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I. BBelIeH!de 

B pa60Te III 6wm npe,Ir.1IOJIteHa nporpaMMa l~'IlICJIeHKll clIIMMeTPd 

JIa-BeKJIYlfM. (lIE) .IO'BM>epeHIJ;HB.7II>lmX yp811HelllIl:t, HamICaHHaSI Ha HSHKe 

PL/'-FORMAC . BB~ mHpOKoro pacnpocTpaHeHKll CHCTeMH REDUCE npe~

CTSllJIHSTCH ueJIeC006paaHOI peaJIHSauHH Ha HSHK~ 3TOI CHCTeMH anrOpHT

MOB BWmCJIeHKll CJ1IMM9TPltl\ ~. Mht S~eCl> npe,JJ.JIal~aeM REDUCE-npOrpm.wy, 
aBaJIOr~ OnHCaHHOI ~I • OCHOBHOe OTJIHqRe COCTORT B TOM, ~TO 
B npeAlIaI'aBMol nporpaMMe He IIP.Q,Sl}0rTCH ynpOllleHHe CHCTeMll onpe~e

JIIlIIItHX ypSllHelllIl:t B OTJIHqRe o';;I 1i2 . B HaCTC)mI\ee BpeMli paapa6aTli

BaeTCH nporpaMMa lIHTerpHpOBBHKfl onpe~eJIIlBlltlllX ypSllHeHlotll:, KOTOpaa 

B Ka~eCTBe CBOHX 3JIeMeHTOB 6y,AeT co~epzaTl> He06xo~e a~rOpHTMti 

YIIPOllleHKll. rr~~e06XO~OCTH MOZHO BOCnOJI:bSOBaTl>CH nO~rpaMMol, 
OnHCaHHol B • ::ITa no~rpaz.am. HanHCaHa Ha HSHKe REDUCE-2 • HO 

TPe6yeT HeSHa~eJn.Hol MO.DlllPBItaItHl'I ,Ir.1Ia npHMeHeHKll ee B OnHCliBaeMOH 

s~eCl> nporpaMMe. 

I'pynna lIE onpe~eJIlieTCH KaK rpynna KaCaTeJI:bHliX npe06paSOBalllII:t 

6eCXOHe~oro no~, T.e. Koop~aTli HH~TeSHMaJI:bHliX onepaTopoB 

S811HCHT OT HeOrpaHiI'leHHoro psua npOHsBo,nmal3/. BeKTOp anre6p1i JIa, 
HaS!lllaeMllI onepaTopoM lIE, HMeeT B~ 

id "0 ~o( '0 (I)
X= ~ ------r +2-;;;: + L_I) , .... i -01.

Ox au (l., sou, , 

S ~, l., ..• l.s 


r~e xi (i=', ... ,n) - HeSa.BHCHMIle, uo(d =', ... ,m) - S811HCHMIle ne

peMeHHHe, u~ ..• ~ - Koop~aTli, paCCJIoe~ ~TOB, COOTBeTCTBYV-
DtIIe "I8.CTHIiM apoHSBO~ uol no xl." •.. ,x s. ,1J,1IIl KpaTKOCTH MIl 6y

~el( HaSliBaTl> 3TH Koo~aTli "npoH3BO,ItHmm". ~ J, '2, ., . , 
at. i« 0( 

I? L' • ,; ".. S811HCHT OT nepeMeHHliX x , u , .. ,' U l.' l.'c,' ~S , .... s 
H CMSamt M«D.l!J c0601 WO:pMY.lIBIO'I npO~OJIXeHHa: 

nrJ., , =D ( '7.."", ,) _uc.( , ,D (! j ) 
ll., .. ·l.s+' l., ... l.s Jl., .. ·l.s 

r~e D=(D" ... ,D ) - onepaTOp nOJIHoro ~epe~BaHHff,n 

,_ ,~._~'. " ........ " £U._~ 
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« 01~ 1 + ""' U"'ll 1 ••• 1s 	 '20=1 .D L
1 'Ox s>';o 

