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l. B noc~e~Hee BpeMH CnCTeMH aTOM + no~e RHTeHCRBHO Rcc~e~TCH 

KaK TeOpeT:KtIeCKR, TaK R 8KcnepRMeHTaJThHO, CM., nanpaxep, .o6sop i I / . 
llpR TeopeTR~ecKoM OnRCaHRR TaKKX cRcTeM ~eo6xo~o npe~e Bcero nOCT
pOHTb r eopzn BOSMYmeHIill (T B ). )l;.Jr.q peaJIRS8WiR T B Y,IJ;06HO RCnOJTh3o
aars cRcTeMY REDUCE /2/. 

B aaarax npe~ pacorax /3,4/ MbI RCnOJTh30Ba~ REDUCE ,1t1IH 

BU~RC~eHRff 3HeprRH R BO~OBUX ~HKURM aTOMa BO,IJ;OpO,IJ;a B HeO,IJ;HOpO,IJ;HOM 
8~eKTpR~eCKOM no~e. B ,IJ;aHHOM pa60Te ~ npOCTOTU orpa~RMCH paCCMOT
peHReM O,IJ;HOpO,IJ;HOrO nOJIH F • UeJTh pa60TU - npO,IJ;eMOHCTpRpOBaTb B03MOJIt
HOCTR npJlIMeHeHIDI REDUCE ~ pemeaaa Sa,IJ;a~ TB KBaHTOBo:tt MeXaHRKR 
Ha cOBpeMeHHOM HSUKe rpynnu ,IJ;RH~eCKQMCRMMeTpRR. HanoMHRM, ~TO ,1t1IH 

aTOMa BO~OpO,IJ;a B OTrTCTBRe nOJIH TaKO:tt rpyrmoã HBJIHeTCH SO (4) ,BBB
,IJ;eHHaH B.A.~OKOM /5 . 

2. ,a, no,IJ;XO,IJ; /6/ OCHOBaH Ha RcnO~30BaHRR ,IJ;RHaMR~eCKOH rpynllH 
SO(4,2) 7 , KOTOpaH n03BDJIHeT B~RTb B paCCMOTpeHRe R BHeillHee no

ze, YHHTapHoe HenpHBO,IJ;HMOe npe,IJ;CT~eHRe anreopa so (4,2) CM3aHo 

~aTa~OHHHM rrpeo6pa30BaHHeM c ~HKUKHMR ,IJ;RCKpeTHoro cneKTpa aTOMa 
BO,IJ;OpO~a, a B03MYmeHHH nO~HOMRaJThHOrO BH,IJ;a HenOCpe,IJ;CTBeHHO BupaJIta-
IDTCH ~pe3 reHepaTOpu ~e6pH SO(4,2). llOaTOMY pemeHRe HCXO,IJ;HoM 
cneKTpanllHoft 3a,IJ;a~R CBO,IJ;HTCH K qzCTO anre6pa:KtIeCKo:tt npo~e~e, H,IJ;e
azsno rrpacrrocoõaeaaoã ,IJ;JIH ee peaJIH3~H c nOMOI.ll:bID REDUCE. B OT~-
~e OT CTaH,IJ;apTHUX T B 3,IJ;eCll B K~OM Ko~e~HOM nOpH,IJ;Ke nonpaBKH K 
co6CTBeHHHM ~~ BHpaMaIDTCH B BH,IJ;e ~HeftHoft KOM6RH~R KOHe~Horo 

~c~a oasacaax ~HKUd YHHTapHoro HerrpHBO,IJ;HMOrO npe,IJ;CT~eHRH SO (4,2). 

llOnpaBKH K co6CTBeHHHM 3Ha~eHHHM H KO~RUHeHTU 3TOM ~He:A:Hoft KOM6R
H8UHH BupaxaIDTCH B B~ nO~HOMOB OT co6CTBeHHHX 3Ha~eHH:A: no~oro Ha~ 

