa30BaHHJiX Bee co6crBeHHI:le 3Ha'feHRJi 
06peTaiOT O,UJIIHaROBOe cJ. -CM81.118HH8 (2.3), a Kali'JU:l~ C06CTB8HHNf:t B8RTOp 

!J()-j) - cJKaTRe (pacriDKeHRe) B o6meM CJIY'fae. O.IUiaxo BOIIpoc 
paBHOM9pHOnTR paCTIDKSIDIR ( CJKaT.Il.R ) B CaliiOM 001116M CJ!YlJa8 
rpe6yeT ,noiiOJIID!TeJlbHoro aaaJIRaa. Ha CB.MOM ~eJie, nycr:& npe.zt
BapRTeJIDHo IDI'iero He .ll.3B9CTHO 06 ~TKBHOH CBJ13.1l. (2.1) MaE-

,ny MaTp~BMTtl C' H re • Tor.na (RaR CJie,nyer H3 npHB8,!;8HHIDC Bl:lm8 paccyx
,neHHft) 06DI.I1~ BH,n(OTJIH'lHI:lX 0'1' T0~8CTB8HHOrO HVJIR:) C06CrBeHHI:lX B8KTOpoB, 
OTB8'laiODI.BX C06CrB8HHNM 3Ha'f8HH.I!M Jj l/1 Jj ,UJ!Ji (2.2)I) .ii (2.2) 2 ) (B 
COOTBSTCTBH.Il C o6me'- KOHUSITUHefi MYJil>THnJIRKaTHBHOro no,no6HR~ MOmHO 6H
RO 6H 3aiTHCaT:& B BH,n8 (2.6). ilpH 3TOM ~J!Ji H0~4HpyiODtHX MHOKHTeJiett B 
(2.6) B o6meM CRy'lae HMeeM { di. ( Aj) f: dn ()) H d~ (:Xj) ,P d~t. (f;); 
dtf_A.)FO; "~~}# rrpl/1 i /: Y!. ]."' · _, • Tor.ua ,UJ!Ji Rallr,II;oro H3 co6CTB8HHIDC BeK-

t,rt J-1 ".(j ~ 
'!'bpoa o6mero BH.I(a (2.6) Q:()j) H U (.Aj) , B3JiTIDC CO CBORMH HOpMH-

pOBO'lHNMH MHOlKRTSJI.Riv'.JI, 6y,ztyT T8KlK8 cnpaBS,UJI.BBN paBSHCTBa 
(I) " ~ (/) A ,._ .._ ,!; ,.._ c u O.j) = Aj u O.j), c i1 (Ai)=).j u. ().i). (2.15) 

Y'ITSM renepL, 'ITO MaTpKgbi C' .ii g, a TaKlKe HX·C06CTB8HHHe 3Ha'l8HRJi 
x) 

naHHOe B~e Onpe~eJISHHe, RaR BH,IIHM( OTJIH'la8TCJi OT H3B8CT~OrO (Ha
ijpRM~p, l5)) onpe,neJIBHJIIJi (npHHURnaJ C,UBHrOB B CHJiy (2.4} H 
t2.7J+\2.8). 
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cBSisaHH (RaR .1'1 npeJQe) paBeHCTBa.Ma (2.I) .1'1 (2.3). Tor.na aHaJIOrH'IHO 

roa.zy, RaR nocTyn.I'!Jlll. BHille .IlM ~ i1 (X> 11 U lJ), MOJEeM .IlM WHRild " /:: -U 0.;) R U. (A.j) 3an.l'lca'l'l> (c Y'ieTOM (2. I5}, (2. I), (2. 3} .1! (2. I3)) 

paB8HC'l'Ba (J) " ,. 

~~ t.U (Jj ,Aj) =Aj /lU (~j ,.AJ), C U (.AJ) .. ).j U(J.;) • (2.I6) 

JU (~,A..,;)=~ (J> CAj))·u (AJ) , r.ne (2.I7) 
o6osHa~ ,., ~ 

t.UCXJ,JJ)=U(.i.,;J-U(~j). (2.I8) 

Ms (2.I7) .1'1 (2.I8) (c yqeTOM (2.6)) no~eM 

a Oj) ::diQ.~ [a;. ().J)] u (.A;)' r.ne (2.I9) 

a.t;.j)=i7~1·~(~J), ~j·}.rf.d, ~f).;J=D(Jtj)+!. (2.20} 

HTax, noxa3BAH cnpaBe~oCTb YTBep~eHRH ~eMMH npz y~oB.B.B, 'ITO npo

KSBOnbHoe BemeCTB8HHOe d B (2.I) cymeCTByeT. Bonpoc 0 cymeCTBOBaH.I!B 

d (K, ~e.llOBa1'8nbHO, TipaK1'.1'1'I8CROM BH6ope ere np.B BH'I1'1~8HMX Ha 3BM) 
no cyu He npe.ncTaBJJ.R:er orpy.nHocreM. Hanp.BMep, Molmo BH6pau B xa-qecr

Be d MRIHRIManbH08 .1!3 BemeCTB8HHHX '!RICe~. o6eCTI8'IasaDm.I'IX BHnO~eH.I'Ie 
.llOCTaTO'IHOrO np~Haxa CTporo TIO~O&Ii!Te~bHOI (oTpBUare~bHOI) onpe.ne~eH-

HOCT.R Ma~pH!lH , T.e. r> (J) • 

~~1+t:ii~Jf£d; /'rJm+-d/~Pirl; ,IWI tc1,m. } . 
) ,, .· (2.2I} l~:+of{~/~;..,/+1~1 .llJlH Bcex L•.t,J, ... , m-1. •• 

r.ne B HepaBeHCTBaX (2.2I) XOTR 6H O.llHO RBJJ.R:eTCR CTpOr.BM ( > ) HepaBeH

CTBOM. !eMMa .llORaSaHa. 

CneAC'l'B.I'Ie I. llocxo~y paBeHCTBa (2.4}+(2.5), a TaKZS (2.7}+(2.8) 
BepHH np.l'l Jlll6HX i RS RH!l'8pBaJia !. ~ i. '-111. .IlM Jn06HX C06CTB8HHHX SHa'Je

Hd )j 1'1 )~ , TO B ~e, !<o~.na nepBHe ROWJOHeH~ Ul~) 1'1 U,(X.l) 
C06C!'B8HHHX WmtrlRift U ( ~j) Z U (Aj) Mai'P.I'In IJ Z ~· BH6.1!paiOTCR 

O.llZHaKOB'hiMRI (Hanp.BMep, paBHHMR I), A (Aj) • i . H, c~e.no:aaTenHo, 
6y.nyor BHnOJIH!tTbCH npa STKX Y~OBMX paBeHCi'Ba // U (Ji )J .. , U{).j) fl B 

(2.4)+(2.5), a i'a.De U;.(~J):[di().JJ/dc (A.J)}UL(.).j) B (2.7). 
3aiii81@JU18 4. HTaK, eCH y .I!CXO.IlHO! MaTPH!lH B'<I.I) .BMellTCJ'l O.ll.BH 

(WIJ! H8CKOJII>KO} ey~eBHX ,nHarOH~HHX 3~6M8HTOB ~=0 U60 O~J9H .I'IJlll. 

Hecxo~bKO ey~eBHX BepXHRIX (HRJm.I'IX) r~HHX yr~oBHX M.KHopoB A ... -o 
!(I 

WlJl tr,."' 0 , '1'0, BH6paB CM811!8H.Be 0 (B COOTB81'CTBRI.I! C (2.2I)), no-

~8HHH8 B [I] (z npne.neHHHe BLIDie} a.JII'OpHrMH npm~emD4 .nJm pemeHM 

cneRTpB.Jil>Hol 3B.Illi'IB MaTPHilH eJ • Ilp.B aTOM, KaK noxasaHo B C I], yxasaH

HHe BH1lRIODT8nbHHe nponeCCbl 6~yT RoppeK!'HHMR. 
r!) 