CliCTeM,Y ypa:BHeHllil: BMeCT9 co BCe!ll!l: ~epeHItHBJll>HIiWI CJI~CTBll'.SlrIII 
HaS!m8Il'l' ~pe,HItHaJII>H1:U4 MHOro06,PaSHeM: 

(F]:F 0, ..• , F =0, .... , Y=1,2, ••• 
y 

llo onpe;O;eJIemm CHCTeMa YJ)a,BBeHllil: F=O .H831lBaeTClt Rl@apJemHTBoit OTHO

O)!TeJI:&BO l'pyIIllH JIB, eCJll{ MHOl'006pa3He [F J ~ap~o. COrJIaoHO 

TeopeMe. ;O;ORa3aTeJ.!I>OTBO KOTOpoit lDleeTClt B 3. .In@IlepeHItHBJll>Boe MHO

r006pa3Ha [F] HBBaPHaBTHO OTJ{OCHTeJIbHO rpym:Ili npe06paaOBa:Em:I }IE, 

lU4eilllel B9KTopHoe IIM9 x • TOr;o;a H TO.7l:hKO Tor;o;a. Kor;o;a 

(XF)(F] 0 • 	 (2) 

T. e. ;O;OOTaTO'flBO IIpI!lI46JmTl> olIe:paTop x TO.7l:hKO K HO::X:O,'ltlmM YJ)a,BBeHl1£flM. 

HO !IpH lIepe::x:o;o;e Ha MHoro06pa3l1e yqeOTl> ~pe~~e OJIe;O;CTBlIK. 

lti"lJlloJIemw: ynpOlllaJOTClt, eCJll{ BOCIIOJIbSOBaTl>Clt KaHOlfll1leCB:.li:l!ll!l: olIepa

TOpaMH 	JIB, KOTopbte BBO;o;tTClt oJIe.D;Yillllil!4 06pa30M. OJIepaTOpbt JIB BH;D;a 

1 1 i 


Xx =5x 	 D 1 • r;o;e ! x - IIpol'lSBOJIbHHe ~ JIepeMeHltl:iX x , 
01. 	 ol 

U , ••• , U 11 ••• 1k • 06pa3yIlT POteaJI B aJD:'e6pe .1I.H Boe::x: olIepaTopoB JIB. 
KpoMe TOro. 3TH OlIepaTOpbt OCTa:BJIlWJ.' HBBaPHaBTBI:lM JIpOHSBOJIbBOe ~_ 
pe~oe MBoro06paSHe. H, CJIe;O;OBaTe..lI&HO. He BHOCltT BRJI.a,J:(a B yCJIO

BHe lIHBapJemHTBOC'l'H (2). ll03TOyY, 69S IIOTePH o6lllHoCTH. MOlIHO paoCMaT

PHBaTl> WaKTOp-aJIre6P,y nOHKoA anre6pw nx no H;o;eany, n9POM;D;aeMoM,Y one

pa'!'oplJOl Xx • Bw611PM BNSCTO onepa'!'opoB (I) SKBHB8JIeH'!'KHe HM B IflaKTOP 

-8JIre6pe onepaTopw C Hy~e~ s1, nonyqa9M KaHOHXQeCKHe onepa'!'opw BE 

01 a 
X ~ -;;- + ... 	 (3)ou 

TelIepl> BMeCTO n+m ~ S1, ~~ ;O;OCTaTO'flBO paoCMaTPHBaTl> TO.7l:hKO 

m WYBJCIUtIt f~' ~OPM1Jlll IIpo;O;OJDltemw: JIp:mllll4am IIpocTOi Bl'f,l:\ 

~11 • • • = D. ••• D. (,.,cI.) • 
. 1.1 1. <s 

TaKHM 06,PaSOM, JIpBMeHeHHe KaHOlfll1leCRlIX OlIepaTopoB ;D;aeT BOSMOZHOCTl> 

ynpoC'l'If1'L aJD:'OPHTYH H CYlQeCTBeHHO CSKOHO!II!I:TL IIBlfiTL 3m H BpelG! BLI

"IJlICJIelDll. C lICItOJIbSOBaBHeM KaHOlfll1leCRlIX olIepaTopoB YCJIOBHe HBBapJemHT
HOC'1'lI (2) (onpe;O;e.mrDIlee ypa:BHeJme) JIpiJll1Dl8eT Bl'f,l:\ 

