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B noc~~naee BpeMH ~ ~HcneHHoro pemeHHH 3qna~ MaTeMaT~eCKO~ 

WH3KKH ~aCTO npHMeHHeTCH MeTO~ cnnaftH-K~OK8UKH. 3To BH3HBaeTCH TeM, 
~TO, Bo-nepBHX, OH CpaBHKM C Tp~OHHHM MeTO~OM KOHe~HHX pa3HOCTe~ 

no CBoen anropHT~eCKOa npoçTOTe a, Bo-BTOpHX, ~aeT npH6~eHHoe 

pemeHHa cpasy BO Bce~ paCCMaTpHBaeMO~ 06~aCTH, r~e nmeTCH CaMoa pe
maRRa. 

B HaCTo~a~ pa60Te paCCMaTpHBaeTCH MeTo~ C~aAH-KO~OK~ ~C

~eHHoro peme~ o6max KpaeBHX 3~a~ ~ ypaBHeHRH ITyaccoHa B npRMO
yrOJIbRoD 06.nacTR. AHaJIO~HH! BOrwOC .ItJIR nepsoâ KPaeBoD aanaxa 6wr 
paCCMOTpeH B ~e pa60T /1-4, 17/. 

§ I. !IQ.CTalWBK8 3MWm » nOQTpoege ~cnemlOro WOWIl4ã 

PaCCMOTpHM na npmfOyrOJ1I:JHHXe Q- f (x,y):o..!, x s b,c ~ Y~ d 1 
c rpa~e~ r (CM.pRCYHOR) RpaeBYJ) 3a,naqy M.fl ypaBHeHWl IJyaccoHa 

-a 2u '02u o

ÂU:ll~+-::::2.-t{x,y), {x,y)€Sl , (I) 
'O x ôy 

(oLiU+ ti ~~ ) /. a 'fJ i (x,y) , (X,y)Er, i:a1,2,JF4, (2)
ri 

2 2 ~U 
rne aLi + S> i ;.> o , o( i' ti ~ O, ~ npOB3BO~qHe no BHemHel HOpMa-
JIlI. ':J 

R ,
n 

., 

lQ., 
--
-_._- - ~~ 

-

r I)~

Y1f 

_-/lt f3 

Yo ' rzIR. , 
Xo 

llpe.lUIOJIe>mW, ~TO cY1IlecT:eyeT e,ItHHCTBeHHoe RJlaCC~eCKoe pemeaae 3a.n;a1Uil 
( I), (2), :HMeDU{ee HenpepiBRlie npOI!9BO~e ,11;0 aroporo noPHJtK8 BKJIJ)'tIlI
TeJ1DHO. 8TO RMeeT ,eCTO np. HeKOTOpHX orpa~eHRHX OTHOCHTaxDHO ~HK
~ f I ~i /5. 

~tn~t:Iihiit'i"lÍiJH V,HCnrryy, 
f1Ll~~jitrJ;K ~(Ç "H~l!:)nauBG . 

6HSJ(~!C~TEKA
,.' rn= ... _ ____'''''_ 



,1I,.Jur 'llHCJIeHHOrO pemeaaa sanaxa (I), (2) BBe.n;eM ce'fKY Ó,c 6. 
N 

x Ll 
M

, 

r.n;e 

L1 N : a = X o <. x 1 < x 2 ••• <. xN Cl b 

.1M : c =	 Yo <. Y1 <. Y2 ••• <. YM co d 

- ceTIqI COOTBeTCTB8HHO B.I(0Jil:, oceã OX li OY , KOTopHe Xap8.1tTepR3Y

IOTCR uarasa 

h i co Xi +1 - xi H=max h. , h	 = min h. 
i 1. j 1. 

ej a Yj+1 - Yj L = max e. , t. ; min e. 
j J j J 

Pacnapaa CeTIm .1N li J M CTa~apTHHM odpaSOM,6Y.neM HCKaTb ~iÓAR~. 
aeaaos pemeaae 3~a'tIR (1), (2) B BH,Ue 6HKy:6H1i:eCIWrO CIIJI~KHa ; 

N+1 M+1 
S(x,y):: ~ ~ bkrBk(x)Br(y) , (3) 

k=-1 r=-1 

rns Bk(x) , Br(y) - HOpMa.JIHSOBaHHHe B -cIlJIalhm o,!Uio~ nepeMeHHoit. 

CnJla!H (3) MO.l!líO npencrasars ~ BH)J;S 

N+1 1 M+1
S :: ~ bk(y)Bk(x) L Ô;(X)Br(y) ( 4) 

k=-1 r=-1 

r.n;s 
N+1M+1· bl (y) = L bijrfj (y) b~(X) :: ~ bijBi(x) 

j=-1	 i=-1 

02• - O,IUIOMepIme xy6lfqecKRe cnJIafunl xaacca 

IIoTpedyeM, 'ITOOH CI1Jla1-tH (3) y.n;OBJIeTBOfWI YCJIOBIDiM 

L\Sij "" -	 f i j (Xi'Yj)f Ã"'\.P , P ck~1Pk 

h~~rj 22	 _ (5)
dSi j .,. - + D Sij , (Xi"Yj)é Pf i j 

( o(i S + »i ; ~ )Ir. :I 'Vi (M) ., M E r n 11	 (6) 
1.	 im1,2,J,4 

3aMErIwme I. BMepTo ypaBHeHd B y'rJIOBlU TO'1IKaX MOJlWO B3HTl raxae 1Ke 

ypaBHeHIDI, RaR B OCTa.JIl>HHX TO'tIR8X CeTIm Li, R B CBR3R C 9TID.'I npen
22	 . 

nOJIaraeTCH 'BWIOJIHerm8 YMOBRlI D Sij'" o B yrJIOBllX' TO'tIltax. B 060HX 

c~aax nanyqaroTcR o~ n Te xe ypaBHeHHH OTHOCHTeJI1HO HeH3BeCTHRX.b •
i j 

2 

~ Toro 'tITOOH nORasaTh paSpelliRMOCTh S~a'tIH (5), (6),paccMoTpRM 

neKoTopHe cooTHorue~q, BllT8KaIDmKe RS KpaeBHx YCJIOBKa (6). IIocKo~RY 

S(x,y) CTaHOBllTCH O~OMepHHM ~OK'tIeCIWM CnJIaaRoM Ha rpaHHUe 06JIaCTR 

5l , TO ero M02KHO H~TR CJIe.IJYlOmnM oOpaSOM. Ha rpaaane r1 HMeeM 

10	 20(..1 S(xo'Y) - J31 D S(xo'Y)'" S1 (y) E. c, R, CJIe.n;OB8TeJThHO, OH 

npe.n;CTaBHM B B~e pa3JIO~eHRfl 

M+1 
(7)S1 (y) co	 L o/.~r(Y)
 

r=-1
 

Y CJIOBRe (6) aa rpaaana r 1 HBJlfIeTCH YCJIOBReM HHTepnOJIff[((m ;II,7IH cnzaã
aa S1 (y), R nO:7TOMY ero MOllmO HaitTH, aanpauep, RCnOJIbSYH cRcTeM:t 

S~ (yk ) ... ~ ~ (yk ) , le-O,M; S1 (Yj) ... '-fi 1(yj) , j ...0 ~ ••• , M , ( 8) 

ROTOpaH XOEomo 06YCHOBJIeHa H MozeT OHTh pemaHa MeTO~OM MOHOTOHHO~ 

nporoasa I /, ecJm csrxa ti M Y~OBJIeTBopaeT YCJIomm ~ 

. fi 1+'Te'f = max - < ..!.1:.U
2 li-j/ .. 1 fi 2 

)laJIee COrJIaCHO (4) DeeM 

M+1	 2 2' 
S1 (y) a	 L (o( 1br(x ) - ~1 b r (X )1fr ( y ) .o o (9) 

ra-1 

CpaBHJq3aH (7) C (9), n<>J.TY1:laeM. 

