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BBe.nemre 

HaCTO~aH pa60Ta HBnHeTCH ITP,Q,gO~eHHeM CepHH pa60T/ 1+31 H co,gep

~HT 0606~eHHH paHee nO~eHHHX B72 , 3 peSYXbTaTOB Ha cHyqaA KBa3H

Tpe~aroHaxbHUX MaTPKQ. 

He06xo~OCTb TaKOrO HCCXe,gOBaHHH npO~KTOBaHa MHOrKMH npKROXe

HHHMH. 3TOT arrrr~T HcnoRbsyeTcH, KaK YMe He08HOKp8THO OTMeqaxocb 
B/ 4(HanpHMep, , ,6/), ~H nOBNmeHHH 3~KTHBHOCTH BHQBCXHTenhHUX 

MeT080B KHHewaT~ecKoro aManHSa H~PManHH B ~HsHKe BHCOKHX 3HeprH~. 

KpoMe Toro, CHCTeMbl JIHHeWHHX ypaBHeHHA c MaTpHQaMH ICBa3HTpeX,IlHarOH8.JIb

Hora B~8 nOHBnRDTCH npH HcnORb30BIDlHH pa3HOCTHUX MeTo,gOB AnH peme

mUI pB.3JIHtIHHX TRnoa xpsesax aanau, 06mjPH8..H HHlfx>P~H no 3TOyY son
pocy HMeeTCH, HanpKYep, B MOHorp~/7 • Pa3HOBH,nHOCTbD KB8SHTpex

~arOHarrbHHX MBTpHO HBJIHDTCH Tax H83HBaeMUe JIeHTOQHHe MaTp~ H 

-I ocoôenno rurrH.I~U1I'OHaxbHl:ie. C tmW CTaxKHB8.J)TCH xe TonbKO rrpa tlHCJIeH

HHX pemeHHHX KpaeBux 3~aq, Ho H npH pemeHHH s~a~ cnnaAH-annpoKCH
MaQHH, aanpaaep, 18-I oi H p,pyrHe. 

ilO3TOyY B KHTepaTYPe KMeeTCH ~OBOJIbHO 06mHpHNA Ha60p CBe8eHHK 

.0 CBoRcTBaX 3THX onepaTopoB. 08HaKO nOTpe6HOCTH rrp8KTHKH npHBO~T 

K Heo6xo~OCTH rrpoae,geHHH ,gonoHHHTeJIbHHX HCCJIe,gOBSHHA B 3TOi pa3,ge
Ine BHQHcnBTeJIbHOK a.nre6pH, ,gocTaTOqHO Ha3B8Tb, HarrpHMep,III • 

IMHOI'He H3 nOJIe3HYX, HSBecT~ ~e pesYJIbTaTOB MO&HO HaATH B TaKHX 

, ' WOHorpa~, H8npKYep*, KaK/I2-14/. . 

I HKze 6y~ 80Ka3~ HeKoTopue HS peSYJIbT8TOB, KOTopue, nO-BK~
MOyY, ,nonOJIHHT ys.e H3BeCTHl:ie B OpHrHHaJIbHOA K 0630pHOH JIHTepaType. 

I 
WMY, eCTeCTBeRHO, He rrpecne~eM QeJIb npHBeCTH BCD H3BecTHYD 6H6BHO

I rp~ no 06c~aeMoyy BOnpOCY, nOCKoXbKY HaCTO~aH CT8TbH He rrpe
I Te~eT Ha	 0630p~ xapaKTep. 
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l.	 CBo~cTBa MaTpHq.06paTH~ K Heoc06eHHMM KBa3HTpexgHarOH8nbHHM, 
c OTnHqHb~H 0'1' HYHfl KBa3HMHHOpaMH 

MTaK, nycTb MaTpH~a c (L 1) - aeocoõenaan KBa3HTpe~HarOH8nb

HaH, TaKafl,qTO Bce ee 3neMeHT~ - 6noKH {qi)7=1 {r i , p i}7=2eCT:O	 
, 

KBa,npaTHHe Heoc06eHHNe n08MaTpH~N. 

c 

q1 
P2 

r 2 

q2 
P 3 

r 3 
q3 r 4 (1. n 

Pm  1 qm-1 
Pm 

r m 
qm 

npe~CTaBHM C· B BH)J,e**) C=C' -D : 
I' 

~ 
E r 2 4 1 
~ 

P2 E 
xr 
3 4 2 

C=(C~D)=I 
x

P3 
E 

x r 4 q3 
( 1.2) 

-
x 

Pm-1 E 
x r m qm-1 

x
Pm E qm 

-1 } m f x -11mr,~e { P:=P k	 qk-1 k=2 0.2 )l r k=r k qk Jk=2 

110clwnbKY r 4 . } ~ , fp . ,r . 1 ~ 2 - xeocoõeaaue xsan
1.. 11=1 tI li 1'=-. 

paraue MaTpm,u,1 O,gHHaKOBhIX paeaepaocreâ, CJle)J,OSaTMbHO,
 

\p': , r': 1~ 2 E - e"HHHtman MaTp~~a, TOJKe neocoõeaaae KB~l 1 1 1= ~ ..." 

paraue MaTpHu'hl O~HHaKOBtDC paauepnocveã. CnpaSe8JIHBa CJIe,J:I.Y1O~afl 

TeopeMa l. EcnH c'-Heoc06eHHaR KBa3HTpex,gHarOHanhHaR MaTpHQS 
BH)J,a (1.2), (1,2 )', sce no~aTpHl~b1-6JIOlm lr~, p~, E} ~=2 
KOTOpO~ Heoc06eHHbI, a TaKme Heoc06eHHbI Bce KBB3HMHHOpN Y c' , Tor,ga 
)J,JIR ee 06paTHO« MaTpH~ B=(C,)-l cnpaBe)J,HHBO npe,gCTaBneHHe 

*HJ 3.u.eCh H Be3,ge )J,~Iee paCCMaTpHBaeTCfl HMeHHO npaBaR ~KTOpH3auHRC. 

@b~Clhi1eUHh.in RHcnnyrI
:~ 

~n~~n&IK aLC3e~DBauii 

.~~511~!CTEaA 



ni. 
i+J -1 x( - E) • B ...0(. eX., Pk i ~ j
 

11 1 J k=j+1
 

nj 
(L 3)

i+J' -1 x(-E) ·B .. ·S. ·S.· r i ~ j

1J


B, . 
11 1	 J k=i+1 k 

B ii	 i=jI 

f -'1 -1 J-1	 ( 1.4)3~eCb L(oi.i . ~ + 1 ) + ( si' S i _ 1 ) - E i=1 ,2" .. ,mIBii 

I'~e 

x x 
o(i+1=oli- cXi-1 (Pi·r i ) cX 1= O<2 =E I i=2 ,3 , ... , m ( L 5) I 

x lo: 

Si-1 Si-Si+1 (r i+1 'P i+ 1 ) B = Sm_ 1= E i=m-1 I'" 11 ( 1.6)I m 

8 jlP~) ~ ,Lr~ I ':2 onpeneneas (1.2 )'.
d 1 = 2 1J1- x:)

gOKa3aTe.JIbCT~q. ~fl ~OKa3aTeRbCTBa cnpaBe~~~BOCT~ Ilpe~CTaWleH~R 

(C,)-l (1.3)+(1.6) 06paTHO~ MaTp~~ rrpOBep~M,y~OB.JIeTBOpReTnH 

B(1.3) OCHOBHOMY paBeHCTBY 

(C') -1 = B 

C'o B = E • (x) 

8KIDiBaJIeHTHailpoaepKa paB8HCTB8 (*), KaK H B CKaRRpHOM CRyqse/l~ 
B~IlO~HeHKD CMCTeM paBeHCTB: 

Bij+1.Pj+1+Bij,E+Bij_1.rj =0 I 1 ~ i.( j+1 ~ m 
(L 7) 

x	 x .. 
+ Bii,E+Bii+1'Pi+1=E 1 ~ l=J!:.mIBi i- l,r i 

B x B E B x -() 1 c: . 1.1; '.(ij-1· rj	 + if + ij+;P j+ 1 - 1 -]- 1, m 

r~e E - e~MHHqHaH, O -HY.JIeBSfl MaTpH~, pS3MepHOCTH KOTOp~ COBna

t X· x } m
~aIO'l' C pa3MepHOCTRWi r. I p.1 1, • 

ITo~CT8BI-tM B~paiKeHI-te Mfl B", 1 =;. .e • ,!VIfl :MeMeHTOB BepXHerO Tpe
1J
 

yronbHMKa 06paTHO~ M8TpHQU B(1.3) B IlepBym C~CTeMY pSBeHCTB (1.7).
 

*f npe~CTaB.JIeHMe (1.3) nO~~Tb BeCbMa C.JIO~HO, I-tCXO~H M3 TeXHH~, 
HCnO.JIb30BaHHO~ HaMH paHee ;1,2/ ~.JIR CK8XRpHoro cn~laH, B cHny HeKOM
MYTaTHBHocT~ YMHO~eH~R MaTpH~. OHO 6H.JI0 nO.JIyqeHo Ha~,Hcxo~H ~3 
"MeTo~a aHa.JIOrH~", ~aK 3TO 6bmo yxce paHee OTMe~eHO B /3/. 

,~ 

k1TBK, KMeeM,!VIR i (j+1 j 
j+1 

[ ( - E) i+(J'+1) , B, , ' S.-1 . S ' ·n r X] ' P , x + ( t- E) i+j B .. ' S.-1,S.' n r'x1 E + 
11 1	 J+1 k J+1' 11 1 kJ k=i+1 

k=i+1 

j-1 

+ r (_E)i+(j-1).B, :S~1S ..n rXJ.r~ = fPL 11 1 J-1 k J
 
k=i+1
 

3TK paBeHCTBa,OqeB~~HO,3KBKBa.JIeHTHH paBeHCTBaM 

j+1 j j-1 

( 1.8)-Sj+1{ n r~Jpj'+1 + Sj-[n r~] -Sj_1{ n r~]rj = o
k=i+1 k=i+1 k=i+1
 

i+j -1

B cany Heoc06eHHOCTK (-E) . 'Si npa JIl06bIX i H jB i i 
M3 I-tHTepBaJIOB 1 ~ i < j+1 ~ m • Ho ycnosae (1.8), OqeBH~HO,6y~eT 

Ts~e cnpaBe~n~BO\ ecnH BMeCTO j nO~CTaBHTb i • ~yrHMH CnOB8MH, 

paBeHCTBS (1.8) 6Y).13T CnpaBe,!VI~Bb1Ml't ~nH scex H8MM8rOHaJIbHHX 3neMeH
2-m

TOB 06paTHotr MaTpH~, T. e. B" 1 • l1T8K, H3 m paBeHCTB
11+	 2 

(1.8)	 B~en~M ( m-1 ) paBeHCTB 

i + 1 ] i L-j' 
(1.9)

