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B ~aHHOH pa60Te Mcc~e~eTDR Borrpoc ~MCAeHHoro peillBHRR ~BYMepHO
ro ypasaeaaa reJThMI'OJI1lIJ;a MeTo,n;oM' rpaffilI'turu:x MHT€rpa~bIillX ypasaeaaã, 
n~ C~aff orpa~eHHHx o6~acTeH IDMpOKO pa3BHTH MeTo,n;H~ HCrrOJTh~y

romne ~~epeHgHa~bHyID rrDcTaHoBK,Y 3~a~H, c03,n;aHH naKeTH rrpor~aMM, 

ycneuiao rrpwreIDIeMHe na npaxraxe /1-4/. I1HTe~aJU>HhI-e MeTO~ 'OTHOCH
TeJThHD c~a60 OTpameIill B HayqHoH ~Te~BType -8/, ~TD cBR3aHo CO 
C~O~HOCTbro HX npHMeHeHHR. C ,n;pyroH cTbpOHH~MHTerpaJThHHH rro~o~ n08
Bo~eT o~oBpeMeHHo HaXO~Tb pemeHHH K8K BHYTpeHHen ~a~lI, TaR li 
BHernHeIt, .IT,.IDI KOTOpofi npHMeHBHHe .IUi~epeHUHa~l>HOM rrOCTaHOBIDI 3aTpy~
HMTe~bHO. B HacToRme:ti pa60Te rrpe~rrpMIDITa rrOffHTxa peilleHHR HeKoTopHx 
BorrpocoB HHTerpanDHO~ rrOCTaHOBIDI, 6HcTporo BH~Mc~eHHff KoappRqHeHTDB 
MaTpKU~HcKpeTM30BaHIillx,ypaBHeHHn, C03~aHHe YCTOKqHBOrO anrnpHTMa 
pemeEHH HenHHeHIillX ~HcKpeTH30BaHHHX ypaBH€HHM~ pa3pa6DTKa KpHTepRR 
oT6opa peillBREi ~~ BHYTpeHHen li BHeillHeH 3ana~H. n3~o~eHHe rrpoBo~T

CR ,n;~ BHYTpeHHen 3~a~, O~HaKO Bce M~eH MoryT 6HTb HCrrOJTh30BaHH 
H ~ pemeHHff BHeillHeH 2~a~H. 

§ 1. ]ncKpeTH~allRH HHTerpanDIillX ypaBHeHHH 

B 3aMKHYT..OH O,IJ;HDCBR3HOM o6~acTH G é R2 paCCMOTpRM O~HDpO~Hoe 
ypaBHeIme re~bMI'OJIblta 

.. 2 'P ô 2 - (1 1)A u + k u = (~ + -2 ) u + k u =-0 ' • 
'õx ôy 

')l)IJ1k II '4Jymcrnm li =u (y) , y,nOBJIeTBopmomeM Ha rpaflHUe 06~aCTH G 
YC~OBHD ~ 

(1.2)u (y) = O -. Yé. DG • 

~HKUmO u (y) 6y,neM Hç1\aTb B BH,ne 

u(y)" § y-o(Jt'x-yf) (j'(x)di (1.3)Ix 
DG 

r~e y <i) - ~~ EecceJIR BToporo po~a /9/.
O . 

O~eBR.nHO, ~TO (f}yHK@,R: (1.3) YJ10BJIeTBOpReT ypaBHeHIDO (1.1),. TIoT-peôy
eM Ha rpaHHUB OÔJIaCT,H G B1:lrrOJIH€HmI YCJIOBHff (1.2): 

.I.-......-.._~ 

'~~'itJUitleUHhi~ JUCrnTyTI 
m1~'BMI a~j!:!~nailBi} 

fiWSIf{lr!Ol Efii~
'~ ttat.:"~~~_ 



u(yl = ~ Yo(k/x-Y:l') G'.(;Clde = o r,Y€·DG. (1.4)x 
DG r 

,U..Jm: o,n:HoaH8"tIHOCTH órrpej(eJIeHI1JI u Cy) BBO,n:HTC.ff HOPMHPOBIÚ3. 9> is ~X) c: 1 • 
. D6 

Pemenne·ypaBHeHHH (I.4) OTHOCHTeJIbHO k M- Ô(x) 6y,neT npe,I(MeToM 

,I(8~HeHillero HCCJIe,n:oB8HM.H. 

3aMeTHM r "tITO ~óoe pemeHHe ypaBHeHHH (I.I)-{I.2) rrpe,n:CTaBHMO 

B BIme (L 4). B npenncnoxenaa Heo6xo,I(HMofi rJIa,r(KOCTH rpaaanu DG 

peIlleHHe ypaBHeHRH (I.I) y,I(bBJIeTBOp~eT HHTerp~bHOMY ypaBHeHHID 

oUy) u(y)-= r l (YoKli-YI) u(x) de-- f. Y (lt/'x-yo~ d ~- r (1.5)·j ô- X ~ O 'Ã,"- X 
DG nx' DG vni 

r,n;e 

YE G \DG 

o(y) YE DG 
2YE. R '-Gt ~ 

8 nx - BHeIllHHff HOpM8JIb Ro6JIaCTH G ~ 

Ha (1.2) H O. 5) He~py,n:HO noxaaars CYlI.leCTBOBaHHe k H Õ(X) , 

y,n:OBJIeTBopmomax (1.4). 
3aMeTHM, "tITO He ace u(y) as (1.4) 6y;JyT HeTpHBHaJIDIrnMH peme-

