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lfuK H3BeCTHO, SKCTpanO~R~HH npH6~~eHHA Ha nOCHe~OBaTenbHOCTH 

CeTOK n03BonHeT nO~HTb 60Hee TOmiOe npH~~jHHe H B HaCTO~ee Bpe

MR mHpOKO ITpHMeHHeTCH ~H pa3HHQHHX 3a~8q 1,2 . B ~aHHo~ pa60Te pac

CM8TpHBaeTCH MeTO~ sKcTpanonHqHK no PHqap~coHY ~H Ky6HqeCKKX cnna~

HOB c nocne~HM npHMeHeHHeM erO.K pemeHHD KpaeBHX 3~aq ~H 06~K

HOBe~ ~H~peHQH~b~ ypaBHeHHA BToporo nop~Ka. 

l. QyCTb SO(x) - KY6KQeCKH~ HHTepnoHR~oH~ cnHa~H Ma ceTKe 

L1N~ a=x~ < x1< ••• c xNo'" b ~n ,D.OCT8TOqHO rJI~KO~ WHKQIUi u(x) • 

CqHTaeM, qTO ceTKa ~NopaBHOMepHa C marOM h =(b-a)!N • ~onOHo o 
HRR ceTKY L1 No TOtlK8MH x_ 3 < x_ 2 < x_ 1 < x~ , fNo<XW+1<~+2 < ~+3' 
npe~CTaBHM cnxaRH B BM~e pa3JIO~eHH}l no 6a3Hcy/ 3 : 

N +1 o 
SO(x) a L o< j ~ (x) , (I ) 

j-1 

rne B (x) - 683HcHHe B -cnnaRHU. )J)rH KostIxllHUHeHToB npencrasnenaaj 
( I) orrpaserçraso 

2
0<.1" Si - ~ Si"a, i a O, 1 , ••• ,N (2)o 

h 2
 
.. Ui - b Si"
 

YcnOBKfl HHTepnOJIRUMH ~aDT ypaBHeHHR 

Dt.i_1 + 4ol.i + cX- 1+1 " 6u1 ' i mO, 1 , ••• ,N o · (7§
rrpe~nO~aI'aeTCR, qTO 3~aHti KpaeBHe YCHOaMn O~qOI'O M3 THnOB 1-1Y I. 
~3BeCTHO, 'tITO Si n annpoxcaxapyer Ui c To~rnOCTbD O(h2) • I1oSTO

MY H3(2),(3)flCHO~O ~H ~OCTaTOqHO rn~KoA ~K~KH u(x) pemeHHe ypaB

HeHHH (3) MOMHO MCK8Tb B BM~e 

i
 
h 2j 2jd + O(h2 e 2 )
o(, i .. h ui j + , l?-o ( 4) 

j-o i ..O,1, ••• ,N. 

rrO~cTaanHR (4) B ypaBHeKKe (3) H OT6paCHB8R qHeH O(h2t o 
+2 ) , no.ny

qHM CKCTeuy ,ItJIH HeM3BeCTH1JIX kosqiflHUKeHToB d :j 

1 1~'1-Je!btieÜH~i~ GHCnrryr \ 

lle~BiaI titc~enOSium~ f 
C,Mt:.. nf,:~r"1T~H IA J 



6d = 6 o 
( 5) 

do + 6d 1 ... °
 
1 1


2(~o + ~1) + 6d2 ... °
 
........................
 
........................
 