1 2 21 1 
o(r ... o(1br{Xo)- ~1br\Xo) a	 L (oI.,.Bk(xo)- ~1Bk(:XO) )bler, (10) 

k--1 r--1 , O, ••• ,11+1 . 

::?ro aeTh ypaBHeIme C TpeMH HeH3BeCTH:Wm b-1, r I b o , r , b1r IIpH 

RaJ{,Il;OM ~CmpOBaHHOM 'r. 

Ha rpaaans rJ aHaJIorH'llHWl oõpasoa CTPOHTCR cnaaãa 
M+' 

10 ~ 1
SJ{Y) - o(JS(~,y)+ j3JD S(~,y) ..	 Z:: ol;Jjr{Y) , 

r--1 

HHTepnOJIH~~ lfJ(Y) aa caTRe L\ M JII y,D;OBJIeTBoPJiIIIPII, 

Hanp:oep I KpaaBHII YCJIOBlOOl TmI8 lI, RaK H B (.8). 

B pesyJIDTaTe pemaHl!Ul cooTBeTCT:syDIIlel CRCTew aa.lJt914 RO~

eHTH oc;, H) TeM CaMIiM, MH DeeM ypaBHeHIDI 
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N+1 
J ~	 ,

ol..r =	 L. (cXJBk(XN>+ J>JBk(~)bkr ,r=-1 ,O, ••• ,M+1 . (II) 
K=N-1 

TO'tlHO TaKHM ae nyTeM aa rpaaanax r2 H r4 crpoarca cnJIa:ttHH: 

. N+1 N+1
 

S2(x) ... L eX ~Bk'x) , 8 4(x) c L ()(~k(x)
 
k=-1 k..-1
 

~ STKX CnJIa~HOB aHaJIOrH YPaBHeH~ (10), (11) MM8IDT B~ 

1 

o( ~ = L (O<2B~(Yo) - f2B;(Yo)bk r '	 (I2)
r=-1
M+1	 k=-1,0, ••• ,N+1,

4	 -,
oi- k '" L (o(4l3r ( YM) + ]>4Br ( YM) )bk r • (13) 

r=M-1 

B nOCTpOeHK.l1 rpaaasnsx CI1JlaHHOB Bl:lme Mil npennoaaraan , 'tlTO 3a,n:a
Hl:l 3Ha'tleHW1 BTOpblX npoH3BO,I(Hl:lX WYHKI.uUt ljJi ' i=1 , ••• ,4 B COOTBeT
CTByromax yrJIOBl:lX TO'tlKax rrpRMoyrO~HHRa. B c~ae, Kor~a 3a,n:aHH 3Ha'le
HR.q nepBl:lX npOH3BO~Hl:lX WYH~a 'Vi B yrJIOBl:lX TO'tlKax, B K8'leCTBe 
KpaeBl:lX YCJIOB~ ~ CnJIBaHoB MOZHO B3iiTb YCJIOBRH COrJIaCOBaHHOCTH 

cX 2 Y"1-	 Y'2 yJ~ ... 0(1 \f'2- J1 \f'12 B P1(xo,Yo) 

~ 4 ~ 1+ J4 'f ~ ~ 1 'fi 4- P1 'f '4 B P4(xo'YM) (*)Cl 

'ol2lf'J- !2 1fJ =ei J 'fI 2+ fJ~; B P2(:J::N'Yo ) 

~J 'f 4+ J'J"V ~ = o{4 4'J+!4 'f'~ B PJ("YM) 

KOTOpl:l8 .n;OJDitHH BHIlOJIIDIT:bCfl .D;J.Ui 38J,!8'tlli (I), (2). 
ECJm JK8 nepsse wm aropae npoasaonaae <íJYHIcrcdt 'fi i He.H3B8CTHH 

HJIH H~Ti RX TPy~o, TO Heo6xo~o paCCMaTpnaaT:b KpaeBl:le YCJIOBRH TR
na IY 6 , KOTOpl:le JIerKO peaJIH3YDTCR H' TepMKHax Ko~~eHTOB npe~-' 
CTaBJIeHHH cnJIajfira 'lepe3 B ~cnJIaaBl:l /? . OTMeTHM, 'tlTO B Kà'tleCTBe 

rp~Hl:lX CnJIalHoB MOERO B3HT:b JIOK~HHe cnJIaIHH, KoappRUHeHTl:l KOTo
psx onpaaezanrca HBHl:lMR <I>oPMYJI8MH 8/. B 'tlaCTHOCTH, ,II;JlfI CIlJI8ÍiHa S1 (y) 
oaa Bl:lrJI.l1,1UiT TaK: 

... 4'1{Y ) + 1 [1.. 2 ~1(Yj)-'t'1(~'j-1) _t2 l.V 1(Yj+1)-'I'1 (Yj)] 
j J(ej+ti ) j € j-1 j-1· tj ,[~~ 

j +1 1- _~ D 1 , • : • ,M- 1, (14) 
r~_1c{rBr(Yj) ... ~1(Yj) , j=0,1,M,M+1. 

4 

TaKnM 06pa30M, KpaeBl:le YCJIOBRfl (6) npeo6pa3YIDTCfl K B~aM (10)-(13), 
1:13 KOTOpl:lX TOJIbKO ypaBHeHHH, cOOTBeTCTByromne r=-1, M+1 H 

k=-1,	 N+1, co~epJK8T HeH3BeCTHHe ,bN+1,_1,bN+1,M+1'b_ 1,_1,b_1,M+1 
Mx Ml:l 6y~eM H83l:lBaT:b nOCTOpOHHEMH. A HeR3BeCTHHe b.

