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• I. BBe.neHHe 

B HacTo~eR pa60Te pacCMaTpHBaeTCg ilocTpoeHMe BHqMCHMTe~bHYX 

cxeM ~g pemeHMg HenMHeAHoro napa60HKqeCKOrO ypaBHeHMg OTHOCMTe~bHO 

<WHKIlMM t( (KJ t) ,oc X c .e , 0< -t c IX> 

ti. - ti, . - !(.x u: U·) (L 1)'/ x x , > X 

C rpaHHqHHMH ycnOBMgMM 

U(~t)= u(e)-t)=o (1.2) 

MHaqaHbHHM ycnoBMeM 
li. (x, o): lto (x), lto(oj= uo(e)= O • ( 1.3) 

t 

i 
i 

--------~ 

~t 
( 

-e:!-:-L•. --.. - -- .._--

1/ 

í
\ •. 
j 
~ 

~ , 
t 
\ 

:~ 

(IA) 

(r. 5) 

~g B~D~a B~cnMTe~bHNX cxeM McnonbsyeTCg MeTO~ cn~aAH-Kon~oKaQMM/1( 
3aAaqa (}.})-(1.3) B MeTo~ax HHBapHaHTHoro norpyMeHHg g~geTCg 

conYTcTByD~eA 2 ARg cTaUHoHapHoR rpaHHqHoA sa~aQM OTHocMTenbHo ~K
llMH #(x) -' 0< x'« e

.v": I(,(-,y)v~, 

$(0):= 3ft) == o . 

ilpH onpe~e~eHHHX YC~OBHgX (HanpMMep,/3/) pemeHHe s~aQM (1.1)-(1.3) 
cTa6H~HsHpyeTCg ( tti~ o npH i~ co ) H CXO,D,HTCg (U(X,i)~ I/(x.) 
npa i -? LX) ) K paueHKD CTallHoHapHoA SaAaQM (L 4) - ( r. 5). B ~8HHOM 

cnyqae MeTO~ pemeHHg 3BDnDUKOHHOA s~aqH (1.1)-(1.3) CTaHOBKTCg O~HO
BpeMeHHO H MeTO~OM pemeHHg CTaQHOHapHOA rp8HHqHoA S~aqH. MeTO~ CTa
6H~KS8UHH (YCT8HO~eHH') mHpOKO npKMeHgeTCg npH qHCHeHHOM pemeHKH 
CTaQHOH.apUlIX sa~aq 2,4 • B 3TOM nonxone SaqaCTYIO ynaerca npeonoaees 
TPY~OCTH, CBgSaHHHe c He~HHeAHocTbD sa~aq, sa cqe~ npKMeHeHKg no~
XO~X ByqHCJIHTe~bHHX cxex, npHBO~HX K ~HHeAHIiM s~aqaM. ~g 

nHHeAHHx .e saAaq ,D,HCKpeTHaR annpoKCKMaQHg pasBHTa ~OCTaTOtlHO xopomo. 
3~atlH (I.1)-(1.3) M (1.4)-(1.5) HMeDT CaMOCTOgT6nb,Oe SHaqeHHe 

B paSKKQHHX MaTeMaT~eCKKX MO~6ngx ~SHRH (HanpHMep,15,6 • MHTepecHo 
OTMeTHTb CBgSb 3THX s~aq, npOg~~Cg qepes OrpaHHtleHHg o6~ero 

B~a Ha HenHHe~e qaCTH ypaBHeHHR, KOTop~e 06eCneqHBaDT RaR' caMY 
cTa6HHKsallKD pemeHHg sa~atlK (1.1)-(1.3), TaR K c~eCTBOBaHHe H e,D,HH

~~1I!ll'tl 

~~U2Uil1eMHi!n t~UCnnyr.,... © 06'heAHHeHHbIH HHeTHTYT xnepasrx HCCJle.uOBaHHH, .!ly6Ha; 1987 
. " 

~eJtJ.&1X ~ccnP:lon~nI8.Ü '. 
s~SnertoT~HA 



CTBeHHOCTb pemeH~~ paCCMaTp~BaeMWX s~a~. TaR, Cne~R pa60TaM/3/ , 
MOJKHO noxaaars, qTO npa HenpepbIBHOCT~ WHKU:}{~ ! [r; a,ti) ~ ee 
npO~SBO~bIX lu ~ Itr B 06naCT~ R·= {Df: X~ e) -IX) c UJV'<. oo} 
ycnoB~e 

,"nl(lu)? d~ o ( 1.6)fi' 

AOCTaTOqHO AXH cTa6M~3auRM pemeHHR 3ana~ll (1.1)-(1.3). c ~yrOH 

CTOpOH~, ~sBecTHo,/7/, qTO STH JKe ycnpB~H 06eCneqJ1BaIDT CYmeCTDOBaH~e 
eA~HCTBeHHoro pemeH~H rpaHJ1qHoA s~aq~ (1.4)-0.5). B A8JIbHet1m~x 

• TeopeT~eCK~X paccMoTpeH~Hx 6YAeT ~cnonb30BaTbCH npeAnOnOJKeHHe o 
CYIl\ecrrBOBaH~~ ~ eA~HCTBeHHOCT~ pemeH~A H3~aeMhlX sanan. 

O~~M ~s B03MO*Hb~ nOAXOAOB K pemeH~ro rpaH~~oA 3~a~ (1.4)
(1.5) RBnHeTCH ~cnOnbSOBaHHe HenpepMBHoro aBanora MeTOAa HbDToHa/6/ . 
B TO JKe BpeMH 3TOT *e rrponecc MOJKHO oc~eCTBHTb ~ B MeTOAe cTa6~n~
saU:H~ rrp~ pemeH~~ Hen~HeAHNX SaAaq, B03H~Karo~MX Ha KaMAOM BpeMeHHOM 
cnoe. llp~ 3TOM cne~eT O~HAaTb pacm~peHHR BOSMOJKHOCTeA non~eHHbIX 

HeRBHbIX BbltI~CJHiTeJlbHb1X cxex no cpaBHeH~TO c RBHbIMH, rne n~Heap~aaQ1llH 

AOCT~raeTCR sa c~eT OTHeceHHR Hen~He«HocTH Ha rrpe~ BpeMeHHoA 
cnoA. KpOMe Toro, BOSH~KaeT CBRSb Me~ HbroTOH~/KoA ~TepaIJ;HOHHOA 

cxeMoA pemeHHH CTallHOHapHoA SaAaqH (1.4)-(1.5) 6 ~ cxeMoA pemeHHH 
3~aq~ (1:1)-(1.3) c ~CnOJIbSOBaHHeM HenpepbIBHoro aBanora MeTOAa HbtoTO
Ha B cn~ae cTa6~n~sau:~~. 3TH BOrrpOCbI TaKJKe HayqaroTcH B ASHHOA pa6o
Te. 3AeCb paccMaTpHBaIDTCR npocTeAmHe OAHopoAHbIe rpaH~bIe YCJlOBHH 
(1.2) H (1.5). OAHaRo non~eHHbIe peSYJlbTaTbI nerRO pacnpOCTpaH~Tb H 
Ha 06~HA cn~aA n~HeAHb1X rp8H~Hb1X ycnoBHA. 

2. ~cneHHbIe cxeMbl 

B nonynonoce jj = {(x, fi): 06 X6 e, 06 -I: c <>a } BBeAeM ceTKY 

ti :=: LlN x.L\1;" , L1 c : 'n = 17t: , 1:'70, /7= o) 1, ... 

~N: 0= Xo < X1 < . . . < XN = e) hl = %'+1- Xi • 

rrp~6JI~eHHOe pemeHHe aaAaq~ (1.1)-(1.3) npH R~OM ~HRCHPOBaHHOM i
 
~eTCR B BH,IJ,e KY6~~eCROI'0 CnJIaAHa S(x,-t) snacca c~[o) eJ no
 
nepeMeHHoA X c ysnaMH na cerae ..1 IV • HaMli 6YAeT ~CnOJIbSOBaHO
 

B- npeACTaBJIeHHe cnnaãaoa, ,IVIR uer-o cersa AN AOnO.JIHHeTCR Y3naMH 

X-J < ,L~ c X- 1 c X'o, X'" < XNt-1 <X......f :< < XN+.J • 

Mx MO*HO BbI6paTb cneAYID~HM 06paaoM: 
x-i = Xo -l. ho , xNi-l = XN + i/'N_t ' l= 1)2) 3.
 

CmraAH S[«, t) npencraanaercs B BHAe
 
'V#oi 

S(xJ-t);:::: ~ cy·(t)· B.(x) (2.D 
j=-1 l' 

2 

.. 