3aMeqaaae 5. llyCTD y acxo.nHOI Mai'pKUH ~(I.I), llOMSMO paB6HCTBa 
(t) 

HY~ or.neJil.HHX .naarou~HHX aJieMeH!'OB q,. .. o .B OT.llenHHX BepXHKX r~-

HHX yr~oBHX II.IHOpOB An :. o, O~TCJ'l B H~JI:b a H6ROTOpble B3 BHe.nero-,. ) ~ 

HS.JibHHX aJieMeHTOB, Hanp.BMep ""' o (JIJ[.I! "" = o ). Tor.lla MaTPBUY 

8 

r 

.., 

.~ 

pas6.BBaiOT Ha .nB6 MaTPKUH (B C~ ee pa3~0lKMMOCT.I!) .1'! ,nJJ.R: Ka~Otl: .1'!3 ee 

'l8.CT81 OT.Il6~DH0 pemallT Cll8K1'panbHYJO Sa.,na'IIY C Y'I81'0M CBRSR Me:amy HHMR 

(HanpKMep, l5l). 
Rue MH npaB6.1leM pesyJibTaT, KOTOplif.t B paMRaX e.nKHoro M2,To.na yqRTH

Baer BC8 BOSMOEHH6 (oTMe'JeHHHe BLIDie) oco6eHHOCTK MaTPKUH C(I.I). IlpK 

3TOM MH COXpaHJ'leM onpe.ne~eH.IUl .1'! 0603Ha'I8HKH, npaHRTHe B [I). 
w 

TeopeMa I. llycn v(I.I)+(I.2) - Tpex.IlHarOHanHa.R :Ma.Tpaua o611!ero 

BH.na (B coorBeTcTBRH c onpe.neJieHaeM I). Tor.na aMellr MecTo c~e.nyDII!ae 
m (!\,d)- MHO:EeCi'Ba ROppeK!'HHX a.JII'OpKTMOB .nM BH'IKC~eH.IUl ee C06CTB6H-

HHX SHa'JeH.Bft: IN.,) 

t. ( A -~r~eroA) • Ecu I R I > e. llM Jlll6HX K= I, 2, •• ., !Q. 
t::J fl() (II) (-) (K) (10 , 

a,= Cfl. 't.;.)/(9i-r q,); t, ::.r.,t,=O; t-'2,.3, ···, m. } 
lj<J (Jtl 'fJ 1 CJ'l 110 (I<) • 

A;,..,=- i- G; J'\i: ; 111 " 1\t = 1 , ll,.,.z "'0; "" 2,3, ... , wt, 
(IC) 

{ 

(Cl It<) (t<J 

1 
• .,

1 
(qtA<tr (1-A;.,)]/ti , 

P. = rt:·~Jf(qL,·A~) ' 
ecu ~.to .1! P. ./:() 

~) ' 
.B Pi .Po ecu z, .. o ,., 

0, ecu '1-i =O .B Pl=o iaJ.
1

.J 1 ,..,ffl 
It I 

ecu z, =1=0 + P;. 

' 

{ 

'"' (l<) (<) (><) 

If:! I q. l\i+r + qLtt ( 1- Ait2) , 
'1 i - (<) !{J t~J 

i - q, + 'fLtr 4i.tr ' ecu t; •0 
~ "'11 2 I 3, " • ) /1l. 

lk/ l•J roo 
a /1 :/= 0 (lr!Jm)p,.o);,,..;J 

r~.- ~"' ~~- l 

(2.22) 

2.23) 

1
. .. -,. . ... 'rrcJ (IC) 

lim. .At = lim 9t , .• ,.,._ K .... _, 

Ji= {/.Lm 1.~-d .. limq"f-d, 
ecu d=O ~(2.24} 

d.;.o, i-•f,2,3, ... ,111. ecu K•• t-+«J J 
Ecu I~ 1~ E. B JJD6oft uepaua.a K=Kx ~ 2 Jl HeKoTopoM i•i.~<' , TO 

f .... ,, (11'\tr) (~} (te'IJ fit!) (tt'} («'> ]Itt 1(. 

1 Pn.=O; q,.,=q ... ; r~~·o;A •• ,=f;A~·q. n::L' .llJJ.R:BCeX 1<>.-K.. 

~) 2~ (7:,. -Me'l'OA). Ecu f .I>~ .llJJ.R: JJD6HX K=I,2, ••• , !Q. 

(I<+J) 

P;. = 

ll<•rl 
q .. c 

,,., 11<1 I (lr) («I (IC) II<) • J 
'(',"'(Pi ·t.J (q,_, ·'f.) j r, = (,.,.,•0; L=2,!, ... ,m., 
~~ 1«1 lkl ~/ llr.) • 
"(;L = Yi j(1-'Ci._,); 7:1 a0:7:,...,.1 ; t.=2,3, ... ,m., 

[

(ft ( 1-'e. Jff'd/"ti , 
11<1 (IC) I<) 

(qL · P;.)/[~t-r <1-~;..,)] · ecu Zi •0 • 
' (IC) 

0, ecu 'Z;=O .1 p .... o ; i-a2,a, ... ,m.. 

ecu 't;,:/r.O B 

qi. ( i-1:;.) + q,., '[;itr; q,t,-0 , e~ U :/:.Of= p, 

~ :/= 0, 

w~o, 

t 
II<) Itt) (JC) {!tJ (IC) ~ 

II<) 11<1 (I<) ~ 11<1 • 
~.: +"Y.+r' q,t, , ecu 'U. • 0 .a 11-1 o (JIJ[.I! P, -a } ; L.•1,Z, ... 
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(2.26) 

(2.2?) 



Ec;m 

lim (10) 

' tl< .... .,., qj, ' 
J\; = IA.m. if: - d 

ec;m d.= 0 

eCJIH r:l. :/ 0; i.= -t,2, ..• ,m. 
K•oO 

r/i!) 

[ P,..l ~ c B JI106o! .arepauM K=K* ~ 2 a HeRoropoM i. = i} , 

r c~•11> (K~l c~t*J Cr:l'> t~<•> }"' • .x 
l. P, ,. 0; q~ :: q 11. ; ( 11 =: 0; 'I;; .=o . .l1Jlfi BCeX K ~ 1\-- • ,c. Lit 

/~) 
3: ( T" -Me :ro.II) • EcJIH ·r, / > E. .l1Jlfi JI106wc: K= I, 2, ... , !Q. 

('Sf'' (~} Sf.! (I<) (fC) 

'1, = (q, -·r.) + 7£., ; T ... ~, "'o , 
(1(,,, A. (I -If:) ] J:il 
Ti. "" r <*1;- "" ( ~~ -'~?' ) ··/i L il,-1 q ,., H 

i,..:.: 1,2, ..• 'm.' 
(Ktl) 
'r,: 0; i. a,l1 3, ... ,171, 

). _ ..... ..,'f. , ecmi d.. -o, 
•- l.i.m r'J.'." _ d ecJIH d -lo, i =1,J., ... , 1>1.. 

(2.28) 

!Q. 

(2.29) 

(2.30) 

I
~ (4·~ -

lis.*' ~-.. '1. ' 
EcJia I~/~ E. B JII06oft uepaua.a K=K*~ 2 • HeKoTopoM i .. i~r- , .To 

[ 
CX"+t) (K .. t) r,.*) J Itt. • .X 
T, = 0 , q... .. 9 ,_ ,._ = i,. .D:M acex K ~ 1\--, r.ne (2.31) 

(I) !:l (J) (I} 

!!J-(P."'· ... )j(D. -'/;.)· 7.1-cO::T...,H; i"J.,J, ... ,m.. 'fi - t • v, ]L .. I f,-1 ' (2.32) 

1
,1(.,, I 

4. ((T- A )A -MeTO.II). EcJm P. > g .l1Jlfi JII06boc K=I' 2 ••••• !Q. 
Ucl [ ltl Otl (~> ,1 It> !ftJ 1101 tal . } f. .. (p, 'l.;,)/(9i-• -T;,_,)r(Pi·Z;.)/A..,, 'l',=T,.,f,•O; •=.t,J, .. ·,i>!.. 