HIDUÍom (1.I)-(1.2), TaK KaK (1.,4) Y,I(OBJIeTBopmoT G'(x) H k , raxae , 
'ITO COOTBeTCTBYIOlllHe HM yCíhIBaIOlI.{He aa 6eCKOHe"tIHOCTH u (Y) JIBJImOTC.lI 

2" 
peIlTe,HH.HMH 3a.n;atIH ,I(JlH OCíJIaCTH G1=R G H TO.lK,1J;eCTBeHHO pasas HYJlIO 
B 06JIaCTH G • 

. ~ ,I(HCKpeTH3~HH ypaBHeHHH ,(I.4} HCrrOJIb3yeTC.lI MeTO,I( KO~oKa-

~HH. TIyCTb tt~t2""r~+l - HaCíop Y3JIOB Ha DG(~+1=t1} • O~03-
Ha"tIHM xepea Si OTpeSOK C BeplllliHaMH B ti' t i +1 . IIpHCíJIH3HM 

~(x) K,YCO-qHO-rrOCTOHHHOll ~HKUHefi 

6(x) = {6"i ' XE [ti,ti+1 r]. 

060SHa"tIHB "tIepea [Yi1 cepe,I(HHht OTpeSKOB (Si}" 3aMeHHM (1.4)
 
CJIe,n:yromIJIM ypaBHeHHeM:
 

N
 

u(Yi) = L J Yo(kli-Yil) 6'j d ex =0. (1.6) 

j=l s 
j 

i=1 ,2, ••• ,N 

IIYCT:D (A]= [A(J<,.} - MaTpl1IJ;a paaaepaocra [N X N] 

2 

SY ('klx-Yti) d e-r.~. i »: fkr x-y1t'l d e;cS o x 
1 N , 

(A(k)l= 

5 YÓ(klx:-yNP d .e x J~oü "x-YNI:l d ex 

S1 SN 

•. ,U.7m Toro, 'iToCíll ypaBHerrne H .6) HM~JIO HeTplf~HaJIbHOê .peureaae, ueooxo
,I(HMO li' ,I(OCTaTO'tffiO paBeHcTBa Hy'JID ~eTepMHHaHTa MaTp~ (A O~·) J 

det· (A(k,] ='0 • (I. '() 

~~061l .HBHO BllnHCaT:D KO~RUHeHTu MaTpl1IJ;U (A{k~] .HeoCíxo,I(HMo BDI

tnlCJmTb lIHTerpaJIH BH,I(a:. 

a j1 =: SYo(klx-Yjl} dfx • ·(1.8) 

S1 

IIpH 1tlj a j t aIlrrpOKcm.mpyeTC.lI CJIe)lyIDlI.lHM BHpaJKeHlIeM: 

a'ji =p. (Si'> Yo tk [xi.-Yj II (1.~) 

I,' 

r,né _ ,.4(81) ; - .ztJmiia 0Tpe3Ka S1' nn Bll-qJ;l~JI~iIH.lI "_.,a11··flryH~ 
Yo(x) npH6~aeTCH BllpazeHHeM B~a 9/ 

Y (} ) =: P(J) lnlJI+ QEJ)o 

r,ne P (J} II Q( !} - rrOJIHHoMll. IIocJIe T8KOfL 3aMeHH ·IDrTerpa.n: (L8) 

6epeTCSl B HBHOM BMAS: 

", .. :' 

a-Ll .., J" Y (k',i-Y1 f) d,e~:). 
. S t' 

(I......•.lá.)
4 O, 

. , .. 1 . ::1: 
~~, 

-.,1. ·t 

v§ 2. YlJeT cHMMeTpd 

BaTOM rraparpaçe MIl paCCMOTpRM IllHpOKO npHMeHHewM na rrpaKTWte 

y-qeT CHMMeTpHH sa,n:a'iH, n03BOJIHID~1 cymecTBeHHO cOKpaTHTb 06~eM Bll

'trncJIeHHl. IIyCT:D 06JIaCTb G RMee~ o,I(HY OC:D CRMMeTpIDI (pzc • I) 

G~Gl U G2 I 
, ". J 

PHC. I 

\3 
I 



11: oneparop ,B llepe~.O,!tHT TO'tIKY Plx.y} B TD~RY -P(-x~y) . Tor~a 

(2.1')
G2 = ~GJ ~
 

(x tSGrJ
 

EcJlli ,CpyIÍRUIDt u~i) y.n;oBJIeTBOp.fte,T 'ypaBH~~mo (LI), '!'o W-H~ 

-u,-,{i..) = í(u~i~ + u(Bx)1 

U 2 Uc) = ttuli)- u (BiU 

T.ÇlIDKey,noBJIeTBGpmoT ypaBHeHIDO (~LI). K-poMe ror-o, ui (x) YAOBJIeTBo

PH€TYCJIOBHro cHMMeTpHH
 

U,(B3t) = u, ~x) ~, (2.2) 

a u 
2 

(X ) - aHTHctiMMeTpJUI 

Ú2(~X-} ::; -,u2(~) ,t~,3)-

Tp.K KaK 'ú (xl =-' u, (i) +u2~x)- , .n;0eTaTo,Ho .'HaHTH TOJIbKO GHMMe:rpR'tIllHe, 

_~~HTHCWMMeTpH'tIHHe>perneHRff, OCT~HHe -dY~T HX~HBllHOll KOMóHHAUneR. 