I"Ae Bj («) - HOpMM~soBaHHbIe KY6~eCK~e B -CnJIalllibI/1( Ilocne 

S 

AHcKpeTHaaW[H no t: paccMaTp~BaIDTCH ABe cxeaa 
Il~ 1 n 

:;., S = S"l1+-~ J(x, S~ S' ") , (2.2) 

n+1 n 
S -s =Slln+~f(x, Sn+: 5,n+-1) (2.3) 

t: 

c COOTBeTcTByn~HMH KpaeB~ H Ha~anbHHMH YCJIOB~RMH 

ns; == SN := O, (2.4) 

Srx) z tio (x) (2.5) 

06e cxeMbl HMelOT o,n,~HaKoBblj:l no i nOPMOK annpoxcaxanaa O(r:) .ShHCxeMa (2.2) n~He"Ha OTHOCHT8nbHO ~ 
M1 • 3HaqeHHH ~KllHH 

HaXO,IVITCH no HSBeCTHHM 3Ha'tleHHRM SI1 , S' n nocne Bhl60pa To~eK KOJIJIO
Kaq~H OTHOCHTenbHO apryMeHTa c nOMO~blO MeTo,n,a nporoHKH. 06HQHO B Ka
~eCTBe To~eK RonnOKaQHH 6epyTcn Y3HH cnna"Ha. B 3TOM cn~ae HeT~o 

BHAeTb, qTO npOI"OHKa YCTo~Ba, ecnH 
6t: . (2.6)f - h.~ f O .) t=~1, ... ,tV-l. 

t n+1 

CxeMa (2.3) HenHHefllia OTHOCHTeJIbHO ..r , H MH HaXOlltAnr 
ee pemeHHH MO~IO Hcnonb30BaTb H~npephlB~ aHanoI" MeTo,n,a HblOToHa 6 • 
Ha K~OM BpeMeHHOM mare nonyqaeM cJIeAYID~HR HTepallHoHHblR npoQe?c: 

1I ;1 I "+1 I (.1... fi I. ,m'11l,11+1) "+1 11+1
lIJc - :ft(1 (x,SK , SK J ti;. - 'C' +:f/.( (X,J'K , SI:: .1)1{::: ~k , 

(2.?) 
~:+:: (S/<"+!.. S")/'l" - S;' 11+-1+ J(x, S/'+,1 .1; "+"1) ) 

11+1 n+1 11+1 n
S = S + 6:/1: V':./< S == S 1l::~1,. ") K=o, 1, ... , (2.8)

K+1 I( .'(J , 
rne 6:t - HTepamWHHble napaaeepa, K - HOMep ~TepaqHH. OueSH,qHO, 'tlTO 

ti; - T01le Ky6H~ecKHR CIlJIaAH MaCCa CZ [ o" e] . IlyCTb 0<. 6;. < { 
3~a~a (2.?) c Kpaeaw.m: ycnoBHRMH 

I.!k (O) = u;. (e) -= O ·(2.9) 

nOCJIe Bbl60pa TOqeK KOJIJIOKaUHH (06yqHO OHH COBna~IOT c Y3JI8MH cnJIaAHa) 
pemaeTCH MeTOAOM nporOHKH. DocJIe onpeAeJIeHHR HTepauHoHHoA nonpaBKH 

lJk cneAYD~ee npH6noeHífe HaR,n,eTcH no lfloPMYJI e (2.8). ()qeB~o, 'tlTO 
a cHny (2.9), Bce SK11+1 

y,n,OBJIeTBOpRIDT KpaeBbIM YCJIOBHHM (2.4). 
MTep8llHH npeK~DTCH npH BblTIOnHeHHH ycnoB~H 

m ar lu;. (XiJ/ ~ ~ (2.ÍO) 
o!:.l-:,v .) 

3 



rne e;>.O- ~OCTaTO'tlHO MaJIOe qHCJIO. Xi - TO'llKH KOJIJIOK8l.lHH. flpH nepe
XO,IJ,e 0'1' ~aHHoro CJIOJi K CJIe,JJ,yIOI.qewy B KatreCTBe HatIaJIbHorO"yc.nOBHJt HTe

PB.UHH 6epaTCJt BbItlHCJIeHHOe 3Hatr6HHe S 1'/. B xauecrae Haq8JIbHOR 
WHK~H Se MOmlO B3JiTb JIH60 HHTepnOJI~OHHllIR Ky6H1teCKHR CnJIaRH, JIH60 

JIOKaJIbHO-annpOKCHMaUHOHH~ Ky6H'IlecKHR CnJIa~H, y,IJ,OBJIeTBOp~R 

YCJIO BH.fIM 

SO(xJ= 1Ic(x,.) ~ i=O~1,N-1)N • 

B cnytrae. KOr,IJ,a petrb H~eT O npH6JI~eHHOM HaXO~eHHH cTa6HJIH3HpyD~erO

• CR pemeHHH sa,IJ,a'tlH (1.1)-(1.2). npo~ecc B~HCJIeHHH no BpeMeHH npeKpa

~aeTCJi npH BHnOJIHeHHH YCJIOBHJi 
} Snl'1 snl 

max i - i ~ é" (2. lI) 
O~/~N t: 

I',IJ,e t. :»- O - ~OCTaTOtlHO MaJIOe '\lHCJIO. 
IlpHMeHeHHe uenpepssnoro aaaxore MeTo~a HbIOToHa (HAMH) ~Jt s~a

qH (1.4)-(1.5) ~aeT rrOCJIe~OBaTeJIbHOCTb HTepa~R 

u;'-fu'(x, J'K' JS:')u) -J{,( (x~J'k, j/JUK =-[/1/("- f{X•.K-,J'/)] 
) (2.12) 

~T1 =~ + ç til: , K= l', 1" •.• 

B TO Ee BpeMJi ypaBHeHHe (2.7) M03HO npe~cTaBHTb B B~e 

/I J (. "H ,W"" I 11 ( 11f1, 11+1 _
V; - li / ~>~ / SK ) 'f -ru. l X, SK , SK ) Vi: 

_[(I/lM!....J! (IM1(',n+)1}7 (.1..tJ:'. S/1+!"'Sn) 
...)k tX,JK ),.)1\"" 'J + L K + 'l: , 

KOTopoe OTJIHtIaeTCJi OT nepBOro ypaBHeHHJi CHCTeMN (2.12) JIHmb nOCJIe~

HHM cnaraeMHM B npaBoR traCTH. B cJIYtrae CXO~HMOCTH HTepa~OHHoro npo
~ecca li cTa6HJIHSa~HH pemeHHR OHO JiB.nJieTCfl ,IJ,OCTaTOtrHO M8JIHM B CHJIy 

YCJIOBHR (2.10) H (2.11). TaKKM 06pasOM. B 3TOM cJIytrae HAMA ~Jt 38AatI 
(1. 1) - ( 1. 3) H (r. 4) - (I. 5) naer aCKMnTOTHtIeCKH (-I: ~ DO • K ~ co ) 

O~HHa.KOBllIe pesYJIbTaTllI. OMiaKO HTepaJJ;HOHHyto cxexy HAMA ~Jt 38Aatm 

(1.1)-(1.3) MO~HO paCCMaTpHBaTb H KaK CaMOCTOJtTeJIbH1lIA aJIrOpHTM peme

HHH HeJIHHe~ napa60JIHtreC~X SaAS'tl. C 3TOR TOtIKH SpeHHJt npoJtB~JteTCJi 

npeH~eCTBO HamerO no~xo~a nepe~ cxeMoR THna (2.12). 

3. CxOAHMOCTb npH6JI~eHHOro pemeHHJt 

CXO,IJ,HMOCTb HTepaUHR (2.7)-(2.8). KaK nOKasaHO H~e. HMeeT MeCTO 
npa HeKOTOpblX OrpaHHtreHHJiX OTHOCHTeJIbHO lfJyHK~HH ! (X) y, ~ ,) 
A HMeHHO cnpasennaaa 

,TeopeMa r. IW'CTb cPYHK~HH !(X, <Y, r) HMeeT senpepsssse npoH3BO~
HH6 no BceM aprYMeHTaM ~o BToporo nop~Ka BKJIDQHTeJIbHO. Ilpe~noJIo~HM. 
trTO BNnOJIHeHllI'YCJIOBHJi: 

4 

I. Hpaesaa eanana 
(3.1)VH_!g,(X,j~.1')V'-(c +f.j(x,.;j,~;)) v= O, v(o)~ v(e)==o 

HMeeT TOJIbKO TpHBHaJIbHOe pemeHHe ~Ji JIlO60A ~B~ HenpepNBHO ,IJ,H~epeH

~HpyeMo~ epyHKIlHH /!()() • y~OBJIeTBOpRiOJIte~ KpaeBOMY YCJIOBmo (r. 2) • 

3~ecb C -JID60e nOJIOEHTeJIbHOe trHCJIO. 