2(m)!dO + (2d-1)ld1 · + ••• + ~e-1) + 6de = ° 

Onpe~enHTerrb 3TOA CHCTeMH p8BeH ~ ... 6e+1~ 0, H n03TOWY OHa HMeeT 

e~HHCTBeHHoe pemeHHe. llpH 3TOM pemeHKe.onpe~errfieTCfi fiBHYM 06pa30M, 

Ha~KHafi C nepBoro ypaBHeHHfi 

1 1 1 .t?_
d2 ... 72 ' d) ~ , d 4 a - ~do=1, d1=- -; , 

H TeM C8M!iM M!ll KMeeM 

h 2 h 4 U h 6 n ~ y~~lDli ... Ui- ri + 72 UJ: - "FbT Ui ':".~ ui + •••• ( 6) 

i IZO, 1 , ••• ,N o • 

AH8nOr~H8fi ~pwyna HMeeT MeCTO H~H K03~~HeHToB nOK8nbHO-annpOKCH
MaUHOHHoro Ky6~ecKoro cnnaAHa/3,4 : 

1\ 1	 1 ~ 
t 

h 2k ( 2k ) o 2 e+2 (6' )di 1:1 b'(8ui-ui_1-ui+1)1Z Ui-jLTro!ui + (h ), 
k-O 

i=1,2, ••• ,No_ 1.. 

A ~fi K03~uHeHToB KBa3HHHTepnonHUMoHHoro Ky6wqecKoro cnnaAHa HMeeT 
MecTo/4/ 

2'" hci.i • ui	 - b ui, i.0,1, ••• ,No · (7) 

'~3 ~pYy~ (6), (6'), (7) cne~T HeKoTopHe H3BeCTHYe COOTHomeHHfi ~fi 

cnnaAHOB. B~acTHocT~, CBfi3H M~ K03~HeHT8MH 3THX cnnaAHoB 

BHpaEaDTCfi ~oPMYnoA 
1'\ 

O<i + o(i 6r"J 

~= cX. i + O(h), i-1,2, ••• ,80- 1 

PaCCMOTpKM Tenepb noCne~OB8Terr~HOCTb Bno.eHHSX ~yr B ~yra ce-
A n .

TOK uN" C maraMH ~ah/2 , n.O, 1.... • HCHo, llTO Y3JIH OCHOB-
HoR ceTKH !J. No HBJlfilDTCfi 0611\HMH NUI scex ceTOK Â Nn • IJyCTb Sn(x) 

nOCJIe~OBaTenbHOCTb HHT~pnOJIfi~OHHHX Ky6H4ecKKx canaAHOS Ha ceTKe 

Ó.~n ~fi !lJyHKQHH U(x) • llpe~CTaSHM KX B BH~e (1) 

2 

N +1 
n n 

Sn(x) ... ~ o{ j B (x) n=O, 1••••	 (8)
j 

~ 

~OPMYna	 (4), O~eBHAHO, CnpaBe~nHBa H ~nfi 3THX CnnaAHOB, T.e. 

i 
n ~. 2j (2j) D( 2e+2	 (9)d- i a L. hn Ui d j + ~ ), n=O, 1• •• e
 

jaO
 
i=O, 1 , ••• , No.
 

M3 (9) BH,I{HO, ~TO XOTficL~ armpoxcaxspyer ui C TOlIHOCTbIO O(~) , 

OKa3NB8eTCfi B03MO~ npH6nH3HTb ~KUHIO C nOMOlI\blD HX nHHeAHoA KOM
6HH8UHH C 60nee BHCOKHM nop~KOM TOlffiOCTH. ~eACTBHTeJIbHO, YMHo~afi 

(9) na HeKOTopoe llHcno r H CYMMHPYfi pe3YJIbT8rn no n OT O ~O f.,n 
nO.1Iyt:lHM 

e e t
L r eX, n ... L. u(~j )dj (L h~j rn ) + O(h~ei:2). cro: 

n ...O n i jaO n=O 

BH6epeM	 r~ TaKHM, llT06u BHnOnHfiJIHCb COOTHomeHHfi 
p.	 e. 

1 ( II)L On - , Lh~j(naO,j ...1,2, ••• .e .
 
n-O n-O
 

KaK H3BeCTHO, CHCTeM8 (11) pa3pemHMa, B llaCTHOCTH, npH ~_h/2/ / 
ee psneaae MeTeR B Ta6.7mUe I rrpa HeKoTopbIX pa3JIHtlHHX e 2,. 