~J
. rrpn 

i=-1,N+1,j=0, ••• ,M, j=-1,M+1,i=0, ••• ,N Ha30BeM BHerpaffKqHHMH. 
B cKnY CBOHCTBá B -CnJIaHHOB ypaEHeHHH (5) He co.nepxaT B ce6e 

nccropoaazx Ko~m:utaHToB.Ml:l paccMoTpRM cOBoKYnHOCT:b ypaEHelmit (5), 
(IO~-(13), B KOTOpl:lX OTCYTCTByIDT nocTopoHHHe Ko~~eHTl:l. OHH o6pa
s.rroT cncTeM,Y na (N+J)(M+J) - 4 ypaBHeHHll c TeMH Jlte HeHSBeCTHHMH. 
Hs 8TO~ CHCTeMH MOJItHO HCI~'tlHT:b BHerpaHH'tJHl:le Ko~HUHeHTl:l, RCnOJID3Yfl 

"rpaHlPIHl:le" ypaEHeHHH (10)-(13). Hanpzaep, HeH3BecTHHe b_ 1 , j HCKJIIO

'tl8IOTCR:	 c nOMoUU>JD YPaEHeIma 

=	 ,áSoj	 -fOj 

a 1	 . + c 1b -. + b 1b 1j = eX ~ , j = 1, ••• , M-1 
1b- , J OJ' J 

r.ne '	 ' a1 =cX ( X !>1B_1(xo) >0 , c 1 = oc1Bo(xo)- ~1Bo(Xo)
1B_ 1 o)

, 
b 1 =oc1B1(xo) - f1B1(xo) 

B peSYJIbTaTe no~aeMypaBHeHHfl 

1 j+1 
(15)

A(Xo'Yj).bOj = ~ ~ B(xk,yr)·bk r + Fo j , 

k=O r=j-1 j=1~ ••• ,M-1 

3.nec:b	 WTpHX Y cyMMR oaHa~aT" 'tlTO B Hee He BXO~T CJIaraeMOe, 

COOTBeTCTB~ee npa k=O " r=j 
ECJm j31 >° ,TO b 1 < ° ,IJ;.7IJI .nOCTaTO'tlHO Manoro mara h o ' 1:1, 

TeM C8Ml:lM, ID!eeM B(X ,Y >0 ,r = j-1,j,j+1. )J.anee JIerKO npo
1 r) 

separs , 'tlTO A(Xo'Yj) >0, a Koa@lnLUieHTl:l B(Xo'Yj_1)' B(Xo'Yj+1) 

nOJIODTeJIDHH npa YCJIomm 2h
2 > L

2 
• Ilpa STOM RMeeM 

1 j+1 
"" ~ I 0<...1 n : (16)D(xo'Yj) = A(xo'Yj)- ~ ~ B(Xk,yr)= ~B_1(Xo)
 
k=O r=J-1 1
 

j = 1, ••• e,M-1. 

YpaEHeHHe B yrJIOBO~ TO'tJKe Pi . noc~e HCKJIIDqe~ BHerpaHH'tJHl:lX HeH3

BeCT~ npno6peTaeT BH.n; 

(I?)
A(Xo'Yo)b =B(Xo'Y1)bo1 + B(X1'Yo)b 1o + Foo oo 

r~e 

5 



.. 

ot2(2eo+~)+3J2 0(1 (2ho+h 1) +JS>1
 
A(Xo'YO)= tO(2P-o+l1)(~2eO+3F2) + ho ( 2h 

O
+h 1 ) (cx,hO+Jj1T > o
 

,.,., 3 f>2	 "" Jf1 
B(xo'Y1) .,. P (2tJ~+p .. )(oLp~+3i3~) ~O , B(x1'Yo) ... }~C .L \I. '- "''' ,>o.L 

B yr~oBo~ TO~Ke P4 MO~O SaITRCaTb aHanOr~HOe ypaBHeHRe C rro


~OJltRTeJIl:,HbIMH Ko::4xP~eHTaMPI A(Xo'YM) ,B(X1 'YM) •
 ,B(XO'YM_1)
 
rrpOCTOe BH~HC~eHHe nOKa3HBaeT~ ~TO
 

'" ,,,	 ...........
eX1 O<',..:::2.----.-~~ 
D(x ,Y )=A(xo'YO)-B(XO'Y1)-B(x1'YO)= h (~1hO+1A1) + eo~2êo+J~2) ,
 

o o o T ) (I8)
 

,...... ,.......) o{1. + 0(4. 
D(XO'YM)=A(xo'YM)-B(xo'JM_1 )-B(x1 'YM = h (o<.1ho+j~1) lM_1 (.~:;(·4eM-1+3j34) 

o 

Ms (16), (18) HCRO,	 qTO 

D(xo'Yj)~O , j=O, ••• ,M •	 (19) 

AHaHOr~~ pe3Y~TaT RMseT MSCTO li ~ ~yrRX rpaHHn.
 

ECJm ze .f>1" o, TO ~SrKO BH.nSTb, ~TO ypaBHSHHH (I5) IIpHHH

MalOTBH,n
 

- ()b -( - ,....B j _ 1	 t j Oj_1+Bj Yj)bOj+Bj+1(Yj)bOj+1=FOj' ja1, ••• ,M-1. (20} 

. A ypasaeaae (17) B yr~oBoH TOlJKe P1 npespanaerca B BR,IJ; 

b 00 =.x:.1b 01 +f 1 ' O <):"1 <1 

To Ee CaMOS HMeeT MeCTO li B TOlJKe P4 • B 3TOM c~ae HspaBeHcTBo 

(19)	 HMeeT MecT~ec~ ceTKa no Y y~o~eTBopHeT YC~OBHD
 
1'2<(1+ v1J }/2 •
 

Bo BHYTpeHHHX TOlJKax ceTo~Ho~ o6~acTR ypaBHeHHH (5) 3anRCHBaDT

CH B BIme • 
i+1 j+1 

A(Xi'Yj)b i j .,. ~ ~' B(xk'Yj)bk r + , (k~i,r~j) ,f i j 
k=i-1 r=j-1 

r.n;s 

6 

,,__	 _I: .. 

A(Xi'Yj) = -B i (xi)Bj(Yj) - Bi (Xi)Bj(Yj) >0 , 

"-	 -" B(Xk'Yr) = Bk(Xi)Br(Yj) ~ Bk(Xi)Br(Yj) 

B C~ CBo~cTBa B -cnnafiHoB nO~OJltRTeJIl:,HH B(xi _ 1 ' Yj _ 1 ) , B(x i +1 , j _ 1 ) ' 

a OCTanbHHe KO~HUHeHTH B(~'Yj)B(Xi_ 1'Yj+1) H B(Xi+1'Yj+1)' 
B CYMMe nO~nmHTeJIl:,HH npR yc~oBKHX.14/ 

H ~ 2h , J.J~ 2e 

(21)1 H 1 h
1f'2'~ L~~ ~:;l~~· 

rrpH 3TOM RMS8T MeCTO 
i+1 j+1 

~I

D(Xi'Yj)= A(Xi'Yj) - ~ 2-.. B(~'Yr) = O , 
(22 )

k=i-1 r ...j-1 
i=1, ... ,N-1j j .. 1, ••• ,M-1 • 

Tenepb~'~XI~a.ff BO BHRMamIe (I6), (18), (I9) II (22), no npmnumy MaK
cRMYMa ,12 rrpwco,mm K BHBO~, lJTQ CRCTeMa (5), (10)-(13), B KOTo

po~ OTCYTCTBYIDT nOCTopOHHHe R BHerpaHKlJHHe Ko~~eHTH, paspeillKMa 
aa cerxo A ,Y~OMeTBopmome~ YC~OBmo (21),' ecza XOTH 6H o;:om R3 

Iw8<W>muwHToB o(i B xpaeaax YC~OB:w:rx (6) 60JIóille fryM. Ilocne peneaaa 
3TO~ CRCTeMH BHerpaHHlJHHe HeRSBeCTHHe O~03Ha~HO orrpe~e~TcH c IlO
MOmbID ypaBHeHRH (10)-(13). HaRoHeu, nocTopoHHHe RO~~SHTH, HanpH- . 