YCJIOBHe CRMM8TpHH H aHTMCHMMeTpHH MO~HO G6ecne'tIHTh~ HanaraR aHanOr~'tI-

HH€ 12 .21-(2 .3~} YCJIOBWi aa lJ.(X). li, aaocopoe, -ecmi: {)'(R) Y~B-' 
-1IeTBOpReT Y4>aBHeffino, <I~ 4)i'Í'G ' ' .. 

õ, Ué) ::; ~f c; (.'x1 "+dHBxH 

-6"2 fx), : t('~ (;0. "" ffCBi.n 

TaKJKe y.n;OBJIeTBopmoT ypaBHBmno 1I . 4). JteltcTBliTeJIbHO; -nycT~ OG"t>G1lJ~2
 

-.(-npe.nrrOJI~raeTC.s:r.,., 'tITO 'G; f' -G2 ae BXG,!tHT B' 001, OG2 ) "
 

:G=~ (x) =- ü(x) "JI.JIR i E DGl ' li .G- (x) =-15'1x) ..nJIR: i E OG • l1;3ypaB-,
2 2 
·1leHIDI ,(I.4-) CJIe-,IJyeT, 'iTO 

(2 ..4) J.y lklx-YIl it(X)d't-"f -I·y (k'f'X~YH-(f.2(Xld,t--="o' 
DG o ~ CGO . x
 

1 2
 

ti 
)J.JIR y E, OG1 " j li 

(2..5) J -Yo{~'X-Y-r-> ff'1 (X}d~x+ J 'y'O(ltlx:"yH ~"{X}<t t x == o 
DG1 DG '
 

}1,JIIIy € OG;l • 
2
 

" 

MCnOJIbSYR O'tIeB~HOe To~eCTBO 

Ix - By I == I Bx - y I (2.6) 

li CHMM8Tpmo ( 'DG 
Z 

= BDG, ) , HS (2.4)-(2.5' H8CJI01KHO nOK8SaT:b. 'tITO 

(], (x)' R 6'2 (x)." y,nOBJIeTB~moT HHTBrpáJThHoMY ypasaemno (L 4) . 

AH~OrH'tIHO' paccMaTpHBaeTcR li 'c~aH ,nBYX ocefi CHMMeTpRH~ 

Y'tIeT CHMM€TPHH sa.n;a'tIH nOSBOJIReT cymecTBeHHo cOKpaTHT:b pasMep

HOCT:b pernaeMoH ~cKpeTHsoBaHHofi sa.n;a'tIR. PaCCMOTpHM cBoficTBa MaTpHUH 

[ A) H;3 ypaBHeHIDI (r. 7) npa annpOKCIDJaJ.J;IDI (1.9) -( L Ia). BOS:bMeM ,nHa

rOHaJlliHYJO MaTpHllY (o] c 8JIeMeHTaMH d ii= }dsir' H paCCMOTpliM 

MaTpl1DY [Ã] = [A]' ~oJ-' . 3JIeMeHThI pasaaã i j 

Yo(k}xi-Xjb , i ~ j
ã i j ==
 

_1__ SYo(klx-xil )d e. x' i=j.
{
 
j4(Si) ''Si
 

OTCID,na BH.n;HO, 'tITO MaTp~a (Ã] CHMMeTpR'tIHaR. 3TO CBoficTBO MaTpHUH 

rÃ] coxpaaaerca H npa Y'tIeT8 CHMMeTpHR 'OOJIaCTR G. --IIOKaJKeM 8TO~ B 

c~ae HanR'tIRH Y 06JIaCTli O.n;HOH cRMMeTpHH: G~G1U G2 ; G 2=BG, 
KO~HUHeHThI ãfj ,B 3TOM ~~a8 paBHl:l 

,y I tYo (k Ixj -Xi n + (_,)f Yo (kJ BX j - xil).~ l~j 
= (2.7)a i j , (J Y (k Ix-xiJ )4~-+< -,l Y (k IBii-xi') , i-j • 

LI (S ) o , x o
 
r i S
 

1
 
r,ne t. paBHO O ~ u, (x) H I,nJUI ü2 (x)
 

Ms (2.6) li (2.7) CJl8!5'ieT, tITO ãlj-ãfi • AH8JIOrlFlHO nOKaShlBaeTCR 

CRMM8Tp:w:r MaTpHUhl [A) B c.nyqae HamrtIKR nsyx oceã CHMMeTpHH B 06

JIaCTR G. 