Si+1'[ n r~ 'P:+ 1 = S~ n r~ J- Si-1{ n r~ Jr: 
uk=i+1 k=i+1 k i + 1 

~JIH BC8X tiH~8KCOB i , yn,OBJI8TBOpHIOlIl,tiX YCJIOBtiJO 1 f=. iL. i +1 ~ m (~yrH

M~ CnOBB.MH,,!VIR BCeX 1 .$ i+1 ~ m ). ECnH Tenepb BOCnOJIb30BBTbCJ'f 

OnpeAe.JIeH~eM ~pOH3Be~eHH" 

e 
E I eCJIM € t... qn P~ . X X x 
(pc P e. -1' .. Pq ) I ec nu .e. ~ q 0.10)

k=q t
e E I eCJIM l <:. q
 

r k x x x
n x 

{ (rq r +1 · · · r e ), eCJIH ~ -yqqk=q 

TO BMeCTO (1.9) nonyqaeM ( m-1 paBeHCTBO 

Bi_ 1= J3 i-Si+1· (r:+ 1 P7+1) 1 ~ i ~ m-1	 (LII) 

nO~CT8BMM Tenepb B TpeTbD CMCTeMy paBeHCTB (1.7) BMeCTO 3neMeHTOB 

HREHero Tpeyro~bHHKa NaTpHUH B HX B~eHMH M3 (1.3). ~TaK, ~H 

j -1 < i MMeeM 

5 

I 



• L 

[(-Et+(j-1)'Bii·cX.~1·o}_1·n p~lrj + [(-E)i+ j,Bii·ot-1·c(j·n p~], E + 

k=j k=j+1 (1.12) 

+ [( -E) i+ (j + 1 I.Siioot ~'o"'j+' onp:l P;+1 Oo 

k=j+2 

AJI.R BCeX i H j, Y~OBJIeTBOpffiOIIlHX HepaaeHCTBaM 1 ~ j -1 <, i ~ m 

ÔTH paBeHCTBa, OqeBH~HO, 3KBHBaneHT~ paBeHCTBaM 
• L ~ 

-olj'-1trl.p~}rj+olj'f! P~-olj+1'[ 0 P~Jpj+1 =0, (1.13) 
K=J k=J+1 k=J+2 

B CHJIY HeocoCieHHocTH M8TPHQ (_E)i+jB".oL~1 npa JIlO6bIX i H j 
. II l 

H3 HH~epB8.JIOB 1 ~ j-1 .( i ~ m. AHaJIO:rHtlHO TOMY, K8K nOCTYrlHJIH ~lllI1Ie, 

H3 (m ;m) paBeHCTB (L 13) OCTaBHM TOJIbKO (m-1 ) paaeacrao , no-

JIOJKHB i=j ,T.e. ~fl HmtHeA nO,D.D,HarOHaJIH MaTpHI~ B • rrpH 3TOM , 

BOCnOJIb30B8BmHCb (1.10), nOJIyqaeM 

~ ~ 

cli + 1=o(i-o(i-1'(Pi ri) 2 ~ i:f:.· m • (L 14) 

Q 

llpo~ecc~ (1.11) H (1.14) B~HCJIeHHfl noc~eAOBaTerrbHOCTeA MaTpH~ 

{ 13 i' ci.i ~ B CXeMaX 6e3 06p~eHH.R MTepaTHBHbIX 3JIeMeHTOB MOEHO 
6N..lIO 6bI CqHTaTb 3aAaHHHMH, eCJIM 6b1 HaM 6wUI H3BeCTHbI rpaHHtlHHe YCJIO

BHH (()(l' cX2 ) H ( Jm' ;'m-1). flpKlteM, Kalt BHAlIlM, 3TH npouecca 
6Yl1YT YCTOtt~HMH, eCJIH [11 P~ r~ 11.$1 , Ilr~+1 P~+1 ~ 1 1 . 11 

Tenepb, nOACTanHB B Cpe~HHe ( m ) paaeHCTB B (1.7) BueCTO B ..
ll-1 

li B + HX BbIp~eHMH H3 npeACTanneHHH (1.3), nOJIyQaeMi i 1 

i+(i-1) . -1 ~ ~[ rl~ Pk 1,r i +(-E) 'B iicI. i ,OCi_ 1' +B ii· E 

k=i 

i+(i+1) -1 fLl+i x] x 
+ [ (-E) .B i i 13 '13i+1' = Ei r k ·Pi+ 1 

k=i+1 
Ilepenamea 3TH paBeHCTBa C yqeToM (1.10) B BH~e 

-1 xx ~ x]..-1 (I 15)Bu:[ E-(o(i·cXi_1)·(Pfri)-(l3i·l3i+1)·(ri+,-Pi+1) = E, l==2,~, ... ,m-1. • 

BoCnOJIb30BaBmHCb Tenepb (1.11), (1.14) li aCCO~H8THBHOCTb~ M8TpHtlHHX 

YMHOJlteHHA M3 (1.15), nOJIyqaeM 

L -1 -1 ~J
Biil..oL i .oli+1+Bi ./3i_1-E =E, i=2,3, ... ,m-1 • (L 16) 

6 

OoCKOJIbKY B (1.7) = O = B (MOJKHO nOJIOJKHTb), TO CHCTeM8B 10 mm +1 
paBeHCTB (1.16) AOJImHa 6~b ~OnOJIHeHa e~e ABYMR paBeHCTBaMH 

x . 
B = E , l=11 1+B 1 2'P2 

x (L 17}
B 1,r + B = E, i=mmm+ m mm 

ECJIK Tenepb B paBeHCTBax (1.17) BOCnOJIb30BaTbC.R (1.7), TO BMeCTe C 

CHCTeMOA (m-2 ) p8BeHCTB (1.16) OHH COCTaBJI~T CHCTeM,Y ( m ) 

paBeHCTB 

-1 x ~] .
[ E-(13 1 ·J3 2 ) · ( r 2 · P 2 ) =E 1 ' l=1B1 1· (L 18) 

-1 -1 ]·[ (oI. i .oli+1) + (/3i .l3 i- 1) -E =E i i=2,3, ... ,m-1B ii 

-1 x x] B . E- (eX. •do ) • (p . r) = E 
mm [ m m-1 m m m 

r~e 6Y~eM nORa ~TO C~TaTb Bce MaTpRUH {E i = E} 7=1. OTMeTMM TaK-

JKe, qTO nOCJIeAOB8TeJIbHOCTM MaTpHQ fdJ M {I3J ,BXOwnqHe 
B paseHcTs8 (1.18), onpeAen.RDTCH p8BeHCTBaMH (1.11), (1.14). ~T8K, 

3~aqy onpeAeneHHH onepaTopa B (I.3),o6paTHoro K c' , MOERO 6Hmo 

6bI CqHTaTb peaenaoã , eCJIH 61:>1 6hTJIH sananx MaTpM~ ( eX. 2' 0<.'1 ) M 

( 13 I3 - ). Ilepemenex CHCTeMY (m ) paBeHCTB (1.18), a TaIOle m, m 1 
( m-1) paBeHCTB(1.II) H (1.14) B ,JU>yrOM eM~e, BOCnOJIb30BaBIIIHCb' 

npeAnOJIO&eHHeU TeOpeMH o Heoc06eHHocTH Bcex rJIaBHUX KB83HMHHOpOB 

B ,MS xoroporo CJIeA)'eT Heoco6eHHOCTb MaTPHQ {Bii, <Xi' l3 i} 7=1 ' 

a TalOKe paBeHcTBa( L II) npa i=1 H p8BeHCTBa (I. 14) npa i=m: 

-1 .
B .(/3 13 ) = E ' l=1

1 1 1. 0 1 (r. 19) 

-1 -1 JBii" [ (ol.i·cX.i+1)+(B i 'f3i _ ) - E =E , i=2,3, ... ,m-11 i 

-1 . 
Bmm:b/. 'oim+1 ) =E m ' l=mm 

QqeBH~HO,TaKJKe cnpaBeAJIHBI:>I B~HCnKTeJIbHHe npOQeCCbI 
-1 -1 x ~ .

ol.. ··0<'+1 = E-(CX. ·al. 1)' (p. ·r.) , l=2,3, ... m 
l l l l- l l (1.20)
-1 -1 ~ x . 

f3 i · l3i _ = E -(l3 i .l3i+1)·(ri+1,pi+1) , l=m-1, .. ,11 

3TH CHCTeMbl paBeHCTB MO~O nepenHcaTb 60nee KOMnaKTHO B B~e 

B (G =E i=11 1· o) 1, 
(L 21)+ i=2,3, ... ,m-1Bii{l\i+1. Gi_ 1-E]= Ei 

Bmm' (l\m+1) = Em' i=m 
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I"~e	 Gi H 1\ i onpe~eJHOOTCR KaK 
j\ A- 1 ~:<

i+l=E- i '(Pi,r i) , i=2,3, ... .m 
'(1. 22)

-1 . ~ :< 
Gi- 1 =E-Gi• (r i+ 1 'Pi + 1) i=m-l ,m-2, ... , 1 , 

I"~e	 060SHB.llHJIH, 
G = 8- 1 .8 lm-l {J1 ",ol.-1 'eX 1 m+l

{ i i+l iJ i=o ' i- i-l iJ i=2.	 (1.23) 

)1TS,K, lleTblPe H8H3B8CTHbIe rpaaaxaae MaTpHQDI ( 01. 2 ' o/.1 ) H ( Em ,8
m

- 1 ) 

CBeJIH K ~BYM HeHSBeCTHbIM I"paHHllHhIM MaTpHQaM .11. 2 H G ,KOTOpl:Jle,m- 1 
He ~O~HN no onpe~eneHH~ 6NTb OC06eHHHMH B CHJIY YCJIOBHR TeopeMN o 

Heoc06eHHOCTH Bcex I"JIaSHNX MHHOpOB MaTpH~ B • 

3aMe~8HHe I. ITOCKOJIbKY ~R B cnpaBe~HBo npe~cTaSJIeHHe (1.3), 
TO ~a Heoc06eHHOCTH Bcex rJIB.BHHX KBB.SHMHHOpOE B , o~eBH~Ho,~OCTaTO~HO, 

'qTO~fl. CS~H Heoc06eHHbD.iH 'Bi i' !li' Gi} , nOCKOJIbKY 
{Pi ' r i J -Heoc06eHHNe KB~paTHble MB.TpHIJ;N no YCJIOBHRJ TeOpeMbt. 

CAPYI"oR C~~fOHH,eCJIH ace: {B ii}7=1 11 sce {G i } ~:~ , B. Tane 
Bce [J\iJ , - HeocoCSeHHN, TO COrJIB.CHO (1.21) ~O~HN 6l:JlTb He

1=2 

Jm-l 
oc06eHHblMH MSTpH~ Go ,Ai+l+{ Gi_l-E i=2 ' Â m+ 1 
KpOMe Toro, 3TH MSTpHUH OrpaHKQeHbI B cHny orpaHHlleHHoCTH MaTpH~ 

{.Bii } ~=1 • OTMeTHM, HB.KOHe~, CJIe~H~ lf>aKT. ,Il,nR Toro, llT06bl 

COXPSHRTb e~HHo06paSHyro sanHCb ~R CHCTeMH paseHCTB OTHOCHTenbHO 
Bi i (1.21), B.HaJIOrH'qH~ (m-2 ) cpe~HM paBeHCTBaM,CJIe~eT 3~aTp 

l\2= E = Gm- 1 • OTKY~s' CJIe~eT, ~TO B npoQeccax (1.11) H (1.14) 
eJIe~e,. TEUate sap.aTb cx'l=E=ol2 ' 8	 TaICHM oõpam=E=B m_ 1 • 

SOM, 3aB~HJlH ,ItORB.SB.TeJIbCTBB. TeOReMbl. 
·PaCCMOTpHM Tenepb 60JIee nOAP06HO M8TpHUfl. 