2. Juu . !u'u l - (/,,1.1,)2- ~ O, } (3.2) 

f úu + tu'''' < O - . 
{ nH}

Tor~a eJ)yHK~HOHaJIbHafl nOCJIe~OBaTeJIbHOCTb S~ , onpeneaaesaa 
epoPMYJIoR (2.8), npa KaJIt~OM epHKCHpOBaHHOM n pasaoaepao CiO~HTCR K 
pemeHHD 3~atIH (2.3)-(2.5). CKOpOCTb CXO~HMOCTH HTepauH~ (2.7),(2.8) 
xapaKTepH3yeTcR COOTHomeHHeM 

Is n+!. S;+1jb vi(. 't . ,5" "- f(x, Sn, S' nJj
~ ./ J (3.3) 

O « .a <: co) ~I< = ri
K-1 

(1-ói) . 
'=0 

AORa3aTeJIbCTBO. YpaBHeHHe (2.7). HcnO~b3YJi (2.8) H 0603Ha~eHHe 

1
QKI1f" = (.~/+"-s")/r - S/ ": J(x, S/H) s; nH)7 

MOmlO 3anHCaTb B BH~e 
Z 

n+-1· )o, n+1 bK-1 {Ir-' Z i I i I ~ } _ _ c. + - -u: +. 11:.. tí.. + -fi:. (3.4)2 - (1 6;;'-1) /(-1 2 uú /(-1.2 /(1./' K-1 K-1 ,,'14' K- 1K , 

EcJIH BBeCTH MaTp~ t:nK H BeKTOp tõ;:. epoPMYJI8MM 

fI/I(' )
Xu (fi::)

Fn K= 1_ ;v tU; = 11.'( 
UU' lu'u') K ~ 

TO (3.4) 3anHCllIBaeTCJi B BH~e 2 . 
tWI f ) n«" 6;-1 / r t4I': ) (3 5)

~K = l1- 6"'k-1 ~k-1 + "2 I.tnK W';-1) K-1. • 

B CHJIY YCJIOBH~ (3.2) c06cTBeHHllIe 3H8treHHJi cHMMeTpHtrHoA MaTpH~ Fn K 

HenOJIO~TeJIbHb1. H,CJIe~OBa~eJIbHO, M8TpHua Fn K HenOJIO~HTeJIbHa, T.e. 

,IJ,JIJi JlD60I'0 aexropa W" HMeeM (r17K IV, w)~ O • CJIe~OBaTeJIbHo. H3 

(3.5) 'Henocpe~cTBeHHo B~eKaeT Hep8BeHCTBO 

i 17+1L.. • 2 17+1 (3 ..6) 
'k - CJ/( o 

5 



n 
OTCIO.n.a SlCHO, tlTO ~k ~ o npa K~ 00 • Ôl'0 oaaauaer , tlTO ,lI,JISl npo
Yi3BOJlbHOrO f.70 Hati,IJ,eTCSl HOMep /r':::.td&) TaRott, tlTO 

,IJ,JlSl BCeX 111 ;;j- /li .Ie;" /~ & 

,lJ,1rR HaTypwtr:»H01'O tlHcJla f =f) .2) paCCMOTpHM pS3HOCTb 
f1f-1 m.., 

S.... - S . HeTpy,IJ,HO BH,IJ,eTb, tlTO OHa Y,IJ,OBJleTBOpSleT ypaBHeHHIO·"+f. 117 ,.., 

(f " n+~S'I17"'''I_1J ,(S' /1+1_ s,m'11_ (!.- + $)('''+1_ ~nf11_ 
"I+f "" j f-t(1 It/+, In J 1: :tU lJ IIf+ "') - (3.7)t 

~ "t": I> n+-1 
IPI '" "'-tf . 

C O,IJ,HOpO,IJ,fiblMH KpaeBbIMM YCJlOBHRMH. 3.n.ecb ~" fu - 3HatleHHR ~K
~Hti lu' , lu B HeKOTopot\ npOM~YTOtIHOt\ TOtlKe. C01'JlaCHO nepBOMY 
YCJlOBHIO TeOpeMH 3apatla (3.7) HMeeT e,IJ,HHCTBeHHoe pemeHHe H ,IJ,JlSl Hero 
BepHa o~eHKa 

fJ+-1 nH (I ~ n+1 I , Ii n+1l) L. i (3.8)I511;+'- SIPI 1~.AJ. + ", If/t-f . 

HCHo, tlTO ,lI,JISl scex m~ IV BeJIHtlHHa l SlBJISleTCSl CKOJlb yrO,IJ,HO MaJIOt\. 

3HatIHT, no KpHTepH~ KomH nOCJle.n.OBaTeJlbHOCTb [SK'n+1} paBHOMepHO cxo

,IJ,HTCR, T. e. f) , (> n+" S nf" 
JC.tm..) '= 
k~ lXl K 11- • n+" nH 

C ,n,pY1'ot\ cropoax, 0603HatlHM pa3HOCTb S - SI< uepea S2K 
To1'.n.a HeTpy,IJ,HO nposepaes , tlTO J2K y.n.OBJIeTBOpSleT YCJlOBHRM 

" P. ' (- 1 7f ) _ '1+-1f2A; - ru' nK - ?+"tu flK - ~K 

SZK (o) = S2é (e ) = o , 
OTCIO,IJ,a, KaK H BNme, nOJIytlaeM OUeHKy 

",+1 /f'H ,11+ 1 I "n fi r" s,n11IS2,) = IS .- f k I ~ .Ai. ~K 1~ .(1- '/tK ' S - flX,:;" .I .. 

IIH .11t-1 
T.e. SK ~ 5 npa K~ DO • 

11t-1 1/+1
B CHJIy e~HCTBeHHOCTH npeneaa HMeeM S;, = S , 
TeOpeMa ,IJ,OKa3aHa nOJlHOCTblO. 

2aMeqaHHe 1. llepBoe YCJlOBHe TeOpeMH 1 B~rrOJlHeHO, eCnH HNeeT 

MeCTO (1.6). Bonee TOtffiO, OHO BblnOJIHeHO, eCJlH C+ tu. ~ O • IbCROJIbKY 

,IJ,JlR HTepaI.J;HH (2.7») C = t/r , TO 3~aqa (3.1) pS3pemHY8 H H..e8'l' TOJlb
KO TpHBHaJIbHOe peneaae XOTít 6h1 AJUI ,IJ,OCT8TOQHO ..anoro 'C'. Ec.nH cWH~SI 

/(x) :1).1') He 3SBHCHT OT npOH3BO,Il,Hott (paneHHSI J' ), '1'0 BTOpoe 

YCJlOBHe TeOpeMl:l 1 BIirlOJlHeHO npa O1'paHHtleHHH l"lI « O (Iu'u' < O). 
3aMetlaHHe 2. M3 oueHKH (3.3) BH,Il,HO, qoro B cnyqae cTa6HnH3aqHH 

no xepe y6blBaHHít BeJIHtlHH~ S" ", t [x, s", S''') CORPaJItaeTCSI t1HCJIO HTepa
UHA K c pOCTOM n ., 

6 

3aMetlaHHe 3. McnoJlbsYE YCJlOBHE TeOpeMH I H HepaBeHCTBo (3.6), 

MOMMO nOJlYtlHTb HepaBeHcTBo 
11{ I ~ At· ~,f:. -I s 11: /(x, .: Si") I 

,IJ,Jlít oueHH~ He06xo~Moro tI~CJla HTepaUHt\ npH ~OCT~eHYiH 3a,IJ,aHHott TOtl

HOCTH (2.10). 
llpe~nOJlOMHM, tlTO pemeHYie 38,IJ,8qH (1.4)-(1.5) np~H~~HT 

C.2 w: [o) e] . CKOpOCTb cTa6HJlH3aUHH npH6J1H}!eHHo1'Q pemexaa SíT
 
xapaKTepYi3yeT cJle.IJ.YD~asr TeopeMa.
 

TeopeMa 2., fJyCTb BbmOJlHeHO YCJlOBHe (r. 6) 11 YiTepaUYiOHHbltt nponecc 
(2.7)-(2.8) CXO,IJ,HTCR npH JlID60M ~~HcHpoBaHHoM o . To1'~a CKOpOCTb CTa

6HJlH3a~HH npH6J1RMeHH01'O pemeHHE xapaKTepH3yeTcE COOTHomeHHeM 

IIS 
n
- <YIIC(l1N) ~ 1

n 
." so- i/I C(il ) -+ O (h'J) , (3.9) 

N 

1',IJ,e 
~ -:::: _1_ < 1 Dc!/If (- = m~x I ~'/ ) .li =J(.f/) . 
r 1+'l:d ) cÃ.••) ()~é~tv' 

.uOKa3aTeJlbCTBO. IlyCTb S - HHTepnOJlEUHoHHhlf.l Ky6H'tleCKHA cnnaJffi 

)J,JIít ~eieH1otR fi ,Y,IJ,OBJIeTBOp~HA O,IJ,HOMY 1013 xpaessx YCJlOBHA THna 
l-lY 1 • McnoJlb3yeM HepaBeHcTBo . 

Ils/7-,y//6 iISI/-S//+/lf-.rIl. (3.10) 

TaR K'R no npe~nOJlOMeHHID fi € CZ Wc: [o, e] , TO CnpaBe,IJ,JlHBbI COOTHome

HHít/1 .
S- Y= O(h it) (3. rn 
§"- ; (x) S, .5)= oii», t; ma« hl , (3.12) 

xcropse sepas ,lI,JIít scex Xé [ C!> e] . I103TOMY H3 (3.10) SlCHO, tlTO ~OCTa

TOtIHO oneHHTb BeJlHqHHY () 17.:;:: S n- S • J1cnOJlb3YH (2. 3) H (3. 12), nerxo 
noseaars , tlTO ti '1 Y,IJ,OBJIeTBOpíteT. ypaBHeHHIO 

e" 11+"-[". o'": (f. +i:) &nf~ _ -? o"+ O( h~) (3.13) 

c KpaeBHM YCJlOBHeM 
11 ,(')/7 (3.14)Bo = l)' /V -= O. 