§ 3. KTeDagHoHHV' nponeee pemeHRa He4HHeHHOro ypaBH8HRa 

PemeHHe ypaBH8aHR (I.?) CBO~TêR K Haxo~eHKID KopHefi WYHKUKK 
~(k) - "detfÃ(k)] 

,lJ,nH BHtmCJI8HH& f (k) npOBO,!tHTCH q,aKTopHSaIWR MaTpHIUl [Ã1k)] 

[ A(lt)] .. (L (k)] lo (k)1[~ (k )] T (3.1) 

rne (L (k») - HRlIH.f{JI TpeyrOJIbHM MaTp~a c e,JJ;HHHtIHhlMH MeM8HTaMH 

no rorasaoã naaroaaxa, a [D(k)] - ,!tHarOHaJThH8JI MaTpHUa. OxeBH,IUiO, 

'tITO .neTepMIDiaHT [Ã (k) ] pasaa npOli3Be,neHIDO ,JJ;HarOHaJrhHHX aiLeM8HTOB 

5 
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{di! l MaTpmJ;bI [O Od:r
 
N
 

, l(k.) =- n d i i ,·
 

1=' 
f C/''uAA .HaXO'l\Il;emm ROpHeM tPYHKWII1 'BOCrrOJH>syeMC.fI MQJU:IqlI1RanReil .l\I)e

rona H:bIOTOHa C Bl:lpeSarrn:eM ROpIleM 10/. TIJ[CT:b 'k~ <k~ <••• <k: a peqIe

,HH.ff .ypaBHeH;ID:I 

f(k~) = O i=',Z" •.• ,n.i 

BBe.n;eM tPY:HRU~ f (k) : 

f(k) == e-k<!lf(k) Oi. ~O.L 

A , 

~ illYHRUH~ f(k) I1MSeT' MeCTO ]eMMa. 

JIeMMa 

ITyC.T:b aa OTpe3Ke [ko,]ç~+·e J (E >.0) ssnoaaeaa ,YCJIOBM.: 

A.	 BTOpaR rrp0I13BO.n;HaR f(k) orpaaexeaa:
 

Ifl l
 (k) I ~ Mi' 

B.	 Ilepsaa H:QOH3BO.n;H8.fI f (k) B RDpHe k~ oTJmtIHa OT HYJI.fI: 

tf I (k~ )·1 ;;' M t' O • 2 

C. Ha orpeaxe (R ' k~ ~ t:, J eynecrsyer ,TO.,7IbKO· O.n;RH xopeas clJyHRo 
zum	 f(k).· 

Tor.rta cymecTByeT TaRO? o{ ~ O , 'tlTO HTepa~0HHli:tf nponecc .,' 

. f(k j )
 

K j .+ 1_ = k j.- fi (k.)
 (J.2')
J 

j=0,1, 2, ••• 

CXO,IUiTCJl K KOpmo k~ 

lIoKasaTeJIPCTBO 

, ,1LJm orrpenaneanocm npenncnozaa, 'tlTO ,f (k) > O na OTpeSR8" (ko,k~) • 

Tor.n;a H3 YCJIOBIDI B CJIe.rryeT, trTO f I (k~) ~ -M
2 

• VI3 YCJIOBIDI A, B li 
TOJIr,1tSCTBR 

t 
P (k) =	 f I (k;')' - (k)dk (3.3)5

klt 

f R 

k 
CJIe.nyeT.'. llTO cymecTByeT TaROe M3 >O , trTO 

I fi (k.) l ~ M3 
)J;JI.fI kE.rko,k~ J • VIs (3.3) CJIe;nyeT,_ -qTO cymecTByeT rasos b>0 , npa 

6 

ROTOpOM f'(k)~-M2/2 .n;JI.fI x s [~~-b ,k~). OÓ03Ha'tlRM xepes 
S=inf f(k) • COrJIaCHO orrpe.n;eJIeHHD clJyHRIJ;HH f(k) HMeeM: 
ko~ k~ki- s 

df (k) cik (f Ie- (k) - 01.. f (k) )
 
dk
 

2 clk ~ f (k) = e- (f" (k) -2 01.. f I (J:eP' 0(.2f (k ) • 
dk 

Orrpe.n;e.JIIDv1 fo{ 1} CJIe.rryroIIL1iM OÓpaSOM: 

0(, = inf [o<:: M3- cX,S < O} 
ol~O 

0(2 r= inf. [o(: -M, - 2ol2M3 +oI..~S ~o-} 
. o(~O 

eX 3 =	 infra(: -M, +o<'3M2~oJ. 
oe:~o 

X A d 2f (k )
Tor.n;a rrpli 01.. = max o{ dfJt) <O ~~O

i-1,3 i . 

)J.JlfI k E [ k ' k~ 1 • TIo TeopeMe O CXO.n;HMOCTR MeTo.n;a H:óIDToHa III/,
o 

rrOCJIe.n;OBaTeJI:bHqcT:b f k 
j 

} - as ,(3.2) MOHOTOHHO CXO.n;HTCR K KOpIm k~. 
lrewa .n;ORasaHa. 

