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3KOHOM~4H~e 4~CneHH~e anrOp~TM~ peWeH~R Kp~eB~X 3aAa4 MarH~
TOCTaT~K~ B HeOrpaH~4eHHO~ ABYX- ~n~ TpeXMepHO~ 06naCT~ MOrYT 
6~Tb nOCTpOeH~ Ha OCHOBe KOM6~H~pOBaHH~X MeTOAoB/ 1-5 /, C04eTa~

~~X A~~~epeH~~anbH~e ypaBHeH~R /AnR BeKTOpHOrO n~60 CKanRpHO
ro nOTeH~~ana/ ~ rpaH~4H~e ~HTerpanbH~e ypaBHeH~R /rHY/. 06oc
HOBaH~e CXOA~MOCT~ ~Tepa~~OHH~X npO~eCCOB MeTOAa pa3AeneH~R 

AnR HeOrpaH~4eHHO~ 06naCT~ /B CnY4ae KYC04HO-nOCTORHH~X Kq3~
~~~~eHTOB/ peWeHHR KOM6~H~pOBaHH~X C~CTeM ypaBHeH~~ np~BOA~T

CR B /4.6/. 3~~eKT~BHaR npOrpaMMHaR peanaaauaa MeTOAa AJlR npo
CTpaHCTBeHHblX 3aAa4 OCHOBaHa Ha ~cnonb30BaH~~ rHY Ha cneuaans> 
HblX nOBepXHOCTRX17~/. np~ ~CCneAOBaH~~ MeTOAOB pa3AeneH~R' oõnac
T~ YAo6H~M annapaTOM RBnR~TCR OnepaTOp~ nyaHKape-CTeKnOBa, KO
TOp~e B n~He~HOM cny4ae /AnR OrpaH~4eHHO~ 06naCT~/ nOAPo6HO 
~3y4eHbl B'/8.9/, a o606~eH~e AnR K8a3~n~He~Hb1X annarrra-recxax 
oneparopoe paCCMOTpeHO B"I0/. 

B HaCTOR~e~ pa60Te paCCMaTp~Ba~TCR BonpOCbl 060CHOBaH~R KOM
6~H~pOBaHHblX MeTOAOB B Hen~He~HblX 3aAa4ax MarH~TOCTaT~K~. Oc
HOBHoe BH~MaH~e YAeneHO npOCTpaHCTBeHHblM 3aAa4aM. Iloc rpoeu 
aHanor onepaTopOB nyaHKape-CTeKnOBa AnR HeorpaH~4eHHO~ 06naCT~ 

~ YCTaHOBneHa ero CBR3b c COOTBeTCTBY~~~M Hen~He~HblM onepaTO-' 
pOM AnR BHYTpeHHe~ KpaeBO~ 3aAa4~. Ha OCHOBe CBO~CTB onepaTO
pOB nyaHKape-CTeKnOBa YCTaHOBneHO cy~ecTBoBaH~e ~ eA~HCTBeH

HOCTb o606~eHHoro peweH~R /B npOCTpaHCTBax Co60neBa He~eneBO
ro nopRAKa/ KpaeBO~ 3aAa4~ B Ko~6~H~pOBaHHO~ nOCTaHoBKe. ~aHbl 

ycnoB~R CXOA~MOCT~ ~Tepa~~OHHblX npo~eCCOB MeTOAa AeKOMn03~~~~ 

HeorpaH~4eHHO~ 06naCT~ c onepaTopOM nepeXOAa T~na npOCTO~ ~Te

pa~~~ ~ MeTOAa Hb~TOHa. CBO~CTBO nOTeH~~anbHOCT~ Hen~He~Horo 

onepaTopa AnR KOM6~H~pOBaHHO~ nOCTaHOBK~ n03BonReT TaKme ~C

nonb30BaTb MeTOAbl, OCHOBaHHble Ha M~H~M~3a~~~ ~YHK~~OHa~OB. Mbl 
np~BOA~M OCHOBHble xapaKTep~CT~K~ ~Tepa~~OHHoro npo~ecca pewe
H~R Hen~He~HO~ npOCTpaHCTBeHHO~ 3aAa4~ c nOMO~b~ MOAynbHoro 
KOMnneKca MOK 31, npeAHa3Ha4eHHoro AnR paC4eTa Ha nocn~AOBa
TenbHOCT~ ceTOK npOCTpaHCTBeHH~X 3aAa4 MarH~TOCTaT~K~ KOM6~

H~pOBaHHblM MeTOAOM c ~cnonb30BaH~eM CKanRpHoro nOTeH~~ana. 

1. ~OPMYn~pOBKA 3A~A4H 

PaCCMOTp~M 3aAa4Y Bbl4~cneH~R npOCTpaHCTBeHHoro pacnpeAene
H~R MarH~THoro nonR Ha OCHOBe CTa~~OHapHoro ypaBHeH~R MaKCBen
na AnR ~30TponHo~ cpe8~ 5 ~COQnb3Q8a~WeM ABYX ~KanRpH~x nOTeH-

O~'M:ihlit'Uci~B nt'I'IIIYt' '\..,
" U~ltiWX 1I~,~.?~ludo 
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l,4l-1aIlos/ll/. nYCTb n 1 - OrpaHI-14eHHaR 06IlaCTb c Ill-1nWI-1l,4esot:1 rpa
HI-1l,4et:1 r IcooTseTcTsyeT HeIlI-1Het:1Hot:1 cpep,e/, a 02 - ee p,onOIlHeHl-1e

3AO R3, TO ec r s 01 U r u 02=R .Tpeõyerca onpenerurr s 4>YHKl,41-11-1 
ui.(x), i = 1, 2, 1-13. C1-1 CTeMbl ypasHeHI-1t:1 

3 a 
-. I -- ai(x, w(u 1) ) == o, x ~ U 1'
 

1= 1 axi
 

- ~U2== f(x),	 x E ü 2' 

u - u == 0 (x) x E r,1. 2 .' 
. 11. li 

~~ + aU 2 == tjJ (x) , x E r,
an an 21 

u:f.IXJ) == o . (HanpI-1Mep, == o(I xl- 3 ) , x -+ oe),u 2(x) 

rne w(u)==gradu, ~ - onepa rop Jlannaca , n 1" i CI 1, 2, ec rs 

aUISHeWHl-1e no OTHOWeHI-1~ K 06IlaCTRM Oi HOpManl-1, a	 ~ - KOHopMaIlb
an! 

H~e np0I-13S0p,H~e, onpeAeIleHH~e B~pameHl-1eM 

au. a 
__l_=. ~a, (x, w) cos (x., n.).
 
an. j == 1 J J 1
 

1 

3aMeTI-1M, 4TO a j (x, w) == : ~, npl-1 x E n2' 3ap,a HHble <l>YHK~I-1H cP, t/J 1-1 f 
J 

nop,4I-1HR~TCR YCIlOSI-1RM 

f ~ . g od x == o, f t/J dx == o, f f( x) dx == o,	 I 1• 21 
r r Q
 
r Ae go - nIlOTHOCTb nor euuaana P06eHa Ha nosepXHOCTH r, a nEO 2

OrpaHI-14eHHaR 06IlaCTb, RBIlR~~aRCR HOCI-1TeIleM f.
 

YCIlOSl-1e 11.21 n03S0IlReT, He YMaIlRR 06~HOCTI-1, nOIlOml-1Tb f=O, 
,) cj>= 0, 4TO 1-1 npennonaraex s p,aIlbHeHweM. 4>YHKl,41-11-1 ai' i::> 1 ';'3, 

3ap,aHb~ Ha MHO>KeCTSe 0
--

1 xR 
3
. Caoãc r aa rIlap,KOCTI-1 scex 4>YHKl,4I-1t:1 

1-13 11. li onpep,eIlI-1M n03p,Hee. 
KOM6I-1Hl-1pOSaHH~t:1 MeTOp, peWeHI-1R CI-1CTeM~ 11.11 COCTOI-1T S CIle

P,y~~eM. norpymaeM oõnac'r s \l1 a HeKoTopylO ecnoaor-arens ayo or pa
HI-14~..HHY~ oõnac r s Os':) 0l c rIlaAKot:1 / 1 3 1 rpaHI-1~et:1 r ' coxpauaa.,	 s 

2 

ypasHeHI-1R 11.11 SHYTpl-1 06IlacTI-1 ns' H~ rpaHI-1l,4e r s 3anl-1C~SaeM 

Kpaesoe YCIlOSl-1e I-1HTerpaIlbHoro SI-1Aa c nOMO~b~ I-1HTerpaIlbH~X one
paTOpos K w L TeOp1-11-1 nOTeH~l-1aIla. 3TO Kpaesoe YCIlosl-1e Ha 4>YHK

au 
l,4I-1H u2 1-1 --_2 3KSI-1SaIleHTHo Inpl-1 YCIlOSI-1I-1 perYIlRpHocTI-11 paseHcT

an 
sy u 2(oe ) = O. HanOMHI-1M, 41"0 oneparopa K 1-1 L a npoc rpauc r ae RS 

onpep,eIleH~ 4>0pMYIlaMI-1 

1 cos(rpM, np) 
K u == - f u(P) da, 

217 r I 1 2 Po rpM 

11 .31 

au 1 -1 au 
L'~ == - f I r I - (P) da ,an 217 r I:' M àn p p 

o 
rp,e r o - ~eKOTopaR nosepxHocTb IlRnYHosa, I rpMI - eSKIlI-1p,OSa HOP
Ma aex ropa COep,I-1HR~~ero T04KI-1 M, P ~ r o' a n p - aex roprp M, 
sHYTpeHHe~ HOpMaIlI-1 s T04Ke P. 0603Ha41-1M 4epe3 E TO>Kp,eCTSeHH~~ 

onepaTop. 