-1	 -J 
(ol i	 . o(, j ) H ( 8 i . 8 j ) 

,n,nR j ~ i HMeeM 

-1 _ -1 -1 -1 -1 
01- i . olj - (ol i . ol.i-1 ) • (ol i -1 • cX'i _ 2 ~ ... (o{j + 2 . ~ + 1 ) . (o< j +,. o( j ) 

j\ - 1,, - 1 ,,-1.,,-1 ,-1-,"-1 
= i '.n i-l ••.. 11 j+2 ,LI j+l =, ' C yqeTOM 060SHB.treffiiR (1.23).,'il k 

k=J+l
A Ta~e c yqeToM (1.23) ~R j ~i HMeeM 

-t -1 -1 -1 -1
 
8 i d3 j = ( Bi .B1+1)·(81+1·8i+2) ... (8j_2·8j_l)·(8j_l·8j)
 

-1 -1 -1 J_ 1 = Gi 'G i +1 .,. _ = rl GGj 1 k- 1 
k=i+l 

~TB.K~ Onpe~eJIHJIH MB.TpHQN 

8 

- i -1 11 -1 ,,-1 " -:i. Jl, .g, 1···· '+2' li, + t , ecm'i J <: 1 ~ m
'1 1- ] J-1 

o( i	 . olj n 1\ ~1 
k=j+l {	 (L 24)' 

E ,eC.7H1 j ~ i 

". Li 

j 
-1 -1 -1 

-1 -1 Gi .Gi+1 '" G j _ 1 ' eC,JIVI i <j ~m (L 25)
B, • B, = n 

1	 ) Gk- 1k=i+i { E , eCm1 i ~ j 

I 
Tenepb, BocnOXb30nB.BmHCh TeopeMOM I H BBe~eHHhThM EHme (1.2 ), (1.24) 
H (1.25) 0603HaQeHHRMH, MO~HO c~pMynHpoBaTb ~nR MB.TpH~ BH~B. (1.1) 
CJIe~~HM pe3ynhTa~. 

Te~peMa 2. EcnH c- Heoc06eHHaR KBa3HTpex~aarOHaJIbH8R MaTp~a 

o6~ero B~~a 

Cl 1 r2, 

P 2 q2 r 3 0.26) 
C 

Pm-1 qm-1 r m
 

Pm CJ m
 
C Heoc06eHHblMH KB8,JJ;paTHhrMH MB.TpHUaMM (q 1 ' q , , r , , p, J ~ 2 'L .I.. 1 1 1= 
O~HHB.KOB~ pa3MepHOCTe«, BCe rnaBHHe KBa3HMHHOpN KOTOpO~ OTJIHQHN OT 

HynH, TO MB.TpH~a, 06paTHB.R K C, T. e. B=C 
- 1 

, Mo~eT 6NTb npencraa-
JIeHa B BH,IJ,e L. i.. 

o· n	 -j n I 
(_E)1+J B,," )\)<' (Pk·q:,) , :k:i~m 

ll k = j + 1 k=j.-1. 

oJ 
i+j n ,-1,.,L) -1	 0.27).B, . (- E) B .. ' • Gk _ l' I (r I< •q Y ) i ~ L m

lJ 111<=i+1 k v i f- l ' 

B .. i=j
11 

-1[ . ]-1
l'~e R i i = q i 1\i ~ 1 + (~i _ 1 - E	 ( 1.28) 

- ,IJ.HapOH8.JIbHble 6nOKH-MaTpl1I~~ y n··c - 1 

-1 . -1- 1o

i\ i t 1 =1::-11 j '~j A2 = E : h=(Pi' Q,i - 1 ) (l'i''lj) i=2, ... ,m (1.29) 

'" -1 -1,G r c- 1 'y':i - 1 c- '. - J ((J i Cm_T=E; O' i - ( r i +l' q i + 1 ) . (p i ~ l ' q i ) , l =m - 1 , • • • , 1 ( 1.30) 

l) 



rne Gi H 1\ i Onpe,IJ,eJUlIOTCSI K8K 
A }\-1 ~ ~ .

i+l=;E- i '(Pi,r i) , 1=2,3, ... ,m 
(1. 22) 

-1·~ ~ .
 
Gi- 1
 =;E-Gi·(ri+l·Pi+l) , 1=m-1,m-2, ... ,1, 

r,IJ,e 0603H8t1HJIH. 
- -1 }m-l {A =;O!.-l 1 m+l 

{ Gi- l3i + 1'l3 i i=;o ' i- i-l·ol.i] i=;2. <1.23) 

t1T8K, tleTbIpe H8H3B8CTHH8 rpaIDrtIH1i8 M8TpHQbI ( o/. 2' eX 1 ) H ( 13 ,l3 - )m m 1 
CB8JIH K ,IJ,BYM HeH3BeCTHbIM rpaHHtlHhIM MaTpHQS.M ./\.2 H G m- 1 ,KOTopide. 

He ,IJ,OJIEHid no onpe,IJ,eneHH~ 6NTb OC06eHHHMH B CHJIY YCJIOBHH TeOpeMH o 

Heoc06eHHOCTH Bcex rJI8BH~ MHHOpOB MaTpHQbI B • 

38M8t1aHK8 L I10CKOJIbKY ,IJ,JISI B CnpaBe,lJ,JIHBO npe,IJ,CTaBJIeHHe (L 3) , 
TO ,IJ,JIH Heoc06eHHOCTH Bcex rJI8BHNX KBaSHMHHOpOB B, OtleBH,IJ,HO,,IJ,OCT8TOQHO, 

'qTO~J:i CS~H HeocoC5eHHIiMH 'Bi i , D. i , Gi} , nOCKOJIbKY
 
{Pi ' ri J -HeocoC5eHHNe KB~p8THHe M8TPKQJ:i no YCJIOBHD TeOpeMH.
 

C .JU>yroR C:~fOHbl,eCJIH nce: {Bii}~=l VI sce {G i } ~:~ , 8 TalOle
 
Bce [J\iJ . - Heoc06eHHU, TO COrJI8CHO (1.21) ,IJ,O~HN C5NTb Me

l=;2 

J m-l 
oc06eHHhl:MH M8TpHQbI Go ' {1li+l+Gi-l-E i=2 ' A m+ 1 
KpOM8 Toro, 3TH MaTpHQH OrpaHKQ8HH B CHJIY OrpeHHtleHHOCTH M8TPHQ 

{.Bli } ~=1 • OTMeTHM, HaKOHeQ, CJIe,IJ,yroI!lKR ~KT. ,1J;m ror-o, QT06bl 

COXPaHSlTb e,IJ,HHo06paSHyro sanHCb ,IJ,JIfl CHCT8MN paBeHCTB OTHOCHTeJIbHO 
Bi 1 (1.21), 8HanOrHQHyro (m-2 ) Cpe,IJ,HHM paBeHcTB8M,CJIe,IJ,YeT Sa,IJ,8T~ 

l\2= E = Gm- 1 • OTKY,IJ,a CJIe~eT, tlTO B npoQecc8x (1.11) H (1.14) 
c.n8,IJ,Ye'l' Taoe 3~aTb o( 1=E=;ol2 , I3 =E= B _ • TaKHM oõpa

m m 1
 
SOM, ~BeBmHJIH nOK838TeJIbCTB8 TeOpeMbl.
 

·PaCCMOTpHM Tenepb 60JIee no~06Ho MaTpHUN 
-1 ~J. 

(cl i . o(,. j ) H ( 13 i . 13 j ) 

~fl j 6 i HMeeM 

-1 _ -1 -1 -1 -1 
oL i • olj - (o( i . o(i -1 ) . (oi.i -1 . do.i _ 2 ~ . . , (c( j + 2 . ~ + 1 ) . (o<. j + 1• o'-j ) 

i\ -lA -1 ,,-1 ." -1 nL 

A-l = i:Jl 1 _ 1 .•.• 11. 2.L1· 1 =; .llK c yqeToM 0603H8t1eHHfl (1.23).J+ J+ k='+l 
A Ta~e c y-q8TOM (1.23) ,IJ,JISI J j ~i HMeeM 

- 1 _ - 1 - 1 -1 - 1 
l3i .B j - ( l3i ·l3 + (l3 + · l3 + ) .,. (B · 13 ) · (B · 13 .,, )

i 1), i 1 i 2 j_ 2 j_ 1 j_ 1 

-1 -1 -1 J_ 1= Gi .G1+ 1 G _ =; (1 Gj 1 k- 1
 
k=i+l
 

t1Ta~, onpe,IJ,eJIHJIH M8TpHQU 

8 

-1A-1 11 -1 ,,-1i. . /(i' i-l .. ·· j+2' Hj+l , ec.rIYI j -< i ~ In 

-1cc , -cc , = n 1\-1 
1 J k=j+1 k { (L 24)' 

E , eC.nH j :; i 

.~ i ! 

J -1 -1 -1 . . 
-1 G i .G i + 1 ••• G j _ ,. , eCJIV! 1 <J ~ m (L 25)-1B . • 13. n= 
1 J Gk- 1k=i+l { E , ecna i ~ j 

I 

Tenepb, BOCnOJIbSOnaBmHCh TeopeMoM I H &Be~eHHbThM BHme (1.2 ), (I.24) 
H (1.25) 0603H8~eH~RMH, MO~HO c~pMynHpoBaTb ~nR MaTpHQ BK,IJ,a (1.1) 
CJIe,IJ,yro~HM pe3YJIbT8T. 