Ta6JIHI.J8	 I 

e to r, O,t, t3 ti( 
I 
2 
3 
4 

rna p8.Me 'l'
pIi 

-1/3 
1/45 

-1/2835 
1/722925

h 

4/3 
-4/9 
4/135 

-4/830E 
h/2· 

64/45 
-64/135 
64/2025 

h/4 

4096/2835 
-4096/8505

h/a 
1048576/722925

h/16 

B pe3YJIbTaTe UH KMeeN ~PMYJIY .	 t 
ui - L r oL~ + O(h~e+2) , i-O, 1, ••• ,No. (12)n 

n.-O 

Ms (12) fiCHO, ~TO Ko~nHeHTH HHTepnOJIHQHOHHHX CnJIaRHoB npe~CTaBJIfi

DT C8MOC'l'OHTenb~ RHTepec C TO~KH speHMR annpOKCHM8UHH ~UHM, 

XO'l'H C8JOI CnJIaAHH TO~O ~SJ)T 3HalleHJIH 4JyHKUHH B Y3JIaX ceTKH. 
AH8.XOrwqHaR npone~a 3KCTpanOJIRUHM no PHqap~coHY HMeeT NeCTO 

3 



ARfl K03~KQHeHTOB KBa3HHHTepnOngqKOHHNX K nOKaRbHO-annpoKcHMaqKOHHHX 

Ry6Ht1eCKHX CItlIa~HO&. A ijM~HHO CnpaBe,IVIHBbI 

.4."""'1 1"-0	 (I3)ui = .,o{,i - "ali' i=O, 1, ••• ,No 

e ;\ n O 2t+2	 (I4)ui ... L.. Onali + (h ), i ...1, ••• ,No-1o
 
n=o
 

r~e t - pemeHHe CHCTeNH (11). 
Mfo~o anrrpoKcHMMpOB8Tb qeTHHe npoH3Bo~HHe ~qHH u(x) B Y3~0

BNX TOqKaX ceTKH c nOMo~bD.npoqe~~ PKQap~coHa. ~MeDT MeCTO ~PMY

n~: 

t 
U(2S) L ~not~ + O(h2 (i - s h 2 )	 , S...1,2, ••• e ,(I5)

i =~ 
h n=O . o d2S t	 i a O, 1 , ••• ,No 

U(2S) =_ ~~~S)! L. ~n d.~ + O(h2(e.-S) +2) , S...1, 2, ••• , e, (6)
i 

o	 n=o 
i=1, ••• ,N - 1 o -

r~e On - pemeHHe CHCTeMU 

~ - 2j =0, j =0, 1 , ••• , S-1 , S+ 1 , ••• , l- }	 O?)L onhn 
n.o 

~ y h 2S a h 2S 
L llnno' 

111020 
OqeBH~HO, CHCTeMS (I?), KSK H (11), HMeeT e~HHCTBeHHoe pemeHHe.
 

M3 ~PMYH (14), (16) MO~HO nonyqHTb HeKoTopHe ~PMYnY npH6n~eHHH
 

~YHKQKH U(X)H ee qeTH~ npOH3BO~~. TIpHBeAeM HeKoTop~e M3 HHX: 

4),
1) .2. = 1 ui'" t [-Ui _ 2 +	 4(ui_ 1 + u i+1 ) - u i+2 J + O(h

6 
2) t ... 2 ui'" ~ [ u i _ -20(ui_ 2 + Ui+2)+64(Ui-i+Ui'+1>+Ui+4J + O(h >, 4 

II u i_ 4 -17(ui _2. + u i+2) +16(ui_1 + u i + 1) + ui +4 + O(hY>, 
ui ... 

6h2. 

+4(ui_1 +Ui+ 1) + +u i+..1IV 
Ui_ 4-5(Ui-2 +Ui+2 )	 o(h2) .Ui = 

15h4 

3KcTpanon~R no P~ap~COHY OCYmeCTBHY8 H ~fl MHOrOMepHYX cnna~HOB. 