4T06b1 Haf.lT~ pemeHHe 3a~atlH (3.13)-(3.14), npHHa)J,JIeMa~ee Cf/. IV ~ [~ e] 
,IJ,OCTSTOtIHO paccM~TpHBaTb ypaBHeHHe (3.13) B Y3J1aX ceTKH L1 N. I1PH ' 

3TOM pemeHHe ~eTCítB BH~e 
fV~1 

e" = ?= oI.'j,n~: (x) . (3.15) 
J=-1 J 

ITocJle nO,IJ,CTaHOBHH (3.15)-B ypaBHeHHe (3.13) noJIytlaeM ypaBHeHHR ,lI,JIR 
Ro3ifxfMI.J;HeHTOB 0)' r1f1 • 

1/+1 1/f1 17+1 hi +h,., fi (. 3.!I. 0/. - C' <:>I. + 8· 0/. -= - ~,f). + O hq (3.16)
,t-1 (l '/f1 61:" /, 

(= 0):1..) .• ') IV) 

7 
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/I. _.._i_._ [1+ !!ii~, _ h/. 1-f(,'!u]
t A/-~+hi_1-t-hi 2 6 r: 

(3.17) 

Bl 
.i . [1. _ k1 1.,- h'~1 J+t:lu ] 

h;-1 -t-hi r /'/+1 i.. U 6 'L 

C.= JI;-/?;-~' Ml 
(, ~ t 6 c 

11+1 "+1 
C nOMOII\blO xpaessx YCJIOBVItt (3.14) VICKJIIOtIaJDTCH ~-1 ,ex'11/1-1 VI3 
ypaBHeHHtt (3.16) COOTBeTCTBeHHO npa (,':=.0 li i= N • B pesYJIbTaTe HMeeM 

CVICTeMj' 
........ /7+'1 ,.",. n+1
 

Co rXo + (]o ',,(1 = oa» ) (3.18) 

IJ. n+1 ) 11+-1 I"J "f1 hi+hi'- 1 ,n r? O(.h31·- N.-1 
1/7, 06 - (.' o( + 1.5.' <>I' = - -- 0':' + / ,(;.1; ..,) )

• f-f (, C t 1f1 br: (, "
 
j n+1 --: n+1
 

IV' :><'N-1 + C~o(N z: D(htt) , 

rAe 
. ~~/,(i+h1) ~I"-- ""-

Co = i;:' ~o'I-~1)~ / ) to -= t: /q, ) (3.19) 

~ I í1 '7' ~ (.!l.hlV-l ~""-2) fi h );;
..4.'11 = - "'''''-1'+4' } (\I' == I - ll-,III-t N'-2 'f",,' 

'7N-1 

MaTpKq8 CVICTeMH (3.18) o6JIaAaeT AVIarOHaJIbHHM rrpeo6JI~aHHeM npH YCJIO

sasx ~ ~ 1,
Ái '1 h,g. 1+if(,( 1 t,i-1 '; A"-1 1+L u oí+ -fll- -.-- ~O --+,.'- __ -- ~ ) 

(3.20)
o

.2. ~ 6 t' ) 21/ c 1; 

KOTop~e HMelOT MeCTO AJIR AOCTaTO~O MaJIOrO h H h~« ~ • ITpHMeHHH 
VI3BeCTHYID TeXHHKY OQeHKH pemeHHH li ~H CVICTeM~ (3.18), nOJIyqaeM 

OQeHKY 

J?1.tlX /o<,/11-f: 9 ". m,tiX101/1 + 00/) . (3.21) 
Of('~1I/ Oft~ AI 

ECJIH yqecTb, tITO 

0<:' 0_ s,o- s. - hi~/"1ts"~ S"I.+- ~,~""., (S~~ 5-'1, 
c - " t. 6 t..: ..1(.3 .J{ 

1~t1_ S I = Jn~x / o<e.t)/ Xf [,(1.) XN - 1 ]..J 
Oft!N » 

TO ~3 (3.21) JIerKO nepexoAHM K OQeHKe 

1I S n_5 IIC(tJN)~' rt n,fI so- :fIle (11,y) -+ O(6~. (3.22) 

8 

;" 

O}WHtiaTeJIbHaH oueaxa (3. 9) CJIe~eT VIS aepaseacraa (3.10) c yqeToM 

o~eHOK (3.11) H (3.22). TeopeMa AOKasaHa. 

SaMetIlUme 4. O~eHKa (3.9) nonyueaa B CeTOtIHO~ aopae C(IJ /I) . 
ECJIVI VICnOJlbSOBaTb KYCO'tffiO MHOrOtIJIeHHOe rrpe)J,CT8BJIeHHe CIlJIaf:\Ha c9~ 

TO JIerKO n0JIYtIaeTCR o~eHKa 

/1 &n lic ~ 1/ enlic(/1",) + o;h') ~ 
H TeM CaMHM HMeeM 

!/Sl]-Jll ~ ~n-ll s~j'lIc + oti» ') (3.23)c 
rne II~/i -= 111úX IJI(x) I 

c ,(. e[&';e] 
SaMetIaHVIe 5. ~e paCCMaTpVIBaJIOCb TOJIbKO nepBoe (OAHOpoAHOe) 

KpaeBoe YCJIOBVIe. OAHaKO HeTpYAHO BHAeTb, tITO Bce YTBep~eHVIfl OCTa~TCfl 

B CHJIe He TOJIbKO ~H HeoAHopoAHoro nepBoro RpaeBoro YCJIOBVIH~HO H ~~ 

KpaeBHX YCJIOBH~ o6II\ero BHAa 

0(1 j'(a.) - fI1 /J1(à,} = J1 ) 
o<.t.y(t1)+-f:J.,ji(t)~!'.t cXf;~~O) ;/1;1<"0I I 

0</+f/ ? O .) /= 1; 2... , 
)VIH t{ CTaBIITCH aHaJIOrVI'tIHhle xpaesae YCJIOBVIH c .1:, -::: ~ .:: O 

BHme MH 3aMeTVIJIVI, tITO cxeMY (2.3) MO~HO paCCMaTpVIBaTb KaK npVI6

JI~eH~ MeTO,lJ, pemeHVIH napa60JIVItIeCKVIX sagatI. Tenepb ee paCCMOTpVIM c 
3Tof:\ TOtIKVI speHVIH. TIpeXAe Bcero, OTMeTHM, qTO B 3TOM cnyqae anropVITM 

(2.7)-(2.8) OCTaeTCH B CVIJIe. EAHHcTBeHHbIM OTJIVItIVIeM HBJIHeTCH TO, tITO 

B napa60JIVI'tleCKVIX sagaqaX 06b1QHO sagalOTcH YCJIOBVIH 

ti.(O~t)== t1;(t-)/ u(e)t)=: 4.:t(t). (3.24) 

TorAa VISMeHHTCR KpaeBble YCJIOBVIH VI ~H VITepaUVIOHHHX nonpaBOK. ~H Torg 

'tlTo6b1 SK:+: YAOBJIeTBOpHn KpaeBOMY YCJIOBVI~ (3.24~ AOCTaTOllHO Tpe6o

BaTb, -qTo6~ )_ J;(fl1f1)-J?,(f,,) /f .)_ J;(tl1+1)-J;(Cn ) 

~l~t - 6: ,; to(~t 
o 6;, 

tt;.~ t) ::: t;;(e; i:) = 0.> K= 1, ~" . . (3.25) 
'KpOMe 3Toro, CHVIMaeTCH YCJIOBVIe (2.11). rrpeAnOJIO~VIM, tITO npVI ~RCVIpOBaH

Hh1X t:. peaeaae napa60JIVI'tleCKOR saAatm npHHa,IJ,JIeJ1tVIT znaccy C~ W;, [O,; eJ 
H VIMeeT OrpaHKtIeHH~e npOVI3BO)l,HbIe no I: AO BToporo nopanxa BKJIIOtrnTeJIbHO. 