Mep b-1 , -1' JIH6 o onpeneaanrca R3 ypaBHeHHH (IO) npa r = -1 ,JIH
60 li3 (12) npH k = -1 . MOERo nORa3aTb, QTO B c~ yc~oBnH cor~aco

BaHHOCTH (*) R TO R ~yroe ~aeT O~HaKOBH~ pe3Y~bTaT. AHanorHlJHHM 
OÓpa30M Ollpe~~TCH O~H03HalJHO R OCTanbHl:le nOCTopOHHH8 KO~HUHeHTH. 

§ 2.	 ~nmMOCTD rrpªd~eHHoro ~emsªªª K T05HOMY 

rr~CTb pemeaae 3~alJH (I)-(2) rrpHHa,nJIeJlmT ~accy ck ,À[S1 ] ,T.e. 
u E C ,À [fi ] , k	 ~ 2 , O < À. ~ 1 • 'I'orna / / 06H38TeJIlIHO BWlOJI

k 2 knanrca BKJIlOlJeH:ID1 f f c - , .A [ .Q] , 'fi E: e , ~ (ri). IIyc'rb k = 2 • 

Sonec}, MbL Tpe6yeM BHnOJIH.eHRH BKJ!lOlJelillli f E. cw~,oo['ÕJ, \}li E e2w~,<XJ ( ri) • 

rrpeAUO~OJKIDJl, 'tITO XOTH 6u O~RH R3 KO~IU1eHTOB o( i B KpaeBWC yc~o
BI1I.HX (2) 60JIbill8 HY~. YiMeeT MeCTO 

TeopsMa. CROpOCTb CXO~~OCTH npR6~eHHoro perneHHH S H ero 
nepasx lJPyx npOH3.BO.n;HHX xapasrepaayerca paBeHCTBaMH 

2 + L2)~ I S-u I .. O(H "	 (23) 
Sl 
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~~ 'Or I ~ m~ I-:---r'Jk (S-u) J' == O(R +L ) ,r,kr::1 B 2. (24):-r(S-U)	 2' 2 
n.' 1 ax ..n.' 'O s" 

r.rte .Q..' = fXo+1i~ x~ ,.-H , Yo+L~y~ YM-L J. 
liQRa3aTeJIbCTBO. fJyÇT:b z= s-u . HCHO, trTO Z Y,ItOBJIeTBopaeT 

YPaBH8HRfíM 

Áz = R ,	 (x, s) E: fi , 

ô	 "-' (25)
(o(iz + J>1'O~ )r: ... YJ1 ( M? ' ME r 

L. 

rne ..R :: Â s-r , OJi ", -l}Ji +81 (Lf1 l. 3.n;eCL Si ( lJ1 i) - rpaHRtIHHe Ky6H

lIeCKHe CIIJIa:tiIm, IDiTepIIClJll:IpYDJtllI9 ~ 4'. • OU8HHM npaass xacra 3a

~a-qH (25). COrJIaCIiO CBO~CTBaM KyChplecKRX ~nJIa1tHoB xnacca 02 ( fi ) 
2

BMeeT MecTO BRJIIOtr6lilie R E CW4 00 [ n J . IIOCTpOHM .zvm Hoe OltJ.IHHe:fuw:tt 

miTepIIOJ.r.mUIOHHHll CIIJIatin S11 ' aa ceTRe.4 • Tor,!{a no reopeae 2.3/6/ 
cnpaB6,1tJIHBo 

UR - 311	 li _ = O(H2+L2). 
o(nJ 

no rrOCTpoeHHID C~attHa S(x,y) a~eeM II
2 2

R(X1'Yj)=O' (xi'Yj) E A 'P 
R(xi'Yj) aO(H +L ) , (x!'Yj) E P • Tor.n:a olIeBH.IUIO, trTO 3 (R,x,y) ... 

2+L2)	 11
O(H R, TeM CaMl:lM, MH HMeeM 

. 
fJ R 11 ~ O(H2+L2). 

Cf,º-) 
(26) 

~8JIe~~ COrJIaCHO TeopeMe 3.5 /6/ crrpBBe~H o~eHRH 

"
~i c 

4 
O(L ) , 1=1,3; 

,..., 4 
~i'" O(R ) • i=2,4. (27) 

!IyCTll G - pemoIme sanaxa 

llG a - F(M,P) , 

. (28) 
~G 

( <XiG + 1-'i ~) r i = o • 

Tor.rta .D;Jm pemeHIDI sanasa (25) KMeeT MaCTO WOPMYJIa /15/ 

z(p)""f(G ;~ - z ~ )dfM - JfG(M,P)R(M)dõ • (29)
M 

r	 .st 

8 

ITpH 3TOM ~HKUliIH rpHHa rrpe~cTaBft-ROTCff B B~e 

G(M, P) =- rir ln ~ + veM, P) ,	 (30) 

rne r	 :: V(X- ! }2+(y_ rz )2, v(M,P) - rapMOHlP!eCK8.lI W"HKI.Uffi, 
MP 

Y~OBJIeTB0PflIDmafl HeKOTop~f KpaeBHM YC~OBHffM. ORa e~HCTBenHa B cny~ae, 

xorzta XOTR: 6H O,1I,XIH 11:3 KOS<M?ID.UI8HTOB 0(1 CíOJThIll8 HYJIR:. 113 xpaesax 
YC~OBH~ ~ z H G BUTeKaIDT, ~TO 

'd z	 1 0(1 'OG 0<1A, 

'() n = -	 j\ ri - fi z ; 'O n c - 11 G , J\ " o , 

1 ~ f->1 Ô z f'i 'O G ~I
 
Z :: 0(1 "'1 - d~ ""5Ii ; G = - ~ 1fii' L\ i ;I. o •
 

B SaBHC:KMOCTitI OT 3THX c.nyqaeB r.;paHIfqliillt anrerpaz B (29) CBO,1.U!TCR: It 

c~e~mnM HHTerpaJIaM: 

r ôz 'OG r S 1""" rJ (G .~ - z "õ n)d M = - -r;. tf i Gd M ' 9>i I: o , (31) 

rL	 fi. 
'O z 'O G f"1 f 1 r-' OG {1S(G'On-z-vn)di M "' - T\f'i~nd M ,0<1"0 (32) 

r. ~ i 
L	 ~ 

B peSYJI:bTaT8 pemeHRe 3~a-qH (25) rrpe~CTaBnReTCR: B Bnne 

e' l' 
z(F)	 - 1 12: S 1"'"'f' ln 1 d r Z f - 1 ,.,.. -ln - 1... - - - + YJ. 'O d r to2X 13i 1 M o! i ]. <õn Mr MP	 r MP 

'- i",1 ri J	 . 1...1 r. 
L. 

(33) 
.Q. r MP 

+ fSR(M) ln _1_ d UM} - z*(p) =- ';(P) - z*(P) , 

r.n;e 

l'	 r 
y r 1	 "'"'f 1 I':',...,	 'O

z* (p) 1:1	 L... Jh 'f'i (M)v(M,P) dr + L.., 0(1 \fii (M) ~ v(M,P)d rM + 

i=1 n M 
1=1 fi. 

L. 