(/C) 1•1 151 • • A i. :: q i. ... '/i j L a 1, 2 1 • • ' , h1. , 
(2.33) 

UC+'J tiC) fJC1 (le) • R :::().t/Al-·)·Pi; ~=2,;, ... , m. 
(lt.1f) (IC) fk) (It,) (Kl (a,} 

qi. = (); + q~..,)- AL+I j q..,+, :O• ).,.+, ; ~·1,Z' ... , m.' 
It> II<) 

[ 

lim. q,. = lim. ). L , en p-u d • 0 
J(. ... W J( .... O. ~~ Ln 

·IZ (II:) (IC) • J. lim q. -d "&m.. ) 1-d, ecmi d~o; t. =.,,z, ... ,m 
f(....,eo L 1<.+40 

Ot'J 
EcJI.I'I { ~./~E. B JI106oft uepaoaa K=K*~ 2 a HeKoropoM ~:d.,. 

{ 
'""' cr••rJ '"*"r , •• , l"" 
f,. =0; p, uO; ql'l. =ft.,.. J 11.l* .llJUI Bcex K >, K t-. 

(2.34) 

' '1'0 

(2.35) 

I 
(K+I) 

5. (A" -MeTo.II). Ec;m R l>e .l1Jlfi JI106wc: K=I,2, ••• , !2. 
(IQ (k) 00 I (C) (I(J £1e} 

A,.q,-(P,'l.~) A;-r; ).,=q1 ; i><2,3, ... ,m 
le>t) lk) (•) ( .. ) 

H =().,I ).,_,}p, i i".2,3, ... , m 
(r:t!) '"' ("' ~... '"' tr:) • I < 2. 36 > t =O.i.+qi.+I)-J..itl; q,...,c·O=).,.,; ~-=1,3., ... , 171. 

{ 

D· fk! {lcJ 
~ u.rn. q. = f;.m.. .A.. ec;m d = o 

J\[ ~ ~-#'00 ( \ l(-- •IICI ' 

lim. cli-d= fim..A;--cl , eCJUl c/..i:o; i=-t,.z, ... ,m. 
(I"') 1(-00 1( .... 00 • 

ECJI.H I /1.{6 e. B JII06oft arepauaa K=K* >-- 2 H HeKO'l'OpOM i a i,. • !Q. 
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I 

1 
J 

crc•J c-:•J (k • ..,,, (rcf.+tJ ~·> J"" 
{ J ... = q ... ; P ..... o; q,. = ........ ,. .n;M Bcex K~ K* • (2.37) 

{ 
,;, r•> OJ lrl ]"" _X) 

3.IIeC:& BO BCeX M6'l'Oliax q, =9t+d, P ... =P,.. ?;,.=Z.,_ i·t~·~ - aJieMeH'rlir-
fl> c' ,,, fJ} ~~ .... • • 

MB.Tp~H <- = +d[, [ {j;. p.,_ i~~.J'~ · . •.. 
1

- aJieMeH'l'H .HCXO.IUiOI M!U'PHilH 
''' ' , z-., .. { rif f1) C{I.I), a d. -HeRoTopoe .n;elcTBateJI:&Hoe tJaCJio,Trutoe, 'ITO (~1 :qL+d):/:0, 

tj;. ] .... 
a~ !-O i•f , KO'l'Opoe BH6apa.eTCJI HS Y9.fiOBM CTporolt llOJIOUreJI:&HOit 

(orpanareJI:&Hoft) onpe.n;eJieHHOC'l'll Ma'l'PRUH ~ (HSnpaMep, B coorBeTcrBKH c 
(2.2I)). 

lioKasareJI:&cTBO reopeMH I Ha~eM c ~pMyJIHpoBaHHR cJie.n;yDmax pesy~h-
TaTOB. 

rt) 

.HeMMB. 2, 
{ l~) J.., q i t- 0 ,,-f , 

IJyc T:& C (I. I) - rpeX,lU!B.I'OHaJihHBJI Ma 'l'pHUa, y KOTOpoft 
Tor.n;a, ecJIRJ z~~. -o .l1Jlfi JI106oro 11. as .aH:repBaJIB. ~ >! JC. <!. .m., 

TO 
(I<.) 

p,. =0 
(2.38) '"' r .... = o , 

'~' { 0 ec;m r.... , 
-= (IC} C) fir) 

"" Pn/(q,Hq,,.) ' ec;m 
.11 ~=O r.n;e 

' 
(2.39) 

HO ,., 
P. "= o 

(~) ,., 
~~Hicf. > '(;,._ : 0 .B. 

~I (IK) ~ 

f.t'\.), l'rd a hd ecr:& COOTB8TC'l'BeHHO (2.4)2), (2.8)2) II (2.I4)I), 

{ 
rc) { (t<.) ~ .. , I!<) J'" 
~~] ecu (2.4)I)• a q1,'fi,Pi..,7.~•=2 -a~eMeHTHMarpWUH C(I.I). 

noKasaTeJI:&crBo. ~s (2.22)!) no~~aeM (2.38), a Ms (2.22)2), 
(2.26)2 ) .a (2.33)I) no~eM (2.39) • .HeMMa .n;oKasaHa. 

llpo.n;oJIEaR .n;oxasareJihC'l'BO reopeMH I (c ytJeroM ~eMM I a 2),oTMerHM, 
'ITO OHO coBna.n;aeT c .noKasaTeJI:&CTBoM,paHee BWIOJIHeHHHM B LIJ .l1Jlfi yxa
saHH!iX BHJDe Me'l'O.IJ;OB .t\,'1;;, 7', (T-/l) a }. -(I.3)+(I.I6) l'OJ!hKO ,nJISI 

MaTPRUH ?J • TeapeMa I .n;oxasaHa. 
3aMeqaHae 7. YxasaHHHe B reopeMe I anrop.arMH o6Jia.n;a~T cKopocrhD 

CXO.IJ;HMQCTII, KO'l'OpaH He xyxe, ~8M 
ll<tl) ti I ~~ [ (!I . 111/= +·1ft! , ~=~.3, ... ,mj 1<~1,2., ... , (2.40) 

r.n;e .. ~~L"').t+d11 = 1, Ai·t {.).d~. 1 - C06Cl'BeHHHe 3Ha'I8HHR HCXO.IJ;HOft 
Ma'l'PRUH C(I.I). 3ro yTBep;!;,D;eHHe RBMercR Henocpe.ncrBeHHHM cJie.n;crBBeM 
saMetJaHM B [I], a rB.Kl!e JieMMH I Hacromneft pa6orH. 

3. KoppeKTHHe Me'l'O.IJ;H BH~.I!CJieHRR C06C'l'BeHHHX SHatJeHIII rpe:x.n;zaro
HaJI:&llHX Ma'l'pH!l o6mero BH.n;a Ha OCHOBe O'l'HOllieHa~ HHXHRX rJiaBHHX 

yrJIOBHX MaHOpOB 

B pa6oTe [I] a'BHme B Hac~omneft pa6ore HaMH nocrpoeHo MHOEeCTBO 
1?1(.t\,aA)KoppeRTHHX MeTO,ll;OB BH'I:IlCJieHHR C06C'l'BeHHHX 3Ha'I8H.Ilft MaTpY~H 

x) 3aMeqaHae 6. Bo Bcex MeTo.n;ax, npaae.n;eHHHX B aro~e~ReMe H HHXe, 
MH (B ueJIRX COKpameHM o60SHa'leHHft) TIOJih3yeMCR ~~ =qi , eCJIH 3'1'0 
He npaBO.IJ;IIT K H8,ll;Opa3yY8HHRM. 