TeopeMa 2. ECJIH c- Heoco6eHHafl KBa3HTpex~MarOH8JIbHaH M8TPKQ8 

06~ero BM~a 

í 
CJ 1 r'l, 

P2 q2 r 
1 ( I.26} 

I 
c 

Pm-l qm-1 r m
 
Pm qm
 

C Heoco6eHHHMH KBa,n;paTH'biMH M8TpHuaMVl í q 1 ' q . I r . , p. J~ 2.
l 1 1 1 1= 

O~~HaKOB~ pa3MepHOCTeM, Bce rnaBH~e RBB3HMHKOpN KOTOpO~ OTJIHQH~ OT 
- 1

HYJIR, TO M8TpKQa,06paTHaR K é, T. e. I3=C , MOllteT 6b1Tb npe,IJ,CT8B

JIeHa B BM,IJ,e l. i. 
., '/ -J Irl

(- E) 1+J B ... I J\ k' (p~ .q: f)' j.::: i ~ m 
11k = j + 1 t=j.'1. 

i+j n.i ,-1 /-,J., -1 (1. 2'7)B .. (-E) · .r : Gk- 1· ./ (r ,qk ) i ~ L mB i i klJ ]<:=]+1 k=l~l 

B .. l=j
11 

rne B .. ,= q.-1[/\. 1+ C. l-E]-1 (1.28)11 1 1+ 1

- .r:V-18rOHaJIbHbl8 6JIOKH-MaTpYIl~~ y n··c - 1 

i\ -. - 1 . " -1 - 1 
i ~ 1=1'.-/\ j . ~ i ; A2 =F.; ~ i. =- f p i . q-i -1 ) . (r 1 ,( I j ) i=2, ... ,m ( 1.29) 

'" -1 -1.c ., G- 1 ; 
o i-1 =-1"- i'~i G 

m
_ 

1=E; ~ i =. ( r i + 'l ' q i + 1 ) . (p i 4 l ' '1 i ) I 1 =m- 1 , . . . , i (r. 30) 

l) 



inJl -1 
t-1 -1 

= Ai 'A i - 1 ... 
-1J\. j+l , eCJIl1 j( i~rn 

k=j+l k E ,eCJIl1 j~i (1.31) 

Jn G- 1 
{-1 -1 

= Gi· Gi+l '., 
-1

G j_ 1 
, ec TIl!! i <: j f rn 

k=i+l k-l E, eCJIVIi ~ j	 (r. 32) 

i.	 -1 -1 -1il -1 Pi' q i -1 ) • (p i -1 . q i - 2) .. , (p j + 1 ' q j ), eCJIl1 j < i ~ rn , 

f , (Pj(qk-'I)- (r. 33) 
k=J+l 

E,	 eCJIl!! i ~ j , 

j 

i
( r , . -1 ).( -1 '(r,.q-:-l), eC,JJl!! i<J' <.mn
 (r,q-l)= 1+1 qi+l r i+2'Qi+2)
 J J 

k=i+l k k (r. 34) 
E , eCJIl1 j ~ i , 

nOKaSaTeJIbCTBO 3TOR TeopeMM, RaK Bl1~, OCHOBaHO Ha RCTIO.JIb30BaHRH 

pesYJIbTaTOB T€OpeMH I 11 ~aKTopliI3aQl1l1 (1.2), n03TOMY MH Ha HeM He 

OCTaHaBJIHBaeMCH. 

2.	 CsoRcTsa MaTpHq.06paTH~ k Heoc06eHHHM KBa311TQe;gHarOHaJIbHHM, 

HeKOTop~e 113 KBa311Ml1HOpOB KOTOpUX 06PamaIDTCH B HYJIb 

n~o,o~aa HCC.JIe~OBaHl1H, CHllMeM orpaHaqeHHH (KaK 3'1'0 6~0 npOAe
JIaHO B 2 AnH CKaJIRpHOrO cnyqan) , CBfl3aHH~e c Heoc06eHHocTbID Bcex 

rJIaBkHx KBa3HMMHopOB B ,QTO oroBapHBa~ocD oc060 B TeopeMax I 11 2. 
CJIe,I\YeT TaD€ OTMeTHTb, 'tlTO no~06Hoe OrpaHHtleHl1e co,e~iHTCH BO Bcex 
H3BeCTHHX MaM pe3YJIbTaTaX ~pyrHx aBTopoB, Hanpl1Mep I . KaK ~€ 
OTMe'tlaJIOCb BHm€,B 3aMe'tlaHHH I 3'1'0 OrpaHH'tleHHe npHBeJIO R Tpe60BSHHD 

Heoc06eHHOCTH MaTpHQ í B
l
, " r: G,} ~ 1l	 1 1 1 1= 

MTaK, A.JIH B=C 
-1 

HMeeM npe~CTaBJIeHHe (1.27)+(1.34), Ror~a Bce 

KBa3HMMHop~ c(I.26) H,CJIe~OBaTe.JIbHO, B (1.27) Heoc06eH~e. C yqeTOY 

(1.29), (I.30) npeAC'1'aBHM B B~eBi i 

-1 [-1 -1 ~ ] -1 -11 -1 -1 ~ 1-1
Bii=q i E-Ai '~i+E-Gi 'Oi-E = qi 'Li\i ,(J\-X"i)-G i 'Oi 

-lr -1 -1 ~ ]-1 -lr -1 ~ 1-1
 
=qi"lAi ' Ai,J\i+l-Gi 'Oi =qi tL\+l-Gi' ~ iJ
 

..	 -'I [ c-: l -1. G = q i' -tiGi·i\i+l i 

10 

8 C ~pyroi1 CTOpOHbI, TO xe caace B MO}KeM npeACTaBl1Tb KaK 
U 

-lf -1 -1~ 1-1 -1[, -1~ -1 y r 
Bii=qi 'LE-l\. {ti+E-Gi'ai-Ej =qi' E-Gi·~i-L\. i'Oi 

-lrr -1 ~ -1 Ô l -1 -1 [ -1 -1 1- 1 
=gi'fi .(Gi-Qi)-A i i l =q {Gi,Gi,Gi_ 1-l\'Oi 

- 1 (, - 1 .] - 1 -lf ] - 1 
=qi 'LGi - l - 1\i '~i = qi 11\' Gi- 1 -Oi ' Ai 

MT8K, ~JIn B i i Mll HMeeM ~Ba npeACTaBJIeHHR: 

-lt '" ]-1 ,8"=q,,G,·L\.'l- v , ,G. ,1=1,2"."m	 (2.1)11 1 1 1+ 01 1 

-lf y
Bi i = qi 11\' Gi- 1 - o i 

]-1
. Ai i=l, 2",.,m •	 (2.2) 

,LlOKaiKBM CJIe.D.YIO~HA <PaKT. 

JIeMMa r. rIYCTb 1Bii,G i # Ai} - orpaH~eHHble MaTpHqbI, 
KOTopbIe ~onpeAeJIeHhI BbIme B (1.28), (1.29), (1.30). TorAa cnpaBeA.JIHBbI 

CJIe~mHe YTBe~eHMR= 

1) ECJIH G, l1JUi A, - occõeiraue , TO 8
1
' 1' - oc06eHHaH. 

1 1 -1 
2) ECJIH Ai - oc06eHHaR, TO Ai - - aeocoõemraa H A i 1 1 

OrpaHHQeHH8H MaTpH~a. 
-1

3) EcJIW Gi - oc06eHHaR, TO Gi+l -Heoc06eHHan w Gi +1 
OrpaH}fqeHHan MaTpl1Qa. 

AOKa38TeJIbCTBO yTBep~eHHH I) CJIeAYeT H3 ~Bo~cTBeHHbIX npe~CTaBJIeHH~ 

(2.I) H (2.2), T.e. 

-1 [ t ] -1 -1[, ~ ]-1
gi' L\i,Gi- 1 - i Gi·L\i+l- 0i .'i\=B i i=Qi'L Gi 

A-~R ~OKa3aTeJIbCTBa YTBep~eHHH 2) H 3) nepenl1meM npoQecchI (1.29) 
~ (r. 30) B BH,IJ,e 

-1 v	 (2.3)Ai E -A i - ' () i - l1 

-1	 Y (2.4) G. E - i+l1 Gi+ 1'O 

fJyCTb L\ - ocoõeaaaa MaTpHQa. Tor-na, KaK CJIeAYeT H3 (2.3), A i - 1 
~O~Ha 6HTb Heoc06eHHoA MaTpHQeA, nOCKOJIbKY Ai rto YCJIOBHID JIeMMH 

OrpaHH'ieHHaR. CJIe~OBaTeJIbHO, B (2.3) 1\j)l - OrpaHIIIQeHHB.R, r .e. 

consto11/\ LII ='~E-i\~~l·ri_l!r~ 1+~A~~lrl' I/Oi-lU ~ 
~&, '1 ~ 

CJI eno BaTeJIbHO , II A ~-1 II ::. const 

I I 



1-1 

IJyCTb reneps G. - OCOCíeHH811. ~S (2.4) CJIe,IJ,y8T·, tiTO G. 1 )l,OJIJKHa
1 1+ npHXO,IJ.~M K BbIBO,IJ,y, tiTO c~ecTByeT H OI'paHHq8H oCip8THbIR orrep8TOp 

CíbITb aeocoõeaaoã , nOCKOJIbKY no YCJIOBmo JIeMMbI Gi -0I'paHH"tieHH811. -1 [ ] -1 nOCKOJIbKY oneparop A. aeoccqi-1' L\i-iGi-2- 0i-1 fTOI')l,8 ~s (2.4) HMeeM 
Cí8HH~. CJIe,IJ,OB8TeJIbHO, onep8TOp B COI'JIaCHO (2. II)

i-1i-1IIGd = 1I E-G~:1i i+1/1 ~ 1+ ~ G~:1!r 11 ti +111 ~ const 1IBJI1IeTC1I HeocoCieHHbIM. 

OTCIO,IJ,8 cnenyer , tiTO II G~:1If ~ co~t • JIeMM8 1 ,IJ,OKasaHa. 

nOK~eM Tenepb, tiTO eCJIH B.. -ocoCíeHHHe CíJIOKH-MaTpHUbI Y B=C- 1 
11 

T.e. Ai - ocoCíeHH811 MJIM TO i+1 H i-1Gi-ocoCíeHH8..fI, B1+ 1 Bi- 1 
O)l,HOBpeMeHHO ocoCíeHHUMH CíbITb He MOI'YT. IJyCTb no-npe~HeMY 1IBJIRIDTC1I 

HeocoCíeHHbIMH H OI'paHHlIeHHbIMH sce M8Tp~~ tBii, .Ai' Gi) • 

TOI')l,8 npe,IJ,CT8BJIeH~1I (2.1) H (2.2) MO~HO nepenHc8Tb B BM)l,e 

[ Gi . 1\.i+1-ri ] , q i' Bi i = Gi (2.5) 

[Ai,Gi- 1 -ai]·qi·Bii =1\i • (2.6) 

TOI')l,8 ~n 3JIeMeHTOB-CíJIOKOB Bi +1 i+1 H i-1 HCXO)l,1I H3Bi- 1 
(2.5),(2.6),6Y,IJ,eM HMeTb CJIe)l,yD~He rrpe)l,CT8BJIeHH1I: 

[ Gi+1Ai+ 2- ii+1]' qi+1 ,B i+ 1 i+1 = Gi+ 1 (2.7) 

[Gi_iAi - Oi-1 ]·qi-1'Bi- 1 i-1 = Gi- 1 (2.8) 

~i+1' Gi - ti+1l Qi+1' Bi+ 1 1+1 = Ã i +1 (2.9) 

[lli-,'Gi-2-0i-1]-Qi-1Bi-1 i-1 =1\i-1 (2.rO) 