PemeHHe o~eJIIIDltero ypaBHeBllll. SaBHCltlllee OT JIpOHSBO,v;wa 1I0ptJ.!Uta 

He BHIIle k, Ba3HB89TClt pemeHHeM k -ro 1I0ptJ.!Uta. 06wmHe TO'Ie-qaHe H 

KOHTaKTHHe c_eTpl!lI .1I.H JiBJlJDlTCH 'IaCTHm4Ii! C.1fy'IaHMII CJD8l8TPK1 JIB 
I-ro ItOptJ.!Uta. 

J(JIa: Toro lIT06u IIQJly'mTL O~eJI:IIiIIIIIe YJ)a,BHeBltll cmtMe-rpd JIB 
..' k-ro 1I0ptJ.!Uta,Be06xo;D;HM0 ;o;eiCTBOBaTl> CJIe~ 06,PaSOM: 

I. lti"IJlIcmrrl> ~pe~HHe CJI~CTBliIfi HCXO,I{EIIiX ypaBHeKl!lii 

;0;0 He06::x:o;D;HMoro 1I0ptJ.!Uta (SaBHCltlllerO OT k H OT 1I0p!i.ItltOB JIpOHSBO;D;HHX 

B ypaBBemmx). 
2. lti"IJlICJmTl> pesYJI:bTaT ;o;eicTB;wt IIpo;O;OJ.IlI£eHHOrO BeKTopuoro 1I0Jm 

Ha CHCTeM,Y YJ)a,BHeKl!lii. 

3. llapei'1'll Ha MHOrOo6pa3He. BOCIIOJIl>SOBaJ3IllHCl> cOOTHomeImlIMH. 

lIonyqeHHHMH B JIYHKTe I. 

4. Pa3;o;eJIHTlo oJIp~eJI:IIiIIIIIe ypaBHeBWI, BliI,I:teJllIB B YCJIOBHH mmapH

aHTHOC'l'H KO~eHTH IlPH HeSaBHC~ ~ JIpOHSBO,lUllOC lIoptJ.!Uta 

BHIIle k • 

2. OIIHcam.te IIpQW!uM' 

Koop;D;HHaTH JIpOc'l'paHcTBa 11,.; ~ (XtU,¥,···'1t ) 1II0~o"lJllBamClt 
B JIeKclIKorpafjHtIecKoM 1I0p!i.Itlte. RaK 'H B I I. 3;o;eclo I,l - 1II0p8'.1{01leHHHe 

1. 
COBOIt1IIHOCTH IIpoHSBO;D;l!WC i -ro 1I0pa:;o;Ka. J(JIa: yaceHlollleBWI CJIOZHOC'rH 1PoP
MIl :BHpaaeJml Ha BHBO.I(e B IIporpaMMe JIpBHfITO HCIIOJIl>SOBaHHe TO.7l:hKO 0;0;

H06yxeeHHHX CIIIMBOJIOB ~ SaBHCDIIlX H aeSaBHCHMIiX lIepeMeHHliX. llOKalKeM 

Ha JIpHMepe COOTBeTCTBHe MeJIUt1 MaTeMa'l'H'IecItI'IMIt 060SHa'IellllfIMl'l H JIpIIBfI 