PaCCMOTpl-1M 4>YHKl,41-10HaIlbHo-aHanI-1TI-14ecKY~ 4>OPMYIll-1pOSKY Kpae

SO~ 3ap,a41-1 s o6IlacTI-1 n3 p,IlR KOM61-1HI-1pOSaHHoro MeTop,a. Onpep,e
IlI-1M 4>YHKl,41-11-1 ai (x, w), i = 1.;.3, w == (y i' Y2' y s) paaeuc r aoa 

y i ' x ~ °3 \ °1 =o no '	 '" 
11.0'ai (x, w) = { 

11 (x, lyl)Yi' x ~ °1 ' 
-. 

3 t/2
r,lJ,e I yl =o	 (!. y.2) • PaCCMOTpl-1M xpaeayo 3ap,a4Y 

i=l 1 

3 a 
Et/J u =o -!. - a. (x, w) = O, 

i== 1 aXi 1 

11.51 

w == grad u . u E D (Et/J) , 

c eCTecTseHHo~ oõnacr so onpep,eIleHI-1R:l121 M(E.p)== C~(1\) u c 2( no ) 
1-1 06IlaCTb~ onpep,eIleHI-1R 

D(~/)==l u] u EM(E),[U ]r=O; [~l == t/J(x);a a u +~~ == 'g(x) , xEr l . 11.61 
~ ~ an1T 1 an 3 

i"~ 3 



3AeCb 4HCna a, ~ L O, a onepaTOp 0 1 CHMMeTpH4eCKH~ H nonomH
rens ao onp.eAen~HHbl~ B L 2(r3)' c 06naCTblO onoeaeneuas 
D(Ol) cL2{r~), (ç(x) ,go) =0 OTHOCHTenbHO cxanapuoro npOH3BeAeHHfI 
B L 2, 3HaK [. lr 03Ha4aeT CKa40K cneaa /oneoaropa ,D,HPHXI1eJ 13 I, 

U Ir = You) <t>YHK~HH Ha rpauaue r"nH60 CKa40K ee KOHopManbHO~ 

npOH3BOAHo~ .:::-; CBO~CTBa <t>YHK~HH ç(x) 3aSHCflT OT TH~a 3aAa4H. 

OTMeTHM, 4TO 3aAa4e MarHHTOCTaTHKH /1.1/ cooTBeTcTByeT 06
nacrs onpeneneuaa D(Et/J) npa a = ~ = 1, ç = O, G 1 = L -1 (E + K), 
rAe K H L onpeAeneH~ B /1.3/. 

PaccMóTpHM Aanee Bonpoc~ oAH03Ha4Ho~ peWHMOCTH 3aAa4H /1.5/, 
/1.6/ H HTepa~HOHH~e MeTOA~ ee peweHHfI. 

2. 3HEPrETH4ECKHE PACWHPEHHR OnEPATOPA Et/J 

PaCCMOTpHM 0AHOPOAHYIO 3aAa4Y aHpHxne Anfl ypaBHeHHfI /1.5/,
/1.6/, TO eCTb nOnaraeM ~ = O, a = 1, ç = 0,° 1 ::::1 Eo nOCTpOHM 
3HepreTH4eCKoe pacwHpeHHe / 121 onepaTopa Et/J no $opMYlle 

A = T * A T,
OD /2.1/ 

rAe onepaTop A Ae~cT~yeT H3 pe$I1eKCHBHoro 6aHaxOBa npocTpaHcT
aa V B conpaxeuuoe V , T - HenpepblBHbl~ nHHe~Hbl~ onepa rop T: 
V ..... Y - õauaxoao npocrpe uc r ao ; A OD : Y ..... y*- HellHHe~Hbl~ onepa
TOP; T'*: Y* ..... V * - conpflmeHHbll:1 K T onepa r op , npH4eM V nnOTHO 
H Henpep~BHO BI10meHO B HeKOTopoe rHnb6epTOBO npOCTpaHcTBo H; 
D(Et/J) CV, R(E#CH 1-1 Anfl I11060ro u~D(Et/J) aunonueuo paaeuc teo Au= 
= Et/Ju o • anfl aroro HaPflAY C n pocrpa HC TBaMH L 2(n) co CKanflpHblM 
np0l-13BeAeHI-1eM (u, v) = hU • v dO I-1CnOnb3yeM npOCTpaHCTBO C060neBa 
W~ (O) c HOpMO&:1 

2 . 2 2II U I1 1 = f (Igrad ui + Iui) dn /2.2/ 
w

2 
( 0 ) O
 

o
 
H n pOCTpaHCTBO w 1 (n), aanaouieeca nononaeuaea no HopMe /2.2/ 
se ex <t>YHK~H~ H3 2c 1(0), paauux HynlO Ha r = aQ . Onpenenaa TaK
me npOCTpaHCTBO w~ (11) KaK nOAnpOCTpaHCTBO w~(D) <t>YHK~H~, 

,go 
cnen Yo u KOTOPblX opror-ouanea go Ha r = aa, TO ecrs (yo u, ~) =0. 
KpOMe Toro, paCCMOTpHM npOCTpaHCTBO C060neBa nopanxa 1/2:' 

w·l.4 tr; )1 13Çl-1 conpaxeuaoe K HeMY npOCTpaHCTBO ~l.4 (r3)=(W~(r3))*' 
9 a TãKme npOCTpaHCTBO w::g~ (r3) <t>YHK~H~ u ~WV2(Q' opTorOHanb-

HblX go i Ha B cuny Toro, 4TO (go' 1) '/: O, MomHO c4HTaTb,r 3.
 
4TO w-l/~r3) =(w 112 (r3)) * ec r s nOAnpOCTpaHCTBO <t>YHK~H~


2,1 2,go
 
1I2rr
H3 w- 3), oproroaane HblX eAHHI-1~e: (u , 1) = Oo OTHoweHHe ABO~2 " . * _ 

~ CTBeHHOCTH MemAY V H V 6YAeM 0603Ha4aTb 4epe3 <. ,o >. . O
 
4
 

nYCTb t/J(x) ~ L 2(r ) (B CI1Y4ae rI1aAKO~ rpaHH~bl r MO}KHO C4H
TaTb t/J ~'w211:?(r ))oOnpeÃem1M oneparopu H npOCTpaHCTBa: 

o 1 (3) *
 
V = W2(0~' H= L 2(0 3)' Y = L 2(0 3) x L 2(113) x L 2(1\ ) == [; 2 (° 3) , Y = Y
 

T : u ..... grad u , T ~ (V ..... Y) ; /2.3/ 

A : y ..... la (x , y), a (x, y), a (x,y)l-go
00 1 2 3 

- * ,D,nfl onpeneneaaa <t>YHK~HOHana g ~ Y paCCMOTpHM nHHe~Hbl~ <t>YHK~1-10

.Han g Ha nkHel:1HoM MHomeCTBe 3Ha4eHH~ onepe ropa T.':V ..... Y , on
peAeneHH~l:1 no <t>opMyne 

g ( Th) = .r t/J (s) Y h (s) ds , ~ h ~ V,o /2.41r 

Anfl t/J ~ L (r ). B cuny CBOl:1CTB oneparopa Y :1121 <t>YHK~1-10Han He
npep~BeH ~a CBoe~ 06naCTH onpeAeneHHfI. n8 TeopeMe XaHa-6aHaxa 
ero MomHO npOAonmHTb no Henpep~BHocTH AO nHHel:1Horo,<t>YHK~HoHa
na g Ha ac e npocrpaucrao Y. 

'JleJvUVLa 1. Oneparopu H npoc rpaucr ea /2.3/ onpenenaor auepr-e
TH4eCKoe pacunipeuae Ao BHAa .12. 1/ oneparopa Et/J 1-13 /1.5/, /1 ..6/ 
npn ~ = ç = O, a = 1, G 1 = E. aOKa3aTenbcTBo CBOAI-1TCfI K npo
BepKe CBO~CTB 3HepreTH4ecKoro pacwHpeHHfl / 12/. 