I1yCTb reneps Gi -aeocoõeaaas , 8 /\ i - ocoCíeHH811. CJIe,IJ,OB8TeJIbHO, 

B CH~ JIeMt.W 1 OCOCi~HH8..fI, a .1i - -HeocoCíeHH811 M8TpHl.\bl, ~Bii- 1 
A i-1 - OI'p~HtieHHaH. TOI')l,8 B CHJIY HeocoCieHHOCTH - (2.10)Ai 1 

MH Mo~eM nepenHC8Tb B BH)l,e 

1\i=~{J\i-1' Gi- 2- ~i-11· qi-1' Bi- 1 i-1 =E . (2. II) 

BoCnOJIb3yeMC1I Tenepó OI'paHKtieHHOCTbD M8TPMQ{~i=~' E, i-1JBi_ 1 

B (2.11).(0I'p8HHQeHHOCTb Bcex )l,HaI'OH8JIbHHX M8TPHQ-CiJIOKOB Bi i 
npe,n.nOJIaraeTC1I no YCJIOB~ c~ecTBOBaHH1I OI'paHKqeHHOI'O onepaTopa B., 

06p8THOI'O K C ). CJIe)l,OB8TeJIbHO, $ CHJIY CK8saHHHX Bsme YTBePM,lI,eHH~ 

H cnpaBeAnHBOCTH paBeHcTBa (2.11) M8TpM~ [~i-1'Gi-2-~i-1]'qi-1 

OI'paHKQeHN. TOI',IJ,8,npHMeHRfl TeopeMY BaHaxa/15/ K paBeHCTBaM (2.IT), 

... IJyCTó Tenepb J1 . - neocoõeanaa M8TP~Q8, a G. - ocoõesnaa. 
1. 1 

TOI',rr,8, T8late B CHJIY JIeMMbI I, B.. - ocoõeaaaa , G. 1 - He
11 J-+ 

OCOCíeHHaR, G-~ 1- OI'paH~tieHH811 MaTpHI.J;bI. B C~JIY neocooenaocra 
1+ 

G, 1 pB.BeHCTB8 (2.7) nepenamex B BH)l,e
1+ ,fi, -1 [ "'] E • (2.12)Gi+1' Gi+1 ' 1l. i+2- oi+1 'qi+1' Bi+1i+1 

EcmI BocnoJIbSOB8TbC1I OI'p8HHtieHHO.CTblO {G~:1' Bi+1 i+1 ,E } B (2.12), 

TO npHXO,IJ,MM K sasony , tiTO M8TpHIJ,H (Gi+1' 1\i+2- fi +1 l qi+1 

1IBJI1IIDTC1I OI'paH~tieHHbIMM. Tenepb,SHaJIOI'KQHO TOMY, K8K nOCTYllHJIH BbIme, 

npMMeH1IeM TeopeMY BaH8xa K (2.12) H yCíe~aeMC1I, tiTO c~ecTByeT M 
-1 [ "" ]-10I'p8HHlIeH OCípaTHbIR onepaTOp Qi+1' Gi +,. Ai +2 - ~i+1 • 

CJIe,IJ.OBaTeJIbHO, 1IBJI1IeTC1I HeocoCíeHHoR MaTpH~eR. ~TaK,Bi+ 1i+ 1 
MbI nOK838JI~, tiTO eCJIH -ocoCíeHH8R, B C~JIY ocoCíeHHOCTH nnCioA ~sBi i 
MaTp~Q .Ai HJI~ Gi ' TO ae MOI'yT C5bITb O)l,HOBpeMeHHO OCOCíeHHhIMM: 

Bi+1 i+1 H Bi- 1i-1 M8'l'pHUbI. 
,nanee, B CJIyq8e, KOI'~8 S B.. , fi. , G. t -HeocoCíeHHHe H OI'pa1 11 1 1 J 

H~tieHHbIe, HCX0,IVI HS (1.27) B reopeae 2,,II,JI1I i<j =i+1 HMeeM 
1.+1 i.~1 

i+i+1 n -1 n -1 -1 / -1 (2 13)B"+1=(-E) ·B.,'11 t (rk'Qk )=(-E)'B.:G1.. 1'Q·,)1+ •11 Gk- 11 (r,1+ 
k=i+1 k=i+1 

11,II,JI1I i > j=i-1 SHaJIOI'HtiHO MMeeM 
i. i 

i+i-1 n 1\ -1 n -1 -1-1 (2.14) _ .Ll k · '(Pi'Q i-1)Bii 1=(-E) .B i t (Pk'Qk-1)=(-E).B Ü Ai 
k=i k=i 

YtiHTbIS811 (2.1), -(2.2) B (2.13) H (2.14), nOJIyttHM ,lI,pYI'He Bblpa1IteHK1I ,II,JI1I 

Bii+1 H Bi i - 1 

-1 -1 -1[ ~]-1 -1 (2.15).(ri+1'Qi+1)=(-E)'Qi· Gi.i\i+l 0iBii+1=(-E)'Bii:Gi .(r i+1·Qi+1)' 

-1 -1 -1[ ]-1-1Bii- 1 = (-E)'BÜf\i '(P i ' g i-1)=(-E)'Qi' /\{G i- 1- Oi (P{Qi-1) (2.16) 

flyCTb reneps Gi -ocoCíeHH811t 8 !\ i -ueocoõesaaa M8TpHQbI. CJIe,IJ.oBaTeJIbHO, 

8 i i -ocoCíeHH8R ,HO B 3TOM CJIyq8e B CMJIY 0I'p8HHtieHHOCT~ Bi i, ~i/Gi" 
H3 (2.5) nOJIyqHM,tiTO M8TpHll8 [Gi'~+1-ri],gi OrpaHKqeHH811 H Heoco

J CíeHH8n. EcJIH CibI [Gi' Ai+1-~i]'Qi CíHJI8 ocoCíeHHoA, TO onep8TOp Bi i 
B COOTBeTCTBHH c (2.5) 6blJI 6ht HeOI'p8HUtieHHbIM. 

I, 

12 I :i 

http:Pk'Qk-1)=(-E).B�


'I'eneps IT'jCTb 1\.i - ocoõeaaan , a G - aeocoõeanas. MaTpHl'br.i 
CJIe,l\OBaTeJIbHO, Bii OCO6 eHH8R • Ho B CHJIY OrpaHH"tIeHHOCTM Bii ' 

Ai , G. H3 (2.6) nOJIY"tIHM aaanorsoano npe,I\~eMY cnyuao , "tITO 

MaTpHl\bl 1[Ai' Gi- 1 - ~i lqi Orpalivrtl:eHHble H aeocoõeaaae. CJIe,IJ,OBa-

TeJIbHO, B COOTBeTCTBHH c TeopeMO~ EaHaxa,npHMeHeHHOW K onepaTopHhIM 

ypaBHeHeHHRM (2.5) ~I (2.6), nOJIyq~M, "tITO c~eCTBYIDT H orpaH~eHb[ 06
-1[ ]-1 -1[ '" ]-1paraue MaTplil'hT qi' Ai' Gi - 1- 3'i li qi' G{ L\. i+1-;ri 

OTC~,I\a li li3 paBeHcTB (2.15) li (2.16) CJIe,IJ,yeT, "tITO Bii+1 H B i i- 1 

Heoco6eHHbIe MaTpliUbI. 

OTMeTliM ,I\aJIee, "tITO c yqeTOM (2.1), {2.2), Kor,I\a MaTpHl\hI B i i 

Ai, Gi - Heoco6eHHhIe li OrpaHH"tIeHHhIe, li3 (1.27) B TeopeMe 2 liMeeM 

CJIe.I\YlOII\lie BbIp8.JleHliH ,I\JIH B .. : 
i ~ j lJ i ~
 

B .. = ( - E) i+j • q.-1 . [ G.·11. + 1- ~ Q • 1- 1
• G . . rl .J\. k' rl (. -1 )
-1 

lJ 1.1 1 1 1 Pk qk-1 
k=j+1 k=j+1 (2.17) 

i ~ j -1. j j 
i+j -1 [ 1. n -1 n -1B.= (-E) ·CJi · i\i·Gi-1-~i ·L\i' (rk·qk)lJ Gk_,'
 

k=i+1 k=i+1
 

Teneps , KaK BH,I\lfO xa (2.17), eCJTI1.11 i -oco6eHHaR,' a G. - aeocoõennaa 
1 

Ma~pHI4bI) CJIe,IJ,OBaTeJlpHO. B - ocoõemraa MaTpliQa, TO B (rrpa. j ~ i )ii i j 
H (rtpa k ~ i ) HBJl.HIO'l'C.fI OC06eHHhIMH MaTpHqaMH. AHaJIOrH"tlHO 3TOBk i 
My 6YJ1YT TaRJKe OC06eHHhTMH Ma'rpHQbI T3.. (npa i >/ j ) H B. (npx

lJ kl
 
k ~ i ), eCJIH 6Y,l\eT oco6eHHOH MaTpI1QÇl C;. li Heoco6eHHOW .i\. (B


1	 1 

CJIe,IJ,OBaTeJIb~O) B - oco6eHHBR MaTpHl\a). TaKHM 06paSOM, OnHpaHCb
i i 

Ha JI~MMY I,B~e MW gOKa3aJIH ~aKTH"tIeCKH CJIe,IJ,~II\HW B~HblH peSYJIbTaT. 

JIeMMB 2. 
1). Ecna A. - Heoco6eHH8.H, 8 G. - OC06eHHa.H, TO B .. 

~	 ~1·.1 ~ -1
ocoõeanaa MaTJnm;a, HO B.. l=(-E)·ql· .Fc..1\.. ,-r'.] . (r.11+ . L 1 1+ 01 1+ 

- aeocoõenaaa, -a B . .(npa j ;;;, i ) H B (npa k ~ i 
1J	 k.1 

MaTp~bl. 

2). ECJIki 1\. - ocoõeuaas , a G. - aeocoõeaaaa , TO 
1 _,. 1 -1 -1 

aaa M8Tpm:J;a, HO B .. l=(-E).q. ,[.I\ .. G. 1 -r.] . (p .. q. 1)11- 1 i .1- U.1 1 1

-Heoco6eHHWI, a B .. (npa i -!- j ) H B. (npa k >. i
lJ • k í, v 

M8TPHl\bl. 

_1 11 

l· q · 1)1+ 

) OC06eHHble 

B .. - ocoõen
11 

) - ocoõe-orse 

3). EcJIH B.. -oco6eHH8R MaTpHQ8 ( .A. -ocoõeasaa HJTH G . 
11 1 1 

ocoõeaaaa MaTpRUa), TO MaTpHl1,b1 Bit-' i+1 H B i_ 1i-1 O,I\HO-

BpeMeHHO oco6eHHUNM 6blTb He MorYT. 