60pa KOMMYTKpYIDmHX reHepaTopOB anre6pu SO(4,2), XapaKTepH3YIDmHX He
B03MYI!{eHHYID sanasy. ,1J.Jm 8M>eKTa Illrapxa raxoã Ha60p [n A rn] onpaneza
eTCH napa6o~ecKHMH KBaHTOBHMH ~C~aMH [n,n2m] : n=n,+n2+rn+' 
raasaoe KBaHTOBoe ~RC~O, - ~ = - TpeTM rrpoeznaa sexropa PyH-.n 2-n, 
re-~e~a R m - TpeTllH npoeKUHH Op6RT~bHoro MOMeHTa aneKTpoHa Ha no
ae F •• 

3. B~'HHO:tt pa60Te ~e6p~eCKaH T B pe~30BaHa Ha H3UKe 
REDUCE • Hmte ,IJ;aHO KpaTKoe OIIHcaHRe T B R npHBe,IJ;eH TeKCT npor

paMMH. STARK • STARK n03BOJIHeT no~aTb B k - M nop~e T B aHa

~(r})Cai~dt-!iHhiti ~CrtEryT, 
~ aMe!tl.iibJZ ~{(' }'J~,LlOIl:lJja~ , 
~ hMt::. ffL'h'~"-"""'" • . 



~TH~8CKH8 BHp~8HHH B B~8 rrO~HOMOB OT TpeX rr8p8M8HHHX TI, 4 H m 

,nJIR norrpasox K 3H8prJilli H ,n;JIfI KOa:IxlJRUH8HTOB b~~), -2k ~ s ,t ~ 2k 

~H8~HOn KOMÓRHanHH ÓaSRCHHX ~H~B!, COOTB8TcTBymm8H k - H nOllpaB
K8 K BOJIHOBOH <IJyHKWiH. IIOCJI8.n;HH8 BOSHRKaKlT aa C1.J:8T HaJI02lt8HIDI onnopon

aoro noaa F na BO,n;OpO,n;OrrO,n;OÓHHn aTOM (C sapR,n;OM Za ), HaxO,n;.R:II{lliI

CR B rrpORSBOJlliHOM COCTORHIDI In 1n 2m > . 3,n;8Ç:D R ,n;aJI88 HCnOJlliSYIOTCR 
aTOMHH8 8,n;HHKUU. B Ka1.J:8CTB8 T8CTa rrpHB8,n;8HH BHp~8HRH,n;XH E(P) H 

b~i) , p=1 ,2 • IIP8)])I02lt8HHaH rrpouanypa nonycxaor OÓOÓm8HHe ,!(JI.f! ,n;py
rax rrOJmHOMHaJThHHX noaeã, a TaroK8 ,n;pyrn CRCTeM, HaTIpHM8p, ,n;JlíI KBaH

TOBO-M8XaHR~8CKOro OC~~Topa BO BHeillHeM n~HOMll~HOM rrOJI8. B rroc

JI8,n;H8M c~ae H80ÓXO,n;HMO HCrrOJI:DSOBaT:D OC~TOpH08 rrp8,n;CTaBJI8HR8 
rpyrrITH. 50 (4,2) HJlli 50 (2,1) /7/. 

4. BB8,n;8M oÓOSHa~8HHR H HaTIOMHHM OCHOBHH8 CBOnCTBa rpyrrllH 
50 (4,2) • A.1Ir8Ópa .1IH 50 (4,2) oõpasoaana 15 reH8paTOp8MJlI L cC. B =
 

=-LBoI.' r,n;8 O{',B=1, •••• ,6
 

(Lol.B,Lo(rJ = i9<:xo<.LB~ 90(0( = (1111 -1 -1 ) . (I) 

B x -rrpe,n;CTaBJI8HHR L orrp8,n;8JI8HH COOTHOIlI8HIDIMH (i, j, k=1, 2,3)
IX B 

XiPj - xjP i :: €ijkLkL i j = 

/ ~2 . -~ 1 2(xiP + 21Pi - 2xPPi - xi)a AiLi 4 
(2) 