TeopeMa 3. QyCTb BblTIOJIH.HJDTCH YCJIOBVIH (1.6), (3.20) VI VITepamioH

HblR npoQecc (2.7)-(2.8) CXOAHTCH npVI JIID60M ~VIKCVIpOBaHHOM n . TorAa 
HMeeT MeCTO 

115 11
- t/ll = O(e- 1/) ) (3.26)c 

I'~e 
te «; t< (~'; 1:,,) t l1 =17 r. 
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-n 
.uOKaSaTeJIbCTBO. flyCTb S - HHTepnOJIHUHOHHhtR KyC5mlecIGtR 

cnnaãn )J,JIH pe,ejHH U n ,Y~OBJIeTBOp.fDOII(HR O,IJfl0MY 11:S apaessx YCJIO
EHR THna l-IY I • Tor~a JIerKO MO~O nOK6saTb, qlfO 

(§"+~S")/t: = S" -: I(xJ 511+~ S,I7+1j + oe» h~. 
n 11-11 

ECJIH 0C50SHa'tDlTb uepea fi paanoc'rs S - S ,TO nOBTOpHeTCH ~OKa3a
TeJIbCTBO TeOpeMH 2 c e~HHCTBeHHHM OTJIHtlHeM, qTO BMeCTO BeJIKQHH tI(h~ 
C5YTJYT CTOHTb BeJIHtlHHbI O( 1:"+ h eY) • TaKHM 06paSOM, nOJIYlIaeM Ol~eHKY 

IIS ~ ti '? Il ~ Cf"·IJ s~- tio" -+- ot:+1/) . (3.27)c c 
B napaC50JIHtleCKKX s~atlax sa~aeTCH HatlaJIbHOe YCJIOBHe (1.6), nOsTOMY 
B KatleCTBe .s o MOJ!QiO BSHTb HHTepnOJImu-toHHbtR Ky'C5HtleClmR CIIJIaRH HJIH 

o
JIORaJIbHblR CIlJIaAfi ~H ao, H nOSTOMY )J,JIR ~OCTaTOtlHO rJI8,I\KoR Hatlanb-

RoR ~KUHH HMeeT MeCTO o~eHKa 

II So- tio l/c == O(h ~) . 
CJIe~OBaTeJIbRO, HS OUeHKH (3.27) CJIe~eT (3.26). 

4. l{HCJIeHH1I1e 3KCnepMMeHTbl 

PaCCMaTpHBaeTcH HeCKOJIbKO npKMepOB, ,IJ,JIR KOTOpHX C5~H c~eJIaH~ 

tlHCJIeRHble paCtleTH. B nepB~ ~BYX npHMepax ~aeTCH cpaBHeHHe ~KTHB
HOCTH cxeM (2.2) 11: (2.3). Ha TpeTbeM npKMepe ~eTaJIbHO onp0C50BaMa 
cxeMa (2.3). TIapa60JIKQeCKHe s~aqH,COOTBeTCTB~He npKMepaM I H ~pe
meHH c nOMOIqblO cxeMbl (2.3) HJiH (2.7)-(2.8). Bce TeOpeTHtleCKHe BHBO~ 

OTHOCHTeJIbHO nop~Ka CXO~MOCTH npHC5JIKa8HHOrO pemeHHH uO~TBep~aIDTcH 

tlHCJIeHHHMH paCtleTaMH. B KaqeCTBe anropHTMa QHCie~oro pemeHHH cxeM 
(2.2) H (2.3) .C5WI BSHT MeTO~ CnJIaAH-KOJIJ[OK~H I . HTepa~OKHhte napa
MeTpIi 6k B cxeue (2.7)-(2.8) BHC5paHH 6k~ f • Hmite B TaC5JIH~ax 1-5 
HCnOJIbSYDTCH 0C50SHatleHHH 

1 ~ I ,,(v ('l)
E, = ma»: S· - 1/- I Ili = !I(x~)) i== o) f) 2. J 

1 Ofü N (. ") 

n -tlMCJIO CJIOeB, Ma KOTOpoM Bhl'tmCJIeKIJI sce BeJIHtlHHbI
 
/( - odUlee KOJIHtieCTBO HTep6~HR )J,JIH cxew (2.7)-(2.8).
 

npeKp~aDTCH, Kor~a BUnOJIHeHH YCJIOBHH (2.10) H (2.11),
 
- 3 -6raJIHCb e,., 10- , ~ = 10. . 

IIpHMap I . 
. .,Z Li' t	 '</;(-1)

;, v - <7	 f-, I (' .t 

Z-" s; , i;', 
BYtmCJleHHH 

B KOTOpUX nOJIa~ 

cf -==	 . x:(x-1) .f. t ('t.f~6K.+J)e - x -2xJ (4.1) 
1-)() e + (x-1) + 1 

(d'-~ 'Jx = ~ 'I J <1/(1):=3. 

X(x-1)
TOtniOe pemeHHe Sa~atlH (4.1) CY'l'b JI{;<)= e + x~ 2, • B KatleCTBe 

Ha'tlaJlbHOA !IJyHK'QHH 61ma BSHTa I/~x) -=: 3x.t.- Jx+ f • B TadJIH~aX I H 2 
npHBe~eHH pesYJIbTaTH, nOJIyqeHHHe no cxeMaM (2.2) H (2.7)-(2.8) COOT

BeCTBeHHO AJlH 3~atlH (4.1). 
~s TaC5~HUH I BH,IJflO, tlTO cxeM8 (2.2) CHJIbHO qyBcTBHTeJIbHa K mar,y 

~ .• CxeMa (2.3) HBJIHeTCH aC5COJIDTHO YCToAtlHBoR H He saBHCHT OT B~C5o

:-ir' pa 1:, KaK STO CJIe,n,yeT HS TaC5JI~ 2. OTMeTHM, llTO HTepaUHH no K nenap 
nTCH TOXbKO Ha nepBoM CXDe B cxeMe (2.7)-(2.8), H B ~aJIbHeAmeM s~a'qa1 (2.7) p~aeTcH O~H-~Ba pasa. ~H cTaC5JIHS~H pemeHHH Hac HHTepecyeTc. 
C50JIee KpynHHR mar Z- no cpaBHeHHD c marOM h . C 3TOR TOtlKH SpeHHH, 
KaK BH~O MS TaC5JIKQH 2, npe~nOtlTHTeJIbHe~ cxeMa (2.7)-(2.8). 

TaC5JIHua	 I 
. 

h 'C' n 'i 1 
~ ,

1 
E/I

1 

0,1 
0,05 
0,025 
0,0125 

0,1 27 . 

0,266740-02* 
0,669014-03 
0,167551-03 
0,419408-04 

0,.242058-02 
0,608511-03 
O,152379-03 
0.381480-04 

0,199189-01 
0,502150-02 
0,,125815-02 
0.314795-03 

0~'1 
0,05 
0,025 
0,0125 

0~5 16 

0,266734-02 
0,669332-03 
0,167460-03 
0.419611-04 

0,242053-02 
0,608426-03 
0,152293-03 
0,381477-04 

0,199173-0I 
0,502120-02 
0,125838-02 
0,318276-03 

0,1 
0.05 
0,025 
0.0125 

0,8 

234 
180 
171 
168 

0,266711-02 
0,669135-03 
0,167735-03 
0,416439-04 

0!)242035-02 
0,608274-03 
0,152498-03 
Ot 379109-04 

0,199210-01 
0,5023'71-02 
0,125584-02 
0,317020-03 

llI!!tMep 2. 
'1 ~ 11/I +Ae- = O ) .11'7'0) ~70, (4.2)

li (o) = /I (1):= O_ 
3~atla (4.2) HMeeT ~Ba pemeHHH, eCJIH Ao( ~ .5)5 • flpH 

BHC50pe HatlaJIbHOrO npH6~HlIteHHSI «,,(x)= IJ..S't'1.J/X ,MeTO~ C'l'aC5KJIH38.UHH 
c nOWO~bID ypaBHeHHSI (1.1) c ycnOBHRYH (1.2)-(1.3) nOSBOJIaeT B saBHCH

MOCTH OT BNtlHCJIHTeJIbHOA CX8MH HaRTH TOJIbKO HHmHee pemeHHe HJIH 06a pe
~ 

I
I meHHH. Ilapaaerpa BblC5paHJII A= 1,5, ~= R,. lJ:HCJIeHHble 3KCnepHMeHTH nOK8

~ L ~HB8DT , tlTO npHC5~HJtfHHOe pemeHHe, noJIYtleHliOe no HBHOA cxeae (2.2), 

Ji 0,266740-02dO,266740'10-2J~ 
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J1 
i' 
. ~ 

cTa6MHM3HPyeTcH HMmb K HMJKHeMY pemeHHID npM 3Ha~eHMHX J, Y~OBHeTBO-
PHIOlI\HX YCJIOBHlO O~ L1 ~ o) 9 • A npa .1 ~ 1 HMeeT MeCTO Si?~ ca 

i7 -? (XJ 3aBHCJ.fMOCTb 11 = n (t.) H306pe:lKeHa aa pzc , r. l1pH 3HaqeHHH• 

4 = 0~3 Tpe6yeTcH HaHMeHbIDee KOHMqeCTBO BpeMeHHNX CHoeB AnH B~nOHHe 11 
HHH YCHOB;iH (2. II), B KOTOpOM & = 10-6. tiRcHeHHbIe pe3YHbTaT~ npase
~eHbI B Ta6JIH~e 3. tJ 

t ~ t 3 

(I B OTHHqHe OT (2.2), cxaMa (2.3) HHH 

('	 npa o« Â -6 01 1- H nepxaee pemenae npa 

3TOM il(K) M3MeHHeTCH OT 3( 2) ~o 4( 9) 

TeHbHbI. B Ta6HHqax 4 H 5 npHBO~RTCH 

I h 1: /J &f ~/ ~ 'I 
1 

0,1 
0,05 
0,025 
0,0125 

0,5 20 

0,232229-02 
0,589391-03 
0,148428-03 
0,376954-04 

0,657699-02 
0,166264-02 
0',418341-03 
0,106265-03 

0,131866-01 
0,335523-02 
0,848059-03 
0,218124-03 

Ta6HHua 3 

(2.7)-(2.8) ~aeT H~ee pemeHMe
 

3HaQeHHHX O,8 ~ t1 ~ 1,63 . IIpH
 

H HX 38BMCMMOCTH OT LI He3HallH


pe3YJIb~TH, riony~eHHHe no cxeMe
 

(2.7)-(2.8) npH A = 1,0 M A = 0,5 COOTBeTCTBeHHO. 