.)J,aJIee (1.27) B reopeae 2 .rr.JIR l~j npe,I\CTaBHM, ecna tBil 

A i' Gi J - aeocoõemrue Marpnuu , B BH,I\e 

., j j 1 
l+J -1B i j = ( -E) • Bii. n Gk -1 •n (r k . q k - ) -1 -1] 

k=i+1 k=i+1 

[ (-E) .Bil'Gi• (ri+1· qi+1) • 

(2.18) 
J J 

'(-E) (i+j-1)'(ri+lq~:l)-l.n G~~l.n (rk·q~l) i ~ j 

k=i+2 k=i+1 

1-'1 aHaJIOrHtlHO i i ] 
. . -1 -1-1i]~"~

I ~ B .. =(_E)l+J• B .. ·n jl-~.f) (Pk· qk_1)=[(-E)'B ·i1i ·(Pi· qi-1) (2 19) iilJ llk=j+1 k=J+1	 • 
~.: 

i-1 i.
i+j-1 -1 -1 n -1 n -1 . .

(-E) • (P i' qi-1)' i\.k' (Pk' qk-1) ,npli 1 >J • 

k=j+1 k=j+1 

IWCTb Tenepb B (2.18) - oco6eHH8S1 MaTpHQa H3-3a -oco6eHHoABi i	 Gi 
(B CHJTY 

3yeMcSI B 

TOr,IJ,8 
i f. j 

B .. = 
lJ 

_
-Bii+ 1 ' (-E) • (r i+1 ·qi+1)· Gk_ 1' (r k ·qk ) 

k=i+2 k=i+1 

QyCTb D (2.19) A. -oC06eHHaR, a Gi -Heoco6eHHaSl MaTpH~, CJI8,IJ,OBa
1 

TeJIbHO,	 H3-38 Ai -oco6eHHoA. Tor,IJ,a, BOC-Bi i-.oco6eHH8fi MaTpHQ8 

nOJIb30BaBillHCb (2.2) H JIeMMO~ 2 (nyHKT 2)) B npe~CTaBJIeHHH (2.19), 
6Y,IJ,eM HMeTb 

. .	 i- ~ ~ 
J.fl -1[ ]-1 i+j-1 n 11-1 n -1

B .. = (-E).q .. i\,·G·_ 1 - t- .(-E) • .I.l. k • (P k·qk-1)= (221)
lJ 1 1 1 1 k~j+1 k=j+1' • 

i -~ i.. 
i+j-1 -1 -1 rl -1 n -1 

_ ·(P i · q i - 1 ) · ' (~k·qk-1)BÜ 1·(-E) A k 
k=j+1 k=j+1

.1 
I 

MTaK, c y-qeTOM neMM I H 2 H npe,IJ,CTaBJIeHHA (2.20) H (2.21) Mbl ~KTH~ 
"tIeCKH Mo~eM C~PMYJIHpOBaTb TeopeMY, KOTOpaR SlBJISleTCSI o606II\eHkieM

ir 
TeopeMN	 2 Ha cJIyqaA, Kor~a HeKoTopble KBa3kiMHHopN MaTpHQbl c (1.26) 
o6p~aDTcfi B HYJIb. 

1 TeopeMa 3. QyCTb c -Heoco6eHHaSl KB83H~HarOHaJIbHafl M8TPHQ8 BH,IJ,8 
, ~ 

(1.26), M8TpH~-6JIOKH {qil,:=l ,frfPd :=2 KOTOpoA HMeDT 

O,I\HHaKOBbl8 p83MepHOCTH H SlBJI~TCSI Heoco6eHHblMH, Tor~a MaTpH~-6JIOKH 

B = (~-l)U npe,IJ,CTaBJI~TCf[ B BH~e:1'1 i j .J 
/" 

npe,IJ,CTaBJIeHH.fI (2.1)),HO A i - neocoõeaaaa MaTpHl\8. BOCnOJIb

(2.18) BNpWKeHHeM (2.1) ,IJ,JIfl H y-qTeM nYHKT 1) J1eMMbl 2.Bii 

-1 [ V ]-1 i+j-1 nj 

-1 fl
j 

-1(-E)·qi .	 GiA i + 1- Oi . (-E) '. Gk - ' . (rk· qk ) 
. k=1+2 

1
k=1+1 (2.20) 

. .	 j J 
1+J-1 -1 -1 n -1 n -1 

I ~ 15 



-1 -1 X')

lJ i . (1l.1+1 + Gi_t-E) , ecmr 1\i 11' G - ueocoõeimue MaTp~mh~, -1 -1 -1.


i r~e Â i +1=E- , ai ' A2=E , ,1=2,3, ... ,mA i Oi=(Pi·qi-1)· (ri·qi ) 

-1 rv -1 (' 6)q. ,(G··i\·+1- r·) .G. , ecml G.-oco6eHHaR B .. -oco eHHaíT ~ noi=j -1 ~ "- -1 -1. ( 2. 25) 
:1 1 1 1 1 A. -!~eoco-6eHHaH MaTp~Ila, (2.22)B .. = ·O _ (i=(ri+1'Qi+1)'(Pi+iqi)' 1=m-1, .• ,1.Il G i_ 1=E-Gi i, Gm 1=E,-~ -1 1
 

q .i· <Ai' Gi-"-~í) '-"i ' eCJUf Gi. - Heoco6eHHaRtB ),

ii-Oco6eHH8R 

A T8KJ1e:
HO Ai - OC06eHHaR MaTP~'!T.~a; 

EcJIM L1k - oc06eHH8H MaTpML~8, TO i\k+2=E- U\k - tk ) -1.11k· Ok+1 ' (2.26) 
. . 
I.- l. det (L\ k - 0k) I- o ,.fik + 1 - Me onpeneneaa, HO S8TO onpeneaexo 

r (E\i+j B ·n f\-1·n( -1) '. Ó 
- r • ii . k . • eCJII1' J~l, J'i~1Gi-HeOCO eH- npOH3Be~eHHe L\.kAk+1 =Ak-dk' k=2, ... ,m ,det(.A k _ 1 ) I- o li A k - 1Pk·qk-1 

1\ 

k=}+l k=J+l
 

HHe M8-'J'pVlU,bl ===?Bi r: neocoõeanaa MaTpI-ma, ' (2.23) - orrpe~eJIeH8 B (2.25)
 
,..... -1 '" 

EcJIH Gk - oco6eHH8H M8TPHQ8, TO Ók ) tk-1 ' (2. 27~j J 

i+j n -1. n -1 " Gk_ 2=E- (Gk - • Gk•
B = (-E) ·B .. · (rk'qk) eC,JIVlJ>,.-l ,L1.11G.-.Gk - 1ij llk=i+l k=i+1 ' 1 1 det (Gk - rk ) 1-0, - Me onpeneneae , HO 38'1'0 onpeneaexo npOM3

neocoõeimue M8TpVllTb! > B
ii 

- neocoõennaa. MaTpVlUa; Be~eHMe =

Gk- 1 -tk , k=m-1, ..• ,1 , det I- oGk' Gk- 1 Gk (Gk+ 1) Gk+ 1

- onpe~eJIeHO B (2.25) . 

AOK8SBTeJIbCTBO TeOpeMH, K8K ~e rrOKa38H0 B~e, B OCHOBHOM HaMH YEe 

BHnORMeHO.H OCHOB8.HO Ha ~OKaSaTeJIbCTBaX TeOpeMH 2, a Ta~e neMM I H 2. 
OCTaeTcH JIHmb BHnOJIHHTb HeKoTop~ aHaJIHS, HBnnromHAcH CJIe~CTBHeM oco

j j 6eHHOCTli KB83MMHHOpOB y B (2.24). OTMeTHM npe~B8pHTeJtbHO, qTO B 

-1 [ "': } - l} i + j -1 n -1 n -1 CJIyq8e HYJIeBHX KB8SKMHHOpOB Y M8TpMUN c (1.26) B~HCJIeHKe ~arOH8JIb-E)'q .. G .. A·+1-~· . (-E) . G .(rk.qk) , eC.J1V1 
1 1 1, 1 k=i+2 k=i+1k- 1' 

HHX 6JIOKOB Bi i (2.22) He npe~CTaBJIHeT TPY~HocTeA no cJIe~HM npM

i+1 ~ j sm u J\ - )·-ICOc.o6eHHaH, -ocoõenuan ~ Bi i"' oc o 6e HHa n ~HHaM. ECJIK onepaTop c (1.26) He Bupo~eH, TO O~HOBpeMeHHO BwpO~Gi 
. j Ma'I'pvIl18, ~eHHHWt Ai li .Gi npa JII06NX i 6blTb xe MOPYT (H8 3TOM lJlaK'l'e Mli 

i+j J -1 n -1 
(-E) .Bfi'n Gk- 1• (rk · qk ) , eC.JIH i ~ j Iof A - ocoõennaa , OCT8HOBHMCH oc060 B cJIe~eA pa60Te). CJIe~OBaTeJIbHO, eCJIH L\i

i 
k=i+1 k=i+l BbIpo~eHHaH M8.TpHQ8,·· a Gi ·-HeBh1pOM,D.eHHBJl:, TO BWUWJIeHHEl B i i ocy-


Bi j= ~ I Gi -.m06afl Heoco6eHHa.R =::;)B M8Tpl1rla, (2.2'1)
i Ioc06eHHafl ~eCTBJI.ReTCH no <IJoPMYJIaM (2.22)3)' Il)'1: 3TOM oneparop (111' Gi-1 - tri) , 

KaK yxe nOK8SblBaJIM Bume, onpe~eJIeH* , Orp8HKqeH H Heoc06eHH~. AHa
1+ j ni, 

1\- 1 • n 
L 

-1 . ,
(-E) .Bii·. k r! (Pk· qk-1)' eCJII1' 1~}VlGi-oco6eHHafl, JIorloflrnBJI cHTyaQHH HMeeTCH H B cnyuae , xor'na Ai -HeBblpOlt,IJ,eHH8f1, a Gi 

k=J+l k=}+1 
BHpo~eHHaH MaTpHl.U:i. Ha CaMOM nene , B 3TOM cnyuae BU onpenenaex 

r no (2.22)2)' nOCKOJIbKY Gi - onpe~eneH no (2.25). B CK~ HeBHpo~
l\.i. - .1Jl()6an Heoco6eHHa.R -.-> Bí i -oco~eHH8R Ma.1'pVlIJ8, 

v+ (" ~eHHOCTH A i onpenenea H OI"paHKtleH .J1 i + 1 , KaK nOK8SblBaJIH YJle 

j -1 ( "1 -1} i+j-1 n1\-1.n- -1 mxme, onepaTOp' (G{Ã.i+1-fi) - OrpaHKQeH K Heoco6eHHHR. OTMeTIDA(-E")'q.' J\..G·_ l -o' '(-E) . 'k (P . Qk - l ) '~ k1 1 1 1 k=j+l k=j~T T8fOKe, trTO Te xe caMHe oneparops ( G{Â i+1- f i ) H (Ai· Gi - 1 - õ'i) 
eCJIVI j+1 ~i~ m VI G.-Heoco6emlafl, /\. -oc06eHH8.H _~)li 1 1 BXO~HT B onpe~eJIeHKe 3JIeMeHTOa-6JIOKOB Bi j (2.24), Kor~a JIli60 G JIK60

iI B ..- ocoõeauas M8Tplll118 Jl i - OC06eHHbJe M8TpH~. ti, K8K BH~eJIM Bbl!lle, B 3'l'OM CJIyqae npa BHtlHCl 11 