HanpKwep, 6KKY6KqeC~A ~nna~H KHacca C
2 (Q ) Ha npHMoyronbHHKe n 

npe~cTaBHu B BHAe/3	 . 

No+1 Mo+1 

S(x,y) •	 Bk(x) Br(y)·L L b k r 
k.-1 ra-1 

~fl paBHOMepHO~ ceTKH HMeeT MeCTO ~PMYna 2 2
 
h
h~ 20 e~ 02 t o o 22 

b i j • Sij - ~ D Sij - ~ D Sij + ~ D Sij 

rAe h o , to -. marK ceTOK no x H y COOTBeTCTBeHHO. OTCDAa RCHO, qTO 

AnH b i j HM88T MeCTO <I>opwyna, aHaJIorKtnlafl (4). 

2. Ha npaKTHKe qaCTO npHMeHfleTCfl Ky6Ht1ecKH~ cnnanH ARR qKCneH

Horo pemeHHH KaK 06UKHOBeHHNX AH~peHQHanbHWX ypaBHeHH~, TaK M ~'B

H8MBn B qaCTHHX npOH3BOAHHX. llpHMeHeHHe MeTOAa cnnanH-KonnOKaQHR 

'I 
(\\ ,!VIR ypaBHeHHR BToporo nop~Ka 06~0 AaeT npH6xKEeHHe, TOqHOCTb KOTO

poro HM8eT BTOpOn nOPRAOK. B KaQ8CTBe npHMepa paCCMOTpKM KpaeByn 

3~at.lY	 • 

Lu .. u" + p(x)u' (x) + q(x)u llII t(x) ,x f (a, b ) 
(IS) 

e1U .. o(1 u ( a ) + }1 u ' ( a ) a (.1 I,l2U • ~2U(b) + ~2U'(b) = Õ2 
rne q(x) ~ q <O , }1~ O , ~2 ~ O ,0<'1' cX 2 >0 • B 3TOM cnyqae 

c~ecTByeT eAHHCTSeHHOe pemeHKe S8AatIH (IS). flCHO, tITO acne t(x) , 

s(x) €. cr ,p E:. cr +1 , TO u(x) E Cr +2 la, b] • IlpK6mmeH

aoe peaesae 3~aqH (IS), mqeTC.R B BMAe Ky6HtIeCKOrO CMa~Ha (I), e rpe
6yeTcH BHnonH8HHe p6BeHCTBa 

o 
LSi a ti i .. 0,1,o ••• ,N ]o (9)

o	 ot 1S ( a ) .. ~ l' f 2S ( b ) ..	 y 2 . 

RaK H3BeCTHO/3/ , pemeHHe 3~aqH (19) c~ecTByeT npe ~OCTaTOqHO M~ 
marax hi,H HMeeT ueCTO CXO~MOCTb npH6n~eHHoro pemeHHH K TOtIHOWY co 

CKOPOCTbD O(h2 ) , T.e. 

I! SO - 11 C [a, b]" O(h~) ,	 (20)U 

KOTOpaR HeMe~eHHO B~eKaeT M3 COOTHomeHHA/' \\ 
ro( ~ - ui I.. o(h~) i.O·,1, ••• ,N •

\)	 o 

3~atIa (19), no CYTH,eCTb p8SHOC'l'HaR CXeM& OTHOCHTeHbHO K03~QHeHToB 

olj . H8TPYAHO BK~eTb, qTO npH ~OCTaTOqHO rX~KHX ~KQHHX P , q H t 

B~nonH8H~ Bca ycnoBHH Teope~ 2.2 /2/ AHH 3~aq (18),(19), H,cneAoBa

TenbHO, ,IJ)IR K03l1$tQHenToB cX,j cnpaaeaasao paaaoaeaae no qeTHl:lM erene
HfiM h o •.TaKHM 06paSOM, MN H~eeM B03MOEHOCTb npHMeHeHHR 3KcTpanonH