+ SS R(M)v(M,P) dG""M' 1 ~ t' ~ 4 • 
(34) 

.Q.. 

IIOCKOJl1>KY v - rapMOHHtreCKafi q,yHKI.UUI B 06JIaCTH .Q , TO HHTerpaJII:l B 

(34) ~TCR: c06CTBeHHHME,R nosToMY ~ z*(P) cnpaBe~a o~eHKa 

m~ I z*(p) ,~ L. max I~i (M) I + K5max_1R(M) 1 (35)Kin: 1 MEfi M6SL
 

r,ne Ki <00 - orpaaaseaase KOaCTaHTH.
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l1H'l'erpan no OÓJIaCTH n.. B (33) IIp'e,ncTaBJme'l' cocoã anrerpaa TR
na o6~eMHoro nOTe!~aJIa. KaK H3BeCTHO 714,15/ , OH orrpe,neJIeH H Herrpe

pHBeH BCIDAY. EOJIee Toro, OH KMeeT BCIDÁY HenpepHBHHe ~aCTHHe rrpOH3BO,n

HH'e nepaoro IIopMKa, npwreM paBHOMepHO CXO,IViTCH B OKpeCTHOCTH TO'lJIGI 

p HHTerpaJIH OT npOH3BO~X 

1SJR(M) :;x In f- d uM ; SSR(M) ::y In r d uM
 
.Q MP.sL MP
 

H TeM CW~ KMeeM /15/ 

() SI fi' 'd 1Cl x R .Ln r"1 d 0 M =. R(M) ~ In r d c:M '
 
SL MP Jl.. ,MP
 

iYy f f R In i- d UM =SSR(M) ~ In ~ d ()M 
...n. MP .St ~ MP 

rpaHK'lJHHe HHTerp~ B (33) HBJIffIDTCfl HecoÓCTBeHHHMH,H IT03TOMY,'lJTOÓU 

rrO~'lJH~b oueHI~ ~ z(p), MH CH8'lJaJIa OrpaHH'lJRMCR c~aeM 

P E SL* ... { X + S~ x ~ xN - r;, Yo + ~ ~ y ~ YN - 4 } o 

3,neCb S R f::,. - ,nOCTaTO'lJHO MaJlHe nOJIOJltHTeJlbHHe 'lJHCJIa. BaTOM c.J1Y1=Iae 

HeTpy~o IIpOBepHTb, 'lJTO 

k + 2 + 21n2\ln r~ 1~ I V~~ - 2 + 21n21 ~ 

..1... In _1_/L.l<:: L ..1.- In _1_ / L.. 1 <.1.
'O x rM}' - r - o 1 'õY r MP - r - O"

1 

I (36) 

0 1 1'0 
2 

In 1 IL.. 1 ~ln-.- f~ ,
 
1õx'J. r MP - ~ Ôy r MP O
I 

2 

'02 1 I 2 

\ 'ô xõ y In r MP ~ 7 ME r
 
r,ne
 ó = r S, eCJIH f'.i 6 r1 , i,

l L1, eCJIH Me rz .r; . 
Y'lJHTHBaH (36) li caoâcma oó~eMHoro rrOT8HIUlaJIa, no,ny'uIM oueHKY ,I4JI.fI BU

paasaaa, crosmero B lÍlHI'YPHbIX cxooxax B (33): 

max 1~í.(M)1 
(37)m~ I'Z(P) I~LKi M~~' + KS max_I R(M) I,
 

n-* L r fo1E~
 

2 
rne Ri <. + (X) - OrpaHH'lJeHIllie KOHCTaHTH. IJyCTb b,.. 0(H

2
) , t1 "" 0(L ) H 

H~O(L) • Tor.n;a H3 oueHOK (26), (27), (35) H (37) CJIe~eT, 'lJTO 

max Iz I = o(H2+L2) • IIyCTb P E _Q \ Si'* .
 
51""
 

B C~ HerrpepBBHOCTH z H ero npOH3Bo,nHHX ~1eeM 

:1
 
Z(P) = z _ + -! (P-Q)
IrrSLlf 

) 'O 
-a'"

x 

j
 --I(

rne Q- rpaaaxaaa TOtrKa OÓJIaCTH n. ,JIe.lKamaH BMeCTe c .p na ITl>.R:
MOR, rrapaJIJIeJIbHO~ KOOp,nHHaTHttM OCRM. Hs o~eHKH,nJIfl z(P) B OÓJIaC~H 

li: li P_Q';"O(H2 +L2 ) JIerIW CJIe.nyeT (23) . .uaJIee, B cRJIy oneaox (36) 
HeTpy.nHo y6e,nHTbC.fI B saKOHHOCTH .zmCWJepeH1U1poBaHIDI ·no napaaerpy ITO)]; , -~ 

3HaKOM aarerpanà B rpaaasaax aarerpaaax B (33) B OÓJIaCTH Jl., H TeM 

CéL'i!1lIM HMeeM 

max /4{(M) I 
!'O'Z I L Me (I- (38)max T.s ,Di L + D ma.x_ IR(M) I • • ,L S
n~' x ~ ~ ~E.n.
 

" 
A ,If,JI.f.1() 02'~* cnpaaenzana onernca TRITa (35). TaKHM oÓpa30M, 

, .,)i Yj :: D ~ '02. 
ec~ lk A l:1 O(L) , TO .fICHO, 'lJTO JI)IfI '0><' cnpasenzaaa onea

K8 Q24) B OÓJIaCTMI .fL'. AHaJIOrlftIHO ,nOKaSIlBaeTCR (24) H JI,JI.fI rrpOE:3BO,n;
HOtt \ ~ z " PaCCMOTpIDA Tenepb aspazeaae 

, ' y , 

~ .. t » 'I 'O z (x , y) . r ô 2 Ô 2 ~t )
~ - 'a ~ u J ~ dx .,. z ,y (x-x1) , !E(x1,x),'àx ôxx1 

xoropoe cnpaseazaso M.fI scex s E (y l'YN-1). Ee3 orpaaaxeaaa OÓiIUfOCTH 

snecs MOilHO ncnara'rs , 'lJTO X E: (%1+?-1 '~-1)' ECJIR x E (x ' x 1;XX-1 ),
1 

TO BMeCTO rrpe~m8ro HHT8rpana MOZEO B3flTl> HHTerpan no OTp83RY 

CX'~_1 J . Cor~aCHO ~OKa3aHHOMY BRme ~eB8R 'lJaCTb rrOCJIs.n;Hero paaenCT
aa eCTb BSJ1lftIHHa 0(H2+L2) rrpa P E .li' . C~e.nOBaTeJ.[J,HO, HMeeM 

(39)'O 2 z (1 y) (2 2) ( ). ~,.. o H +L ,y E y.", YN 1 
Ô .x ' ~-

OTc~a H H3 paBeHCTBa (25) C Y'lJeTOM (26) HMeeM 

,

I 
(39 )

ra O(H2 +L2) , yE (Y1'YN-1) 
2;(:2,l),.. 