3aMeTlUI. -qTO B1lÓOP o/, qJaKTlItIeêKK"' osaaxaer ocecneseaae HSOÓXo

,IODIO! BllnyKJIOCTH (BorHYTOCTli) C1JyHKUJin'I :f(k) )J.JlfI k E [ko,k~) • 

TIoc~e oIlpe.n;eJIe~ rrepBoro KOpHR k~ RCrrOJIPsyeTCR rrpOUe.nypa 

liCllepnllBaHHH liS 112 • HTepanHoHHaA rrpouecc rrpHMeHJIeTCH ~ C1JyH~ 
" _ f (le) , 1 

f 1 (k). ~., C HalláJI:bHHM I1plióJIWiteHHeM ).o=k~ - E. • r.n;é f > O •
 
k-k . , - '
 

, A
 

EcJJ}'[ B1l0paHHOe ~ cOXpaHJIeT BllnyKJIOCT:b .(BorHYToCT:b) f (k) ~
 
1

kc: tk~- S" k;). TO nponecc H:bI>TOHa CXO.n;HTCJl R xopmo k; . AHaJIorRtI-

HO. JtJIH HaxOlUleImJI k~"1; RCnOJI:ósyeTCJl clJyHRItim . 

f (k') f(~)
1 li: •h (k~.kj) 

JZ:,! 

B &TOM cJIY1lé!-e BbtpaJIeIDIS B I1paBO. xacra (3.2) HMee+, BB,It 

"/ 



f{ Àj') 

f~Àj) -s O'j)' (-o( +E _'1 !e 

e=1 Â.;-ke 

Cl1'rya~ cymecTB8HHO Y-CJIOiKRfIBTCH, xorna W'HK.IJ;HH f{k) llMeeT xparaae 
11:Jn'I O"tIElH:b ÓJllI3KMe ROpH11:. BaTOM cJIY"tIae .n;aHHhIM 11:TepawIOHHbIM ripouecc 
óy.n;eT CXO~Tbca eCJI1f npoaasomras W"H~ID'I 'f'{k) BH"tÍ1iéJIRT:b TO"tIHO.I 

TaR RaRiJyHK.IJ;HH f {k)- 11:. ee rrp011:3BO,IUiaE: f (k~ orrpe.n;eJUIIOTCH npaõ-I 

Jr1fiKeHHO, aa ·C'tfeT OUrn:ÓOR arrrrpORClIMaI.J;E:11: B03,M0.lKHa 110TepH xparasx IDlli 

01IeH:b ÓJI1f3Klix ROpHeM. 13 aTaM C.JIY'tfae <1JyHK1U'iR f (k) rrp11:ÓJIIDKaeTCR 
KB~paT11:'tfHOM rrapa60JIOM. ECJI1f rrapanOJIa He MMeeT RopHeR, TO B Ka"tIecJ~ 

Be ROpRfI óepeTCH 3Ha'tfeH11:e ~ ,rrp11: ROTOpOM .n;OCTMraeTCH aRCTpeMYM. 
~ ROHTpOJIR 11:Tepa~OHHoro rrpo~ecca 11:CrrOJI:b30BaJIMCb CJIe.n;yromae 

COOÓpaiKeRM. IIyCT:b <1 11 (k), d2~ (k) , •••• ,dNN (k1 - .n;HarOHaJil>HbIe 
arreMeHTH MaTp~ [D(k)] M3 (~.I). no TeopeMe CHJI:bBeCTpa oÓ. ~Hep
llHH KB~aTH'tfHORWOPMH 113/ ROJIH"tIBCTBO rrOJIO~Te~HHX, OTpKgaTe~
HHX M paBHbIX H,YJIID COÓCTBeHHhIX 3Ha"tIeH11:R MaTpHUH lÃ(k)j COBrra.n;aeT 
COOTBeTCTBeHHQ c KOJIKqeCTBOM
 
HYJOO 3H3'tfeHm1 {di! (k) } •
 

det [Ã(k)] 

rrOJIO~Te~HHX, oTpHUaTeJI:bHHX11: paBHHX 
TaR KaR 

N 

= n di! (k)
 

i=l
 

TO H3,MeHeHHe COOTHorneHHH Ko~eCTBa rrOJIOjj{lfTe~HHX H OTpHUaTe~HHX 

arrêMe"RTOB {di i (k) } YKa3HBaeT na lIaJIM"tlHe ROpH.FI W"H~11: f (k) • 

§ 4. QnTID4H3allIDI BH'tfHCJIBHHit 

BaTOM rraj>arpaweH3JIararoTcH HeROTopHe COOÓpaJKeHIDI, _rr03BO,.7IlIIOlIUIB 
rrpOBeCTH Ãan:E>Heitrnee CORpameHHe OÓ~eMa ~HCJIeH11:it. M3 BHme11:3JIO~eHHo

ro JiCHO-, "tITO B rrpone-cce 11:Tep~ B03HHRaeT HeOÓXO.n;HMOCT:b MHo
rORpaTHoro BH'tfHCJIeHM.fI WYHKnHM BecceJIR BToporo po.n;a OT BHpaJKeHHR 