-lo. 

~: 

PHC. L 

Ta6m~ua 2 

h 1: n K E1 ~/ ~" 1 

P, I 7 9 0,899338-02 0,399502-01 0,196247-00 
p,05 7 10 0,226152-02 0,100244-01 0,490179-01 
p,025 1,0 7 10 0,566198-03 0,250821-02 0,122517-01 
0,0125 7 10 0,141565-03 0,627099-03 0,306227-02 

Ta6HHua 5 

h <: n K' t 1 ~/ E. 1I 
1 

0,1 
0,05 
0,025 
0,0125 

0,1 43 58 

0,266749-02 
0.669523-03 
0,167654-03 
0,420344-04 

0,242065-02 
0,608585-03 
0,152453-03 
0,382221-04 

0~199192-O1 

0,502174-02 
0,125839-02 
0,315036-03 

." 

0,1 
0~05 
0,025 
0.0125 

0.5 14 25 

0,266748-02 
0,669510-03 
0,167640-03 
0.420202-04 

0,242064-02 
0,608573-03 
0.152441-03 
0.382099-04 

0,199191-01 
0,502171-02 
0,125836-02 
0.315002-03 

0,1 
0,05 
0,025 
0,0125 

0,8 II 19 

0,266730-02 
0,669331-03 
0,167462-03 
0,418423-04 

0.242049-02 
0,608419-03 
0,152287-03 
0,380561~4 

0,199187-01 
0,502128-02 
0,125793-02 
0,314570-03 

0,1 
0,05 
0,025 
0,0125 

1,0 10 19 

0,266724-02 
0,669275-03 
0,167405-03 
0,417853-04 

0,242044-02 
0,608370-03 
0,152238-03 
0,380069_04 

0,199186-01 
0,502II4-02 
0, 125779-02 
0,314432-03. 

h t: n K fI ~I 
'7 2' 

0,1 8 12 0,232185-02 0,657571-02 0,;31818-01 
0,05 8 12 0,588765-03 0,166082-02 0,334854-02 
0,025 1,0 8 12 0,147747-03 0~416364-03 0,840796-03 
0,0125 8 12 0,3'70004-04 0,104246-03 0,210713-03 

B 3TOM npHMepe Ha6JIc~aeTCH cTa6HHH3aUHH pemeHHH, XOTH He BNnOnHHeTCR 

YCJIOBKe (1.6). Y~oBae (1.6) aBaRe!eft JIHmb ~OCTaTO~HNM YCHOBMeM CTa
6HHH3aqHH peme~ 3~allH (1.1)-(1.3) K pemeHMD 3~811H (1.4)-(1.5). 
KaK OTMe~eHo B .9, B cnyllae YCTaHO&JIeHHH CTaqMOH8pHoe pemeHHe He 3aBJ.f

CHT OT mera no BpeMeHH. CHe~OBaTeJIbHO, B CHHY a6coHIDTHOR YCTO~HBOCTH 

cxeMH (2.3)/10/, MO~O HcnOHb30B8Tb KpYnHHe marJ.f no BpeMeHJ.f, llTO 

YMeHbmaeT o6õew B~CHeHKR. 

~3 Ta6HKq 1-5 B~O, ~TO CXO~~MOCTb npJ.f6JIMMeHHOro 

nepssx ~BYX npOH3BO,lJ,HbIX HMeeT nopanox O(h ~) . 
fi llpHMep 3. PaccMoTpHM KpaeByn 3~aqy/8/ 

#/1= rY (1- J'.:2jx~)

\' )tio)=:; <:y(e)-= O . 

Ta6JIMua 4 

I
 

pemeH~R H ero 

(4.3) 

(4.4) 
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l 

OHa	 HMeeT CtleTHOe MHO~eCTBO pemeHH~. nerKO MOmHO rrpOBepHTb, tlTO ~nfl 

corryTcTByID~e~ K (4.3)-(4.4) napa60nKQeCKO~ S~atlR He BNnonHfleTCfl ~o
CTaTOtlHOe ycnoBHe (1.6) cTa6HnHsaYHH pemeHHfl. O~aKo npH onpe~eneHHoM 

B~6ope HatlanbHO~ WyHKQHH H mara C ITpH6nRmeHHOe pellieHHe cTa6HRHSRpO
BanOCb K paSnHqH~ pemeHHflM sagatlM (4.3)-(4.4). Hs-sa cHHrynHPHocTH 
TOtlKH X=OoKasarrocb HeBOSMO~NM Henocpe~c~BeHHoe rrpHMeHeHHe qHCneHHO~ 

cxexs (2.3) Mfl s~aqH na orpeaxe [O) e .1 • Ilo3ToMY 6bIJIa clI>oPMYnRpo
sana xpaeaarr aanaua aa orpeaxe [l:.) e] , r~e i. 70 MMoe tlHCJIO. Peme

•	 HHe sa,n.aqH (4. 3)- (4. 4) aHaJlHTHtmO B OKp,eCTHOCTH cHHrym:rpHott TOtlKH 
x~o , T.e. HMeeT MeCTO pasno~eHHe/111 

y(õ)== ~(~)- := .yÚ) + ~~ d1~) + ... ) 

r~e ~ -Marroe nonOJItHTenbHoe tlHCno. B cHny orpaffiitleHHOCTH BTOpOn npo
HSBO~O~ pemeHHfl npH X!o , KpaeBoe ycnoBHe Ha neBOM KOK.qe MO~O saMe
HHTb ycnoBHeM 

'y(~j.- fJ'~~) = OJ 

norpemHOCTb KOToporo HMeeT nopfl~oK L? (í J) . TaKHM o6pasoM, BMec-
TO S~aqH (4.3)-(4.4) MO~HopaccMaTpHBaTb ypaBHeHHe (4.3) c KpaeB~ 

ycnoBHeM 
r/(i) - l.-,yi(1:) s: O) f(e):= O. 

3a HaqaJIbH~e npH6muKeHHfl «o (X) , KaK B pa6oTe/8/, 6pMHCb cWHKUHH 
BHAa 

IIc(x) = .A. S'in JJ( . 
~CJIeHHNe paCqeT~ nOKaS~BaIDT, qTO Hama cxeMa "AQeT nonO~TenbHoe peme
HHe sa,n.atlH (4.3)-(4.4) npa SHatleHHflX e.e , 1,5~l1~ 1,8 H 0,5~",~ 1,0. 
B Ta6nHuax 6,7 npHBeAeH~ SHatleHHfl npH6nHEeHHOrO pemeHHH H ero npOHS
BO,D,HO~, B CJIyqae h = 0,OW5 H é, = 0,05. B HX nOCJIe,D,HHX cronõuax 
npHBe~eH~ 3HaqeHHfl J(, nOKas~BaD~e HX KBa,n.paTHqHYD CXO,D,KMOCTb. H3 
ypaBHeHHH (4.3) BH,D,HO, tlTO KBa,D,paTHtmaH CXOAMMOCTb ,D,OnxHa 6HTb H ~H 

BTOpoR npOH3Bo~oR. 

OTMeTH~, tlTO ecnH JI(x) - pemeaae S~atlH (4.3)-(4.4), TO -J(x) 
TOJle flBJIHeTCH pemeHHeM. PeSYJIbTam pacuera npa A = I, I H,,= 0,5 nPH
BeAeHH B Ta6mme 6. B 3aBHCHMOCTH OT Bbl60pa HatlMbHOR <lJyHKUHH "(x) 

MO~O noHytlHTb pemeHHH, HMeD~He pasJIHtlHoe tlHCJIO HyneR Ha paCCM8TpHBae
MOM oTpesKe. IlpH 3~aHHH HatlMbHOR ~UHH 

{ d' t ln ~ lix ) o"_ ,r~ 11.z ) 

!l, (x)= l-i". stn ~If(.(- 14) ~!::,t'~2. 