QMH no PHtlapACoHY. HanpHMep, Ha ABYX Ce'l'KaX c maraMH ~lIIIh/2n, n-O,1 

pelIIMY 3~aqy (19): 

4	 5 



CJIe~OBaTeJIbHO,LS~ ... fi i.0,1 ••••• N n 
n=0,1 (21) 118(x) - 3(x)/I C" O(h4 ) .
 

e Sn(a) ... g1 "2Sn(b)
 
a1	 r2 1 ITpHMeHRR HepaBeHCTBO TpeyrOJIbHHKa. c yqeToM norpemaocTH HHTepnOJIH

~3/t narr,yqaeM
H COCTaBHM JIHHe~HYK? KOM6HHaQHIO BeJIKtlHH eX ~ ,0<.1 

_I ! 1 1 o rs - u 11 c ~ 11 s - S 11 C + /I S. - u /I a O(h4) • (Ni	 ... J ali - ., cX.i iIllO •••• ,No' 

Tor~a no TeopeMe 2.3 /2/ cnpaBe~JIHBa o~eHKa 
4 

I lX i - ui 1 ~ Ch , 

xoropaa HMe~T MeCTO, eCJIH f.SE c4 [a,b]' •.pé c 5 [a,b] 
llOCTpOHM Tenepb Ky6~ecKH~ cnna~H Ha ceTKe CN Y~OBJIeTBOp~H~ Y~-

1	 
fo'JIOBHRM 

rv '"V! 1 1 os (Xi) .. ui .. J di - ., o(,.i. i ..O. 1•••• , N 
o	 (22) 

f 1S( a ) a r 1 -e2S( b ) fi 02 . 'I 
(}qeBM,IViO, TaKO~ cnzaãa CYIIleCTByeT H e~MHCTBeH.• 

fIoRBJlteM, tlTO 

Ir S(x) - u(x)11 c [a, b] ... D(h4) • (23) 

~H ~OKasaT~bCTBa ,HCnOJIbsyeM MHOrOtlJIeHHOe npe~CTaBJIeHMe cnna~Ha/3/.: 

S(:I:) • ~i (1-t) + ~i+1t - h2tk1-t)[(2-t)ii+~1+t)Mi+11 ,XE[Xi'Xi+~ 

t • (X-Xi)!hi E. [0.1 ] 

.-vr~e lIi y~OBJIeTBopHIIT CHCTeMe "" 

,...	 ...... '6 [ ,..... u 1-uo ]
2Mo+141 • ,.. Ilfi ~1 - o( 1uo - 1'1 ~ • J1 ~ O 

(24) 
1i'1+1 -2u1+~i_1 

M1_ 1 + 4Mi + Mi +1 • 6 h2 

'" 6[~ '" ~o -~Q-il dfi..
~_!+2~ • ~ 02 - ol2~ - Jh2 h • J-2" O io 0.12 o ...I

()qeBH~O, q'fO MH'l'epnOJIHInlO~ Ky6HlJecmdt cruraRH sanJlCHBaeTCH B BH~e 

2
h t ( i-o [	 ] .r. 1S(x) •	 t (2-t)Mi + (1+t)M i+1 x~GEi,xi+t. I~ui(1-t)+tui+ 1

llpM 3TOM M y~OBJIe~BOpfleT CHCTeMe. SHaJIorKQHoR (24), B KOTOpoR BMec1 1,. 
TO BeJIMtlHH C BonHoR CTORT BenwqHHH 6es BOHHH. C yqeToM Toro. qTO 
.MaTpHUa A .eHC'felW (24) O(SpaTDia H I/ A- 1ij 1:: 1 , nonyqaeM 
• fV 2IM1 - U1 I • O(h) • i.O ••••• No.	 (25) 

6 

ECJIH XOTH 6~ O~MH MS K03~~eHTOB P1' P2 B KpaeBOM YCJIOBHH paBeH
 
KYJIIO, T~ ~eCTO KpaeB~ YCJIOBHn B (22) MO~HO B3flTb KpaeB~e YCJIOBHfl
 
THna 1Y 3, H TeM caMHM nepexo~HM K (25).
 

