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, l.,>li. 4~cneHH~~ aHan~3 none~ Hen~He~H~X MarH~TH~X C~CTeM CBOA~TCR 
'I 

K peuieaao ypaBHeH~R MaKCBenna npa 3aAaHHblX ycrro aunx Ha 6eCKO~,'l.l lI;

" "\	 • r; "I He4HOCT~. B paõor ax /1,2/ ~ nanee B /3,4/ nOKa3aHO, 4TO OAH~M ~3.', '1 
I I I,
 

I,
 3KOHO~~4H~X nOAxOAOB K peweH~1O 3TO~ npo6neM~ np~ ~cnonb30BaH~~ 

ckenapaoro /a B cnyuae x-, y- ~n~ r-, z -reOMeTp~~ - BeKTOp
") Horo/ nOTeH4~ana/5/ RBnReTCR CBeAeH~e ee K KpaeBO~ 3aAa4e AnR 

"L "IV. r' l OAHO~ CKanRpHO~ $YHK4~~ BHYTP~ HeKOToporo napannenen~neAa li{J ,	 '.1, ,.
1-", 

\~.tt /n~60 4~n~HApa ~n~ wapa/, COAep~a~ero 06naCTb $eppOMarHeT~Ka,.'111 
i'· ./ 

co cne4~anbH~M rpaH~4H~M ycnoB~eM ~HTerpanbHoro T~na Ha nOBepx
• I 

j I ,~
 
~l;;' l ~
 

" HOCT~ r aroro napannenenanena . Taxoe YC.J:1oB~e T04HO Y4~TblBaeT 
\I "NY. 

,",i nOBeAeH~e peweH~R Ha 6eCKOHe4HOCT~ ~, no cy~eCTBY, pean~3yeT 
'{ I, ~'~"'À	 " i
 

., i .,.
 Bap~aHT MeTOAa pa3AeneH~R 06naCT~, KorAa OAHa ~3 nOAo6naCTe~ 

HeorpaH~4eHa. Bonpoc~ pa3AeneH~R KOHe4HO~ d6naCT~ OTpa~eH~ 
~ ~~ l:''" B/6 / ~ 4~T~pyeMo~ TaM n~TepaType." ,.1' " 

I ;t~ /-(1 f' 

HTepa4~OHHbI~ MeTOA peweH~R nOCTaBneHHO~ KpaeBO~ 3aAa4~	 CBOf'," r	 ," 
/
11' 

, ' 1'1 
A~TCR Ha Ka~AOM ware K peweH~IO: a/ 3aAa4~ A~p~xne BHYTP~ napan

t~.' ",', ,,,,~""~, J 
( . nenen~neAa AnR KBa3~n~He~Horo 3nn~nT~4eCKoro ypaBHeH~R A~Bep

'. 'til .i I reHTHoro T~na, 6/ rpaH~4Horo ~HTerpanbHoro ypaBHeH~R /rHY/ B~Aa" ' 
~'f''''} If 

,\~p 

lI" u + Ku = '1'(8). s ~ r ,	 /1/ 
y,jI " ...,~" :0, 

ua nOBepXHOCT~ r, rAe Ku \- noreuuaan ABo~Horo cnoa Ha 3TO~ no-<;tt . \,,:~~- BepXHOCT~ c nnOTHOCTblO u(S) , s ~ r. 
3$$eKT~BHaR pean~3a~~R TaKoro npo~ecca npeAnonaraeT, eCTeCT

BeHHO, 4TO anrop~TM peweH~R npo6neMbI "6" no 4~cny ap~$MeT~4e

CK~X Ae~cTB~~ ~ 3aTpaTaM naMRT~ 3BM He npeBocXOA~T no nopRAKy 
Heo6xoA~Mble pecypcu AnR peureuaa npoõneau " a". CYTb aror'o Tpe
6oBaH~R COCTO~T B TOM, 4~O np~ peweH~~ npOCTpa~CTBeHH~X Kpae
BblX 3aAa4 MeTOAaM~ rHY nopRAOK B03H~KalO~e~ anre6pa~4eCKO~ C~C