BH.n;a Ri .=k IX -x I . B OÓmeM cJIY'Iae npa <1>HRC11:pOBaHHOM k fR Ji j i j 
rrpllliHMaIOl (1 +N. N; 1 ) 3Ha'tfeHHR, r.n;e N - RO.Jm'tfeC~BO pa3ÓHeIDrll 
rpaaans OÓJIaCT11: ec • Ho ,I(JI.H MHorHX ROHWHryPan:IDl ara BeJmtI11:Ha cy
meCTBeHHO MeH:bme. ITYCT:b S,.'S2' •••• 'SL - BceB03M~e, ae pasaae 
MeJK,Dy COÓOR 3Ha"tIeHMJi, ROTopHe rrp11:HMMaeT BHpaJKeHHB ~ Xi -X I npa

j 
i,j=1,2, ••• ,N • Ey.n;eM npenncaarars , "tITO Si> Sj npa i;> j • IIpHc
BOHM IND{I-IJ) 3Ha"tIeHHe i ,.n;JUI xoroporo Si =Ixi-x -I .]J.)mo 
BHllOJIHeHHH o~oro rnara 11:TepaUMOHHoro rrponecca o HeoCXO~O BH

'tfl1CJmT:b, L 3H3"tIeHHR <!JyHK~H Becceaa Yi=Y (-k 'Si) (i=1 ~2, ••• ,L) • o 
naJIee, B COOTB9TCTBKR c <!JyHKnMeit IND{I.J) orrpe.n;e~TCH 3Ha'tfeHH.H 

Y {k Ixi-x. l ), RpOMe Toro, ;IJ,JIR YCRopeHIDr Bl:ltrnCJIeHMJi 3Ha'tfeIDIH q,yHR
o J 

t" 
;.. 

IJ;HH BecceJUI J3TOpOrO po.n;a.11:CrrOJI:b3y.eTCfI arrrrpORCHManHH @yH:E\.UHM'Eecce.JPI 
B-cnJIa:f1iIoM -TpeTMlro rrOp.FIJJ.Ra • .llJIR. pemeaaa 3a,n;a'tfU11:CnoJIÉ>3yeTcR 
MHorOCeT,O'tfHhIM aJII'DpI1TM. _. Ilepsoaasaasaaa 3a):J;a'ia pemaerca -na RI?Y+IHOM 
CBTRe, ~.e. HaXO~TCH ROpH11: ypaBHeHRff !I.~) 11: o.n;HoBpeMeHHO oITpe~~~
eTCR rrp11:Ha,n:JIeJK-HOCT:b ROpH.FI -BH,YTpeHHeM 11:JIlf BHBillHeM -sa,ú;a'tfe. 

'} 
11:3 ypasseaaa 0:.5' CJIe.n;yeT, 'tfTO eCJI1f 6'(x) R k -COOTBeTCTBY

lOT u(y) -perneHHro BHernHOO3a.na~ui .. TO u(y) =.0 ,B;JIff YéC -. CJIe.n;o
sarezsao,npe.n;-eJI HOPMa.JI:bHOM rrp011:3:B0.n;H()M ~~: BHYTp11: -06JIaCT11: G 
pasea -H,YJIIO. J\HaJIOrH'tfHO, eCJm -<>Cx) 11: "k CObTBeTCTBYlOT _perneHMID BHYT

. ~_. . 
peHHeM 3~a~H,· TO rrpe.n;eJI HOpMaJI:bHOM rrp0l13Bo.n;Hotí ~~~ 11:3BHe 06
JIaCTR G pasea HYJIIO. Y"tI11:THBaR paspas -HoPMg.llliHoM np~3~0.n;Hotí ~ 

Ha rpaHKqe 06JIaCT~MMeeM cJIe.n;yrom:ae COOTHÓrneHI1H: 

'Ou(Y) + 

~ny 

-
~ 
'õn-y 

= § 2.-.(Y (k fx-yl )JO"(i-)d t - 2 cr(y)-Zln o _ x .yDG 

= ·f 1)~- {Yo(klx-YI-lJõ(x)d.f x + 25(Y). 
·Y

DG 

~ orrpe~eJIeHRH rrpHH~eiKHOCTMpern~HR.fIBHYTpeHHeM (BHernHeM) 3a.n:a~e 

rro KBa.n;paTYpHbIMWopMY~aM BH"tIHCJIHroTCH 11:HTerpanH 

s = ~ I''õ u-CY)+)2 õP- -, s = ~ {'õu(Y)-_)2-a-e_ 
1 DG 1> n y ~ 2. DG '() ny Y 

B cJIY'1ae, ecJlli s 1;> l' S2' TO rrpezmoaaraerca, 'tfro u (y) .FIBJI.fIeTCH 
pemeImeM BH,YTpeHHeR 3a;IJ.a'qH, a eCJrn S2:> rs, ,T:O u (y) - peuieaae 
BHernHeH 3a,n;a~~. B OCT2JI:bHHX CJIY'IaRX C'tf11:TaeTCH, 'tfTO rrp11:Ha.n;JIeJKHOCT:b 
pemeHHH He orrpe.n;eJIeHa H 8HaJm3 rrepeHOCI1TCH Ha CJIe~myro ceTK,y. SHa
'tfeIme r BHÓ11:paeTCH.n;o aaxana HTepan11:0HHOrO npouecca. B IIpOBe.n;eH
HIa pacxarax 3HatIeHHe r ÓpaJIOC:b paBImM 10. 