II 



C(I.I) Ha OCHOBe T6XHRRH OTHOW8HR~ BepXHRX rAaBHHX yr~OBHX MHHOpOB -

!\. .II np.wru;.i!liS dA -CMei!16HHt!:. JlOJD!tHO cymeCTBOBaTl> B CHJlY reopeMH 7 (3] 

eMy conpmr.:eHHOe MHOllteCTBO m_ {t, d,.) Ha OCHOBe T6XHHRH OTHOW6HH! HHJt

HHX yr~OBHX rJiaBHHX MHHOpOB - Q.- H qfr -cMeuteH.B.ti. llp.B. HOM, 0'16BMHO, 

J,..=d.=ofG- 1 a TB.Rllte (B CRJIY yRB.3aHHOft T80peMH 7 (3J) C~e,nyeT BB9CT!i 

11146CTO YMOBR}t 

U1l"> 1/.z.l>···> I.A..,.,\> I.A ... l~o, (3. I) 
(I) 

xapaxrep.I'I3YJOU!HX co6CTBeHHHe SHa'leHHJI MaTP.I'IU C( I. I) o6mero BMa (B 

COOTB6TCTBR.I'I C onpe,ne~eHH9M I~ yc~OBHH 

o 6: I X,! < I ~d < ... d 5..,_, I< I J, f. w (~) (!<J J~4) (I() (~) 

Tip.l'l 3TOM RTepauzoHH~ npouecc ( (.; = L · 1< )- cc ==R • L) 
(I() IJl 

(3.2) 

EaY3pa < L R-
a.nrop.a'l'M, r.ne 1.. -H~ .n;Byx,n:.maro~:&HaH, a f< -BepXHHH .nByx.n.maro-

H~:&HaH MaTp.anH [I]), .acno~:oso:saHH~ B Ra'lecrBe crapra .n~ reHepau.az 

Jn(A,d)~H01t6CTBa, C~e.nyer TIOM8HHT:& (B COOTB6TCTB.I'IH C T80p8MO~ 7 (3) 
~ [5)) Ha rrpouecc 

II<) (1<) (I<) («•tl (I() l«) (3 3) 
(C =P. /.., )---(c =L·R) • 

(If.) (I<J 

.n~ reHepauRR m (G-, d)- MHOllteCTBa, r.ne a~eMeHTH MB.TpHU R H I.. 
onpe.ne~eHH B BMe (I.I2) B (I). 

TeopeMa 2. Ec~H ~(I.I),(3.2)- rpe~aaro~:&Han MB.Tpmua o6mero 

B.a.na (B coorBeTcTB.I'IH c onpe.ne~eH.B.eM I), To .B.Meer Macro c~e,nyx>mee 
W {t;.,d) - MHOJteCTBO RoppeRTHHX a.III'Op.B.TMOB ~ BH'IRM9HHH ee C06CT-

B6HlihlA ~tttt."i~Hilii { ;J J , J:,u,o iviG~~,- ~J" n .... 1J =-~~=: :.::::: ;~e!!~'!'-
:sa 

..Aj =~m-(j-tl ; J:m., m-t, ... ,!' (3.4) 
(Nfl} 

I~ (G -MeTOJ!). Ec~ I PJ 1 >e ~ .mo6HX ~I,2, ••• , !2 
II<) (() Ct<l W I«) (1:) 

r; = (Prtj){(q;-r ·9j); t1 = (,..,., =o; j .. ,,,,.,, ... ,J. 
t•l (I<) l~J..f («) (!tl • 
Gj-r= !-rH,·~j; G-,.,.,rr,.. ... =-1.; J .. ,.,.,,,.J., ... ,t 
IISI IIC) I~) • 

71 j "' QJ • IT;., ; J « 11'1-, m- ~ , ... , 4. 
/IC+r) ~ J:!l (El "" , 
Pj = (.i\j-1 /).j )· I"'J; wo;J:: !It, m-1, ... , .t, 
(""'' /rcJ (t<) 1"1 Cit) ft<t (I<) • q; :::: 9 j · t;.j·r + q ~-1 (!- G-J-d i q o : 0 = C-.1 ; J = m ,m-1, ... , 4. 

,.. { l;,m. f. c: lim rq"'! , - ........ J "'.... J, , e~ 
Jl'- ~ '"' J li-m. ~. • d ~lim. a. -ol S!"' ,. ... ., J oc+oo H ' 

~.a I /"';•/ f. e B JIJl6o!t .arepauR.I'I K=K* ~ 2 .a HeKO'l'opOM j .. j*' 
(Ki) eft*) (!!'l Clt*l (tf.t,) CM ~~

1
~ f '(I'\. :: 0; t;"_l=f; An~ q ... > R.-o, q" cq,._ ll•r ~ Bcex K ~I<* • 

• I'~")! 2. (7:" -MeToJI). EcB t'J >E. ~1,2, ... , !Q 

(3.5) 

d.=O, (3.6) 
e~ drf:o;i•m,wr-r, .• ,f . 

·!2 
(3.7) 
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t!'} t!'' I («) I}J U<J ,., 
~J "'(Pj·'!.j) (qi·l · 'fJ); Or,. ¥,..1 z0; jcm,m-1, ... ,:1.. } 

S
frc) {I::J I~) (rc) ~).> • 

~
._,:. 'tj/(1..- s.); S,.,=o::~,.; J:om., .......... ,t.. 

{k~ (Jt>J 0 s •9j·(-1.-Sj); J•m,m-~, ... ,i 
(3.8) 

Cl<+l) ~~ J.,_ltJ l.,ICl 

p. = (.A ;-r I ).J ) • l"'j ; j = m., m- t, ... , L } 't') J/!1 q' ~ r. J!'l • .I 1 _ .,. + _ . . = o= ~ . J=m,m-i, ... , .... 
J • .1\J ~-1 J"l I 0 -" 0 I 

;- { fu. ~~· " t. ... If; . ecJIK d a 0 • . 
Jlj :. (l.m ~:·- t;. ..... q1 - ol ecJIK d t 0; J c m, m-..... ,{ • 

P.I!'J IC.~ J - C.A 'l: " .... - J • 
EcB I ,.(<e. B .mo6ol .arepau.B..H ~K* ~ 2 .1'1 HexoropoM j =ilf , !2 

{ 
Cll*l fF/ (11"1 l«'+ll lltf.tl 'Jfllj• rt\ =0; A,.= q ... ; P,.. "'0; q.=J. • ••• .n~ Bcex /( ~ K*, 

(3.9) 

(3.IO) 

(3.II) 
(141) 

3·. ('To. -MeToliL Ecu [ FJ />E. .n~ .mo6HX K=I,2, •••• !2 
11),+1) (") (/() {ltJ (J<) (!!l 
~i=(q;-F:J)tfj.1 i F;at..,=o; j"'m,m--r, ... ,J. } 

f~t•r> 1 t. {Kfn {ICH) ICJ l!!n (IQ (~ '' (tt1'11 fi., :[(If;_, -lf-,)j(qj -F;)=(~;.,f il;)}fj.,; F...=F0 .,o; j"lf'l, ... ,.t 
(3.I2) 

l 
Itt+/) 

,.... &.m qj , ecu d=O 
Aj = ....... (II+/) (3. I3) 

lim q. - cl. , ec~ d ~o ; j:~r~, .. . ,i ,r.ne 
...... J 

II) (t) [{/ {t} (1) f'} /1-1 =(fi'tJ)/('fj -Fj); F.,:::r,=O; j .. m.,nr-r, ... ,t. (3.I4) 
tr.".. 

Ecu / P;./ ~ e B .mo6ol .a:repB.UR.I'J K=K* ~ 2 a HeRO'l'OPOM j.j * , !Q. 
r llll'+d t«".-•J or.•J 7 j • 
'\f:.,aO:CI.:Q ... r~-~ ••··• ~BCeX K~Ktf 

4~ ( CT- ).)f. • -Me;OJ!). ~u (p~-~ >E. .n~ .mo6HX K=I, 2, ••• , !2 

(3.I5) 

(l(j (It/ 1!<1 I.e) (It) ( .. ) } 
FJ •1 = ( P.J · 'tj) / ( q i - F.J); F,. "' F. = o ; j = m , m-1, ... , l . 
(CJ IIQ IE) , 

'X·=9·-F·. J=m.m-1 ... ,! 
,.;, t /lo) J •• { 1~1 , ' 

P; = ( 'XJ-• I '-i). Pi i j = ,, m-'· .. ;·., .t, 
f§+ll (lo) tl<) (<t.) f# ~ • 
'1J .. J,; -+ qJ-• _ 'J-J ; ~· ., 0 .. J.. ; J,. m,m-1, ... 1 ! 

l
'· If> _ 1. rc"' ecu d= o 

- """"' AJ - um.. Q • ' )_-- IC...,.., k•• IJ 
~- t,. :f·-cl.= t.,m.