H rpaHHtlHOrO ycnoBHfl 

(y.- f1 oss'} o-z: 
)(= Cl~ OS 

Ta6mllua 6 

.! 
I 

! 
X 

S{x) r
h hh h/t' 

0,050 0,2315103' 0,235330 0,236364 3,7 

0,245 0,9616526 0,967222 0,968669 3,8 

0,440 1,226364 1,216861 1,214253 3,5' 

p,635 1,172406 1,153826 1,148926 3,7 

0,830 0,998377 0,978810 0,9'73716 3,8 

I .oze 0,80II04 0,784139 0,779'746 3,8 

1,220 0,613351 0,599981 0,596526 3,8 

1,415 0,442246 0,432507 0,429993 3,8 

1,610 0,286080 0,279760 0,278129 3,8 

1,805 0,140390 0,137286 0,136486 3,8 

2,000 ° ° ° -

Ta6nHua 7 

r---
SI(XJ.i x rJ, I,/z h/~ 

4,706595 4,727290 3,74,630206P,05 

2,561951 2,502418 2,485941 3,60,245 

0,242307 3,80,333532 0,261015K>,440 
-0,735921p,635 -0,708960 -0,730684 4,1 

p,830 -0,989065 3,5-0,991195-0,998661 

1,025 -0,982787 -0,9'78260 f 3,8-1,000030 
-

1,220 -0,920871 -0,901930 3,7-0,8WOI6 

1,415 -0,835978 -0,817835 '-0,813145 3,8 

1,610 -0,769701 -0,752741 -0,748362 3,8: \ 
1,805 -0,729019 -0,712908 -0,708750 3,8It 
2,000 -0,715413 -0,699602 -0,695520 3,81~ 

H 
• I 

t, 
I 
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~cneHHoe pemeHHe cTa6nHSHp,yeTCfl K pemeHKID c O~HM HYneM npH SHaqe
HHflX fj OT I,44,1J,0 1,53 c mar-ex 0,01 H 't OT 0.5 ,lJ,0 1,0 c marOM 0... 1 • 
ITpH aTOM cTa6HnHSaqHfl npOHCXO,lJ,HT ,lJ,OBOnbHO 6~CTpO. B Ta6nHUe 8 npHBe
,IJ,eHbI SHaqeHHfl s" (Xt't Ih) }~::- c:) ,~.t npa pa3mNHbIX iJ1 B cny
qae, ROr,lJ,a (A) r, h ) = (1,5; 1,0; 0,0122). Ha ,lJ,eCflTOM BpeMeHHoM cnoe co 
BbInonHfleTCfl ycnoBHe (2.11) c E = 10-6. Ms aTO« Ta6nH~ BH~O, qTO sa	 ~ ::rC-q,8T "sayrpeaaax" HTepa,nHt\ ( K - qHcnO HTep~A) Y'Ke Ha nepsox spexea

~ 
'OHOM cnoe nonyqaeTCfl ,lJ,OBOnhHO xopomee npH6nH~eHHe ~fl pemeHHH, a sHa
~ •	 qeHHH nepBO~ H BTOpO~ npOH3BO,lJ,H~ cTa6HRH3HpOBanHCo HaqHHafl c nflToro 

cnOH•. 
OTMeTHM, qTO npa ManbIX -r (xanpaaep, Ll = 1,53, 't" = 0',2; O,I) HMe


eT MeCTO cTa6HnH3anHH pemeHHfl. O,IJ,HaKO BaTOM cnyqae ,lJ,nH B~nOnHeHHfl
 

ycnoBHfl (2.11) Tpe6yeTcH MHoro BpeMeHH~ cnoeB paCqeTa, qTO HeB&ro~o'
 

c TOqKH 3peHH.R cTa6HnHsauHH. B oxpecmocra oc060A TOqKH x~ O pemeaae
 
3a,JJ,aqH (4.3)-(4.4) HMeeT cpasHHTenbHo 60nbmHA rpa,JJ,HeHT (cM.Ta6nH~ 8),
 
qeM B TOqKaX OCTaITbHo« qaCTH oTpesKa [0;2J • B TaKHX cnyqaHX ~H
 
nonyqeHHH 60nee ToqHOrO npH6n~eHHH HcrroRb3yroTCH HepaBHoMep~e ceTRH,
 
O,IJ,HaKO 3,1J,eCb OHH ae rrpHMeHRlOTcH. B Ta6n~e 9 npHBe,lJ,eHbI SHaqeHH.R npH6

mDlteHHoro pemeHH.R B cJIyllae (Ll J 1:,) I:- ) ... 0,5; 1,0;10) sa cerxax c
 
maraMH),) hh)h/'tJ J,/S, /"/16 r,lJ,e h = 0,195. B HeA r OTHOCHTCH rons-

KO K TpeM nOCne,IViHM cerxax. Ha cerxax . c maraMH ( h,) 6/2 ) 6/~ ) H
 
( hl:t) hlLt) h/f ) He YCTaHaBRHBaeTCH KBa,n.paTRqHaH CXO,lJ,HMOCTb, qT01
 

nO-BH,IJ,HMOMy, B~~BaeTjR He,lJ,OCTaTO~ Kon~eCTBOM ysnoB ceTKH.
 
BI I ReK OTMeqeHO , Ky6HQeCKHA canaAM Mo~eT .He Y,lJ,OBneTBopHTb Tpe


60BSHRffM Ra~eCTBeHHoro xapSRTepa pemeHRH.O~aKO 1'13 ypaBHeHHH (4.3)
 
BH,IViO, qTO npH6n~eHHoe pemeHHe o~paMaeT KaqeCTBeHHoe nOBe,lJ,eHHe MCKO

MO« ~KnHH. ~cneHHMA paCqeT nOK83bIBaeT, qTO, HanpHMep, B cnyqae
 
(L\.)'G,) t) h ) = (1,5; 1,0; 10, qOI22) TOqKH neperH6a npH6~HlteHHOI'O
 
pemeHHH CYTb: ViW1 (0, 33; 0 , 339) , ~z(0,39I;.- 0,035), ~'(0,464;-O,484)
 

H ~~(I,512; - 1,497). ~eAcTBHTenbHo, pemeHHe 3a,JJ,aQR (4.3}-(4.4) ne

pexo,lJ,HT OT BbInYKnOCTH K BorHYTocTH HnH Ha060poT B Tex TOqKax, I',IJ,e
 
pemeHHe nepeceKaeTcH c np.RMblMH $= X t $:: o H cf==- - X •
 

llpHMep 4.
 
t/ ut. / /. 7) X(K-1)


lt.i-=tfxl(- .f(c)- X~-I) ~ -l/;X-6Xj-~e +X~+ix.) 
f-i( e + (X-f) +1
 
. 1-f


(tI- t{}()x=~ L.f , "x(1) t)= 3+ e .
 
I 

TotlHoe pemeHHe 3a,JJ,aqH MMeeT BH,IJ, tt(:<d)= eXf(x-t}·f e7(K(X-1))f;(2.+~. I 

c :QeJIbID npoBepKH nOpH,IJ,KOB CXO,IJ,MMOCTH npH6mmeHHoro pemeHHH no /, M~ 
"
 

nonyqeHHHX no cxeMe (2.3), npHBé~eHbI COOTBeTCTBeHHO B Ta6nH:Qax 11 H
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Ta6JU1Ua II ( 'C = 0.001) 

! 
in h= 0)1 h= o.(>!J

~1 ~~ ~ 1I 
-'1 z'"1 ~./ t"1 

5 0,8~34I-04 0',27999-03 0,26144-01 0,18426-04 0,32671-04 0,53929-02 

10 0,13282-03 0,13II4-03 0,21063-01 0,35580-04 0,62374-04 0,49964-02 

15 0,20639-03 0,20639-03 0,19834-01 0,50328-04 0,73503-04 0,48866-02 

20 0,27732-03 0,29703-03 0,19352-01 0,63624-04 0,1048'1-03 0,48409-02 

(J)LO LOC' C' C' C' C' CO CO~ I 
C't') C't') C't') C't') C't') C't')cYi cYi cYi 

~ 

(J) (J)(J) H10 t-fC\l C'">o 
(J)LOC\l 51 soC\l -o co 8 

C\l ~ C\l~ C' oS; (J)~ MC' -o C' o'-.Q 
(Y) LO ~~ o so	 

(J) 

g co ~ o
C") LO Hco ~ ~C' LOso<, O 

-c H H HO O C\l C\lC\1 OCf'? II I I II 

co C'") C") (Y)(J)HLO-o C' O
()l (Y) (J)C\l io-o O C\l O O(DH co C\l	 ~ LOC'-	

~ O
O) ())Si~ OO C\l C' O 

(J)HC\l C\l O C'
C") t-fEC LO ~C' -o~ co 8~~.~ 

~ H H HO C\lO C\l OCfI~ I "i I I I 

-
a; (J)H C\l ~ LO ~ CO 

M 8 
O 

HLO -o 
~ 
Ol ~ 

C") H~ ~~ ~r-
C")HcoC' LOC\l O O -- ~ -o 

s M 
C'")~ H C\l O O

(J) C\l ~ C' ~ C\lR ~ ~ so O~'1 
""-t' H H HO O C\l C\l cJ O

I'1 I I I '?I I 

C")co so C'- Ql C\l C' C\l O
(J) HLO~ ~ 

()) C'") H~ ~ 2C\l ~ 
())~ H	 ~ O LOO 

(J) L(')H~~ co ~ 
C\l 

L(')H~ ~ ~-o co ~-o O -o	 ~ 
~ 

Cf HH HO C\l C\lC\l C\1 O 
I I I I I CfI 

()l O)LO t-fC\l H-o N C\l CO 
HH C\l CO C\lN 

g 
~ 

-o H 
L(') 

O 
C\l ~co~ Ol ~O 

C")H LO ~ 
~ H	 ~ C\l co \O C\l H	 C\l g ~ 

'<;fI (])o:tt-o C\l O o:tt -o O 

Cf C")H HO cYi C\lO C\l OCfI II II 

L(') L(') L(')LO LO O 
C")'<;fI H H~10 C\l)( 

'<;fIO	 C\l ~ -o co O ~ 8 O
c-: HH HÔ Ô Ô Ô 

~ 

HH C\l 

(J) 

·ê· 
~ 

'O
a:s 

E-l 

Ms BTRX Ta6~Hu 

MOCTR npH6~~eHHoro 

pac~eTaMa. 