anfl HeoAHopoAHol:1 3aAa4H aHpHxne 3HepreTH4ecKoe pacw~peHHe 

nonyvaerc a npH nOMOIl4H npenc rasneuan u = u1 + li, rne u1 ~ wi(il 3) 
HMeeT 3aAaHHbll:1 cnen Y u Ha r 3 ,a <t>YHK~HfI li YAOBneTBopfleT OAHOo 
pOAH~M KpaeB~M ycnoBHflM. 

PaCCMOTpHM 3aAa4Y /1.5/ c KpaeBblM ycnoeuex Hel:1MaHa. Ofinacr s 
D(E1jl) onpenenaerc.a H3 /1.6/ npH a = O, {3 = 1, npH4eM 

ç(x)~ w~ lI2<ra \",(ç(x), 1) = O, TO ecr s ç(x) ~ w~,l:2 (r ) . nonomHM
3 

V = W 1 (n) H = L ({)) Y = L(3) (O).
2,go 3' 2 3 ' 2 -~' 

/2.5/ 
T : u ..... grad u , !A N = Ao O - g N ' o

rAe aHanorH4HO /2.4/ <t>YHK~HoHan gN eCTb npOAon>KeHl-1e cornaCHO 
TeopeMe XaHa-6aHaxa Ha Bce ~~(n ) I1HHel:1Horo Henpep~BHoro

2 3 
<t>YHK~HOHana 

." 
5 



. 1 
g (Tv) = f ç(s). y. v(s)ds, v E \V (n 3 ) , /2.6/
N I' o 2,go 
. 3 

onpeAeneHHoro Ha 06naCT~ 3Ha4eH~~ onepaTopa T. 

JJeJvtJvta 2. Oneparopa ~ npocrpaacraa /2.5/,./2.6/ onpeaenaor 
3Hepr~T~4ecKoe pacunipeaae AN = T* AON'r onepa ropa Et/J AnR aana
4~ He~MaHa. 

PaccMoTp~M KpaeBYIO 3aAa4Y AnR KOM6~H~poBaHHo~ nOCTaHOBK~, 

TO ec r s npa a = f3 = 1, ç = O. 0603Ha4~M X == W~/2 (rs) . no aua,go . 
nor~~ C onepaTopOM a~p~xne yo B03bMeM onepa TOp cnena c 06
naCTb~ 3Ha4eH~~ B X: 

. W·l (O)' wl/2 (r ) /2.7/Yo ,g . 2,g 3 --> 2,go 3' 
o o 

KOTOP~~ TaK ~e, KaK ~ Y /13/, RBnReTCR n~He~Hb~ HenpepblBHblMo
onepaTopOM. nYCTb n~He~H~~ onepaTOp alE f(x ~ x ) RBnReTCR ca-
MoconpR~eHH~M ~ nonO~~TenbHO onpeAeneHH~M: 

< 0 u , u > ~ mG 1I u iI ~, u E X, m > O. /2.8/
1 G 11 

06naCTb onpeAeneHMR AnR KOM6~H~pOBaHHO~ 3aAa4~ B~6epeM B B~Ae 

0K (~~ = D(Et/J) n Iu I(u, go) = O, x E r 3 1 , /2.9/ 

paCCMOTp~M cneAy~~~e npOCTpaHCTBa ~ onepaTOp~: 

1 2 2 -2 
v= Iu i u .E W2 (O3) l, II u I1 = f Igrad ui + r Iu I do, u = yo u , 

,go n ,go 
3 r 3 

H = L (O ) Y = L( 3) (O) W1/2 (r) Y* = L( 3) (O) X* 
2 3' 2 3 x 2, go 3' 2 x , 

/2.10/ 

au auT':u-->I~ Y ui, 
aX 2 

o,go"a xl ' ax 3 

AO K : Iy, q, 1 --> I a1(x, y), ... , a 3 (x, y), °1q, I - g, q, E X. 

JJeJvtJvta 3. nYCTb °1E f(X ~ X*) YAOBneTBopReT /2.8/. TorAa 
oneparopu ~ npocTpa HCTBa /2. 10/ 3aAalOT 3HepreT~4eCKoe pacura
peH~e.· AK = T AoKTonepaTopa /1. 5/, /1. 6/, /2.9/. 

nOKa3aTenbCTBO aHanorM4HO cnY4alO CMewaHHO~ KpaeBo~ 3aAa
4~ d121 

~. 'I' 

6 

3. CBO~CTBA 3HEPrETH4ECKHX PACWHPEHH~ 

YTO'4H~M CBo~cTBa'<J>YHK~~~ p.(x,lyl) ~3 /1.4/. nYCTb aHanor~4
HO!12! B~nonHeHO CBO~CTBO: 
/A/ np~ Ka~AOM À ~ [0,00) <J>YHK~~R X --> I-'- (x , À) ~3Mep~Ma; AnR n04
T~ acex Xtll 1 <J>YHK~~R À --> I-'- (x, À) HenpepblBHa; AnR scex À E[O, oe) 
~ n04T~ acex x EO 1 ~MeeM 11-'- (x, À) I ..::; M = consto 

\ 

Jienna 4. Ecnu aunonaeuo CBO~CTBO /A/, TO oneparopu HeMbl~
* «oro AoD' AON' AOK AeM~HenpepbIBHb!, KaK oneparopu ~3 Y B Y • 

HanoMH~M, 4TO onepaTopHoe ypaBHeH~e 

Au = O /3.1/ 

Ha3~BaeTcR/121 <J>YHK~~OHan~Ho-aHan~T~4ecKo~'/~n~ 0606~eHHO~/ 

<J>opMyn~poBKo~ KpaeBo~ 3aAa4~ /1.5/, /1.6/, ecn~ A RBnReTCR 
3HepreT~4eCK~M pacw~peH~eM onepa rope E t/J.. 

<J>YHK~~Ç>HanbHble CBo~cTBa oneparopoa l\J" J=D,N,KAJ, 
MO~HO CBR3aTb co cneAY~~~M~ CBo~STBaM~ <J>YHK~~~ I-'- (x, \ y I) /rAe 
x E ° 1: t ,' r E [O, oe)/: 

/3.2/I-'- (x, t ) 2 m1 > O, 

I-'- (x, t) . t - I-'- (x, r) . r ~ m1(t - r), t 2. r, m > O, /3.3/ 

/3.4/II-'-(x, t)t-I-'-(x, r)r·I:SM I t- r ] , 

<1>YHK~~R t --> I-'-(x, t) . t Henpep~BHO AI;1<txt>epeH~I;1PyeMa, npl;14eM 

I a~ (I-'- (x, t ) ~ t) I ~ M, t E [O; oe), / 3. 5/ 

n04TI;1 AnR ac ex x E n 1 . 

AHanl;13 oneparopoa AOJ' AJ ' J = D,.!'l npOBOAI;1TCR aHanOrl;14
HO / 121 c Y4eToM CBO~CTB <J>YHK~~oHana g. np~ paccxorpeaaa AoK.' 
AKY4I;1T~BaeM TaK~e c~MMe~pl;1~, nOnO~I;1TenbHY~ onpeAeneHHocTb 

1;1 nl;1nWI;1~-Henpep~BHocTb onepaTopa 0 1, YcnoB~MCR, 4TO onepaTop~ 

Ao' A onpeneneuu AnR Ka>KAOrO ~3 ~HAeKCOB J = O, N, K. 

TeopeJvfa 1. a/ Ecnu aunonaeuo /3.2/, TO onepa'ropu Ao ' A 
K03p~I;1TI;1BH~ c <J>YHK~l;1e~' y('s) =(m 1 + mG ). 'S, a ecna <J>YHK~I;1R 

1 
t --> I-'- (x, t) • t c rporo B03pacr aer , TO Ao' A CT poro MOHOTOHHbl. 
6/ np~ BblnOnHeHI;1~ ycnoana /3.3/ oneparopu Ao' A Cl;1nbHO MOHO
TOHH~. 

B/ H3 CBO~CTBa /3.4/ CneAyeT n~nW~~-Henpep~BHOCTb onepaTopOB
l\' A, np~4eM 

"", 7 



~ 

11 Aoy - AO z II ~ (3M + Mo )11 y - z II ,
y* 1 Y
 

r ae MO - KOHCraHTa Jlunuraua A11R onepa ropa 01'
 
1 

ri OPI-1 B~n011HeHI-1I-1 YC110BI-1R 13.51 onepaTOp~ Ao' A AI-1~~epeH~~Pye
M~ no raTO c o~eHKoR 

(Aó(u) v , v) ~ (M + Mal)' 11 v 11: . 

AI EC111-1 ~YHK~I-1R I r, tI -+ (Aó(t + ry + tx) x, y) HenpepblBHa
 
Ha ['O, 1] x[ 0,1], TO np0l-13BOAHble Fa ro AÓ(u) , A' tu) CI-1MMeTpI-14Hbl.