...2 . - L 1/2(X + 21Pi - 2xPP i+Xi)i 5 iP 

L 1/2( r p2 - r) L 1/2( r p2+r)
4 6 56 

;L45 = -i(l+xp)" = -r iL i 6 

r,n;8 Pk =-i Ô/êI'xk ,Lk H Ak - KOMTIOH8HTH ,RMrryJllica, Op6~TaJI:bHo-

ro MOM8HTa R B8KTopa PyHre-JI8HUa 3JIeKTpOHa, x:: {x1 x2x31 - ero Ko
opnanara , r = (X~+x~+x~)1/2. Onepanops (2) ,n;eHCTBYIOT B I'RJll>-

ÓepTOBOM rrpOCTpaHCTBe WYHKUH~ co CKaJIHpHHM rrpORSBe,n;eHR8M 

J 3 x - -1 - (3)(f g)= d x f (x)r g(x),I 
OTHOCRTeJll>HO KOTOpOrO OHR RBJIRIDTCR CaMOCOrrpRXeHHHMR. ~ a:IxlJ8KTa 

illTapKa B Ka~8CTB8 ÓaSHCa BHÓnpaeM COÓCTB8HHH8 ~yH~ TpeX KOMMYTHpY
IOmax On8paTOpOB , RL56 L 3 4 L1 2 

2 

I n 111 2m > = n I n 1n2m > L56 

I n 1n2m '> = (n In n2m >L3 4 2-n1) 1 ( 4) 

L1 2 In 1n2In> = mIn 1ri"2m ;> 

flBHHH BH,!J; ÓaSHCHHX ~H~H (x/n 1n2m > ,n;aH B paÓOTe /6/. OHH OTJlli1.J:a

IOTCR OT &yJIOHOBCRHX ~HKUHH BO,n;opo,n;orro,n;OÓHoro aTOMa HOpMHpOBKOH H OT
CYTCTBH8M SaBHCHMOCTH B apryM8HTe OT V-2E(O)' 8HeprHH H8BOSMYm8H
HOrO aTOMa E(O)=-Za/(2n2), T.8. OÓpaSYIQT IlITYPMOBCKHH ÓaSHC C paB-

HOMepHOH aCHMTITOTHKOH. Hx HOpMHpOBKa Orrpe,n;8JIlieTCR CKaJIRPHHM rrpOHSBe

,n;eRH8M (3), o,n;HaKO MH HCrrOJI:DSY8M H8HopMHpOBaHHHe WYHKUHH 

1I n 1n = c- r n ri m >2m> n n 1 2
1 2m (5) 

Cn1n2m = fi {n1! n 2!/[(n1+m)! (n 2+m)!J}1/2 • 

nefiCTBHe oneparopoa L H B 8TOM ÓaSHC8 Sa,!J;aHO COOTHom8lUffiMH4 6 L 56 

(L46-L35)ln1TI2m) = + n 2m > (n1+m)ln1-1 n 2m> (n 1+1)!n1+1 

(6) 

(L In = (n m> m> •
4 6+L 3 5) 1n2m> 2+m)ln 1n2-1 +(n 2+1) !n1n 2+1 

TaKoe orrpe,n;eJI8HHe HOSBOJIlieT HSÓe2ltaT:D rrORBJI8HHR rrO~~8JIHX CT8neHeít rrpH 
aanaaaa ,n;8ficTBIDI' On8paTOpOB' L 11 L na ÓaSHC, CORpaTHT:D tIHCJIO aJI
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r8Ópa~eCKHX rrO,n;CTaHOBOK H CymecTBeHHO COKpaTHT:D KOMTI:DIDT8pH08 BpeMH.
 

3HeprHID E BO,n;OpO,n;OnO,n;OÓHOrO aTOMa B O,n;HOpO,n;HOM 3JIeRTpHtIeCROM 

rrOJIe F M02ltHO npe,n;cTáBHT:D paSJI02lteHHeM 

E (F) = E (o) +L. FkE (k) (7) 
k=1 • 

Tor,n;a ypaBHeHHe IDp~Hr8pa CBO,!(HTCR K CJIe,n;yIOm8MY ypaBHe~IO ,n;JIli BeRTa

pa COCTORHIDI J 4» 6 : 