Ta6JUiua 12 (i =1. h =0,025) 

1: 0,2 0,1 0,05 

t 1 0,14921-01 0,72529-02 0, 35II7-02 

~' 1 0,12054-01 0,58691-02 0,28324-02 

é ll 1 
0,27732-01 0,14075-01 0,71687-02 

BR~O, qTO TeOpeTHqeCKHe BMBO~~ o nopfl~Ke cxo~a

pemeHHfl (TeopeMa 3) nO~TBe~aroTcfl ~c~eHHM~ 

Jh.fTepaTYpa 
I.	 3aBbfl~oB D.C., RBacaB E.M.,MHpamH~eHKo B.A. MeTo~ cnnaRH~KUHn. 
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2.	 BennMaH P., Kana6a P. RBa3H~RHeapRS8ll,Mfl H He~HHenH~e KpaeBMe sa~a

~H. MHp, M., 1968. 
3.	 Friedman A. J.Math.and Mech.,1958,7,p.793; J.Math.and Mech.,1959, 

8,p.57; J.Math.and Mech.,1959,B,p.3B7 . 
4.	 BaXB~OB H.C. ~~eHH~e MeTO~H. 1.HaYKa, M.,1976. 
5.	 CoBpeMeHH~e npo6~eMH MaTeMaT~ecKo~ WHSMKR H B~HC~HTe~bHOn MaTe
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HET llH nPOEEllOB B BAIDEA EHEllHOTEKE? 
Bhl MOJKeTe nonyqHTh no noqTe nepeqncneHHble HHJKe KHHrn, 

ecnH OHH He 6&nH 33K333Hbl paHee. 

D?-83-644 Tpy,IJ.bl MelK,D.YHapO,IJ.HOH IDKOllbi-CeMHHapa no 
~H3HKe T~enNX HOHOB. AnymTa, 1983. 

D2,13-83-689 TPY.D.hl pa6oqero coaemaHnH no npo6neMaM 
H3nyqeHHH H ,D.eTeKTHPOBaHHH rpaBHT3UHOHHbiX 
BOnH. DYflHa, 1983. 

n1 3-84-63 Tpy,D.bl _'XI MeJK,D.YHapo,IJ.HO!'O CRMII03nyMa 
no H.D.epHon 3neKTPOHHKe. EpaTncnaaa, 
~exocnoaaKHH, 1983. 

D2-84-366 Tpy,IJ.bl 7 MeJK,IJ.yHapO,IJ.HO!'O COBeQaHHH no 
npo6neMaM KBaHTOBOH TeOpHH nonH. 
AnymTa, 1984. 

D1,2-84-599 Tpy,IJ.bl VII MeJK.D.YHaponHoro ceMHHapa no npo6-
neMaM ¢"3HKH BbiCOKHX 3Hep!'HA. nyfiHa, 1984. 

D10,11-84-818 TPY.D.hl V ~eE,D.yHapo,IJ.Horo coaemaHHH no npo6-
neMaM MaTeMaTnqecKoro MOilennpoaaHHH,npo
rpaMMnpoBaHH~ H MaTeMaTnqecK~ MeTonaM 
pe~eHnH QH3nqecKHX 3anaq. DY6Ha, 1983. 

D17-84-850 TPYJlbl III ~leJK,IJ.yHapo,IJ.HOro CHMn03HYMa no 
H36paHHNM npo6neMaM CTaTHCTHqeCKOH 

6 p.55 K. 

2 p.OO K. 

4 p.50 K. 

4 p.30 K. 

5 p.50 K. 

3 p.50 K. 

MexaHHKH. DY6Ha,1984./2 ToMa/ 7 p.75 K. 

m 1-85-791_ 

D13-85-793 

D4-85-851 

D3,4,17-86-747 

m, 2-86-668 

M-87-105 

n?-87-68 

nz-87-123 

Tpy,IJ.bl ~le:K,D.yHapO,IJ.HO!'O COBemaHHll RO aHanHTH-
qecKHM B~HCneHHliM Ha 3BM H HX npHMeHeHHID 
B TeOpeTHqeCKOfi ~H3HKe. ~YbHa, I~H~. 4 p.UU K. 

Tpy,IJ.bl XII Me~nYH3POilHoro CHMn03nyMa no 
li.D.epHoH 3neKTPOHHKe. DY6Ha, 1985. 

Tpy,IJ.bl Hel!I,IJ.yHapO,!J.HOii IDKOllbl no CTJ?YKType 
li,D.pa. AnymTa, 1985. 

TPYilbl V MeJK,IJ.yHapo,D.HOH DIKOnbl no HeHTPOHHOH 
~H3HKe. AnymTa, 1986. 

Tpy,IJ.bl IX BcecOID3HO!'O COBemaHHll no YCKOpH
TenHM 3apl!JKeHHbiX qacTnu. DY6Ha, 1984. 
/2 TOMa/ 

TPYilbl VIII Nel!t)lyHapO,IJ.Horo ceMHHapa 
no npo6neMaM ~H3HKH BbiCOKHX 3Heprnfi. 
DYflHa,1986. /2 TOMa/ 

Tpy,D.bl X BcecoiD3Horo coaemaHHll no ycKopn
Tenl!M 3apl!JKeHHbiX qacTnu. DY6Ha, 1986. 

/2 TOMa/ 

Tpy,D.bl MeJK,IJ.yHapO,IJ.HOA IDKOllbl-ceMHHapa 
no ~H3HKe TliJKellbiX HOHOB.DY6Ha, 1986 

TPYilbl CoaemaHnll "PeHOpMrpynna-86". 
DY6Ha, 1986 

4 p.80 K. 

3 p.75 K. 

4 p.50 K. 

13 p.50 K. 

7 p.35 K. 

13 p.45 K. 

7 p.10 K. 

4 p.45 K. 

3aK33bl Ha ynOMHHYTble KHHI'H MOI'YT 6b1Tb HanpaaneHbl no a,D.pecy: 
101000 MOCKBa, fnasnoqTaMT, n/11 79. H3,1J.aTellbCKHP OT,IJ.en 06~e,IJ.HHeHHO!'O 
HHCTHTYTa l!,D.epHbiX HCClle,IJ.OBaHHfi. 

}!{aHnaB T • , IlY3biJ::IHH H • B • Pll-87-722 
llHCJieHHbie CXeMbi B MeTop;e CTa6HJIH3aiJ;HH ,!J;JIH 
HeJIHHeHHbiX ,IJ;HqxpepeHIJ;HaJibHbiX ypaBHeHHH 
BToporo IIOpH,IJ;Ka 

liCIIOJib3yeTCH MeTO,IJ; CTa6HJIH3aiJ;HH ,!J;JIH pemeHHH HeJIHHeHHbiX 
,IJ;H~~epeHIJ;HaJibHb~ ypaBHeHHH BTOporo IIOPH,IJ;Ka, IlpHBe,IJ;eHO p;o
CTaTOl.IHOe yCJIOBHe CTa6HJIH3aiJ;HH pemeHHH, Ilpe,IJ;JiaraeTCH Bbi-
l.IHCJIHTeJibHaH CXeMa, OCHOBaHHaH Ha Henpepb!BHOM aHaJIOre MeTO 
,n;a HbwToHa H MeTo,n;e ciiJia:HH-KonnoKau;HH. AoKa3aHa cxop;HMOCTb 
HTepau;HoHHoro npou;ecca H npH6n~eHHoro pemeHHH. 3~eKTHB
HOCTb IIOCTpOeHHOrO anropHTMa HJIJIIDCTpHpyeTCH l.IHCJieHHb~H IIpH . 
MepaMH. 

p a60Ta BbiiiOJIHeHa B ITa6opaTOpHH Bbil.IHCJIHTeJibHOH TeXHHKH 
H aBToMaTH3au;HH OaHH. 
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Zhanlav T., Puzynin I.V. Pll-87-722 
Numerical Schemes in the Stabilization 
Method for Nonlinear Differential Equations 
of Second Order 

The stabilization method is used for solving nonlinear 
differential equations of second order. One sufficient con 
dition of a solution is given. Computational scheme is ba
sed on the continuous analog of the Newton method and 
spline-collocation method. The convergence of iterative 
procedure and of approximate solution are proved. The ef
ficiency of the constructed algorithm is illustrated by 
numerical examples. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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