JIeHKH (2.24) HHK8KKX npo6.rreM Ms-se 3Toro HeT.B i j 
tiTaK, RaM OCTaJIOCb ~R S8aepmeHHR ~OKaSaTeJIbqTBa TeopeMU 060CHO

1
Ba'l'.b ( 2.26) M (2.V), a 'l8KJ'le cnocoõ BlltIMCJIeH~UI 'ft..l\. ~ Hlf}
 

B " MOJteT 6bl'1'b BWlHCJIeHO B CJI~8e, xorna A. H ~ -1 k-j+1
Gi -Heoco6eHH~e,
T~íbie H no JIlo6ot\ MS <Ix>PMYJI (2.22)2) HJtM (2. 22~) k~1+2,~~1 • OTMeTHM npe~BapHTeJIbHO, trTO COrJI8CH~ TOJIbKO ~TO npM-

Be~eHHOMY BNlIIe 8HaJIK3Y 3JIeMeHTht-6nOKM Bii O~Ho3Ha'1H0 BbN~cJIlmTCH 

JEJ!10CKOJIbKy Gi -ueocoõexmrã , TOG i_ 1 .onpeneaea B coo'rBeTCTeJU'l c (2.25). 
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KaK B cnyqae Heoc06eHHh~ {Ai' Gi } , TaK H B cnyqae, Kor~a He-

KOTop~e H3 HHX flBnflIDTCfl OC06eHHHMH MaTpHuaMH H npH 3TOM flanfl~TCfl COMHO~HTenID H OH ocoóeHHhI~, TO HHKaH11X npOÓneM He B03HHKaeT. He BOS


orpaHl1't1eHHbIMH oneparopaan , ecna ÓYlJ.YT onpenenexa A H G HHlcaeT T8IOIte HHItaln'IX npoõnen, xor-na B YKa3a.HHhIX npOH3Be~eHHflX no O~

k+2 k-2B cnynae oc06eHHhIX i\.k H G COOTBeTCTBeHHO.

k 
.IlaJrea MeMeHTH-ÓJIOIW B .. (2.23) TaIOKe O~H03Ha'tlHO BbltU1cnmoTefl

1.J 
H OrpaHH'tIeHH,eCnH tG. H A.(- HeocoóeHH~e onepaTopH. Mcxo~fl 1131. 1.J 
onpe~eneHl1fl 3neMeHTOB-ónOKOB B.. (2.24) B c~ae, Hor~a HeKoTop~e 

1.J 
H3 MaTpl1~ { Gk,.A} - ocoõemiae, Bl1~HM, tITO OHl1 BbIpaJKBiJTCfl xepea 
orpaaaueaaae onepa:opbI {B .. , [G. -.!l. - r J -1 

-1,..-L, -1 1.1. L 1. 1.+1_ 1 1. 7 

qi' f.l (rk·qk) H rJ (Pk,qk-1 ) J ' a 
k=1.+1 j k~?+1 j 

.0nepaTopOB n G~~1 = A G~1 , n G-~ 
L-1 -1 k=i+2 i _ k=i+1 k=i+1 kn. A k ,ni\. k 1 , xo-ropse ~OJDlt~ 
K'Jtj k=j t 1 

[ J\. . G. _v".]-1 
l 1.-1 01. 

TaIOKe npOH3Be~eHl1fl 
j-1 

= n G- 1 ~ 
1 k=i k 
ÓbITb OrpaHH'tIeHHhIMH, 

B cHny TpeÔOBaHHfl OrpaHl1tIeHHOCTl1 3neMeHTOB-ónOKOB B.. , ReK BH~11M 

113 onpe~eneHHfl YKa3aHHbIX npOH3Be~eH~A onepaTopOB (I.3r2) H (1.31), 
, OHH ÓY~T orpaHl1tIeHHblMH, eCJUI { G 1Jj-~. VI f j\ k- 1} ki : ~ ,1.' 

k- k:vH,L '1. J+ 1 

-OÓpaTHbIe onepaTopbI npH ~ÓOM K 113 YKa3aHHbIX nHTepBanOB, OrpaHl1tIeHbl, 
tITO COOTBeTcTByeT cnyqaro (2.23), O~aKo B cnyqae (2.24), T.e. Kor~a 

aexoropae 113 !\ 11 G B YKa3aHHhIX BbIIlIe l1HTepBaJIaX l-1SMeHeHHfl HH,IJ,eKk
 
ca k OKa3blBaJOTCfl OCOÓeHHbIMH, yxaeaaaae np0113Be,IJ,eHMfl HyJK.IJ.8.lOTCfl B
 
~oonpe,I\eneHVll1, B cany HeOrpaHHtIeHHOCTVI A~1 VI G~1 , tITOÔH
 
MaTpH~bl B,. (2.24) OCTaBaJIHCb Ó~ orpaHlilIeHHbIMH.


1.J 
MTaK,paccMoTpHM Óonee nO,I\pOÓHO 

L\ H Gk -M~TpHq 3TH npOHSBe~eHHfl 
J-1DiG~1 ,eCJII1 i ~ j , 

j-{ -1n Gk ,eCJIl1 i + 1 !: j , ,. 
k=i+1 

rl i\~1 , eCJIH f i	 (2.29)
k=j+1 

nA~1 ,eCJIH j +1 ::: i .	 (2.29 )' 

k=j+1 

,nnR n~ÓoI'O i=j H i+1 =j ,eCJIH B YKaSaHHbIX npoaaeeneaasx (2.28) 
H (2.28 )' ocoóeHH~~ flBJIfleTCfl TO~bKO MaTp~a G., 3TH npOH3Be,I\e

1. 
HHR B COOTBeTCTBHH c onpe~eneHHflMH (1.32) 'pSBHU T01K,I\ecTBeHHoMY orre
paropy E ,T. e. B COOTBeTCTBHH c (2.24), (r. 34) B,. =B. . 11JIH 

. 1.J 1.1. 
Bij=Bii+1 ' KOTopble OrpaHHtIeHhI H 0~03HatIHO onpe~enHMH, KaK 

nOKa3aHO paaee , AHMorWIHafl cHTyaqHfl B03HHKaeT Hxor'na j=i B (2.29) 
H 1=j+1 B (2.29 )', T.K. B.. H B .. 1 TaIOlte onpeneaeaa. TaKHM . 1.1. 1.1.
06pa30M, Kor~a B YKasaHHblX npOHSBe,I\eHHflX KMeaTCH nHIDb no O,~OMy 

B cnyqae ocoÓeHHocTH nroÓo~ HS 
oneparopos 

(2.28) 

, 2. 28 

HOMY He9co6eHHOM,Y COMHO~HTeJIro. Ha caMOM ~ene, npH j=i+1 HS (2.28) 
,-/o, -1 -1	 (HMeeM I I Gk = Gi ,HO rcrna B COOTBeTCTBHH c 2.24) i1 -ocoi 

ÓeHHaR,k=1a Gi -HeocoÓeHHafl. flH60 npH j=i-1 ~s (2.29) ~MeeM 
~ -1 -1
I .J A k = J1 i , HO B COOTBeTCTBHH c (2.24) ror-na G. -ocoõeaaaa, 

K'L 1. 
a Ai - Heoc06eHHaH. 

flyCTb reneps B Ylcas8HHbIX npOH3Be,IJ,eHHflX (2.28)+(2.29) Óonbme 
tIeM no O,l1,HOMY COMHOJltl1TenlO, cpena xo-ropsx eCTb oõparnae Ie B1:lpoJl{,l1,eHHblM 

onepaTopsM. KaK B~~UM,H3 3THX npoH3Be~eHHA B no~oÓHoM cnyqae ~OCTa
TOtIHO npoaHanHsHpoBaTb nHmb npoH3Be~eHHfl 

j-~ L 
-1n Gk nl\- 1	 (2.30) 

.k=i 11 
k=J+ 1k 

KaK ÓblJIO nOKa3aHO B neMMe I, ecna onepavop Ak orpaHHlleHHbl~ 11 BblpOJl(

AeHHhIA npa OrpaHH'tIeHHOM ' TO Â k - - OI'paHH'tIeH~t\ He BbIpo~eHBk k 1 
HbI~. C ~pyro~ CTOpOHbI,B COOTBeTCTBMH c (2.25) onepaTop A + B 3TOM

k 1 
cnyuae Óy~eT HeOrpaHHt:feHHhIM (M3-3S HeOrpB.HH'tIeHHOCTH 1\~ 1 ), ecna 
ero onpe~enflTb B COOTBeTCTBHH c rrpoqeccoM (2.25). ~yr~MH CnOBaMH, 

npouecc onpeneneaaa f i\.kJ (2.25) "npepuaaerca" 113-sa HeB03MOJKHOCTH 
onpe~enHTb Â k + 1 , t:fTO C03~aeT H3BeCTHble TPY~HOCTH npH el'o B~HC
neHHflX Ha 3BM. Ho 3TY TPY~HOCTb nerRO npeo~oneTb M3-sa Toro, tITO HeM 

HYJKeH ae caa onepa TOp i\.- ~ ,a npOH3B~~eH~e lt .A~ 1 , S 
TaKJlte oneparop i\.k+2 ,tITo6hI npO~OJDIHTb .nponecc (t 25). I103TOMY 
npe~cTaBHM npo~ecc (2.25) ~fl {Ak) B BH~e 

=J\k-Ok •	 (2.31)L1k·A k +1 

Ms (2.31) cne~eT, QTO,HeCMoTpfl Ha TO, tITO He y~aeTcH flBHO onpe~enHTb 

!l k+1 ,HO npOH3Be~eHHe Lik . J1 k + 1 ecrs OrpaHHtleHHbl~ oneparop, 
B cany OrpB.HI-NeHHOCTH Â H 0k A~:1' A~1 = (A - O) - 1 k	 k k 

-	 eCTb OrpaHHtIeHHhrtt, oÓpaTHhI~ O1I8paTOp. 113-3a OrpaIUl't18HHOCT11 Bi j . 