TeMbI c nnOTHO~ MaTp~4e~ COCTasnReT. O(N 2), rpeõyeaaa naMRTb O(N4) . 
a 4~cno onepauuã Mo~eT ~3MeHRTbcR OT O(N4InN) AO O(N6) B 3a
B~C~MOCT~ OT MeToAa peweH~R C~CTeM~ /N - cpeAHee 4~cno He~3

BeCTH~X no OAHO~ nepeMeHHo~/. B CBOIO o4epeAb AnR ceT04H~X Me
TOAoB Tpe6yeMaR naMRTb COCTaBnReT O(N3) , a 4~cno onepa4~~ ~3
MeHReTCR OT O(N3In 2N) AO O(N 4InN) /7/ .HMeHHo 3T~ 06CToRTenbcTBa 
np~Ben~ aBTopoB/7,8/ K 3aKnI04eH~IO, 4TO peweH~e npocTpaHCTBeHH~x 

~HTerpanbHblX ypaBHeH~~ B o6~eM cnY4ae RBnReTCR BeCbMa TPYAO
eMKo~ 3aAa4e~. 

Ba~HblM AOCTO~HCTBOM nOAxoAa, pa3B~Toro B/ 2-4 / ~ HacToR~e~ 
paõor e , R BnReTCR TO, 4TO 3AeCb, c OAHO~ CTOpOHbl, npeMo~eHHbl~ 

anrop~TM peuieuaa rHY A11R cneua ans aax nOBepXHOCTe~ /4~n~HApa, 

napannenenanena Z no Tpe6yeMo~ naMRT~ He npeBoCXOA~T, a no 6bICT..--~' ',l fi fi 'l.) 1.-. _-----~-_.. 

J "li ~1 
.....,	 ~ 1,~ , ',,~ I'~, 

e:t 
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pOAei:1cTBI-1IO aCI-1MnTOTI-14eCKI-1 Aa)l{e npe asuuae r COOTBeTCTBYIOl1\l-1e XapaK

Tepl-1CTI-1KI-1 An~ CeT04H~X MeTOAOB, a c APyroi:1 CTOpOH~, I-1CnOnb30

BaHI-1~ n~Wb 3TI-1X npocTei:1WI-1X BcnOMoraTenbH~X nOBepxHocTei:1 AOCTa

T04HO Ana T04Horo y4eTa KpaeBoro ycnOBI-1~ Ha 6ecKoHe4HocTI-1
 
B paMKax AI-1$$epeH4I-1anbHoi:1 nOCTaHOBKI-1 3aAa41-1, ecnl-1 I-1CnOnb30BaTb
 
np04ecc I-1Tepa41-1i:1 no nOA06natT~M, CKOpOCTb CXOAI-1MOCTI-1 KOToporo
 
He 3aBI-1CI-1T OT wara Al-1cKpeTl-13a41-11-1.
 

B/3,4/ ôun noc r poeu 1-1 peanaaouau B BI-1Ae $opTpaH-nporpaMM~ 
anropl-1TM peWeHI-1~ npofinejau "61IAn~ cny-raa , xorna 06IlaCTb Il f1B
n~eTC~ Ky60M, c I-1CnOnb30BaHI-1eM MaCCI-1Ba nop~AKa 4n 3, AalOl1\l-1i:1 B03
MO)l{HOCTb peWeHI-1~ B03HI-1KalOU\ei:1 anreõpeavecxoã CI-1CTeMbl nopanxa 
n 1 3a O(n 3ln n) -In s -1 apl-1$MeT1-14eCKI-1X Aei:1cTBI-1i:1 c T04HOCTblO e , 
rAe n!. = 6n2 , a n - 41-1CnO Y3noB KBaApaTHoi:1 CeTKI-1 enons pe6pa 
Ky6a. OAHaKO BO MHOrl-1X npaKTI-14eCKI-1 I-1HTepeCH~x 3aAa4ax I-1CnOnb
30BaHI-1e B Ka4eCTBe BcnOMoraTenbHoi:1 rpaHl-14~ nOBepXHOCTI-1 Ky6a 
npl-1BOAI-1T K Cnl-1WKOM 60IlbWI-1M AOnonHI-1TenbH~M 3aTpaTaM B~4I-1CnI-1Tenb