AHaJIOrH'lJHO paCCMaTpMBafl BHpaxeHRs 

'Ozlp'l ôz~x'Y1) sy 02z Ô2z(x '2) ( ) 
~ - ... -2" dy ,.. ~ y-y1 ' 

'O y 'O y 'oy 'õ Y 
Y1 
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l 
o I 

rrepeXO~f R paseHCTBaM' 

'd 2zi!.J.2l ~ CO 2z(x , 7) = 0(H2+L2) x € (x1,xN_ (39
f1 

) 

2 1) 
'Oy 2 'O x

W3 paB8HcTB (39) c~e~eT, ~TO 

()2z ~ 'é)2 z 0(H2+L2) PE Q'.
ra-;''- 'Oy2 

TeopeMa ~ORaSaHa. 

38Me'IaRRe 2. PaCCMaTpHBaff Be~HH 

'l;Z(P) 'Ôz(xl , y )
 
'?Iy -- ?Jy
 

1..!il2 ôz(x'Yl) 
'ôX - "óx c 

HeTpy~O rrO~Tb, 'ITO 

Ô 2Z ( ~ ,y) = O'(H2+L2) 
'êx'ôY 

'O 2 z ( x t ~ J (2 2)'O y'(Jx c: O H +L . 

3'1'0 03Ha'IaeT, 'tITO npa 

~oti. 

x 2 2J ..LL... dx = 'O z( 5 ,y) (x-x )
'Oxê)y ?lx71v 1 ' 

x 1 

yS Ô2z ~ ~z(~t_2 1 (y~y 1).
~ dy 

~ .. \Y1 
\ 

. I 
,Y E (Yl'YN-1) , ~E(Xl'X), n 

( ) 'ZE(Y1'Y)., xE xl~_1 ' -, ~2z~p)
P E .Q. BeJmtIJiIHa ~xY TOiKe JIBJmeTCH Ma

§ 3. VlTepaImOHWlti MeT9,U :peill6HM CeTO'9:mg YQaBH~md 

PemeHE6 CHCT8MH (5), (10)-(13) M~O H~TH. HCnaHbsYH KaK npa
MHe, TaR H JiITepauROHHHe MeTO~. B pa60Te /2 6H~a npe~o~eHa HTepa

IUl0HHaH cxsaa pemeHIDI CJiICTeMH B ,I(po6Hl:lX marax, 'IHC~8HHaH pea.mIS8UIDI 
KOTOpO~ CBO~TCH R noc~e~OBaT8~HOMY~~emeHHID no CTpOKaM JiI CTo~6~aM 
CHCTeMH ypaBH8HIDi TpeXTO'qe~Hoti nporoaxoã. .AHaJIorK1IHYlD cXeMY MOIDIO 
TIpe,lJ,JIODTl> ,n,IDI aaneã sanasx. O):(HaKO ,naJlte,nJIH paBHoMepHo:A: CeTRE: ae
JiISBeCTflH CrreKTpanhHHe CBO~CTBa MaTp~ nO~'IeHHO~ CJiICTeMH, H806xo~
MHe ~ onTHMJiIS8UHK arrrOpJiITMa,JiI n03TOMY cxeMa Tpe6yeT. Boo6me rOBO
pa, 60JThmero 'lI:aCJIa KTep~. Hmte MH 6y,neM paCCMaTpHBaTl> O~HY ynpo
meHHYID cxeMY ,JJ,JIH aanasa (I), (2) na paaaoaepaoâ csrxe , caasaaa OT

MeTEM HeKOTopHe cBoftcTBa Ko~eHTOB npe.ncTaaneHHH (3), (4). TIo 

orrp8.ne.rremno onaosepaax cwr~oB b~(Y) , b;(X) RMeeM 

12 

n o2b 1 b l-b. 
(y ) a 2 . k,J+ k;][ 2jk j i j +ej-1 

b 1 -b.n 2ob 2 (x ) = 2 _ i+ ,r ~rf r i h + h _ [ i1{ i i 1 i 

b. - b 1 J1
_..:l&l-~ ( 11 b ) ,::I . 

. êj - - 2 kJ (40)1, 

-. -b. 1 ] _ r ~-.J.F = (A b).
"f.t. _ - 1 ~r

i 1 
, , 

r~e ti'" (hi_l+bi+hi+1)/3, lj= ( lj_1+ ~j + €j+1)/3
I. 

l1:s llpe~CTaBJIeHHH (4) c~e.DYeT /8/, 'tITO 

1 hk-~_1 10 _ 20 
bk(y) = S(~,y)+ 3 n S(Xk,Y) -~ n S(~!Y) 

hkhk 1 

(41) 
2 t r- er-1 01 p.r er- 1 02 

br(x) ." S(x,yr) + 3 n S(x,Yr)-~ n S(x'Yr)' r=O, ••• ,M. 

CJIs.n;oBaTeJThHO, 

0 2b 1 ( y ) n02s + hi-hi _ l n12s hihi _ 1 n 22s n i j'" ij 3 ij -~ ij (42) 

~ - e. 1 1 e. .e 
n 20b 2 (x) n 20 s j J- n2 S _ ~2~j-1 n 22s 

j i'" ij + J ij ---r- ij
 

l1:s paseHcTB (40), (42) cpasy CJIe~eT, 'tITO
 

~. h i-hi_1 12 lj-l.i_1 21 
AUij ." (A 1b ) i j + (A 2b)ij - j n Sij- j n Sij+ 

h h. + e P.,
1 ~-1 j j -1 n 22 S (x y) c: A (43)

+ 6 ij' i' j c l-l • 

B OT~He OT (5) nOTpe6ysM,~To6H S y.n;o~eTBOp~ ypaBHeHRHM 

h. -h f - e h h + e .e
~S _ f ~ i-1 n 12s j j-1 n 2 1s + i i-1 j J-1 n22sij= ij -:3 ij - J ij 6 ij , 

KOTOpbI8 3KBKB8JI8HTllli ypaBH8H:IDIM 

I 
~.I

j (A1b +~b)ij'" - f i j (Xi' Yj ) E Ll • (44) 

TaKHM 06paSOM, MH nepemnE OT ~8BffTRTO~e'tIHO~ CX8MbI K nHTRTO'Ie~H02 cxa
Me. YpaBHeHHe (44) BMeCT8 c YC~OBHRMR (10)-(13) 06paSYIDT SaMKHyTYID 
CRcTeMY, KOTopaa paSp8lliKMa llpH Tex xe orp~eHHHX, ~TO H CRCT8Ma 
(5), (10)-(13). Ms (44) HCHO, ~TO nJIH KO~OK~OHHoro C~aaHa Teopa
Ma CXO~OCTJiI OCTaeTCH B CHJIe He TOJThKO ~ paBHOMepHOn C8TKJiI,HO H 

~ H8pasHoMepHHX ceTOK, y~OBJIeTBopHIDmax YC~OBHRM 

f, 

! 
13 
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O~eB~HO, ~TO ~ CeTOR,He Y~OBHeTBOpRIDmaX YC~OBRHM (45), 
TO 

I 

~ Dr+S(S_U) J eCo) ~ KrS(H+L) 

o ~ r+S~ 1 

B c~~ae paBHOMepHOK CeTKR cxeMa (44) rrpRo6peTaeT B~ 

j = 1, ••• ,M-1. 

i ::; 1, ••• ,N-1, 

Q(L2),l, - P.. 1J J-

h. - h. "I :I O(H2), 
~ 1.-1 

ID~eeT MeC

y 

(46) 