B COOTBeTCTBHH c onpeneneaaex (1.31) HMee~ 

L 
- 1 /I. -1 . " -1 ,,-1 1\ -1 . A-1 , ,,-1nAk = LL i L\.i-1· L\i":2 .•• L\. j+3 j+2 li. j+1 ,eCJIl1 

k=j+1 
Tenepb,npoBO~R 8.HaJIoramioe pacc~eHHe,KaK H BblIDe 
HOCTH r Gk}, nponecc (2.25) npe,l1,CTaBHM B BH,l1,e 

. = - O' k •Gk Gk- 1 GkI 
~3 (2.33)·Ta~e cne~eT, 'tITO,HeCMoTpfl Ha TO, tITO 

onpenemers G , HO npOH3Be,I\eHHe Gk 1
k-1	 

Gk' 

. . 
1. > J (2.32) 

~fl nocne~OBaTenb

(2.33) 

He	 y,l1,aeTCR flBHO 
eCTb OI'paHHt:feHH~ 
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onepaTOp, B CH~Y OrpaHaqeHHOCTH Gk H ~k ' c~ecTByeT 
-1 -1 ~-1

OrpaHKqeHH~~ OCipaTHHn Gk = (G Ok) H3-Sa OrpaHKqeHHOCGk- 1' k-
TH B i j • B COOTBeTCTBHH' C onpeneaenaeu (I. 32) HMeeM 

j --í n -1 -1 -1 -1 -1 -1 -1 .' )
Gk = G .. G, +1 . G, +2' " G, 3' G, 2' G. 1 eCJIH ~ < J • k=i 1 1 1 J - J - J - • (2.34 

~ee OTMeTHM, ~TO BXO,IJ,~He B npOH3Be,IJ,eHHR (2.32) H (2.34) B COOT
BeTCTBHH c onpe,IJ,eneHHRMH (1.31) H (1.32) noc~e,IJ,HHe ~neHN noC~e,IJ,oBa

Te~bHOCTen {L1 k J H {Gk} (T.e. Ai H Gi ) H6 MOrYT CibITb OC06eHHblMVI 

B CHJIY (2.24). {J--! 
- 1 -1nB npOTHBHOM CJI~ae npOH3Be,IJ,eHHR n. A k H, G 

kk=J+1 k==l 
6&nH 6~ HeOrpaHaqeHHHMH. a 3TO,B CBO~ o~epe,IJ,H,rrpOTUBOpe~UJIO 6~ orpa-
HHQeHHOCTU B i j (2.24). ~ B CHJIY neMMH I B rrpoH3Be,IJ,eHuRX (2.32) H 
(2.34) TpH cocenaax ~JIeHa noc~e,IJ,OBaTeJlbHOCTH {.A } H {G 3 TOJKe

k k 
OC06eHHblMH 6NTb He MorYT. ~3 3THX pacc~eHVIn c~e,u.yeT, ~TO npoHSBe
,IJ,eHHR (2.32) H (2.34) MbI MOJKeM Bcer,IJ,a onpe,u.eJIHTb, BocnonbaOBaBmHCb 
(2.31) H (2.33), B CJIyqae, Ror,IJ,a BCTpe~aroTcR oc06eHH~e MaTpH~ Ã 

k
 
H Gk HeaqBHCHMO OT Toro, CiY,IJ,YT oc06eH~ UJIH Heoc06eHHbIMH A j+1 H
 

Gj _ 1 B'(2.32) H (2.34). 

~TaR, B 3aBepmeHR~ ,u.OKaaaTeJlbCTBa TeOpeMH nOKameM cnpaBe,IJ,JIHBocTb 
npe,IJ,CTaBJIeHUn (2.26),IJ,JIR A k +2 H (2.27) MR G

k- 2 • B cnyuae oco-
CieHHoro A k -oneparopa , KaK ytKe nOKaS~Ba.n:H BblIIIe, Â - - neocoõea

k 1
 
HHR H OrpaHKQeHHNR H onpe,IJ,eJIReTCR no (2.25). ~R onepaTopoB A +


k 2 
H Ak +16y,u.eM HMeTb B COOTBeTCTBHH c (2.31) 

• (~5) -1 -1[ J
Ak +( L1k +2 == A k + l - 0k+1 -- (E-"k'~) - ~k+1 =.1\ ' U\k - ~k) -.L1.j{ Ok + 1 

OTKy,u.a nOJIyqaeM 

I1 k ' !t k +1 ' Ã k +2 == <Ak-Ok) -.l\'(k+1 . (2.,35) 

AHaJIOrKQHO ~R nOCJIe,IJ,OBaT~bHOCTH {GkJ nOJlyqaeM. eCJIH G _ 

ocoCieHHaR MaTpHqa, TO 
k 

== (Gk - r ) -G r -Gk, Gk- 1, Gk- 2 k k· 1 (2.36)k 

EcJIH Tenepb BOCnOJIb30BaTbCR B (2.35) onpe,u.eJIeHHeM (2.31), a B (2.36) 
onpe,IJ,eJIeHHeM (2.33), TO nOJI~aeM B CHJlY 

det (/\-Ok) f o H 'det(Gk-~k) f o 

1\+2 == E-(j\-tk)-1.Ak·~k+1 H 

-1 (2.37). A- ~ 

.. Gk - 2 == E - (Gk - ok ) ,Gj( r 
k 1 

I1T8K, TpO~OnIDH1U nrp8H~~eHHOCTl1 3JIeMeHTOB-CiJIOKOB B,. (2.24) npase
1J 

JIO K onponononan nrpamtlteHHhIX MaTp~u,~ L\.k+2 VI G
k- 2 

(2.3'7) , 
ICOr,I\8 Ak H t:k - OC060HHh/e, a TalORa onpenenemno npOH3Be,u.eHHn (2.31) 
~ (2.33), XOTfl COMH A H G B 3TOM CJIyqae He onpe,u.e~eHH

k +-1 [<-1 • 
B COOToeTCTIlHH c npoqecC8Ml1 (2.2b). ,LI,oKaSaT8JIbCTBO TeOpeMhl 3 saBep

~. 

3aMe~mme 2. Via pe3YJlb'l'8TOa, noJt~eHHhrx B ,IJ,aHHoC\ pa60Te, CJle,u.yroT 
(KaK MO»tHO 3'1'0 )'CT8HOBHTb) pe~'b'l'aTbI ,Mil CI(llJIRpHOrO cJIJ'1'Iall /1-3{xpoxe 
TeOpeMbl 7 a/21. Teopeaa 7 B , TOIntM 06pElSOM, xaparcrepaa TOJIbKO ,IJ,JlH 
CKaJIllpHOrO CJI~aR. 

3aMe~aHHe 3. np~ ~HCJIeHHO~ peaJIWa8UHH aJIrOpHTMEl, CJle,IJ,YlO~ero 

VI3 ,u.0I<a3aHHO~ BhIlIle reopeau 3, Ha 3BM, .r~HarOHaJIbHble CiJIOlm-MElTpHl.\bI 
{ su} ~==1 BbItIVICJI.fIIOTCfl YCTO~~HBO IC oum61CBM OIcpyrJIemtll HEl 3BM npa 

t/I tkll ~ 1 H 11 i'k/I ~ 1} ~=2 ' OmH61m Il B~l1CJleHHH Bi j 

npa ih ae npeBOCXO,IJ,RT oumCiolc ' eCJlHBU. .L J J .. 
1 nL -1 n -1 II i>j

,Ak . , (Pk' q k -1 ) ~ 1 11 \\ n G~~1' n (rk · q~1 )ll~~ (2.38)
1I k==J+1 k==J+1 k==1+1 k=1+1 

,u.~H (2.23), AHaJIOrHQH~e YTBe~eHHII JIerRO nOJI~8IDTCR H ,IJ,~II CJI~8R 

oc06eHHbIX KBaSHMHHOpOB 11'3 (2.24). O~eBi1:,IJ,HO, YC~OBH~ (2.38) y,u.oBJleT
BOpHIDT Bce M8TPUQH c ,IJ,HBrOHaJIbHHM npe06JIa,u.aHHeM, COCTaBJIRIO~He no,IJ,
MHo*eCTBO Bcex paccMaTpHB8eMNX H8MM MaTpl1Q BH~a (1.26). 

3aKmoQeHHe 

OCHOBHO~ ueJIblO H8cTo~e~ Pj60T', K8K y*e OTMe~aJIH B~e, 6&n0 
0606~eHHe TeopeM , nOJI~eHHbIX B 2,3 H8 cJIyqaR KBaSl1TpeX~HarOHaJIbHNX 
MaTpUQ. B pe3YJIbTaTe ,IJ,OKa3aH~ Teope~ 1,2 H 3. B KOTOpbIX nO,IJ,p06HHM 
o6pa30M aHa.n:HsHpyeTcfl CTpYKTypa onepaTopoB,06paTHHX K KBa3HTpeX,IJ,Ha
rOHaJIbHblM. Oc060e MeCTO saHHMaeT reopeaa 3, B IWTOpOn, nO-BH,IJ,HMOMY 
anepBHe,npe,u.no*eH8 KOMnaKTHaR YCTOn~HBaR cxeM8 06p~eHHR RBasHTpex
,IJ,HarOHBJIbHbTX oneparopos , xexo ropsre HS' lCBa3HMliHOpOB lCOTOpbIX 06P81qaIOT
CH B HYJIb. 

ABTOpbI HCKpeHHe rrpH3HaTeJIbHbI ~~eHY-KoppecnoH,u.eHTY AH CCCP
 
H.H.rOBOpYHY sa no.u..u.e~KY HaCTo~ero QHRJIa pa60T.
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EMenh1'IHOJU<O r.x., PllxMonoD T.T.	 PII-86-504 
o cBoAcTDllX CKCT8M nHHefmbJx ypaBHeHHi\: c HeOCOÕeHHblMH 
Tpexp.HaronaJ'l h HblMH, neKTot.tHbIMH H KBa3HTpexp;HarOHaJIbHbIMH 
MaTpH~aNH. CnoACTD8 MaTpH~, oõpaTHwx K KBa3HTpexAHaroHarrbHb~ 

HsnomeHhl OCHOBHble peaym.rarsr oõo õutetraa aerpanauaoaaor-o 
nOAxo,o;a/ 1•S1 K H3yt1eHHIO CBOHCTB onepa'ropoa , oõparasrx K Tpex
AHarOHanbHWM, Ha cnyt1aH onepaTopoB KBa3HTpexgHarOHaJIbHOH 
CTPYKTYPW. ITonyt1eHW KOMnaKTHwe YCTOHt1HBWe CXeMbI oõpa~eHHH 

TaKHX onep a-ropo a KaK B cnyxae ncex OTnHt1HbIX OT HynH KBa3HMH:
HOpOB, TaK H B crryxae , xor-rra nexo-ropsie H3 KBa3HMHHOpOB oõpa
~aJOTca B HYJlb. 

Pa60Ta asmormeaa B Jlaõoparopnn Bblt1HCnHTenbHoH TeXHHKH 
" aBTOMaTH3a~HH OHRH. 

,npOnplUlT OÕbeAHHeHHoro HHCTHTyYa JIJl.epHhlX HccneAOBaHHH• .1ly6Ha 1986 
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Ernelyanonka G.A., Rakhmonov T.T.	 PII-86-504 
.	 On tho Proporties of Systerns of Linear Equations 

with Nan-Singular Trídiagona1, Band and Quasitridiagona1 
Matricca. Tha Properties of Inverse Matrices 
to Qunoitridiogonal Ones 

Tha m4in rasults on genera1ization of non-traditiona1 
appronch to tha invsstigation of the properties of inverse 
aperntoro to tridingonal in the quasitridiagona1 case is 
givon. Tho compnct atable schernes of inversion of such ope
rators bath in tho case of alI nonzero quasirninors and in 
tho caao whon Domo of the quasirninors becornes zero are 
obtllinod. 

Tha invoBtigotion h4B been performed at the Laboratory 
of Computing TQchniquoa and Automation, JINR. 
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