 
el Onepa ropu Ao, A nOTeH~l-1a11b Hbl. nOTeH~l-1a11 A11R Ao I-1MeeT BI-1A
 
( A11R J = D, N)
 

Iy (x) I 
Fo (y) = Fo(O) + [ ( r 11 (x, t)tdt)d0 3, 13.61 

11 o
3 

a npl-1 J = K K HeMY A06aB11ReTCR eute OAHO cnaraeaoe : 

F (y, cP) = F (y) + ~ < O 1 cP, cP > . 13.71 
o o 

*3aMetla Hue 1. ,lJ,11R MOHOTOHHblX onepa ropoa A E (V -+ V ) ~3 ne-' 
MI-1Henpep~BHOCTI-1 C11eAyeT paAl-1a11bHaR ~enpep~BHocTb/I2/. 

Ha OCHOBaHl-11-1 11eMM 1-4, TeopeMbl 1 1-1 pe3Y11bTaTOB 06 0AH03Ha4
HoR pa3peWI-1MOCTI-1 He11I-1HeRHblx oneparopaux ypaBHeHI-1R/121 crtpa> 
BeA11I-1Ba I 

TeopeMa 2. nYCTb onepa rop O1 E ~(W2~~~ (F 3) -+ w~,\ 1r ,'3 » CI-1M

MeTpI-14~H 1-1 n0110>KI-1Te11b HO on peaenea , a ::~YHK~I-1R {L(x, t) Ta KOBa , 
4TO onepe ropu AOJ la C11eAOBaTe11bHO, 1-1 AJ/, J = D, N, K paAl-1a11b
HO Henp~p~BH~, K03p~I-1Tl-1aHw'l-1 CTporo MOHOTOHH~. TorAa KpaeBaR 
3aAa4a 11.5/, 11.61 c YC110BI-1RMI-1 ,lJ,l-1pl-1x11e, HeRMaHa 1-1111-1 KOM6I-1HI-1
pOBaHH~MI-1 ~MeeT eAI-1HCTBeHHoe 0606U4eHHoe peWeHl-1e UEV B CM~C11e 

paBeHCTBa 13. li B npOCTpaHCTBe V*.' 

HanOMHI-1M, 4TO B 0606U4eHHoR ~OPMY11l-1pOBKe AOCTaT04HO nOTpe60
aa r s t/J (x) E w~:/2(r ), ç(x) npI-1HaA11e>KI-1T OAHOMY 1-13 npOCTpaHCTB X 

1-1111-1 X*. 
,lJ,a11ee YCTaHOBI-1M, ao-n epaax , 4TO onepa rop 01 = L-I(E + K) 

YAOS11eTBOpReT Tpe60BaHI-1RM TeopeMbl 2 1-1, C11eAOBaTe11bHO, pe3Y11b
TaTbl cnpae ennaau A11R 3aAa41-1 MarHI-1TOCTaTI-1KI-1 B KOM61-1HI-1pOBaHHoR 
nOCTaHOBKe. BO-BTOP~X, paCCMOTpl-1M HeKOTop~e I-1Tepa~1-10HH~e npo

~~ecc~ peWeHI-1R KOM61-1HI-1pOBaHHoR CI-1CTeM~ ypaBHeHI-1R, I-1Cn011b3Y~U4l-1e 

He11I-1He~H~e onepaTOp~ nyaHKape-CTeK110sa. npl-1 3TO~ MeTOA~, oc
HOBaHH~e Ha pa3Ae11eHI-1I-1 0611aCTI-1, Aa~T B03MO>KHOCTb OnTI-1MI-13I-1pO
aa rs K0111-14eCTBO BbI4I-1C11eHI-1R aex'ropoa BI-1Aa 01 u 1-1111-1 ~1 v, CBOAR

". 
8 " 

U4I-1XCR nOC11e AI-1CKpeTI-13a~1-11-1 K 06paU4eHI-1~ n110THbIX MaTpl-1~ 6011bWoR 
pa3MepHOCTI-1. 

4. onEPATOp~ nYAHKAPE-CTEKJ10BA ,lJ,J1R 3A,lJ,A4 
11.5/, 11.6/ 

PaCCMOTpl-1M onepa rop C11eAa Zoneparop ,lJ,l-1pl-1x11el Yo,go 12.71 
A11R onpeAe11eHHOR paHee nap~ npOCTpaHCTB C06011eBa. COr11aCHo/13 1 

1-1 cBoRcTBY (go' 1) ~ O 3TOT onepaTop c~pbeKTI-1BeH 1-1 CYU4ecTByeT 
11I-1HeRH~R Henpep~BH~R 06paTH~R onepaTop 

y -1 ': W ld2, (r3) -+ w1 (O 3),
 
O,go 2,go 2,go
 

14.11 
u II .< C1 II u IIII Yo,go w1/2 (r )  w1:, (Q) 

2,go 3 2,go 3 

Onepa rop Yo ec r s CY>KeHl-1e onepaTopa ,lJ,l-1pI-1X11e Yo Ha nOAnpOCT,go
1

paHCTBO W2,go (0 3) • 

PaCCMOTpl-1M KpaeBY~ 3aAa4Y HeRMaHa 11.5/,/1.61 B 0606U4eHHoR 
~OPMY11l-1pOBKe: HaRTI-1 <i>YHK~I-1~ u E Wi,go (11 3) , YAOB11eTBOpR~U4Y~ A11R 

1 
11~6bIX TJ EW2,go

(n S) I-1HTerpa11bHOMY TO>KAeCTBY 

* 3 a
(T A Tu, TJ)=[ ~a.(x;w)_TJ-d0 3 - [t/JYoTJds=.<g,yo TJ>, 14.21 

oD o i=1 1 aXi r go 
3 

-1,/2
r Ae g(x) E W2, ~ (r3 ) , a ~YHK~I-1I-1, ai (x , w) onpeneneua B 11.4/, 
w = grad u. 

npl-1 YC110BI-1RX TeopeMbl 2 CYU4ecTByeT eAI-1HCTBeHHoe 0606U4eHHoe 
peWeHl-1e ypaBHeHI-1R 14.2/, A11R KOToporo CYU4ecTByeT eAI-1HcTBeHH~R 
C11eA Y u E W~/2 (r3 ) . ,lJ,a 11ee , a Ha110rI-14HO 110./, MO>KHO onpenena r s o,go ,go -1/~ 1/2

.f 
He11I-1HeRHbIR onepaTOpS E (W2, 1 tr3) -+ W2,go (r3»' conOCTaB11R~U4I-1R 

~, , -l/~ 
Ka>KAOR ~YHK~1-11-1 g E W2,~ ~l 3) ~YHK~I-1~ Yo,go u, TaKY~, 4TO cnpaaeu

11I-1BO paBeHCTBO 

< S(g) , TJ> = < Y u; TJ > 14.31
O,go 

V2 (r A11R acex 71(;. W- ). Oneparop S TaK>Ke Ha3blBaeM He11~HeRHbIM
2 ,1 _ s . 

onepaTópOM nyaHKape-CTeK110Ba, no aHa110rl-1l-1 c 11I-1HeRH~M C11Y4aeM, 

~"1 
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KOTOp~A nOAPo6HO ~3y4eH B/8~/, np~ aHan~3e onepaTOpa S
 
~3 /4.3/ ~cnonb3yeM nOAXOA, aHanor~4H~A np~MeHReMOMY ~/IB/,
 

TeópeMa 3. np~ BblnonHeH~~ ycnoB~A: /3.3/, /3.4/ onepe rop 
8 c~nbHO MOHoToHeH, HenpepblBeH ~ oõnanaer o6paTHblM 8-1 , KOTO
PblA RBnReTCR n~ntiJ~,",-HenpepbIBHbIM ~ c~nbHO MOHOTOHHblM, 8- 1 ~(X~X). 

np~ c4>oPMYJ1~pOBaHHblx ycnosaax MO>KHO np~MeH~Tb cneAYIO~YIO
 
TeopeMY ~3 /12/:
 

* .	 

"J; 
TeoreMa 4. nYCTb cIl: V ~ V - paA~anb HO HenpepblBeH ~ C~nbHO :'U(

1	 * .MOHOTOHeH. TorAa cyuiec r eyer 06paTHbl~ cIl- : V ~ V - n~nW~,",-He

npepbIBHbl~. ECm1 cIl- n~nW~,",-HenpepblBeH, TO <1>-1 c~nbHO MOHOTOHeH.