H~X peCYPCOB IB Tex cnY4aax, KorAa 06beM, OrpaHI-14eHH~i:1 B~nYK

noi:1 060n04Koi:1 $eppoMarHeTI-1Ka, 3Ha41-1TenbHO MeHbwe 06beMa Ky6a/. 
B CBa31-1 c 3TI-1M B HaCTOal1\ei:1 pa60Te npoBeAeHO AanbHei:1wee pa3
BI-1Tl-1e anrOpl-1TMa KaK B nnaHe YCKopeHI-1~ CXOAI-1MOCTI-1 I-1Tepa4ViOHHoro 
np04ecca, TaK v. ycnO)l{HeHI-1~ reOMeTpl-11-1 06naCTI-1. Peanl-130BaH B BI-1Ae 
KoMnneKca nporpaMM BIEGM3 1-1 TeOpeTI-14eCKI-1 060CHOBaH I-1Tepa41-10H
H~i:1 6n04H~i:1 nonepeMeHHO-TpeyronbH~i:1 InTMI MeTOA Il-1nl-1 MeTOA 
paCl1\enneHl-1al Ha nocneAoBarenbHocTI-1 ceTOK peWeHI-1~ 3aAa41-1 111 
Ana cnyuea napannenenunena n == Ip ç. R3 : [x] ~ a, Iy I s a, Iz I-:s. b } 
c KBaApaTH~M ce4eHMeM. YCTaHoBneH~ HeKoTop~e cBoi:1cTBa MaTp1-14~ 

CI-1CTeMbl nl-1Hel:1Hblx anreõpaaucckax ypaBHeHl-11:1 AI1~ fMY. 
B I-1TOre aCI-1MnTOTI-14eCKaa CKOpOCTb CXOAI-1MOCTI-1 Ana rn06anbH~x 

I-1Tepa41-1i:1 Ha ,nocneAoBaTenbHocTI-1 ceTOK He npeBOCxoAI-1T Ben1-141-1H~ 

r = o~ 1 Ana YKa3aHHoro Knacca napannenenl-1neAOB 1-1 He 3aBI-1CHT 
OT wara AI-1CKpen13a41-H1. 3KOHOMI-14Haa pearnraauas BHYTpeHHl-1x 
I-1Tepa41-11:1 Ha OCHoBe MeToAa COnpfl)l{eHH~X rpaAl-1eHTOB (CO) OCyU\ecT
anae r ca c noaouu.o FFT B cuny 6n04HO-Tennl-14eBol:1 c rpyxrypu MaT
PI-14~, annpOKCI-1MI-1PYIOl1\el:1 onepaTop K. He06xoAViM~i:1 MaCCI-1B Ana OAHO
KpaTHoro peureuaa 3aAa41-1 111 COCTaBnaeT Q 1= 3p 2q + O(p 2 +- q 2) , 
a npn MHorOKpaTHOM peWeHl-11-1 c pa3nl-14HblMI-1 npaBblMI-1 4aCT~MI-1 Q 2 = 
= 6p 2 q + O(p2 + q 2), r ne P - 41-1CnO T04eK CeTKI-1 Ha TOP4eBOM pe6
pe npl-1 paBHOMepHOM pa36l-1eHI-1I-1, a q - 41-1CnO T04e~ Ha 60KOBOM 
pefipe . npl-1 3TOM pa3MepHOCTb ae xropa Hel-13BeCTHblx 1-1 npasux 4ac
Tei:1 ec r s Nr== 2p(p+ 2q) 1-1, cnenoaarensuo , MaTp1-14Hbli:1 MaCCI-1B, 
He06xOAI-1M~i:1 Ana peweHl-1a 3aAa41-1 6e3 OnTI-1MI-13a4I-1Vi, COCTaBl-1n 6~N~ = 4p 2 (p + 2q) 2 npl-1 OAHOKpaTHOM 1-1 2· Nr np~ MHO~OKpaTHOM pe.
WeHl-11-1 CHCTeMbl. 41-1cno apl-1$MeT1-14eCKI-1X Ael-1CTBl-11-1 Ana peWeHl-1a 3a
Aa41-1 onpenenae r cs Benl-14l-1Hoi:1 O(p2 qln q+ n p2(plnp+qlnq», r ne 
n , -' 41-1CnO r noõan s aux I-1Tepa41-1i:1 (n :::: 1n(.llnr] -1 ), (- Tpe
6yeM<l~ T04HOCTb. Hanpl-1Mep, npl-1 P J 16, q = 64 1-1 pa3MepHOCTI-1 
aexrop a Hel-138eCTHblX Nr:::: 2p (p + 2q) :::: 4608 An~ (= 10-3 BpeM~ pe
.weHI-1~ CI-1CTeMbl Ha 3BM EC-1061 COCTaBnaeT T'= 15 MI-1H npl-1 I-1CnOnb