Tm.m B IIporpaMMe. IIyCTb m.telDTClt HeSaBHCHMle lIepeMeHHHe x H y H sa

BHCRMaa u, Tor;o;a KaHoHH'IecKHfi OlIepaTOp JB HMeeT ~ 

x ~ 11 L + D (11) _'0_ + Dy(ll) ~ + •••'au x a (u ' x y 

2 
llPOHSBO;D;HaJ! ~ 6y;D;eT BMeTl> ~ Ha BBo;o;e H BLIBO;o;e UXy. Koop;D;HHa.3x3y 

Ta BeKToEHoro IIOJIH 11 Ha BLlBo;o;e IIpHMeT ~ u... a ee JIpOl'lSBO;D;HaH. 

'0 ; ! 6y;o;eT HalIe'IaTaHa B BPOte u"x, u, uxx . 3JIeIieSTH 
x u (u )

xx 
IIpoCTpaBCTBa 7lk' KOOp;D;HHaTH BeKTopHoro IIOJIH H lIIX JIpOHSBO~e HMeDT 

BHYTPElHHee Iq;Je;O;CTaBJIeHHe. aHaJIOrH'flBoe HCIIOJIl>SOBamJOIIY B 2/, 
llpoI'palGla 1I0CJI~OBaTeJI:bH0 BHlIOJ1RlIeT CJIe.zr.yDItHe ;o;eitcTBBli: 

(Zol + 
'i) (f>l) '" +... ) [FJ = 0 . 	 (4) I. q TeBHe H lIe'IaTlo BXO,v;wa ;o;aHltI:iX.i')u

1 
2. SaMeHa BO BXO;D;HHX BI:lpBlWmv.tX lIepeMeHltl:iX H IIpol'lSBO;D;HHX KX 

BH1TP9HHl1J1H IPopllBMil. 

2 
3 
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3. ~eHlIe ~~ OJIe.u;QTBmt Bxo.u;Hoi CRCTeMli 


ypaBHeHlIi • 


4. HCKJIIOIieHlde samrcmrocTeA RS COBOKYJIHOC'l.'R .u;:mMlepe~HliX 


OJIe.u;cT:Bd. 


5. BI:I'DIcJIeHlde pesYJIIITaTa .u;eAcTBl!I.fI onepaTopa JIE He. cRcTerq 


ypaBHeHlIi • 


6. llepexo.u; Ha MHOI'Oo6pasRe. 


? Pas.u;eJIElHlIe onpe.u;e.mD'lJtli'IX ypaBHemtit. 


8. SaMeHa BHYTpeHHmC 9?ollM nepeMeHHliX R npoRSBO~ BHXO.v;BllMIII. 

9. lle~aTD BHBo.u;a. 

llpRBe.u;eM omrCOK IIpon;e.u;yp, HCnOJIDsyeMliX B npoI'pall.04e, C IqJaTKHM 

omrcmmeM HX ~. 
I. RSUBST(A,B,C) -	 no.u;CTaBJIHeT A B cmrCOKC BMeCTO B 

2. RCONC (A, B) -	 BWlOJIHlIaT KOBKaTeHaJ:QiIlO CHMBOJIOB ARB 

3. RlNTERN (A) -	 nOMeIIlaST CHMBOJI A B OBLlST 

ilpon;e;DJllbl B aJII'a6~aCKOM peJmMa: 

4. BINC (N ,M) -	 Bli'DIOMaT 6HH0MJ1f8.lll>BHe KO~eHTLI (:) 

5.INDS(J,N,M) - no nO~BOMY HOMapy npoRSBO.u;Ho2 BHqHQM9T ae 

llH,D;eKQLI. 3.u;eoD J - nO~BLlI IIOMeP. N - 'DICJIO 

HeSaBHCRMllX, M - 'DIOJIO SaBRCiIMWC nepeMeJIBHX. 