} L -n - L FkV(k) (x I ~>= o. (8)
5 6 3,r)}1 k=1 

3 



3,n;ec:b 

y(1)(x ={E(')R - rz} n/z
3,r) a
 

y(2) (x = {E(k)r} n/z

3,r) a 

x 3 = (L3S-L34)n/Za r=(LS6-L46)n/za 

COOTBeTCTBeHHO pemeHHe (8) HmeM B BH,ll;e 

I <P >= I li li m '> + LJ <1>( k) > Fk,	 (S) 
, 2 k=' 

H BMeCTO (8) no~aeM cHcTeMY Heo,n;HopoAHHX ypaBHeHH~ ~ orrpe,n;e~eHKH 

E tk) H Itp(k» : 

L(n) I n,n2m) = I n,n2m) = O{LS6-n} 
(10) 

IC-I 
L(n)/q>(k» =y(k) (x rn > +L.y(k-p ) (X , r ) / cp l P» :: f(k)

3,r)/n,n2	 3p=' . 
IlpRHKMafI BO BImMaHHe COOTHOIlIeHIDI (4), (6) H nOJIliIHOMHM:bHHft BH,D; y 3k) 

pa3~ODM npaase 'laCTHf (k) H nonpasxa I t.P (k)> no BeRTOpaM COCTOHIDIft 

f st·) = I n,+s m > c ,	 (rr)n 2+t n,n2m 

HopMKPOBaHHbIM TaR, 'lTO ~ 00> = I n,n2m >.' 
21c Zk 

f(k)= L.L f(k) 1st) = (I2)
s=-2k t=-2k st 

k--1 

= Y (k) (x 100 >+ L. y(k-p) (x I cp (p) > 
3,r)	 3,r)p='

2.k 2k 

I 4> (k) >=L. L. b~~) I st > b(k)- b(k) O.00 - o , .s-ss=-2k t=-2k	 (13) 

Y'lHTHBaJI opTOrOHaJThHOCT:b W"lII(UHft I st > B CMbIc~e (3), a TaIate 

COOTHOIlIeHHe (4): L(n) 1st> =(s+t ) 1st> ,BMeCTO (10) HM88M 

(s+t) b (k) Jst >= f (k) 1st'> 
st st (14) 
f(k) o . 
00 

ilporpaMMa	 STARK 

COMMENT AT FIRST ONE NEEDS TO READ IN THIS PROGRAM FILE;
 

OPERATOR X3,R,F,A,B,EE,KET; NONCOM X3,R;
 

COMMENT CALCULATE THE PERTURBATION IN THE K-TH ORDER;
 

1 PROCEDURE V(K,X,Y); 
IF K < 1 THEN o ELSE IF K = 1 THEN 

SUB(Xl=X,Yl=Y,EE(l)-Yl - Yl-Xl) 
ELSE SUB(Yl=Y,EE(K)·Yl); 

COMMENT	 CALCULA TE THE RIGHT HAND SIDE OF THE ALGEBRAIC EQUATION 
IN K-TH ORDER 

FOR ALL K LET F(K)= 
N/ZAW(V(K,X3,R)-KET(O,O) + 

FOR ~l:=l:K-l SUM V(K-Pl,X3,R)
(FOR S:=~2-Pl:2wpl SUM 

FOR TT:=-2wpl:2 wpl SUM B(Pl,S,TT)-KETtS,TT»); 

COMMENT FORMAL SUBSTITUTÍONS 

LET X3=X3(), R=R(); 

FOR ALL .X,Y LET X3()-KET(X,Y)=Y.3(X,Y),.R()WKET(X,Y)=R(X,Y); 

FOR ALL X,Y LET R(X,Y)=«N+X+Y)-KET(X,Y)
1/2-«X+Nl+M)-KET(X-l,Y)+ 

(X+Nl+1)WKET(X+l,Y)+ 
(Y+N2+M)WKET(X,Y-l)+ 
(Y+N2+1)-KET(Y.,Y+l)})-N/ZA; 

FOR ALL X,Y LET X3(~,Y)=(1/2-(-(X+Nl+M)-KET(X-l,Y)
(X+Nl+l)-KET(Y.+l,Y)+ 
(Y+N2+M)WKET(X,Y-l)+ 
(Y+N2+1)-KET(X,Y+l»

(Y-X-D)WKET(X,Y»KN/ZA; 