2 

30BaHHI-1 4eT~pex BcnOMoraTenbH~X ceTOK, 1-1, TaKI-1M 06pa30M, anro
pl-1TM MO)l{eT 6~Tb npaKTI-14eCKI-1 npl-1MeHeH npl-1 peWeHl-11-1 npocTpaHtTBeH
H~X 3aAa4 MarHI-1TOCTaTI-1K~. B pa3Aene 5 HaCTo~U\ei:1 pa60T~ OTMe4eH~ 

B03MO)l{HOCTI-1 Ana pacnapannenl-1BaHI-1~ nocTpoeHHoro anrOpl-1™a 1-1 04e
HI-18aeTCa K03$$1-14HeHT YCKopeHI-1~ npl-1 v.cnonb30BaHI-1I-1 ero B pac4eTax 
Ha MHoronp04eccopH~X B~4I-1Cnv.TenbH~X Cv.CTeMax. 

3KOHOMI-14H~i:1 aIlrOpl-1TM y4eTa Cv.MMeTpv.i:1 peWeHI-1~ 6YAeT 1-13nO)l{eH 
B cneAYIOU\ei:1 pa60Te. TaM )l{e 6YAYT npv.BeAeH~ pe3ynbTaT~ 4I-1CneHH~X 

3KCnepl-1MeHTOB no CXOAI-1MOCTI-1 I-1Tepa41-10HHOrO npo~ecca pa3AeneHv.~ 

06nacTI-1 Ana MOAeIlbHoi:1 3aAa41-1, KorAa BHYTpV. 06nacTI-1 n pewaeTc~ 

ypaBHeHl-1e nyaccoHa. AanbHei:1wa~ pa3pa60TKa anrOpl-1TMa npeAnona
raeT pa3BI-1Tv.e $YHK4l-1oHanbHoro HanOnHeHv.~ 6noKa peWeHv.a np06neM~ 

" a" c uerisjo y-re ra reOMeTpl-11-1 1-1 Henl-1Hei1Hblx CBOi:1CTB $eppoMarHeTv. Ka. 
PeanI-130BaHH~i:1 anrOpv.TM MO)l{eT 6~Tb HenocpeAcTBeHHo npv.MeHeH 

An~ peWeHl-1a BHewHei:1 3aAa41-1 Al-1pv.xne, ecnl-1 peWeHv. e ~cKaTb B Bv.Ae 
nOTeH4v.ana ABo~Horo cno~: 

a 1
u(t) == r --- --I1(s)ds,
 

r an s dt,s)'
 

TaK KaK AJ1~ nnOTHDcn1 nOTeH41-1ana l1(s) CfJpaBeAnl-1BO ypa aueuae 

(E - K) 11(8) = -1:.-- U (8) , s ç; r, y(s) - 1-13BeCTHa~ $YHK4v.a. 
2TT}' (s) 

AnrOpl-1TM TaK*e npv.MeHI-1M An~ peWeHI-1~ BHeWHI-1X 3aAa4 Al-1pl-1xne 
1-1 Hei:1MaHa An~ 06naCTv. n c AocTaT04Ho np0l-13BOnbHo~ rpaHI-14e~, 

e c nu v.cnonb30BaTb paaneneuue 06naCTv. o = " 1 u (O " li!.) ,rAe 11 1 
06naCTb, BHeWHafl no OTHoweHl-11O K 11, TO e c r s Ir u 11 1 =: R 3, a 11 1 cO'. 