6.DER(l,K,N) - Bli'DICMeT IIops:lJl;ltoBLII HOM9p npoRSBO.u;Ho2 SJIeMeHTa 

~a. mreDllero IIOpa:.u;Komdt HOMep I, no k-I .a:esa

BRcmroil: IIepeJ4eHHoA. N - 'DIOJIO HeS8.BRQiIMWC IIepe

MeHHWC. 
? SYMBZK (J) - IIO IIOpa:.u;KOBQMY HOuepy J IIepeMeHHol HJIR npoRSBO.u;

Ho2 CTPORT HX BBemHHe CBUBOXH. 

8. 	SYMBZA(J) - CTPORT BHemHRe CRMBOJIH KOOP.u;RHaT BeKTop.Horo IIOJIR: 

R HX IIpOHSBO.u;ma. J - nOpa:.u;Komdt HOMep. 

9. 	TOTDF (A,J ,K) - BLl'DICJIR:eT pes1JI11TaT .u;elcTBHII H8. B1ip8lIt6H1de A 


yue~eHHoro .u;o k -ro nopa:.u;Ka OIIepaTOpa IIonHoro 


~peBJJ;ll[pOBamIll IIO J -I nepeMellHol. 


IO. 	 EXTENSION(J) - BLl'DICMeT J-m KOOP.u;RHaTY npo.u;OJIKeHHOrO BeKTO

pa (3). 

3. KaK IIQ.1IpsollaTDQI! 	JIpOl'llaMMoii. ilP.!W:ep 

Heo6xo.u;RMo BBeCTR: 

) 
N - 'DICJIO HesaBRCHMHX IIepeMeHHliX; 


M - 'DICJIO SaBl{CBMHX IIep6MeHHliX; 


NE - 'DICJIO ypaBHeHR! B cHcTeue; 


J KM ( 1) , ••• ,KM (NE) - IIOpa:.u;KR ypaBHeHlIi, 


KMM - MB:ItCPlIIaJJJ>BHit IIO~OK npoRSBO,D;HWC B ypaBHeHHliX; 

VR (1) , ••• ,VR (N+M) - CHMBOJIIl. RCIIOJIIIsyeMlie .n;JIl! 060SHa~9HWI lIepeMeH-

HliX. (BHa~e IIepe'DIC~QI! HeSaBHCRMlie IIepeMaHHNe); 

FF (1 ) , ••• ,FF (NE) - JIeBHe ~C'l.'R YPaBHeHRii, sarmcaHHNX B 9?o:pMe F=O. 

ORO - TP96yeM!dt IIO~OK onpe.u;e.mD'lJtli'IX ypaBHeImit. 

B Kt:l.~eCTBe IIpRMepa paCCMOTpRM IIOJIyqeHlIe onpe.l\eJL<I:IOlltIDI; ypaBHeHR! 

I -ro noplWta .n;JIl! cBo6o.u;Horo o.u;HOMepHoro ypaBHeHHFt lIIpe.u;HHrepa 

2 
i +~ =0 

'at 'dx 2 

B:x:O.u;: 


N:=2; 


M:=l ; 


NE:=l; 


KM(l) :=2; 


KMM:=2; 


VR(1) :=X; 


VR(2):=T; 


VR(3) :=F; 


FF(l):=I K FT + FXX; 

ORD:=l; 


Ha B1mo.u;e 6y;n;eT H8.IIe~aTaHO: 


INPUT SYSTEM 

(1) IKFT+FXX=O 


DETERMINING EQUATIONS OF THE ORDER 1 


(1) 	 -2KlxF"X,FXKFT-2KlKF"F,FXKFTxFX+IXF"T-F"FX,FXKFT2 

2+F"X,X+2KF"X,FXFX+FX	 KF"F,F=0 

(2) 2K(-lKF"FX,FTxFT+FXXF"F,FT+F"X,FT)=O 

(3)F"FT,FT=0 

1 
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxII. DSEQ( ) - Bli'DICMeT ~peHJJ;ll8JIT>HHe CJIe.u;CTBJIUl R yC'rp8.HIleT 