1cj'i -d.. ecu tl~o; j•m,,..,, ... ,! .(3.I7) 
(rcl} .. ~.. ' "..... ' 

Ecu I p,.j H B .mn6oft .B.'l'epa.D;.a.a ~K* ~ 2 .a Hexo:ropou j = j* , !2 
I (J-) tif.)- Cttfl llt"t-11 ~) ~ JJ• 
tfn.=O; 1n.==qr~.;fi .. o

0
,q.,_=),.n.1 ~Bcex K~K~ 

5. (.At -Mero,p;). EcJI.Il f~/>E. · ~ JIJl6HX K=I,2, ••• , !2 
IIC) (r) ~) J5' ~ ~otl ' } J. j-1 = lf.J-r - ( f} . 't j) /)I j i .A"' • 'f rot ; J c m, m-1, ... , 2' 
(t+t) ,,., {l!l w ~ . 

Pr ,.(1{.,/).J) t'jl ·, t'4::0; J=n1,m-i, ... ,:, 
I J" ),.~ 

fjl•r> {II. t~<l _ ~ • ~> • 0 ., ).. • j = ~, m-~, ... , t , 
'fJ = }..J + ~J-r A,j-r J '1• 1 .1 

,. ,. f!.rl eM.B. (.A.= o 

{ 

um.. . = u.ttt- .,. ' 
"\ l(..,.fJ/11 I IC-+ .. ~ 
/1•= w 

I lijl'l. :;,. -cl. = fi.m ~ - d . ec~ d :/:0. 
" .. ., J " ..... '1J 

' 

(3.I6) 

(3.I8) 

(3.I9) 

(3.20) 
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EeJUI! ~~~/.G.E. B .mo6o~ Hrepaurut K=K*~2 .a HeKoropoM J=j"' , .!Q. 

{ 
t1c•1 tx.'1 (t•to (te't'> rs*! J j • 
Jf,.._,== qn_,; P.,=O; q,. "'"An. 11 =1 .D:JUI Beex lo~ K*, (3.2I) 

.. !!! (t) '') "' 
3,nee:& ,nJUI Beex G-::,1:s--.'1'Go-;(T-~;s;H )~>- -Mero.noB {qp,q,+d, P,.•Pn,z.,.,.]._,.t=.t-

w (II f J:l til J!.l It)]"' > 
3JI8M8Hi''bl ~Tp.ltl.l'bl ~,; "- G + d fi , a '11 1 q,. ,f',., ~~~ >t•L - 3JI8M8HT'bl HeXO,II;HOf! 
MaTPHU'bi ~(I.I) .It i- H8KOTOpoe BemeeTB8HHOe ~HCJIO, 0 KOQfpoM yze 
pe~:& liiJIB. BH!IIe. IIpH aroM B MeTo)l;ax arolt reopeMI:l BMeero qL eHoBa 

fj) 

llOJI:&3yeMe.R qL B eOOTBeTeTBHH e 3aMe~aHH8M 6. 
~OKa3are~erBo reopeMI:l 2 no eymeerBy noBropHer .noKa3are~erBo pe-

3YJI:&raroB [I], a ra~e reopeMH I HaeroRmea pa6oru, eeJIH npH aroM 
y~eeu (3.I)+(3,4). IIoaroMy, He oeraHaBJIHBaRC:& no.npo6Ho Ha Beex MoMeH
Tax 3TOrO ,D;OKa3aTeJI:&eTBa, OTM8THM JIHill:& H8KOTOp'ble R3 pe3yJI:&TaTOB, KOTO-

f (IC} 3m. 
pl:le RBJIRJOTe.R .D:OllOJIHU8JI:&H'biM.I! CBO!teTBaMH UOCJI8;IJ.OBareJI:&HOeTH 6-J-1 J•l 

.K np.KHU.Kna (fiHKeauail. (=HetzepnaHR.R [51). fi<J ,.. 0" 1,.1 1"'' ,.., 

JleMMa 3. ~ nocJie.noBareJI:&HOeTelt { G-i-1 J i=t .It { r.' S;_, Ft] i.eJ.,. 

~npe;n,eJIR8MI:lX B BH,D;e (3.3)2) .It (3.3)I) KaK ~HKUHR 3JI8M8HTOB MaTpWUR 
C, HM8DT MeeTO eJie;n,ymm.Ke npeAeJI:&HI:le eOOTHOill8HR.R: 

(C) ] m. 'lc} (I() (~) . ]nt. 
{ f<m C-c.,= i · I. , { l.im ( :0 -lkm. S; =O, ft.,., F. =o t' • (3.22) 

l(?tD ,.. I('+DO , 1( .... 01> K-rCIO &tKJ I 

JleMM8 4. IIyeu {J:J a [ !J J - onpe,neJieHI:l B BMe (3.I9)I) 
(=(3.5) 3 )) .It (3.5) 2) eOOTB~TeTB8HHO ~epe3 3JI8M8HTI:l ~TepauHOHHOM MaT
P.I!UI:l ~ • Tor.na pa.BeHerBa 

~) 

~ -::0 ( i ~ n. £ m) (::L ?~) 

.RBJIHDTe.R H806XO,D;RMbiMl!l 11 ,D;OeTaTO'IHHMR, a l 
(«) (~) (/() ''" (I<) ,., (/C) (k) 

Gj = 0- [ G-;~ 1 = ti•'-, Gj-.t -=i, Gj-1" 00 
, HO fry.,·'-j:!.- Oj., ] 

(C) {J() (IC) (J:) (ICI fl'-1 (C) !"-) ] 

.sj::.-oo~[Sj_,=O, Si.,=i,Sj-.1.=~, HO Sj_,·Sjs-'(j j 
(It) (II:) fk.) (t.) (t It} (.It) ftl (t} (C) 

Fj::.-oo-+[ ~-r "'0, ~.,"'qJ+>,fi-1=(!}.,'tJ_,)jqj.r ,HO 6-,·f1=-~ 'lj] (3.24) 

,noe Ta TO'Il!HM.K ( npa JIBJ60M j H3 HHTe pBaJia 0 ~ j ' m -1 ) YCJIOBHRM.K ,IlJIR 

o6pameHR.R B HY~ (m -J) - yrJIOBOro HRJ!tHero rJJB.BHOrO Ml!IHOpa MaTp.I!UI:l w G np.K JIBJ60M K=I,2, •••• 
JleMMa 5. EeJIH ,D;JUI JIBJ6oro j Rl3 l!IHTepBaJia If. j!. 11l- { HM8DT MSeTO 

npe,ne~HOe COOTHOW8HH8 

I ,., I ~'!,j ----+-0 npB I(_ cO (3.25) 