COMMENT	 CALCULATE RIGHT HAND SIDES OF MATRIX ELEMENTS IN K-TH ORDER; 

ARRAY ct i i , 

PROCEDURE	 FK(K); 
BEGIN SCALAR U,Ul;
 

U:=F(K); Ul:=DEN U; U:=NUM U;
 
FOR I:=-2 KK:2 wK DO
 

FOR J:=-2-K:2-K DO 
F(K,I,J):=IF COEFF(U,KET(I,J),C) NEQ o THEN C(l)/Ul 

ELSE o . 
END; 

COMMENT	 CALCULATE THE ENERGY IN K-TH ORDER; 

PROCEDURE EK(K);
 
BEGIN SCALAR U;
 

U:=NUM F(K,O,O); 
COEFF(U,EE(K),C);\.l .U:=-U/C(1)+EE(K) ; 

t EE(K) :=U 
END; 

... 5 



; . 

CALCULATE EXPANSION COEFFICIENTS OF THE 
STATE VECTOR IN K-TH OROER; 

COMMENT 

PROCEOURE BK(K); 
FOR I:=-2 8K:2 8K 00 

FOR J:=-2 8K:2 8K 00 
IF F(K,I,J) NEQ O ANO I+J NEQ ° THEN 

B(K,I,J):=F(K,I,J)/(I+J) '/ 
ELSE B(K,I,J) :=0; ;J, 

TRANSFORM NUMBERS NI,N2 INTO N,O,M;COMMENT 

LET NI=(N+0-M-I)/2, N2=(N-0-M-I)/2; 

FOR ALL X,Y,Z SUCH THAT X <= O LET B(X,Y,Z)=O; 

OUTPUT OF RESULTS UP TO K-TH OROER;COMMENT 

PROCEOURE PR(K); 
FOR L := 1 : K 00 

BEGIN 
WRITE EE (L) : = EE (L) ; 

-28L 2 8LFOR I := : 00 
2 8LFOR J := -2-L : 00
 

WR I TE B( L , I , .J) : = B(L, I , J )
 
ENO; 

ENO OF THE PROGRAM FILE; 

INPUT OF INITIAL OATA - REAO THE OATA UP TO (K-I) OROER;COMMENT 

IN	 STARKIN; 

COMMENT	 OUTPUT OF THE RESULTS UP TO K-TH OROER TO A FILE. ASSIGN
 
THE VALUE TO THE VARIABLE K: K:=<INTEGER>
 

LINELENGTH(6S); OFF NAT,ECHO; OUT STARKOUT; 

FK(K); EK(K); BK(K); PR(K); 

WRITE "ENO"; SHUT STARKOUT; ON NAT,ECHO; 

ENO OF RUN; 

EXAMPLES OF RESULTS AS THEY HAVE WRITTEN TO THE FILE STARKOUT;COMMENT 

EE(1) := (3 80 8N)/(2 8ZA)$ 

2 80 8M	 2 80 8N 4 80 M8 82 8M8N 4 8M
B(1,0,2) := (N8838(0~82 + - - + - 2 

+	 N882 + 48N + 3»/(328ZA883)$ 

EE(2) := (N8848(380882 + 9 8M 8 82 - I7 8N8 82 - 19»/(168ZA884)$ 

2 80 8 83 8N 4 80 8 83 8M 8 82 
B(2,0,2) := (N8 86 8(0884 +2 80 8 83 8M + + + 0882 

+	 6 80 8 82 8M8N + 12808828M - 3808828N882 - 6808828N - S80882 
36 80 8N8 82 +	 4808M8828N + S808M882 + I2808M8N + 16808M - 4808N883 

92 80 8N _ 72 80 + 48M8828N882 + 228M8828N + 248M882 - S8M8N8 83 
8N124 8N8 82 _	 60 8M8N882 _ 136 8M8N - 968M + 48N884 + 3S8N883 + + 162 

+	 72»/(12S 8ZA886)$ 

E	 K~OM rrop~Ke, Ha~RHaH c nepBoro, MH rrOCAe~OBaTe~HO HaxO~ 

E(k+l) R b(k+l) peillaR aAre6paR~eCKOe ypaBHeHRe ~AH 
st ' 

f (k+1) (E (k+l) E (p) b (p)	 (15)~ p ~ k) = O 
00 " st ' 

b (k+l ) = (S+t)-lf(k+l) (E(P) 1 < p<: k+l b(e) l~E~k). (16)
st st' ,,- , 

j 

st' 

Ha~~HHe YCAOBRH ~AH peKYPpeHTHOfi rrpoue~pH (15), (16) orrpe~eAHIDTCH 

COOTHOllleHIDIMH 

E(O) = _z2 / (2n 2) b(O)	 (17)
a st = O . 