(45) 

i=2, ••• ,N-2 

I1YCTb />1 ::; f» ::; O, rr.e.,.....paccaarpaaaerca nepsaa zpaeaaa aanaxa, 
Ec~ BBeCTH orrepaTop A1 ::; - Â 1 ' r,!te 

i
(-2b~;b2 , 

bi_ 1 - 2bi + b 1+1 
,-..v 2( A1b ) i = h 

-2b
N_ 1 

+ b
N

_
2 

h2 
TO sa.n;a'tJy (49) MOJKHO nopenacarr, B BH,IJ;e 

ORa lie ~Tb HHOe,KaK R3BeCTHaR llflTHTo~e~Haa KOHe~Ho-pa3HOCTHaH cxeMa. 
OT~e 3aKrrD~aeTCR xaillb B TOM, ~TO, Bo-rrepEHX, 3~eCb cxeMa HaITRca
na ,II,JI.ff KO~IDJ;HeHTOB cnaaãaa S(x,y) H, Bo-BTOpHX, cxesa onpeneaa

(47)f ...
l.J 

bi+1j-2bij+bi_1.j + bij+1-2bij+bij_1' 

h 2 t 2 
(50)A1b = lf 

6 1 6 .3rne <fi = fi' i=2, ••• ,N-2, Lf1 ... f o+f1+ h 2 0(, N_1""fN+fN1+ ~~ • 

OrrepaTOp A1 CRMMeTpH~eH H nO~O~Te~HO orrpeAeJIeH,H rp~ ero 
cneKTpOB orrpe~e~IDTCR WOPMYJIaMH 9/ 

I 

srca BO scex Y3 JIÓBblX TO~Kax ceTIm: A 
~eT 06JIe~Tb ,!teJIO ocoóeHHO ,!tJliI OÓmHX 

• IIocJIe,!tHee 06CTORTeJII>C'l'BO MO-

KPaeBblX 3~a~. TaRRM 06paSOM, 
..t01 =~ 
h 

2 
ain 

a-h2't'õ=ã) . , 4 1 ... L
2h 

2 
coa 

xh21D=i) (51) 

MH RMeeM 3WJeKTRBHblK aJII'OpRTM pemeHKH 3JIJmIITWIeCKIDC aanas (I), (2), 
KOTOpOMY ITpHcyma rrpeKM,1mecTBa crr~ffi1HOBb[X H KOHe~Ho-pa3HOCTHHX cxeM. 

3aMe~aHRe 3. C~e~eT OTMeTHTb, ~TO MeTO,!t KOHe~HHX aneMeHToB/6 ,16/ 
naer aHaJIOrIfiHlle ,!teruI'rRTo~e-qHh{e H J1íITHTO~e~HHe cxeaa, HO c 60JIee CJI01t
HHMH rrpaB~m ~aCTJ!MH. 

ECJllI 
r~e 

~1 >O , 

1 \ 0.(1
õ;;h (bxo - u1 b o ) 1",,0, 61· f1 > O 

P3> O , TO, BBO,na oneparop A1 ~OPMYJIO'« A1 • -A1 

CxeMa (47) BMeCTe c KpaeBHMH YC~OB~~ (10)-(13) pernaeTcH, Ha ~,g:: b-xx i ... 1, ••• ,N-1 

rrpRMep, MeTO.l(OM rrepeMeHHHx Harrp~eHHK 9 

( n+1/2 n / 
I b -b A bn +1 2 + , 1 "" t11 

l fC' n+1 . 

bn+1 _ bn+1/2 n+1 
2 "" 1\2b 

1; n+1 

A bn f 
.ll2 + , 

n+1/2
+ .111b + f 

(48) 

1 ~ - õ;";h (bi , N + õ2bN) i=N , . ô2 ... J~.3 

sa,natIy (49) MOJKHO aanacars B BH,Ite (50), B 'Koropcw aesrop 
,!te~eTCR ~oPMY~On 

~ ~1 • i ... O 

> O 

<f1 onpe

C OrrTliMaJI:bHHM BhlÓOpOM arepauaoaaax napaverpos rc ~ , 7: ~ • ].'[)IH -gero 
Heo6xo~AO HanTH rpaHK4bl crreKTpOB orrepaTopa. PaCCMOTpRM pa3HOCTHYID 
KpaeByro s~aqy . 

4'1 D tf~' 

õ;;Ii ; 2 ' 

iD1, ••• ,N-1 

i= N , 

~= - f(x) ,xo ~ x == ih ~ "N ' 

1 1L (o(1Bk(xo) - f1 Bk ( XO ) )bk .... 01.. 

k=-1 

( 49) 

I, 
~ 

J 

1 1 ( o<' 1h + .3Jõ 1 ) h o< 3 (o(lh + .3 J3) h 
A ....11 o/.. + 6 ,};>1 f o ' )42'" J) + fi] f N • 

llpH 3TOM orrepaTOp A1 CaMOconpRZeH H rrOJIOXKTeJIDHO orrpe,!teJIeH /9/ B 
CMHCJI8 HOpMH I 

N+1L. (cx'.3Bk(~) 
k=N-1 

I 

+ f»Bk(~»bk := 

3 
o( • 

J 
I.[yJ I ... {[~~1J , 
[y,v] ... '5': YiV,p

f;1 
+ 0,5h(yovo + YNVN)' 

• t 

14 I 
i 
•, 15 

', 
I 

II 



B aTOM c~ae MOERO B3RTn /9/ 

2c1	 (52 ) Ã, •	 ~ (1+0, 5c 2h) Ô1 •	 1+C1 h 

rne	 01 = min( ()1 ' 0'2) , c 2 =me.x( õ, , D2 ). 
AHaJIOrifllHHe pe3YJIbTaT1:l onpaaennaas Ma pa3HOCTHOfi zpaesoâ aana j' 

g no s . 
B ~ae HepaBHOMepHO~ CeTIQlI paaaocraae onepaTopH A1 ' /\2 B 

(44) HeCKMMeTpK1liW. O,1UiaRO MaTpIDJ;H cnCTeMbl cRMMeTpIl3YKlTCH, eCJlI/I KaJK
noe ypaBHeHRe H3 (44) YMHOJKRTlI aa -(hi+hi_1)(fj+~_1)/4.IIocJIeeroro 
O,nHOMepHHe pa3HOCTH1:le onepaTopH CTaHOBRTCR CRMMeTpzqHHMR H'nOJIOERTeJIb

,HO onpe~eJIeHHHMH, H noaTOMY npKMeBKM MaTO~ nepeMeHHHX Harrpaa
JIe~ II CllP,aBe~Ba TeopeMa I.IO (TeopeMa o CXO~OCTR llTep~OHHoro 

nponecca) 710/ : , • 
Ilocns aaxozaeaaa KO ::$llRlUieHToB bij 3Ha'lleHM onaaãna H ero rrpo

R3BO~HHX BH'lllICJIHDTCR no WopMYJIe
 
N+1 M+1'
 

nk+rs(x,y) = L ~ bijBik ) (x) ~/r) (y) , (53)
 

i=-1 j =-1 °~ k+r ~ 2
 

B c.ny'llae paBHOMepHO~ CeTKR me. MOmiO B1:l'llRCJIRTn B Y3JIax ceTKH ztaae no 

WOPMYJIaM 

'" b i +1 , j - bi_1• j n01s x bij+1-bij-1
J ;:;: xSij 'Ã:- b i j n'OSij '" 2h i. 