 
B c~ny TeopeM~ 4 cy~ecTByeT onepaTOp A-J,KOTOP~~ c~nbHO MO


HOTOHeH ~ Henpep~BeH. Aanee, B c~ny npeACTaBneH~R
 

CAou,fJ)= <g,y,o TJ>=<Yo* g,TJ>, 'TI G-W
1 

g 
(03) 

,go ,go	 2 '''o 

~ ero cneACTB~R
 

-1 * -1/2 ,

<8g,fJ>=<r. AoY g,fJ>,TJEW 2 (rs) , /4.4/

o ,go O,go	 ,1 

Y4~T~BaR, 4TO onepaTOp 

Y * : W- 1/2 (r ) .... Ker y (W 1 ).l, c (W1 ) * 
o,~' 2,1 S O,go 2,go 2,go 

RBn~eTCR n~He~H~M ~ Henpep~BH~M onepaTopOM/13~ ~ ~cnonb3YR 
CBO~CTBO orpaH~4eHHOCT~ onepaTopa (y* )-1, MO>KHO nonY4~Tb
 

O,g o
 

<Su - Sv , u - v >	 m s> O"> msllu - v l] ~1I1r )' 
/4.5/- W2,1 3 

B cany reopexu 4 TaK>Ke cyurec raye'r o6paTH~~ oneparop 8 -1, KOTO

Pbl~ n~hw~,", -Henpe'p:~BeH. np~4eM 1-13 paBeHCTBa /4.4/ cnenyer , 4TO
 
AnR ecex V E W1 2 (r )


2, go s 

-1 * -1 -1i <8 u;v>=«y ) Aoyo u,v>= 
o ,go ,go 

I 

t	 

/4.6/ r 
-1 -1i < AaoT'y u, T y v>, I o, go o, go et 

OTKYAa B cHny CBO~CTB onepaTopa y nonyvaea 
I	 • O,go 

~ 

<8 -1 u - S -1 v, u'- v > > mS-1 II u - v" ~ 1/2 (,r ) , /4.7/ 
2,go 3 

4TO ~ AOKa3~BaeT TeopeMY 3. 
AHanor~4Ho /101 YCTaHaBn~BaeTCR 

JleJ'v1.Jvta 5. Ecn~ aunonueuo CBO~CTBO /3.5/, TO oneparop 8-1 

A~4>4>epeH,",~pyeM no raTO ~ cnpaBeAn~Ba o,",eHKa 

«8-1 ) ' (v ) U, U> ,,SM11.1u112112 • /4.8/ 
W2,go(,r s) 

Ecna , KpOMe Toro, asmonaeuu /3.3/, /3.4/ ~ 4>YHK,",~fl t .... ..i.-~(x,t)t 
1 at

HenpepblBHa np~ n04T~ ac ex x ~ n1,TO oneparop R = (8 - )' nonosor-
TenbHO onpeAeneH: 

<R (v) u, u» ~ Mo1I u II ~ 112 (1":)'	 /4.9/ 
• 2"0 S 

1/2
~ C~MMeTp~4eH <R (v) v ,T1> = <v , R (v) 11> , v, 11 ~ W2 (r ). 

., o s 
J.13	 nYHKTa 'lei I TeopeMbl 1 ~ npeac r aaneuaa /4.6/ cnenyer 

• 
Jl enna 6. Onepa rop S-1 noteauaaneu c nOTeH,",~anOM 

Igrad vi 
F (u) = F (O) + f ( .r ~ (x, t) t dt) dOs ' y o" ov .. u , /4.10/ 

Os o 

np~ AOKa3aTenbCTBe ~cnbnb3YIOTcR neMM~ 4,1, 4.2, 4.4 ~3/12/. 
YCTaHoB~B ~BO~CTBa Hen~He~Horo onepaTopa nyaHKape-CTeKnoBa 

AnR KBa3~n~He~Horo 3nn~nT~4eCKoro onepaTopa /1.5/, /1.6/, 
YAoBneT8opRIO~éro CBO~CTBaM c~nbHO~ MOHOTOHHOCT~ ~ n~nW~,",-He

npep~BHOCT~, paCCMOTp~M ~HTepecylO~YIO Hac 3aAa4y MarH~TOCTaT~
K~ co CMewaHH~M~ KpaeB~M~ ycnoB~RM~ AnR oneparopa a I""' L-I (E +K), 
onpeAeneHHoro ~3Ha4anbHO Ha AOCTaT04HO rnaAK~X 4>YHK,",~RX. 

5.	 YPABHEHH~ METO~A PA3~EnEHJ.1~ 06nACTJ.1
 
An~ KOM6J.1HJ.1POBAHHOA nOCTAHOBKJ.1
 

~aCCMOTp~M n~He~H~~ onepaTOp nyaHKape-CTeKnoBa Sã AnR 3aAa
4~ /1.5/, /1.6/, nonY4alO~e~cR ~3 /4.3/, ecrra nOnO)f(~TbE",=-ã, 
'" = O, rAe 6. - onepa rop Jlannaca B 06naCT~ Os' OTMeT~M, 4TO 
onepaTOp~ nyaHKapé-CTeKnoBa AnR L-rapMOH~4eCK~X 4>YHK~~A nOA
P06HO ~3Y4eH~ B 

/ 8/ . CornacHo pe3ynbTaTaM pa3Aena 4; a TaK)f(e 
Y4~T~BaR, 4TO cneAYIO~~e npOCTpaHCTBa nnOTHO BnO)f(eHbl / 1S/: 

1/2 ) (r) -112W2 (,ra c L 2' 3 C W2 tr3) ,	 /5. 1/ . . 
~ 

''1 
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np~4eM nepBOe BnOmeH~e KOMnaKTHO, MomHO c~opMyn~poBaTb cneAY~

~~e CBOHCTBa OnepaTOpa S~: 

Q -1/2 1/2
S~~.l..(W2,l (rS ) -+ w 2,g o(,r s ))	 /5.2/ 

8 ~ c~MMeTp~4eH B L 2 (ra ) , /5.3/ 

<8 ~ U, ,U> ~ m~II ul] 
2 

4/2 ' /5.4/
 
w2, l (,r )
a


S~ - BnOJ'lHe HenpepblBeH K.aK onepa rop ,AeHcTBY~~~H B L (r 3). /5.5/

2 

0503Ha4~M nonnpocrpaucreo L 2(rS) ~YHK~~H, opror-oaansuux u = 1, 
-repea L 2 , l (rg) , a ~YHK~~H, op rorouaru, HblX u = g ot l-lepe3 
L 2 g (,rs ). np~ 3TOM cornacHo/ 141 S~: L

2 1 
(r ) -+ L (r ) ~ ~Me-

S	 2 g s,	 O ' .' O 
eT npeAcTaBn~H~e Ha 3TOM nOAnpocTpaHcTBe: 

8~ = (E - K) -1 L t	 /5.6/ 

onepaTOp~ K ~ L onpeAeneH~ B pa3Aene 1. B CBO~ 04epeAb cy~ecT
ayer oneparop S:l l; ~(W21/2 (,r ) .... W:1/ 2 (o[ 3))' 05paTHblH K 8 s: 

Ll ,g o a z , 1 

KOTOP~H TaKme RBnReTCR c~MMeTp~4ecK~M ~ nonom~TenbHO onpeAeneH
HblM Ha X orteparopoa , 

Onepa rop 8~1 Ha CBoeH oõnacru onpeneneuaa D(S ~1) CL , g (f )
2 aHMeeT npeACTaBneH~e	 o 

-1 -1
8 ~ z:	 L (E ,- K) • /5.7/ 

" 
OnpeAen~M B npOCTpaHCTBe X* HOBoe cxanapuoe npoaaaeneuae 

(u, v)~ = <8 ~u,v >, u, v ~ X * , 

KOTopoe B c~ny CBOHCTB /5.2/, /5.4/ 
3KB~BaneI;iTH~ HOPMY 1I u 11

2
A 

"'" (u, u) ~ 
r~4HO~KanRpHoe npo~3BeA~~e 

-1 . 
(u, v)~-1 =,<8 ~ u, v> , u, v ~ X, 

nopoxaaer HOPMY Ilu I1 ~-1 = (u, u) ~-1' 

/5.8/ 

oneparopa S ~ onpenenaer 
B	 npocr paucr ae X *. AHano

/5.9/ 

3KB~BaneHTHY~ H0pM~ npOCT

~	 paHCTBa X. 60nee Toro, MomHO YTBepmAaTb, 4TO npOCTpaHCTBO X 
~30MO~~HO npOCTpaHCTBY ~P~AP~xca,nopomAeHHOMY' onepaTopOM /5.7/, 
~ cOBnaAaeT no cocTasy 3neMeHTOB c 05naCTb~ onpeAeneH~R onepa
Topa (L -1 (E- K»)1/2. B peayns r are cnpa aennaaa 

A 

\' 
12 

JIeMMa ? Ecn~ B npocrpe acr aax X ~ X * onpenernrr s HOpMbl 
II u II ~1~ [lu 11 ~ COOTBeTCTBeHHO, TO oneparop 8~1 : X .... X * RBnReTCR 

Ayan~3~pY~~~M oT05pameH~eM. 