OTMeTRM, ~TO nponsnypa (15)-(17) WRKcRpyeT co6CTBeHHHH BeKTOp I cP > 
C TO~HOCTDID ~o HOpMHpOBKR. E paCCMOTpeHHOM BapRaHTe T E CBo6b~HHH 

napaaerp b~;) 6WI BhI6paH To~eCTBeHHO paBHhtM HyAID. E c~ae ueoo
XO,I(RMOCTR Ha!n:eHImf1: BeKTOp I cp ';> MOJKHO AerKO OTHopMHpOBaT:b, RCrrOA:b

3YH Onpe,I(eAeRxe (3). 
E ~aHHofi pa60Te rrpoue~pa (15)-(17) peaAH30BaHa Ha BXO,I(HOM H3H

Ke CRCTeMH aHaAHTR~eCKRX rrpeo6paSOBaHRH REOUCE B BR,I(e rrporpaMMH 

STARK. 1B Bel RCnOADSOBaHH CAe.IJYlOIqk1e 060SHa~eHRH: 

X3=X R:r, F=: f(k) , EE = E(k)
3, 

B b~~) , KET (st) == 1st> 

N = n ',	 N1.~ ' N2 = M=: m, O:: 6. •n l n2, 
OTMeTRM, ~TO B rrpOrpaMMe Ha60p napa6oAH~ecKRX ~RceA[N1N2M] B XO,I(e 

BH~RCAeHRfi 38MeHHeTCR 8KBHBaAeHTffilM Ha6opOM (NDM] . 

B SaXfim4eHK8 aBTOphI ~~arOÃapHT A.r.AdpamKeBW4a 3a nOMOmb B padOTe. 
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BHHH~KHH C.H., POCToB~eB B.A. PII-87-303 
llpHMeHeHHe CHCTeMbI REDUCE B 3~aqaX 06 aTOMe 
Bogopoga B 3neKTpHQeCKOM none 

'llpogeMoHcTpHpoBaHa B03MO~HOCTb npHMeHeHHH CHCTeMbI aHa
nHTHqeCKHX BhlQHCneHHH REDUCE gllH perneHHH 3~aq TeopHH 
B~3MY~eHHH KBaHToBoH MexaHHKH Ha COBpeMeHHOM H3WKe rpYUITbI 
gHHaMHqeCKoH. CHMMeTpHH. B KaqeCTBe upHMepa npHBegeHa npor
paMMa STARK gnH BhlqHCneHHH B aHanHTHqeCKOM BHge 3HeprHH H 
BonHOBhIX ~YHK~HH aTOMa Bogopoga B ogHOpOgHOM 3neKTpHQeC
KOM none B rrpOH3BonbHOM rropHÁKe TeopHH B03M~eHHH. 

Pa60Ta asmonne.na B Jlaõop aropnn BhI~cnHTenbHoH TeXHHKH 
H aBTOMaTH3a~HH OH~H. 

6 

Jlpenpaar Oõsenaaeaaoro HHCTHTY1'a anepasrx accnenoaaaaã. ,I:(y6Ha 1987 

IIepeBog T.IO.,lJ;YM6paHc 
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An Use of REDUCE System in Problems 
of Hydrogen Atom in an El~ctric Field 

The work demonstrates the possibilities of the REDUCE 
for sülving perturbation theory (PT) problems of quantum 
mechanics in the language of the dynamic-symmetry group 
SO(4.2). For example, the subroutine STARK for analytical 
calculation in k-th order PT of energy and wave functions 
of a hydrogen atom in a uniform electric field is presen
ted. 
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