"'" bi+1.j-2bij+bi_1.j n02s t'V bij+1-2bi~+bij_1 (54)n20s 
ij ,..,... h2 ' ij "" .e ' 

n11s (bi+1.j+1-bi_1,j+1)-(bi+1,j-1'-bi... 1,j-1) ,i=O, ... ,N,
i j 

A-

"" 4h€.	 . 
j=o, ••• ,M, 

2 2 
norpemaoces KOTOpHX llMeeT nopanox O(H + L ).• 

38Me'llaIme 4. H~ rpaHKUH cnexrpcs IIO q>opMYJIe (fQ), MIl lIIMeeM 
rpY~He 3Ha~eHM P;JIR Be~H Si II Lli . Hx TO'tlHHe aaaxeaaa, B 
npRHUHIIe, MOERO HalTR ~3/, pemaH HeKOTopHe BcnOMOraTeJIDHHe ~~,epeH

UH&JIDHble 3a,IJ;Çl.'llH. 

§ 4. ~cneHHH» 8KcnepKMeHT
 

PaCCyaTpHBaeTcR ypaBHeHHe
 

Âu. o ,'0':'x~2 , 0~y~1
 \ 
I 

16 .I, 
i 

.1 

'li 11 2i' /II/TO'llIlliM pemeID1eM xoroporo HBJIlieTCR W'HKJJ;1UI u = e- o • sin'2":X: • 
PaC'lleTH d~ c.neJIaHH Ha KBa.npaTHoll ceTKe c lliarOM h =e ~~ pa3~'ll

H1:lX KpaeBHX YCJ10BIDi. I1Tep~OHH:bIH npOIJ,eCC npO,I(O.IDKaeTCH ~O rex nop , 
nona 'BHnOJIHReTCR YCJIOBMe maJí;. Ib~j+1 -b~. J~ E , f 10-5 

=c 
'(.J ~ ~J

B Ta6JIHUax I z 2 npMHRTR cfte~e o603Ha~eHHR~ 

E. = ~~{Sij-Uijl ' E.'x == m~; JD10(Sij-Uij)/'E;~~IDO'(Sij-Uij)l' 
~J	 ~u ~J 

" I 20 I" I 02 }" I 11 IExx =~j n (Sij-Ui j) , syy = ~j lD (Sij-Ui j) ,.E. xy~j D (Sij-Ui j), 

n - 't{ZCJIO RTepaI.Uti!. 0jTHMa.JIDHhle napaMeTphI onpe~eJImOTC.ff no H3BeCT
HOMy aJIrOpnTMY Eop,I(aHa 9/ c Y'lleTOM rpaHHn crreKTpoB onepaTopoB (51), 
(52). SHa'lleHVúi CllJIaHHa n ero npOH3BO,I(HblX BbI~MCJI8Hhl no lÍl0PMYJIaM (54). 

B Ta6~e I rrpHBe,I(eHH pe3YJIbTaThI ~MCJI8HHOrO aKCnepHM8HTa ~ 

TpeTnen KpaeBo~ Sa,I(a'llH c KOHCTaHTaMM 
0(1=1, ~1=J, 0<2=1, ~1=1, c/.)= ~ ; ]33= 1;1X4=3, f 4 =2. 

B Ka~eCTBe rpaH~ cneKTpOB onepaTopOB M A 6pan:aCbÂ1 2
 

S1 = 1/2 , .41 ::: 4+~h, 02 = 1" 4 2 = 4+3~ •
 
h	 ~ 

Ta6.mma I 

n=t	 n t E' E' t." E" é"x	 xy xx yys 
0,2 16 0,03331 O,IHJ7 0,0825 0,06997 0,06355 0,C6355 

0,1 20 0,008371 0,02907 0,02084 0,01171 0,01586 0,0I586 

0,05 22 '0,0CX2095 0,007374 0,005225 0,001882 0,003965 0,003965 

O,mB 26 0,0005238 0,001851 0,001307 0,0003488 0,000991 0,00098:2 

B TaóXRIJ,e 2 npRBO,I(.fiTCR ~MCJIeHHhIe pesYJIbTaThl ~ 3~a'llR nHpHXne. 
TaÓJIID.{a 2 

hel	 n E f. ' E I E" E." E" 'x y xy xx yy 
0,2 15 0,009385 0,1205 0,06941 0,1412 0,1780 0,1780 

0,1 14 0,002367 0,03023 0,01765 0,OI950 0,02439 O, ce420 

0,05 18 0,0005931 0,007715 0,004435 0,004980 0,006100 0,00574 

0,(25 30 O,000I484 0,00I939 0,001108 0,001246 0,001525 0,001523 

17 



.' I 

H3 Tad~ I, 2 B~O, ~TO ~c~eHHHe ôKcnepRMeHTH nO~TBe~aroT 

T8opeT~ecKlle BHBO~ OTHOCHT8~bHO CXO~OCTH npHd~xeHHoro perneHRH H 
ero	 npOH3BO~X. 
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*aanaB T., *HAKOB E.IT. Pll-87-414 
MeTog CIIJiathr-KOJIJIOKau;HH pemeHHH o611Ufx 
KpaeBb~ 3agaq ,[(JIH ypaBHeHHH ITyaccoHa 

AoKa3hmaeTCH pa3pemHMOCTb H cxogHMoCTb MeToga cnnaftH
KOJIJIOKau;HH pemeHHH 0611UfX KpaeBb~ 3agaq ,[(JIH ,[(BYMepHOrO ypaB
HeHHH ITyaccoHa. Ha paBHOMepHoft ceTKe paccMaTpHBaeTcH ynpo
IlleHHaH llHTHTOl.J:el.J:HaH CIIJiaftHOBaH CXeMa, KOTOpaH MOJKeT 6bJTb 
pemeHa 3KOHOMHl.J:HbJMH HTepau;HOHHbiMH MeTO,[(aMH • 3cfxPeKTHBHOCTb 
llOCTpOeHHOrO anropHTMa HJIJIWCTpHpyeTCH l.J:HCJieHHbJMH paCl.J:eTa-
MH, 

Pa6oTa BhlllOJIHeHa B JiaoopaTOPHH BbNHCJIHTeJibHOH TeXHHKH 
H aBTOMaTH3au;HH OHHH. 

Coo6JlleHHe 06o~HHeHHOrO HHCTH'fYT8 ~mepHhiX HCCJie,II;OBilHHii • .z:ly6Ha 1987 

ITeoeBon O.C.BHHoro~AOBOft 

Zhanlav T., Zhydkov E.P. Pll-87-414 
Spline Collocation Method Solving of General 
Boundary Value Problems for Poisson's equation 

The convergence and soluble of spline collocation me
thod solving of general boundary value problems for two
dimentional Poisson's equation are stated. On the uniform 
gribs a simplified five-points spline scheme is considered 
which can be solved by economical iterative methods. The 
officiency of the constructed algorithm is illustrated 
by numerical calculations. 

The investigation has been performed at the Laborytory 
of Computing Techniques and Automation, JINR. 
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