'I'aKHM oõpaaoa, Hattn;eHHEle 3Ha~eImH k~ pa3óHBaIOTcH aa 3 rerac
ca. Ha cJIe.n;yromett cerxe Te 3Ha"tIe~ {k~ J ,ROTopHe onpenezeas RaR 
pemeHHH 3a.n;a'tfH,~ Bce Heorrpe.n;eJIKBillHeCfl MCrrOJI:bsyroTCR B Ra~eCTBe Ha
'tfaJI:bHHX npHÓ~eImit ~ HTepa~OHHoro npo~ecca rro Me~o.n;y H:bIDTOHa. 

.' § 5. 1IHCJIeHHOe N08-9mOBBlme 

llanO~eHHa.FI MeTo.n;HRB peaJm~oBaHa B B:a.n;e ROMrrJIeRca rrporpaMM Ha 
FORTRANe • .,1lJm IIpOBepKH rrpaBmI:bHOCT11: pactre'roa , a TaroKe .n;JI.FI OneHKM 

1\' TO'tfHOCTM peneaaa H BpeMeHH csera, paccaarpzaanacs aanaxa, -llMeIOlIUie 
2HaJIHTHtIeCKHe pelI1eHRH~ Pe3Y~TaTH BH~HCJIeHHM ~JI.FI 06JIaCTH ~" B B~e

f\ Rpyra c e.n;HHH'tfHHM pa.n;:vryCOM np11:Be.n;eHH B TaOJIHUe r, ~JIff OÓJIaCT11: G B 
B~e rrp.FIMoyrO.1IbHHRa CO CTOpOHaMH lJl. 11: 2!/L - B Ta6~e :2. rIpOBO.n;H

8 9 



Ta6Jnma I 

N h='x/18 h=~/36 h=:JL/72 8KCTparrOJIHp. TOllHoe 

I 2,42450 2,41208 2,40781 2,40453 2,40482 

2,K 3,86387 3,84343 3,83654 , 3,83088 3,83171 

3 
x 

5,17951 ' 5,15152 ,5,14209 5.13578 5,13562 

4 5,56824 5,53729 5-,52708 5,52042 5,52007 

5 
K 

6,43515 6,40013 6,38828 6,38019 6,38016 

CP TIME EC 1061 paBHo 8,7 c. 
K - KpaTHHe KOpHM. 

Ta6JlliI.Ia 2 

N h=f"'16 h=JV12 h-=~24 , 8KcTparroJmp. TOllHoe 

I 1,12649 1,12203 1,11998 1,11805 1,11803~ 

'2 1,42300 1,41843 
-. 

1,4162~. 1,41413 1.4I421 

3 :1 -1.81263 1,80753 1,80508 1,80263 1,80278 

4 2',08008 2.06988 2,ffi551 2,06113 2,00155 

5 2,25393 2,24441 2,24005 2,23568: 2,23E?07 

6 2,24747 2,24157 2,2387I 2,23585 2,23607 

7 2,51704 2 ,50847~ 2,50406, 2,49965 2,5 

8 2,7058~ 2,699(2 :2 ,69564 2,69225 2,69258 

9 2,84449 2,83716 2.83264 2:82811 2,82843 

10 3,07168 3,05460 3,04745 3.04029 3,04138 

11 " 3,17749 3,16979 3,16578 3,16178 3 ..16227 

. CP TIME EC 1061 paaao 20,7 c" 

I' 

11 

;~ 
, f-

I 
, : Ta6.mma 3 
, . 
11 

1\ 
.~ 

r 

j CP TIME EC 1061 paBHo 11 
i Jt - 3Ha'lJeHMe, aOC'tIRTaHHOe rro 

TaÓ.mm8 4 

. 

I 
,I
 
I
 

N h=1/3 h=T/6 h=l/12 8KCTpahOJmp. 

. IX 3,11842 3~,1I230 3,10966 3,10702

2 3~195351 3,92348 3,91007 3,89666 

·3 4,48681 4,46739 4,45465 4,41191 

4 5,47903 5,46068 5,44625 5,43182 

5 5.64178 5 ..66166 51~5?4I 5-,65316 

N h=1. /~. 

-
h=1./6. h=1-./12. sKCTpanOJI. PDSOR /14/ 

I 3,04916 3,04381 3,03982 3,035$2 3,0354 

{2 3,11448 3,11159 3,10979 '3,10798 3,1CY70 

3 3,54634 '3,52263 3 ..51207 3,50152 

4 3,95077 3,.92153 3,90912 3,89672 3',89-73 

5~ 4,20699 4,18491 4,17328 4,16165 4,1617 

c. 
nporparese 

. CP TIME EC 1061 palmo 45,6 c.
I 

E,IJJffi /2( panao 3! 10479. 