l1HTepecHo OTMeT~Tb, 4TO onepa rop -~ / ~ - oneparop Jlannac a/ 
RBnReTCR Ayan~3~pY~~~M o roõpaxeaaea W~(O 3) B W21 (° ) 112(

3
a cnenoaa rens ao , ~ Ayan~3~pY~~~M oT06pameH~eM wi (Os)

1 ,go
\, 

B (W2,g O (O 3)) -,I 

Pa~CMOTp~M Aanee «nacc oneparopoa a == oil/~cnOnb3yeMbIX B YCII nOB~~ /1 .6//, YAosneTBopR~~X cneAY~~~M CBOHCTBaM: 
, , 

D(O-1) = D(L-1 (E - K» , /5.10/f: 
0 - 1 ...	 ... - C~MMeTp~4Hbl~ ~ nonom~TenbHO onpeAeneHfibl~ 

B L ir 3) , /5. 11/ 

(Gv ; g O) = O, v ~ L 2 , 
1 (ra ); (a -1 U, 1) = o ~ u G- L 2 (rs ) • /5.12/,go 

JIeMMa 8. Onepa rop a = (E + K)-1 L, onpeneneuuuã Ha L 2(rs) , 
YAoBneTBopReT CBO~CTBaM /5.10/-/5.12/. 

HanoMH~M, 4TO nonox-rrensuo onpeneneuaue , C~MMeTp~4eCK~e one
paTOp~ B r~nb5epToBoM npOCTpaHCTBe H /onepaTop~ A ~ B/ 8a3~Ba
IOTCR CXOAHbIM~ 1151 , ecna 

D (A) = D (B) •	 /5. 13/ 
OCHOBHble CBo~cTBa 115,161 CXOAHblX oneparopoa onpenenaer 

Te opeJ'lla 5. nYCTb o5paTHbl~ oneparop B-1 snonae HenpepblBeH 
s H. Ecna onepa r opu A ~ B CXOAHbl, TO CXOAHbl oneparopa Aa ~ Ba 

np~ scex a G- [0,1] , np~4eM onepa ropa Aa B -a ~ Ba A-a orpaH~4eHbl 
s H. ! 

l13 r eopeau 5 cnenyer , s 4aCTHOCT~, 4TO D(A1/~ =D(B1/~, a one
paropu AB -1 ~ BA-,l orpaH~4eHbl s H. llonar aa s 3TO~ TeopeMe A = 
= 0-1 , B = L -1 (E - K) , np~xOA~M K cneayouieay YTBepmAeH~~: 

JIeMMa 9. nYCTb onepa rop G ynoane'teopae'r ycnoB~RM /5. 10/
/5.12/. TorAa' HopMa IlvI120=.<ov,v>, v <.;X* 3KB~saneHTHa HopMe 

npOCTpaHCTBa X*, HopMa 1Iull~_1=<a-lu,u>,Ul;X 3Ks~saneHTHa HOP-
Me X. Onepa rop J == 0-1: X-+X* RsnReTCR Ayan~3~PYIO~~M o roõpa
meH~eM 3T~X npOCTpaHcTs. 

KOM5~H~posaHHO~ nOCTaHOBKe saAa4~ MarH~TOCTaT~K~ COOTseTCT• 

'I
.{ ayer onepa TOP a = (E + K)-1 L, AnR xoropor'o B cuny neMMbl 8 cnpa

seAn~B~ B~SOA~ neMM~ 9. OnepaTop G RBnReTCR aHanorOM onepaTopa 
nyaHKape-CTeKnosa AnR nannac~aHa BO BHeWHe~ 05naCT~. Tenepb 
He COCTaBnReT TpYAa ~ccneAosaTb ypaBHeH~e MeTOAa pa3AeneH~R 

,li	 oõnacru AnR saAa.4~ /1.5/, /1.6/ c YKa3a HHblM oneparopox G. 
Ae~cTs~TenbHo, ~YHK~~oHanbHo-aHan~T~4ecKaR ~opMyn~posKa /3.1/ 
AnR KOM5~H~poBaHHoH C~C!eM~ ypaBHeH~~, onpeAenReMaR onepaTOpa

j~ 
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M~ ~ npOCTpaHCTBaM~ /2. 10/, 3KB~BaneHTHa cneAy~~eMY onepaTOp
HOMY ypaBHeH~~ B npOCTpaHCTBe X: 

-1 -1
'CP~r == S "r + O U,r= O, "r ~ X, /5. 14/ 

rAe S - onpeAeneHH~~ paHee Hen~He~H~~ onepaTOp nyaHKape-CTeK
noaa , U r = ,y o, lO U, U - peweH~R 3aAa4~ /3. 1/. TOT <l>aKT, 4TO 

3neMeHT U r = Yo,g U ~ X RBnReTCR peweH~eM /5. 14/, ecnu U ç; 
1 ,o 

~ W2,80
(Os) eCTb peweH~e /3.1/, cneAyeT ~3 onpeAeneH~R onepaTO

pa S -1 , AnR KOTOpO ro eunonaeao 

(Anu, 77) = <8 
-1 

Y u'Y 77>, 
1 /5. 15/VTJ ~ W 2,g o (O S) ,o,g O o,go 

~ ypaBHeH~R /3. 1/, ~Me~~ero B~A 

(A D u , 77) + .<0 
-1 

·Yo u, 'Y .,,> "'" O, V 77 ~ W2 
1 

(O S ). /5.16/
,lo o"O ,8 0 

C APyro~ CTOpOH~, B~4~TaR /5,15/ ~3 paBeHCTBa /5.14/, nonY4~M 

/5.16/. 
Y4~TbIBaR CBO~CTBa S-1 ~ 0-1 , aaxnovaes , 4TO oneparop <Il 

~3 /5.14/ c~nbHO MOHOTOHeH ~ n~nW~~-Henpep~BeH B ~,~ 3Ha4~T, 
cor.nacao 1121 ypaBHeH~e '~U =: Y ~MeeT eA~HcTBeHHoe peureaue u ç; X 
np~ Vy ç; x*, TaK~M 06pa30M, nonyr so nonyvaea He3aB~C~Moe AOKa
3aTenbCTBO cooTBeTcTBy~~ero pe3ynbTaTa TeopeM~ 2. 

PaccMoTP~~ ~TepaU~OHH~e MeTOA~ peweH~R ypaBHeH~R /5.14/. 
Bbl6epe~ HOpM~ B npOCTpaHCTBax X ~ X'" KaK "'llo-l~ 11.11 0 COOT
BeTCTBeHHO. 3T~ HOpM~ nopomAa~TCR CKanRpH~M~ npO~3BeAeH~RM~ 

(u, v)O-l = <Q 
-1 u, v > ~ (u, v) o IS .cGu, v>. nYCTb AnR acex u, vÇ;X 

B~nonHeHO 

2 
<<Il u .J '<Il v, u - v> ~ m~ 11 u - v 11 x' mcp > o , /5. 17/ 

2 
11'<Il u - ~v II *.$ M,~.II u - v II X' M<Il < 00 • /5.18/

x 

KaK cnenc r aae reopeau 3. 4 ~3/12/, cnpaaennaea 
TeopeMa 6. np~ ycnoaaax /5.17/, /5. 18/ MeTOA npocroã ~Te

pau~~ 

u n+ 1- U n, 
~ J( . -) =-'CPu /5.19/n

ri 

CXOA~TCR np~ r ~ (0,2m~ M~2)K eA~HCTBeHHOMY peweH~~ u ypaBHe
,H~R /5.14/ co CKOpOCTb~ 

\ 

" íJ 
14 

(K(r)]D
 
11un - U II X .$ II'CP u O 11 x* ,
 

1 - K (r) 

-1 ( 2 2 1/2rne J=O ,K(t) = 1 .... 2m<llt + M 'et>t) < L 
-1

OTMeT~M, 4TO aHanor~4Hbl~ peayns r ar ~MeeT MeCTO ~ ripa J == SÕ • 
OnepaTOp nepexOAa MeTOAa /5. 19/ ~MeeT B~A 

U 1 = Tu = «1 - r) E - rO S-1) U , U ~ X. /5.20/n+ n - n n 

3aMe'4.a 11ue 2. Ilocxonexy oneparop S-1 noreuuaanea , a 0-1 

C~MMeTp~4eH ~ nonom~TenbHO onpeAeneH, TO AnR peweH~R ypaBHeH~R 

/5. 14/ np~MeH~Mbl rpaA~eHTHble MéTOAbl /Han~~Mefl MeTOAbl Ha~CKO
pe~wer·o cnycxa ~ conpaxeuaux rpaA~eHTOBI 10,.1 . 

P'aCCMOTp~M MeTOAbl Hb~TOHOBCKoro runa , ,llnR auanaaa r.noõens> 
HO~ CXOA~MOCT~ ~cnonb3yeM Henpep~BH~~ aHanor MeTOAa Hb~TOHa 

du -1 /5.21/
- =: -['~'(u(r))] 'CP(u(r)), u(O) =uo'

dr
 

KOTOP~~ CXOA~TCR OT npO~3BonbHoro Ha4anbHoro np~6n~meH~R, ec
n~ oneparop r<ll'] -1 paBHOMepHO orpaH~4eH /17/. Cnpaaénnaaa 

TeopeMa 7. nYCTb B ycnoaaax r eopexa 3' ~ neMMbl 5 <t>YHKU~R 

t ~ ...!L IL(X, t) t A~<t><t>epeHu~pyeMa no t ripa no4T~ acex x (;; 01 
dt 

~ r c [0,00). Tor na MeTOA /5.21/ CXOA~TCR K eA~HCTBeHHOMY pewe-
H~~ u t;;;X ypaBHeH~R /5. 14/ OT npoaaeons aoro Ha4anbHoro np~6n~
>KeH~R. 