3.	 ~CJIeHHHe 3KcnepHMeHT~ 

~fl Hi~CTpaqKH 3~KTa YTotlHeHHR npH6nHEeHHOrO pemeHHR paccMoT

pHM sBJJ.aqy 2	 2 3 1 
u"+ 1 u' _ x u.. _ 1+x +x • X é (O, 1)
 

T+i T+i (1+:1:)3
 

u(O) - u'(O) • - 1. 2u(1)+u'(1) • 5/4 • 

TOtlHOe pemeHMe s~aqH MueeT BK~ u(x) .. x/(1+x) •
 
rrpKBe~eM Ta6JIHQY MaKCHMaJIbHHX norpemHOCTe~ B ysnax ceTKH.
 

Ta6JIMga 2 
....--~-

MaKCHMaJIbH8H norpemHOCTb 3KCTpanOJIR~OHHOro 
rpeIIIHOCTb peme-
MaRCMMaJIbHaR no

. pemeHMR (21')h 
HHH S~aqH (21 ) 

Ã(h.h/2.h/4) .Ll(b,h/2.h/4.h/a) 

13 

l1(h i1(h.h/2) 

,,3,29466.10-7 4,49835. 10-lU 1,032796· 10
0,05
 

5,292'70.10-J0,1 
7,13034. 10-12
 

0,025
 
2,071337.10-71,32331.10-3 

3,30837.10-4 

°
1,29653·10-8
 

,0125
 8,2'7098· 10-5 
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HET JUi nPOBEJIOB 8 BAlliEH Bt16Jll10TEKE? 

8bl MOJKeTe OO.IIY'IHTb 00 OOliTe nepe'IHCJieHHble HHJKe KHHrH, 

eCJIH OHH He 6bi.IIH 3aKa3aHbl paHee. 

AZ-82:-568 

A9-8Z-661t 

AJ,It-82-70it 

AT 1-83-511 

A7-8J-61tlt 

A2,TJ-83-689 

ATJ-8lt-63 

AZ-8/t-366 

A1,2-8lt-599 

A17-84-850 

TPYAW coa~aHHA no HccneAoBaHHR~ a o6nacTH 
penHT~e~cTcxo.:t HABPHOH ~~3HKH. AY6Ha, 1982. 

TPYAY coae~aHHA no KonneKTHBHWM MeTo~aH 
ycxopeHHH. AY6Ha, 1982. 
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~aanau T., XHAxou E.n. 
llpHMeneuue 3KCTpanong~ no PuqapACOHY 
K xy6uqecxHM cnnaAHaM 
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lloxasauo, qTo MeTOA 3KCTpanonR~HH no PuqapACOHY pa6oTaeT 
An3 X03~eHTOB B-npeACTaBneHHR Ky6uqecXHX HHTepnOnH~OHHNX 
cnnaAHoa, onpeAenenHNX ua nocneAoBaTenhHOCTH ceToK. PesynhTaT 
npHMeHeH npu yToqueHHH cnnaAHosoro pemeHHR xpaea~ saAaq AnR 
06wxHOBeHHNX ~pe~&nhHNX ypaBHeHHft BTOporo nOpftAK&. 

Pa6oTa swnonueHa u na6opaTOPHH awqucnuTenhnoA TeXHHxH 
K aBTOMaTH9~ OHHH. 
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IlepeBOA aBTOpOB 

Zhanlav T., Zhidkov E.P. . P11-86-415 
Application of the Extrapolation of Richardson 
to Cubic Splines 

It is shown that the extrapolation method of Richardson 
works for the coefficients of B-representation of cubic 
interpolation splines defined on the sequence of grids. The 
result is applied to heighten the accuracy of the spline 
solution of boundary value problems for ordinary differen
tial equations of the second order. 

The investigation has been performed at the Labor~tory 
of Computing Techniques and Automation, JINR. 
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