TO enpase,nJil!IBH Ta~e rrpe~JI:&HHe eoorHomeH.K.R . 

~~~ 'ZIt - 0 ~ : ~ [ p" l ~ 0 - ' ( 3. 26) { I 
(k) I }j-r JJ~ f.O) I f (It) }J 
;A ll:::~.t' '!2 1 n-• 

f\ J:,-JPO~ 

B 3aKJII0'!8HRI8 .UOICa3aTeJI:&eTBa raK!\8 OTM8TI!M, 'ITO Bee aJII'Opl!ll'Al'bl Teo
peMH 2 KoppeKTHI:l (B eMI:lCJie ,D;aHHOrO B (I) .1! BH!IIe B nepBOM naparpa(fie 
onpe;n.eJieHRR). TeopeMa 2 ycraHoBJieHa. 

14. 

3aMe~HHe 8, Bee aJirOpHrMH 1n(f,d)- MHOXeeTBa, yxa3aHHI:le B TeO-
peMe 2, o6Jia,D;aiDT eKOpOeT:&ID CXO,II;I!MOeTM He xyxe,'!eM 

(IC+I) X I!.') 

P - n ;.._, w . - (3.2?) ~· j ~ "•• rfd • r';· -' <I -· m.' m- f ' • • ' ,. J.. . 

r.ne lim. },i ,. A.i .d. z -"'1 
[ Aj-= ),..,_ 'i-,>] - eo6erBeHHHe :matzeHR.R He-

" .. "" w I ,., I XO,llHO!t MaTpMUH {.;(J.I), HO XJ-Vjj ~{. l!IS-3a (3.2). 
Haze Ml:l oeraHOBHMe.R Ha M8TO,ll8X Bl:l'!HeJieHl!IR eo6eTB8HHHX 3Ha'!8Hl!IM 

C(I.I) e aenoJI:&30BaHHeM {A.)- a { Gj] - noCJie.noBaTeJI:&Hocren o.uHo-

Bp9M8HHO. 

4. 

MeTO.llR Bl:l'!RICJI8HHH eo6eTB8H-

TaRO~ E9 KOMllaKT-

HOeT:&ID l KaR npliiB8,D;9HHI:l9 BH!II9 ) , T9M H9 M9H99 lvlbl l!IX IlpliiB9-
,D;9M ,IVIR llOJIHOTiil Rall'rlUil:l. C .n;pyroft eTopOHH, p.R,ll IlpOM9JKYTO'IHHX 
p93YJI:&TaTOB, KOTOpl:l9 llplil 3TOM llOJIY'IDIOTCR, RM91DT ea:.:oeTORT9Jll>
Bf9 3Ha~9Hlil9 ,IVIR IlOJIHOH aJire6p'bl eHeT9M ypaBHeHJiiH e MaTPHI.laMR Blii,D;a 

C(I.I). 
JleMMa 6. Palle~_P~S: 

Ud (K) 

Attr + G-i-r = i l'L~m-1 a K=1,2, ... f(4.I) .nJUI Bcex 
(<I 

/\,.,., =0 J 
.RBJJRDTe.f! 
'~' 

H806XO,lll!IMbiMH .It ,D;OeTaTO'IHHMRI yeJIOBl!IRMl!l BHpo~eHHOeTB MaTpl!IU 
C , y KOTOpHX 3JI8M8HT'bl f l•l }"' 

t q, i=~ Z Bee rJiaBHH.e yrJIOBI:l8 MBHOpH OTJil!I'I-

HH. OT HyJUI. 
~OKa3aTeJI:&eTBO. ~ellOJI:&3YR (I.2I) l!l (I.23), no;rytzaeM 

{ltJ (It) (IC~l ()C), (Jt) (k). (IC1 (r:) (11'}. (11:1 

(A ... , +- &,., -1) = ~ [ Ll: ·ll~., + t.~-·· ~JZ- q~. t1 ~-·. ~~ •• ] 
~~~. ~7.1 

EeJIH yqecT:& TaKXe eoOTHOill8Hl!IR (2.I0) 1!13 (2] 
Crk, (e) (tr.) (It) CtJ fK) fk),... 

t.., = q, t~r:,- P,., "l,L+I ll~L j A:.+J,"' 0' 11,.,., "i • 
ro .33 (4.2) no~eM 

(~eli ttl,., ltt)i.-t (leJ,... {a:) fiC)L-I (at),., - CcJi. ~~ - rl . ~)'" . (K)L-I 
f.. 1 · L'IL+> + /J., f,i. - q, ll. · /:,i.+r- ~1 l..li+r tt> t.,.., i+l /J.1 

Ha (2.II) [21 .I!MeeM r~, 'ITO 
(tc). (<) ( .. ) , {lr.), (><). t ( (/C)) 

' A"" - D ':1· ~::,c-r II"" de C ~ 1 ut.,., rt+t vt.+t 1 Wi+J. ..,. 

IIoaroMy 1!13 (4.2)+(4.5) noJiy~eM 
I~) (IL) f"-) q;1 

( At+r + G-i.-r - i)" det {C) • '"l-o" fk\., 
A, . ~,., 

'") (IC.l 

r.ne A~= 1 ..... ~:;:., 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

~3 (4.6) eJie,n:yeT, 'ITO pa.BeHeTBa (4.I) RBJIHDTeH Heo6xo,nBMI:IMH « .noera-
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TO'iHliiMH yCJIOBHRMH BllpOJ!(,IJ.8HHOCT.I!. Ma.TpRil &, 8CJIH { 'I{;'* 0] ::, H 

11•1· II</ ]-
/':.'1-1 ~ o, /\[~, ..o v i~ ,_ • JleMMa .UOKB.3a.t:ia. 

3aMe'laHae 9. Kax cJie,nyer as ~3J (.n~ c~pHoro CJIY'IaR),KMeer 

MeCTO paBeHCTBO 

q-~ - -1 1 f' -1 --< • ,f. (4 7) 
i B<L :q< lA,.,+_o-,_,-i)"Bii ;n;~ Jwvoro 15,L-In- 1 • 

ecJIR BCe rJiaBHHe yrJIOBI:le MHHOp!i { 4~ ]Z';~ :f. 0 i: { .17 J ~.t BllJIOTb ,UO 

rm-1) - nop.fi,li,Ra OTJIR'iHH oT Hy~. r.ne B" - .UHarOHaJibH!ie 3JieMeHrli 
<U-I o6paTHO'- Ma.TpKU!i B=~ • npyrRMH CJIOB~W,BCe 3JieMeHTH UOCJI8.UOBaTeJ!bHO-

CTe~ t "• ~o };':,1 H {G-. ;,o}7:, 1 onpe,neJieHH, a cJie,noBarenHo,6y.nyT 
/.'' onpe,neJieHHHMR 11. I\"'"' H G-o • C ,npyro~ C'l'OPOHbl, ecJIH dd (C)"' 0 , 

TO (B COOTBeTC'l'BHR C JI8W~Off 6) KpyrJiaR CK06Ra B (4.7) 6y,ner Y.UOBJieT

BOpR'l'b YCJIOB~qM (4.I)a,cJie,UOBaTeJ!bH01 BC8 ,UHarOHaJibHble 3JI8M6H'l'll Bii 

MaT?Rilbl B--G-! CTaHOBH'l'CH Heonpe,neJieHHWAH (B CHJiy (4.7)), eCJIH 

{ q; to]t.. . 0TMeTRIM Trutllte, '1'1'0 ecJIH det (&1<!)=0 R o6pamaeTCH B HYJ!b 
- />(), 1., lfJ ~) ) 

XOTR 6bl O,UHH H3 MRHOpOB fl~-• = 0 RJIR .1[;, ..,_0 , TO ( 1\i+r + c;.-i-1 - i 
(tl'.) 

Molter 6bl'l'b a orJIR'IHiiM or Hy~. a cJie,noBaTeJibHO, B <t - onpe,neJieHHbiM. 

TeopeMa 3. PexyppeHTHble Bli'IHCJIRTeJibHHe npo~eccH (!.28) 3 ) a 

(!.30)'-<) ,UJ!R OTHOmeH.IUt BepXHHX (HHltH.PJX) rJiaBH!iX yrJIOBbiX M.I!HOpOB {~·~ 
00 ~ l><t . 

( { &-; } ) HeBblpoll\n6HH!iX (JIH60 B!ipOll9l,eHHbiX) HTep~JdOHH!iX MaTpRil C I. I), 
,UHarOHaJibHble 3JieMeHTH { q~ :f. 0 ];:1 KOTOpbiX OTJIR'iHI:l OT 'HY~ np.l! JJ1060M 

K=I,2, ••• ,RBJIRIDTCR CJI6;D;CTBReM 06mRX peKyppeHTHHX HpO~eCCOB BR,D;a 
flf'l ~K.I trl (IC) ~J. tid '"'' ,., , .. , . • 

X-=-~; ZI=O=(I:r.-Ofl X,.,=(1-A,..,)=(G: -o) \4.tiJ 
L 1- :):L .. t J lft-f "" • 

S.necb 
l1<! f•l l•l I•! ] loc) ool } 

I) x. ={[G;_,=(1-Y,.,6~/)- ~i J , r.ue G-,.,_,=i, 
ltl «!1 I•> 1<1 t~l 1~1 -( (K) (IC) (IC) 

2> (1-r, A,)-A,.,=~·~·C&-,-oi.l) =o,l-1/.::z:,tf;Ae=i, , 
[ 

(IC.) (lt.) -.f qt:.) 4 l,!tJ (t.) (lc..) 