,lloKa3aTenbcTBo cnenyer ~3 r eopesu 2 paõoru 1171. ,llnR noxan s
Horo YTo4HeH~R peweH~~ uenecoo6pa3HO ~cnonb30BaTb MeToA Hb~TO
Ha-KaHTopOB~4a, CXOA~MOCTb KOToporo TaKme o6ecne4eHa ycnoB~R
M~ TeopeM~ 7. AHan~3 MQA~<t>~u~pOBaHHoro MeTOAa Hb~ToHa-KaHTopo
B~4a npOBOA~TCR B paMKax npouecca /5.19/, rAe cneAyeT nonom~Tb 
J :z '<Il' (u n ).

o 
3aMe'4.a 11 ue :3. AHan~3 CBO~.CTB ypaBHeH~~ /5. 14/ ~ /3. 1/, 

a TaK>Ke ~TepaU~OHH~X MeTOAOB ~x peweH~~, npoBOA~nCR 6e3 npeA
Bap~TenbHo~ A~CKpeT~3au~~ 3T~X ypaBHeH~~. ECTecTseHHo, 4TO ec
n~ A~CKpeT~30BaHH~e ypaBHeH~R c AocTaTo4HQ~ T04HOCTb~ coxpaHR
~T COOTBeTcTBy~~~e CBo~cTBa oneparopoa S -1 ~ a -1, TO K TaK~M 
C~CTeMaM np~MeH~Mbl o6cymAaeM~e anec s anrop~TMbl. BamHO, 4TO 
CKOpOCTb CXOA~MOCT~ ~Tepau~~ T~na /5.19/ He 3aB~t~T OT wara 

I A~CKpeT~3au~~. 

·\ 3aMe'4.a11Ue 4. np~BeAeHH~e 3AeCb peayns ra ru HenocpeACTBeH
HO nepeHOCRTCR Ha cnY4a~ ABYMepH~X 3aAa4 MarH~ToCTaT~K~ AnR 
(x, y) - '~mlt (r, z) -reOMeTp~~ np~ ~cnonb30BaH~~ cxanapaoro ~n~' 

1.1 BeKTopHoro nOTeHu~ana. Bonpoc~ np~MeHeH~R MeToAa pa3~eneH~Rl 
[ r orpaH~4eHHo~ oõnacra AnR 3T~X 3aAa4 paccaorpeau B /10 . 

! 
· ! ~..
,I: 15·I .~ 



3aMe'l.la Hue 5. ECIlI'1 Bbl41-1C11eHI-1e Ma Tpl-1 llbl , annpOKCI-1MI-1PYlOl1le~ 

onepa rop 0-1 /1-1111-1 G/, He C11I-1WKOM TPYAoeMKo 1-1 ee MO>KHO XpaHI-1Tb 
B OnepaTI-1BHO~ naMRTI-1 3BM /HanpI-1Mep, A11R HeKoTopb~ K11aCCOB 
ABYMepHwx 3aAa4/, TO I-1CXOAHWe ypaBHe~I-1R MO>KHO pewaTb no CKB03
HO~ cxeMe cpa3Y A11R nOCTaHOBKI-1 /3. 1/, cooTBeTcTBYlOl1le~ pacwl-1pe
HI-1~ 12.9/, /2.10/, He nepeXOAR K 3KBI-1Ba11eHTHOMY ypaBHeHl-11O 
/5.14/. npl-1 3TOM MO>KHO I-1Cn011b30BaTb MeTOAw, CXOAI-1MOCTb KOTOpWX 
rapaHTI-1PyeTcR YCTaHOB11eHHWMI-1 CBO~CTBaMI-1 onepaTopa A 1-13 /3.1/ \ 
/HanpI-1Mep, MeTOA 50R A11R C11Y4aR 113aMOpO>KeHHbIX"' K03<t><t>l-1l1l-1eHTOB 
B KOM6I-1Hl-1pOBaHHo~ nOCTaHOBKe 1181 / . 

3aMe'l.laHUe 6. Tpe6oBaHI-1R Ha r11aAKOCTb r panau r 1-1 r s MorYT 
6blTb oC11a611eHb1 / 12 • 19/ . 

6.	 o 4HCnEHHO~ PEAnH3AUHH KOM6HHHPOBAHHOrO
 
METOAA
 

Pe3Y11bTaTW p~3Ae11oB 1-5 HaW111-1 npl-1MeHeHl-1e npl-1 41-1C11eHHOM MO
Ae11l-1pOBaHl-11-1 OTKPWTWX MarHI-1TOCTaTI-14eCKI-1X CI-1CTeM c I-1Cn011b30Ba
Hl-1eM CKa11RpHoro nOTeHlll-1a11a. o npaKTI-14eCKO~ 3<t><t>eKTI-1BHOCTI-1 I-1Te
palll-1~ /5.19/ MO>KHO CYAI-1Tb no pe3Y11bTaTaM paC4eTOB npOCTpaHCT
BeHHoro pacnpeAe11eHI-1R n011R Al-1n011bHOro MarHI-1Ta nocpeACTBOM MO
AY11bHoro KOMn11eKca MOK 31. B 3aAa41-1 3TO~ pa60Tw He BXOAI-1T nOA
P06HW~ aHahl-1~ 3TI-1X paC4eTOB, HO xOTe~ocb 6w OCTaHOBI-1TbCR Ha MO
MeHTax, xapaKTepl-13YIOI1ll-1X HenocpeACTBeHHO CBO~CTBa ~TepaIl1-10HHOrO 

npOllecca /5.20/. Ero 41-1C11eHHaR pea11l-13alll-1R OCYl1leCTB11ReTCR MO
AY11bHbIM KOMn11eKCOM nporpaMM MOK 31 Ha r paaaue ,ra -ecnoaor-arens> 
HO~ OQ11aCTI-1 Os Cnelll-1a11bHOro BI-1Aa - napa1111e11enl-1neA c KBaApaTOM 
B oCHOBaHI-11-1 / 7 / , 1-1 BK11lO4aeT B ce6R C11eAYlOl1ll-1e 3Tanw: 

I. Bbl41-1C11eHI-1e aewropa V= S-1 U n' 3TO 3KBI-1Ba11eHTHO peWeHl-11O 
He11I-1He~Hoi:1 3aAa41-1 B °3: Et/JY = O; YI,ra = U n ' rAe onepa rop E t/J 

onpeAe11ReTCR B /1.4/-/1.6/, Aa11ee HaXOAI-1M v=.!Ll.r . 
.	 ~ s 

1.1. Bbl41i1C11eHI-1e aex ropa ov. Ha 3TOM arane peuraercau n+1/ 2= 
I-1HTerpa11bH~e ypaaueuae (E + K~ u n+ 1/ 2 = Lv Ha r paaaue ,ra .1-1 Haxo
AI-1TCR BeKTOp U n+1/2= (E + K) - Lv 171 • 

I I I. Pe11aKCalll-1R U n+ 1 = (1 - r) U ~+1/2+ru n 1-1 B03Bpal1leHI-1e 
Ha I 3Tan. . 

OCYl1leCTB11RIOT 3TI-1 3Tanbl OTAe11bHwe MOAY11I-1 nporpaMMHoro KOMn
11eKta MOK 31. OCHOBHWMI-1 MOAY11RMI-1 RB11RIOTCR: 

t>	 11 nporpaMMa QLEEN3; npeAHa3Ha4eHHaR A11R peWeHIi1R Me?OAOM 
ceToK'13aAa41-1 Al-1pl-1X11e B o611acTI-1 OS A11R ypaBHeHI-1R /1.4/-/1.6/ 
1-1 noc11eAylOl1lerO BW41-1C11eHI-1R ceTo4Horo aHa110ra onepaTopa nyaHKa

-1
pe-CTeK110Ba, S h ; 

:\ 
t' 
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2/ nporpaMMa BIE5M3 /7/, OCYl1leCTB11RlOl1laR 3KOHOMI-14HOe peWeHl-1e
 
rHY c onepa ropoa (E + K) Ha nOBepXHOCTI-1 r s 1-1 nOC11eAYIOI1lee Bbl

41-1C11eHI-1e aexropa 0hv , r'ne Oh =(E +K h) - 1 L h - ceT04Hbl~ aHa110r
 
onepa Topa O;
 
3/ nporpaMMa ID5M3, pea11l-13YIOI1laR I-1TepaIl1-10HHW~ npOllecc /5.19/
 
/c onepaTopOM nepexoAa 15.201/,c B03MO>KHO~ OnTI-1MI-13alll-1e~ napa

MeTpa r Ha rpy6o~ ceTKe;
 
4/ nporpaMMa MGCM3, OCYl1leCTB11RlOl1laR BW4I-1C11I-1Te11bHW~ npOllecc
 
Ha noc11eAoBaTe11bHOCTI-1 crYl1lalOI1ll-1XCR ceTOK 1-1 npl-1 Heo6xOAI-1MOCTI-1 

3KCTpan011Rlll-11O PI-14apACOHa;
 
5/ nporpaMMa H0FLD0 BW41-1C11eHI-1R HanpR>KeHHOCTI-1 n011R OT TOKOBWX
 
311eMeHTOB 1-1 <t>OpMl-1pOBaHI-1R <t>YHKIlI-1~ ~ 1-1 t/J 1-13 /1.1/ Ha 3aAaHHWX
 
nOBepXHOCTRX.