3HalleHHR rrepBoro cOÓcTBeHHoro llRc~a, rrOCllHTaHBHe no nporpaMMaM: 

li Sp1elman D.E., iarr1ngton R.F. /5/ - 3,041 

fpHrop:beB .JII .lU>.. 15/ - 3,0396.. 
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~ 

TaóJOOla 5 

.. 

k 3 

k 4 

. 
'HoMep paC'tIeTHOH ÓÓJIaCTH 

N 

1 illin .",1Y 

I,7I?77 ,1,67509 :F,61247 ;, ,,1,52493:k 1 - ~ , ,~~. , 
k 2, 12369 2 00553 " :1,92646 ." ,. .. 1,,8~373'2 

I 

2,70669 2,55510  2,4!389 2,26873 
.. 

3,03688 " .2 '~'7II6I 2,37008 2~09I65 

k 3,IÕ8II 3',06710 3,05582 2,82220S 

k 3,34465 3,06211 2,73928 2,503066 

. 

Y 

1,42190 

' 1,80168 

2,10905 

I ,86788 

2,57064 

2,35301 

/ 

Pac • 2.• PnC. 3.
 
L -oõpasnaa OÓJIaCT:b. n -06paSHaR: oõzaczs ,
 

12 

f~ 
• 
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JrnC:h pacxera cOÓCTBeHH1IX 3Ha~eHlrti Te fi cpasneaaa P€3y'JThTaTOB c pac

~eTaMl-1 no .I\PyPkIM npOrpaMMaM m L-oõpaanoã OÓJIaCTfi./2! (Tá6.JIHUa 3) 
li.nJIff n -oopaaaoã OÓJIaCTli 14/ (pMc.3, Taó.JIlfga 4}. 113 T~ÓJIIU.t B~ 
HO, ~TO CXO,IUIMOCT:h cOóCTBeHHHX 3Ha~eIllii1: no mary .IUlJ:CKpeTIl3~.it dJrn3

t
I 

Ka K JIHHeHHoM. B T~Ó~~X Ta~e np~O~TCH pe3YJThTaTH 8KCTpanO~K 
,I no	 map,ncoHy. 

TIpM liCCJIe,nOBaHHH nOBe,neHRff ~a 8JIeKTpOHOB B.BOJIHOBo,ne B03HRK
JIa HeOÓXG~ocr:h aHaJIH3a nOBe,neHHH COóCTBeHHHX 3Ha~eHRM R COóCTBeH
tlliX W,yHKqRM ~ H -06pff3HGM OÓJIaCTR B 3aBRCHMOCTM OT M3MeHeHRff 
napaverpoa 06JIaCTM (pRC.9.). Pe3YJI:hTaTH pacveros npHBe,neHH" B TaÓJlli

ne 5. 
TpaqmKH 3Ha'IeHMM BOJIHOBhIX <!JyHKI.U1H na OCM OY M306paJKeHH aa 

pnc"4-8. ~ BTOpofi 'IaCTOT~ Ha "8TMX pMcYHKax OTMe'IeHH 8KCTpeMaJI:hHhIe 
TO~KM M .naHH 3Ha'IeHijR coócTBeHHo~ ~HKnMH B 8TMX TO'IKax. 

B 3aKJlIO~eIDIe asropu C'1MTaIOT CBOHM npMTH1IM .n;OJIT'OM BHpa3MT:h ÓJIa

ro,napHOCT:h O.M.~aIIleBY 3a p~ ~eHHHX 3aMe~aHMM no M3JIO~eH~MaTe
pMaJIa. 
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AKHmHH n.r., AxonHH B.n., mHAKoB E.n. Pll-87-738 
PemeHHe ABYMepHoro ypaBHeHHH renbMrOnb~a 
MeToAoM rpa~HhlX HHTerpanbHhlX ypaBHeHHA 

HCCneAYIOTCH );JonpoCH, BOSHHKalOlll;He npH lIHCHeHH;OM pemeHHH 
ABYMepHOrO ypaBHeHHH renbMrOJ'lb~a MeTOAOM rpaHHt{HhIX HHTer
panbHhIX ypaBHeHHA. ,llnH AHCKPeTHSa~ ypaBHeHHA HcnOJ'lbSY
eTCH MeToA KonnoKa~A. npeWlaraeTCH aTepa~HOHHhdt npo
~ecc pemeHHH AHCKpeTHsoBaHHhlX ypaBHeHHA. HcnonbsyeTcH 
MHoroceTollRhIA anropHTM. npHBOARTCH pesynbTaTbi lIaCneHHbIX 
paClIeTOB. 

Pa~OTa B~onHeHa B na~opaTopHH BbIlIHCHHTenbHoA TeXHHKH 
H aBToMaTHsa~ OHHH. 
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Akishin P.G., Akopian V.P •• Zhidkov E.P. PI 1-87-738 
Solution of the TwO.Dimensional Helmholtz 
Equation by the Boundary Integral 
Equation Method 

Some problems arising in the process of numerical 
solution of the two-dimensional Helmo1tz equation by the 
boundary integral equation method are investigated. The 
equations are discretized using the collocation method. 
The iterative process for solving the discretized' equa 
tions is proposed. The problem is solved using an algo
rithm on a grid sequence. Numerical results are presen
ted. 

The investigation has been performed at the Laboratory 
of Computing Technique and Automation, JINR. 
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