3) (qi · B,._) = ~u] -=-~>,=(I\,.,+ ~i-1 -1.) (4.9) 

,u~.JJ106!iX i=-t,l., ... ,m-1~ 1<=1,2, .... KpOMe Toro, RMeilrMecropaBeHcr-

Ba <= YCJIOBM) 
(I<) [{~) I•> - {I<) 1•1 I<) • t<) (K) ] (4 IO) 
X,-1 ....... :l:i+r::-oo, x,.~-O,:X:i+l =at+~ ,HO :l;., :li•z"-~i+~ 1 • 

(I<) 

~ic - eCTb ,UHarOHaJibH!ie 3JieMeHTbl r~e B COOTBeTCTBHR C 3aM9'1aHReM 9 
tiC! ,._, <.IlL. I 

MaTPRil,06paTHiiX K C, r.e. B=v • 
AoxasaTeJ!bCTBO. ~BaR 'laCTb paBeHcTBa (4.9) 3) cnpaBe.UJIRBa B cooT

BercrBHH c aaMe'iaHReM 9. llpaBaR ~acr» aroro paBeHcrBa ecrb onpe,neJie

HZe (o6oaHa~9HHe). JleBM 'laCTb B paBeHCTBe (4.9) 2) R [. J- CK06Ka B 

npaBoft ~aCT.I! (4.9)!) COBna,D;aDT C onpeneJieHBeM llOCJie,UOBaT8~bHOCTeft 
f /\;.} Rl {G.;_}, BBe.neHH!iX paHee. Tenepb aa onpe,neJieHM (4.9) 3 ) RIMeeM 
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(J<J '"' ~· {"l f,/<) l.!i> 
1\ i-+t t 6-<-r - i = Ot - ( 1 - 1\ l+l) : ( b'- L-1 - Z> t ) _.. 

(~ rL. , ... , '"' J- [ ") ~~ -[ A~~' "' b-e - o,.l - 1\c.,- ii!l ~·;,., J , T. e. npaBaR 
-qacn~aBe~cTBa (4.9) 2 ). PaBeHCTBO ~4.9~r)• noHRMaeMoe B BMe 
( 

, .. ) ( J) (I<) 

.?:, = .__,- L , - ecTb Tor;n;a npocro o6o3Ha~em~e • .llaJiee, no.ncTaBJIRR xi 
(4.9)!) B (4.8) .1! .P1M6R B BB;n;y paBeHCTBa (4.9) 2) R (4.9)3 ), y6e~eM-

( ) 

(I<) (1>1 (!<) 

CR, 'ITO 4.8 cnpaBe,IJ;JIRB!i np.l! rpaHR'IHbiX yc~OBHRX X1=0 R :_r,.,=1-fi.., 

,UJ!R JJ106biX i=!,Z, ... ,m Rl l<d 1 Z,, ... llpH 8TOM BH6paHHHe TaKKM o6pa-
r .. , 1.!5, 

aoM rpaHH'IHiie yc~oBM X 1 .1! ;c.,. o6ecne'lZBBJJT corJJacoBaHHe npo~ecca { &n ,,J4.8) c Kall,ll;liM .. ¥a nponeccoB f &- 3 m {AJ KaK .u~ BhiPQ~eHHHX 
MaTPRil C (T.e. olet (C )=-0 ), rax a ;n;~ HeBblpol!,Il;eHHbiX MliTP.I!Il C (r.e. 

dtt crJ f:. o ) • .llpl[.P!MH CJIOBaMl! roBopR, npoueccli { x] (4.8) cnpaBe.n-
() 

JIRBH np.s. Jll06biX { i. } (4. 9) 3), KaK HyJieBbiX1 TaK R OTJIR'IH!iX OT Hy~. 
3aBepmaR ;n;oxaaaTeJibCTBO reopeMH, oTMerm.~, 'iTO npouecc {x} (4.8) 

<PopMB.JibHO coBna,naer c npo~eccoM ~1;'J (!,6)2 ). TeopeMa .uoxasaHa. 

CJie;n;yeT OTM8TUb Taxlte, 'iTO HeCMOTp.II Ha <P0pMaJII>HOe CXO;IJ;Cl'BO (c 

TO'IKH 3peHM BH,ll;a ypaB'I8HHa) npo~eCCOB {;.d (4.8) R {~J (1.6)2 ), 

OHI4 I4I'paDT llplU!Il.l!llRaJ!bHO p3.3JIR'IHYJ> .• J>OJ!b B H3y-qeHM UOJIHO}i aJire6pii 

c.s.creM ypaBHeHH~ c Ma'l'p~ BHna ~(I.I). B '!acTHocra, npz aay'leHRR 
w 

cnexTpa Ma'l'PRil ~(I.I} Ha ary paaHany yxasHBaer cJie,nyiO!II8JI ,,, 
Teopeua 4. ilyCTb C - rpe~aaroHaJ!bHaR Ma'l'p~a o6mero (B cooTBeT-

CTBHH c onpe,neJieHHeM I) B.l!;n;a (!.!), (3.!) RJ!a (!.!), (3.2). Tor.na 

~~ee!'~~ ~-'!~~~AP rn_[rt:.,A),ci] - MHOlteCTBO KOOoeKi'HbiX (npH YCJIOBRH 

BH6opa d. , 'IT06H mcxonHaR MaTPimB- C( I. I) 6biJIB. 6a c .uaaroHaJibHbiM 
npeo6~aHHeM) aJirOpRrMOB ,U~ Bli'I.S.CJI8HRR ee C06CTBeHH!iX 3Ha~eH.I!ft C 

acno~b30BaHHeM JHqopMaURR 0 ,UHarOHaJibH!iX 3JieM6HTax ee o6paTHOft MaT-
CJl-! 

PRilhl B=li • (UI) 

I~ (1;.8(")-MeToJ{). EcJIR l.fU,.e .n~J006b1XK=I,2, ••• , !Q 
!};) IK> ~' ~~ II' 
tslL (G-)= ~i~' + ci · ~ .. ,,_, (6- >· f>• 

~~· (1<) B
11 

(C.)-= CT;' j i. = Z,3, ... ,m , r;n;e (4. II) 
c:, CIQ., !§> tk> <K> (K>_, 1: 0'1 L_!!) "'! . 
C,-=- (6,· ·P·) ;5,1 = P:·q. • 1 = P,·'Z~; j.oO;c;i.i. ,•n } 

L•l L I L L-IJ ' ( 4 !2) 
( ) ~) ftt!_

1 
J!.> II.? ~I.. CIO c.IC) {Kl_1 • (k'J oo . • ~·=- ('ti • (;.,_,), 'tt:: t ~L , ~-1 =1-~,;C1; .G-~=lf""',j;J="I-i ,j 

(a:) (I<) [ /It) J..<:l 
J,:qL ~-"•-1 t8i~('-)]; ~=.f,2, ... ,m 
CK+I) ll<J CKl CIO • 

PL = (A.;./Ai-r)·Pf..; La:.t,.3, ... , m.. 
(lt.,) ~) Sl<l IKl 1.,~ • lfl qi = .h + !fL+c -.A,., ; .1\,.,tl "'0, 'f..,t-1"'0; i•<,2, ., ~ } 

(4.!3) 

{ 
lim, ~' .. ().m. ~ ecJm d " o 

)\ 
'" 1(+410 "fi. , 

~ = 11.- It) (o.l 
/.i,. 'A·-d. ... um- qi.-d, ecJm 

I.Ji'J • 1(...-01> 

EcJIR / P, .. /~e B JJ106oft HTepa.IUU'l K=K*~ 2 a uexoropoM i = i * 

d..#O; i:: I,J., ... ,m.. 
(4. !4) 

.!Q 
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( ftt!J ('(•) ~~ (p:f-.1 (~!-' t~*;.t) (K•,1 '71 * 
l B • .._(G)::G.-~,; Jn"'qn.; f>ncO; q,;. =A,..Jn.i! ,ll;M BC6X K:;,.K. 

(IC;tl) 

2·. CA& CA) -Me ro.u). EcJm I PJ I> i .n;JIR JI!!l6wc K=I, 2, ••• , .!Q 
~~ 'l'' t•l ~) (k) ~) (1()_, 

oil (A) = 1\"j:, + Cj+t · E,i., j., {/\)· ~i+, ; &m, = A,,,; j = m-1, m-1, ... , ~, r.n;e 

(K) (K) (K) !3' II() (I<) } 

Ci~' = Aj~, llj+' , ~ == ~ q j--', , 
(~t) (KJ un 1!5' t•• 

tj•r"' 8.,·A;:,, ~i=7.j qJ-'; J=m-1, .. , ,( 
I<) (I() (1<~ 1 11<1 IJO • • 
A,,,= 1-~./\L; 1\,:::.1\._=1, L-=-.Z,3, ... ,m. 