 
41-1C11eHHWe 3KCnepl-1MeHTW C MOAY11bHWM KOMn11eKCOM MOK 31 nOKa3W

BaIOT:
 

a/ c11a6yIO 3aBI-1CI-1MOCTb CKOpOCTI-1 CXOAI-1MOCTI-1 I-1Tepall1-10HHOrO 
npOllecca 15. 19/ ~T MarHI-1THO~ npOHl-1l1aeMOCTI-1 <t>eppoMarHeTI-1Ka, 
nOMel1leHHoro BHYTPb BcnOMoraTe11bHO~ 0611aCTI-1. B Ta611.l nOKa3aHO 
y6wBaHI-1e norpeWHOCTI-1 no I-1Tepalll-1RM A11R 11I-1He~HOro 1-1 He11I-1He~HOro 

C11Y4aeB 1-1 41-1C110 I-1Tepalll-1~, Heo6xOAI-1MWX A11R AOCTI-1>KeHI-1R OTHOCI-1
Te11bHO~ T04 HOCTI-1 10-9 . B He11I-1He~HOM C11Y4ae n peACTaB11eHbl pac-ie
TW A11R nRTI-1 3Ha4eHI-1~ TOKa B o6MoTKax MarHI-1Ta; 

'I'aõrrana 1 

I.l. =const	 1.L f const 

TOK 500 500 1000 1500 2000 25000 

CXO,D;H-
MOCTb 
no 
HTe
paun-
HM 

0.9874 

0.3358 

0.0733 

0.0245 

0.0081 

0.0029 

0.0009 

0.9975 

0.3479 

0.0844 

0.0298 

0.0093 

0.0027 

0.0008 

0.9831 

0.3544 

0.0708 

0.0301 

0.0081 

0.0035 

0.0009 

0.9845 

0.2498 

0·.0926 

0.0305 

0.0094 

0.0048 

0.0009 

0.9750 

0.2805 

0.0703 

0.0207 

0.0089 

0~0025 

0.0007 

0.9843 

0.2908 

0.0885 

0.0271 

0.0091 

0.0029 

0.0009 

. I 

I 
! 

QHcno 
HTepa

~HH 

7 7 7 7 7 7 

~\ 
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6/ He3aB~C~MOCTb CKOpOCT~ CXOA~MOCT~ OT wara A~CKpeT~3a~~~ 

3aAa4~. B Ta6n.2 npeAcTasneHo 4~cno ~Tepa~~~, Heo6xoA~MblX AnR 11. ~O~HHKOB H.H. 06aop 06 - 8. HaY4Ho-HCcneAoBaTenbcKH~ HH
AOCT~meH~R OTHOC~TenbHO~ T04HOCT~ 10-3, AnR Tpex cry~a~~~xcR CTHTYT 3neKTpO$~3H~eCKO~ annapaTYPW, neHHHrpaA, 1976. 

12.ceTOK c ~3MeHeH~eM 4~cna Y3noB no KamAoMY HanpaBneH~~ BABa raeBCKH~ X., rperep K., 3axapHac K. HenHHe~Hwe onepaTopH~e 
pa3a /12, 12, 7/ ~ /23_ 23, 13/ ~ /45, 45, 25/, np~ nOCTORHHO~ ypaBHeHHR H onepa-ropxue AH<txt>epeH~HanbHble ypaBHeHHR. M.: 

MHp, 1978.MarH~THO~ npOH~~aeMOCT~. 
13.	 ~HOHC m.~., MaAmeHec 3. HeoAHopoAHwe rpaH~4Hwe 3aAa4H ~ HX 

npHnomeHHR. M.: MHp, 1971.TaÕJIHqa 2 
14 .	 mHAKOB E.n., XOPO~CKH~ 6.H. npenp~HT OH~H, Pll-83-261, 

.lly6Ha, 1983.
 
CeTKa /12, 12, 7/ /23, 23, 13/ /45, 45, 25/
 15.	 KpacHocenbcKH~ M.A. H AP. npH6nHmeHHoe peweHHe onepaTopHwx 

ypaBHeHH~. M.: HaYKa, 1969.
 
qHCJIO
 16.	 Heinz E. - Math.Aun., 1951, 123.7 8	 8
HTepaQHH 17.	 mHAKOB E.n., XOPOMCKH~ 6.H. Coo6~eHHe OH~H, P5-8244, .lly6Ha, 

1974. 
18.CneAyeT OTMeT~Tb, 4TO AanbHe~waR onT~M~3a~~R ~Tepa~~OHHoro	 A~PRH 3.A. H AP. Coo6~eHHe OH~H, Pll-87-49, .lly6Ha, 1987. 
19.npo~ecca /5.20/ B03MO~Ha, ecn~ B Ka4eCTBe napaMeTpa penaKca~~~ 063H m.-n. npH6nHmeHHoe peweHHe 3nnHnTH4eCKHX KpaeBWX
 

6paTb He eA~HcTBeHH~~ CKanRp r, a A~arOHanbHY~ MaTp~~y 'h ~ 3aAa4. M.: MHP, 1977.
 
rS,h ~ r s. b , onpeneneuuyo Ha ceT04HO~ rpaH~~e ecnosor-arensuoã
 
06naCT~. np~ 4~cneHHO~ pean~3a~~~ ~Tepa~~OHHoro npo~ecca Ha no

BepXHOCT~ napannenen~neAa Ha Ka*AO~ ero rpaH~ MomHO 6paTb CBO~
 

napaMeTp penaKca~~~, KOTOP~~ HaXOA~TCR ~3 4~cneHH~X 3Kcnep~MeH


TOB Ha caMO~ rpy6o~ ceTKe ~ ~cnonb3yeTcR B paC4eTax Ha OCHOB

HO~ ceTKe.
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*"AKOB E.rr., MasypKeBHq r.E., XopoMCKHH B.H. P11-87-501 
K TeopHH KOM6HHHpOBaHHNX MeTOAOB 
B HenHHeHHhlX 3aAaqax MarHHTOCTaTHKH 
~H llPOCTpaHCTBeHHWX 3aAaq MarHHTOCTaTHKH B HeorpaHHqeH 

HOH o6nacTH paccMoTpeHhl KOM6HHHPOBaHHhle qHcneHHhle anroPHT
Mhl, OCHOBaHHhle Ha o6~eAHHeHHH MeTOAa rpaHH~ HHTerpanh
HhlX ypaBHeHHH C MeTOAaMH, HCnonh3yro~MH AH~epeHqHanhHyro 
nocTaHOBKy. ITpHBOAHTCH ycnoBHH OAHOsHaqHou paspemHMOCTH 
B03HHKaro~ KpaeBb~ 38Aaq AnH HenHHeHHOrO cnyqag B npOCT
paHCTBaX Co6oneBa, a Ta~e pesynhTaThl no CXOAHMOCTH anhTep 
HHp~ HTepaquoHHhlX npo~eccoB pemeHHH 9THX saAaq. ,[(aHbi 
npHMephl qHcneHHhlX pacqeTOB, xapaKTepH3yro~ OCHOBHhle CBOH
CTBa anbTepHHpyro~HX HTepaqHOHHbiX npo~eCCOB B nHHeHHOM H He 
nHHeHHOM cqyqaHX. 

Pa6oTa BhlnonHeHa B ITa6opaTOPHH BhlqHcnHTenhHOH TeXHHKH 
H aBToMaTHsaquH OHHH. 

Coo6meHHe 06'he,nHHeHHoro HHCTHTYTil Jl,llepHbiX HcCJJe,lloaaHHii. ,ny6Ha 1987 

llepeBOA O.C.BHHorpaAoBOH 

Zhidkov E.P., Mazurkevich G.E., P11-87-501 
Khoromskij B.N. 
Some New Aspects in the Theory of Combined 
Methods on the Nonlinear Problems 
of Magnetostatics 

For the three-dimensional problems of magnetostatics in 
the unbound region the numerical algorithms based on the 
combination of the boundary integral equation method and 
the methods using the differential formulation are conside 
red. For arising nonlinear boundary problems the conditi
ons for the existence of the unique solution in Sobolev's 
spaces are given. The results of numerical calculations 
describing the main characteristics of the iteration me
thods in linear and nonlinear cases are presented. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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