SaBRCIilVOC'l.'R MeJItIIY HlDOt. DIFFERENTIAL CONSEQUENCES USED 

12. COEFFS ( -	 BLl,D;eJIR:eT onpe.u;~e ypaBHeHI!III ltaIt KoaqxJ}m:l;ReBTH (1) FXX = -IxFT 

(2) FXXX -IKFXTnpH pa3JDr'mIlX:. CTeneHIIX "cBo6o.u;HliX" IIepelotElHHHX. 
(3) FXXT = -IKFTT 

4 5 
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TEMA'IWIECKHE KATErOPHH JlYBJlHKAI.lHA 
OB'bE,zurnEHHOrO HHCOO'YTA s,nEPHliX 

HCCJIE,nOBAHHA 

MHJleKC TeM8'1'11Ka 

1. 3KcnepMMeHTanbH8ft ~3MK8 BWCOKMX 3HeprM~ 

2. TeopeTM~eCK8A ~3MK8 BWCOKMX 3HeprM~ 

3. 3KcnepMHeHT8nbH8A He~TpoHH8ft ~3MK8 

4. TeopeTM~ecKaA ~3MKa HM3KMX 3HeprM~ 

5. HaTeMaTMKa 

6. RAepHaA cneKTpocKOnMA M paAMOXMHMR 

7. ~3MK8 TAJKenloiX MOHOB 

8. KPMOreHMKa 

9. YcKopMTenM 
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A8HHioiX 

11. Bw~McnMTenbHaA MaTeHaTMKa M TexHMKa 

12. XMMMA 

13. TexHMKa ~3M~ecKoro 3KcnePMHeHTa 

14. MccneA088HMA TaepAioiX Ten M lKMAKOCT~ 
AAePHioiMM HeTOA8MM 

15. 3KcnepMMeHTanbH8ft ~3MK8 ftAePHWX pea~M~ 
npM HM3KMX 3HeprMRX 

16. Ao3MHeTPMft M ~3MK8 3~TW 

17. TeopMM KOHAeHCMpo88HHOrO COCTOftHMft 

18. Mcnonb30aaHMe pesynbTaToa M HeTO~a 
~YHA8MeHTanbHioiX ~3M~CKMX MCCne~B8HM~ 
8 CMelKHioiX o6naCTftX H8yKM M TeXHMKM 

19. 6M~M3HKa 

KopHIIK B.B., fhAoposa P.H. 
REDUCE -nporp&MMa .tUUI BhNHCJiemm 
ODpeAellJUOUlHX ypasHeHHH CHMMeTpd JIH-BeKJIYHAil 
mtf})$epeHUH81II>HhiX ypasHeHHH 

Pll-87-19 

0DHC8H anropHTM BhNHCJieHHJI CHMMeTpHH JlH-BeKJIYHAa 
~peHllHanLH&IX ypasHeHHH H ero peanH3~HR Ha JI3&IKe aHaJiH· 
THllecxoro nporpaMMHpoBaHHR REDUCE. llpHBeAeHo onHCaHHe 
nporpaMM&I H npHMep ee HCDOnL30BaHHJI. 

Pa6oTa s&monHeHa s Jia6opaTopHH B&I'IHCJIHTenLHOH TeXHHKH 
H aBTOM8TH3~ OHRH. 

Coo6uulllae OO.e.IUIHeHHOro HHCTHT)'T& ~~.ttepHWX accntmo88HIIA. Jly6Ha 1987 

llepesoA O.C.BHHorpaAosoH: 

Komyak V. V ., Fedorova R.N. 
A REDUCE Program to Calculate Determining 
Equations of Lie-Baecklund Symmetries· 
of Differential Equations 

P11-87-19 

The algorithm to calculate the Lie-Baecklund symmetries of 
differential equations and its realization in REDUCE language are 
described. The program is, described, and an example of its using 
is presented. 

The investigation has been performed at the Laboratory of 
Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1987 