(!1 (K) 1<) lk~l , } Aj =-qi'[1-Ai,,+Sn (t\l]; J=m,m-t, ... , .1. 
f<tO X j') p' . • P _ ( . / . . . . J ""m m- ' , .. · , ..., 

j - J-1 J J ' ' 
~ t( t ~to) { ) I 1 r Jt.) , 1

"':
1 = Ji +qj_,-jj-•; q. ~o = 1. ·, J = m, m-1, ... , ! 

q J { D· !..."1 
{,; J.IC! 6CJIH d = 0 

~ ~~'! ). j "" ":;. 'fJ ' 
A.·= '"' 1<1 • 

• J lim. J.-d =lim q -d, ecJI.K d~:o, J=IP!,m-/, ... ,1., 
fJ!.'"J ~ ... oo J lf...,.oo J 

EcJm / fli• ! ~ E. B Jn06ott H re pa.ui!H K=K* ~ 2 H HeKo TOpoM i "'j If- , .!Q 
1 ~~·) (k,J) ~If) (J;l) (lt1H1 f.AtJ ~) }jtt- · 
lB (A)=I\- 1 Yln=qn P.~oq,.) • .UJIRBcex K~J<". {_ ,,_ n+r 7 ., ' n-=t 

lj'tl) 

'.f. ( G-8 (1\.) -Mero,n), ,ECJIH f /-'f !>E ,UM JnOdHX .K=I,2, ••• , .!Q 
1•1 (K) r (kl "-I 1 • 
~.=:Q. 'f-h. .. +P,,r,q [,=f.2 .... m. 
r +7) '~r.; r-=' .. r"'' ~ ~ ~ ' · 
Pi.=().,/At-.l·Fl; ~=.2,3, .. ·,m. 
f(tO (k) Oc.l h:~ (k:J lt) • 

1 i = A> + q,., - ?.,,, : q,., "'0 ~ .A,.,,, ; r.. = f, Z, ... , m 

1 { lim J; · fi,.._ q~' ec.Jm d =o 
J\~ = 1t...,..oo , 1 K~t:P. 'rt' • 
("•> lim. ).._cl ~ Cirn.. q, -d. , ec.Jm J,fo; c=/,~, ... , m 

I I !(~0111 L K+OD 

EcJIH R· ~E. B Jn06o}i HTe pa.Il.LUl K=K* >-- 2 H HeKoropoM i = i * , ro 
•t r"'l ~ IK11 (.,01 IK"tt) ,,...,) l~lJ ] m 

{ t'>nnJA) == G-,;-_, i ik=q ... ; P,.=O, qnc) ... n=i.~ ,UJI.R Bcex K~ K"'. 
IK+I) 

4: CAB(~) -MeTo,!!,). EcJI.K / P..l>e .ItJUI JnOdwc K=I,2, ... , .!Q 
~\ (k) [ {IC) '"""-1 1 • 
ilj=qJ i-Ah,+BHIG-); J=M,m-1, ... ,1 
Ot+l) ~l ~) 1~1 • 

~·= (;.i_,/.1\j)·Fj; J= rn,m-1, ... ,,2. 

(~e:+l) ~> fiC.\ ~) rc.) rc.) . 

q.,.J.. +q. -)J._, i q.:o=). 0 ; J=m. m-1, ... ,1, J J J-J I 

l•l ,., 

l &lfl. 3: · == Um.. q. ecJm d.= o 3'" t( ... 00 J lt. -+ct> J ., 
J\• =- ~) fit) 

l lim. ).j-d~iimq1 -d.. , ecJIH d..f:o i~.t~m-,_.1 
(K•) k-f'OO I(+OIJ 1'"' 1 ~ , 

EcJm r ~. [ ~ E B Jn06ott Hrepau>~H K=K* ~ 2 H6KOTOPOM J = J 1- ] .!Q 
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(4.I5) 

(4.I6) 

(4. I?) 

(4. I8) 

(4.I9) 

(4.20) 

(4.2I) 

(4.22) 

(4.23) ~ 

l
ll(") (r;'l) ~·~ (Jell) (Jcftf) (J·'4tl 'l•l 1 j "'. 

B~~ (G-)"'- /\.-r1,, )., = q,.. > Pro =0, q" c,A.• }"':l ,UJ!.fl BC6X K ~ K-t-. (4.24) 
- w 

3,n:ecb ..il.ic:).,_ri-1) ld B (4,2I)I) H (4.23)I) e;/i (II) 

(4.I6) H (4.II) COO'l'B6TCTB8HHO. 
H e,:~ (b-) 

J) ecrb 

JIOita3areJibcrBo reopeMH i.{la.KTHtiecKH cJie,nyer H3 reopeM I,2,3,JieMMbi 6 
>1 pa.B6HCTB (l,26)+(l.3I), a raKJKe CY!Il8CTBOBaHH.fi BC6X e,-.fl B CHJIY 

oc.) hit.' } L 

(I.3I) .K (1.26) npz yc.'IOBHH,_'l:TO {A, :f. o, (i.' :1: o H3-3a noJIOl!UH6Jinw (I) 

HOfi onpe,neJieHHOCTH MaTPHUH G:C+dE, YKa3SHH!:l6 odCTORT8.1IbCTB8 IT03BO-
JIRDT HaM He npHBo,n.KTb no,!!,podHoe ,no&a3aTeJibCTBO. TeopeMa ycTaHoBJieHa. 

BMeCT6 C T6M M!:l 3aKOH'l:HJm B OCHOBHOM ~pMa.JibH06 TIOCTIJ.06HH8 MHOlKe
CTBa M8TO,UOB KOppeKTHOro B!:l'IHCJI6HH.fl CIT6KTpa. MaTpHU THITa th.I). Bon
pOCaM ycKOP8HH.fi CXO,Il;RMOCTH dy,n:yT ITOCB.fi!JleH!:l CJ!8,!!,yD!JlH8 ~aWH padOT!:l, 

5. !.3aRJnoqeHH9 

B 3aKJ!ID'l6HH6 HSCTO~eJ. padOT!:l OTM6TRM CJie~ynmHe OCHOBH!:l6 pe3yJib

Ta'l'!:l! 
I~ ilOC'l'p06H!:l C HCTIOJib30BaHH6M CTpaTerHH CM6!1l6HHa MHOlK6CTBa 

'{n.(Aj d), m (G-1 d) K m(f,A,P,; cl) KOppeKTHHX M8TO,UOB B!:l'!HCJieHH.R 
cneKTpa rpeX,!!,HarOHaJibHHX MaTpHU (o6mero B.K,na) Ha OCHOB6 COOTB8TCTB6H
HO BepXHHX, HRJKHHX rJiaBH!:lX yrJIOBUX MldHOpOB, a TaKJKe ,nHaroHaJibH!:lX 3Jie
M8HTOB odpaTH!:lX MaTPHU (reopeM!:l I+2,4). 

?~ TioJIV'l:8Hbi H806XO,UKM!:l8 H ,!!,OCTaTO'l:Hbi6 YCJIOBY,.fi B!:lpO~eHHOCTH KaR 

CaMHX Tp6X,!!,RiarOHaJ!bH!:lX ( TaK H .i!X >lT6pa.uRIOHHHX) MaTpHU ~JieMMa b :1 , 

3~ )1oKB3ana reopeMa 3 (o6 o6meM npouecce c Kpa.eBI:lMH ycMBHJJMil.) 
cor.nacOBaHH.fi npOT.ilBOTIOJIOlKHHX npoueccoB C Ha'l:aJibH!:lMH YCJIOBH.fiMH ,UJI.ff 
BepXHRIX Rl HHXHHX yrJIOB!:lX MHHOpOB. 

ABropH HcKpeHHe npH3HareJibH!:l 'l:JieHy-KoppecnoH,neHry AH CCCP 
np~ccopy H.H.roBOPYHY 3a .KHTepec K HaCTO.filllHM HCCJie.n;oBaHHRM H 
npe~OCTB.BJI6HHyD B03MOlKHOCTb pa60T!:l H8,!!; HRIMH. 

I. 
2. 
3. 
4. 
5. 

6. 
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