• npH	 3TOM AoCTaT04HO pewaTb 3aAa4Y B 06naCTI-1 0'111 ceT04H~M 

MeToAoM An~ xp aeeor-o ycno au a I-1HTerpaflbHoro rwna Ha r pauuue 11 1, 
OTMeTI-1M, 4TO B cnY4ae ABYX npOCTpaHCTBeHH~~ nepeMeHH~x An~ 

Y4eTa KpaeBoro ycnOBv.~ Ha 6eCKOHe4HOCTI-1 MoryT 6~Tb I-1cnOnb30BaH~ 

V.CKYCCTBeHHble «oae aue ycno eu a /9 f 

1.	 AMCKPETM3AU~~ rMY,
 
nOrPEWHOCTb AnnpOKCMMAUMM
 

nyCTb no - 06naCTb, BHeWHa~ no OTHoweHl-11O K 11, TaK 4TO 
11 U r une = R3 l-1 An~ peWeHI-1~ 3aAa4v. He~MaHa B 06naCTv. n e I-1C
nonb3yeTca rMY /1/, rAe 

1 COS(;PM,n_!'.2- u(P) dupKu rK(M, P) u(P) lk7 p r -------
217 1- r 2
r MP 

'P == Lv	 r L(M, P) v(P) da _!..- r _1_ v(P) da p
r p 217 r r MP
 

3 



3 

. .-) 

3AeCb V(P) == a/an U(P) I r - r:JpO~3BOAHaA no BHYTpeHHei:1 OTHOC~Tenb-
HO n e HopMan~, a ypa BHeH~e /1/ onpeneneno Am'l acex T04eK M ~ r , 
KpOMe pe6ep /n~60 npeAnonaraeM, 4TO r - nOBepxHocTb nAnYHoBa, 
reoMeTp~4ecK~ 6n~3KaA K nOBepXHOCT~ napannenen~neAa/. 

A~cKpeT~3a4~1O ypaBHeH~A /1/ npoaonaa , ·aHanor~4Ho /3/, Ha OC
HOBe Kycb4Ho-nOCToRHHoi:1 ~HTepnonA4~~ ~ KonnOKa4~~. nOBepXHOCTb 
r napannenen~neAa n pa306beM Ha 3neMeHTapH~e HOC~Ten~: KBaApaT~ 
Ha TOP4eB~X rpaHAX, npAMoyronbH~K~ Ha60KOB~X. BBeAeM 0603Ha4e

H~A: {~S~fl, r = 1-:-6,k=1-:-p,~=1-:-qr.3AeCbr onpeAenAeTHOMep 
rpaH~ B cooTBeTcTB~~ c p~c. la, a k ~ f - HYMepa4~1O Ha rpaHAX 
cornaCHO pllfc.16. 
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l-A rpaHb 

a õ 
PHc.1 

np~ r = 1,2 qr==p.a np~ r = 3-:-6 qr==q. B Ka4eCTBe Y3nOB kori 
nOKa4~~ /~ Y3nOB ceTK~/ B~6epeM cepeA~H~ npRMoyronbH~Koe lM r I,

faHanor~4HaA HYMepa4~A npaus r a ~ AnA 6a3~CHbIX <lJYHK4~i:1: k 

L: r 
M ç; L\Skf
 

Á- r (M) == :
{	 /1 .1/'fi kf	 D, MIf- ~S:~ . 
Peureuue u(P) ~L4eM B B~Ae u = L u r fi • cP r , B peayns r ar e -rer-on

'\ . r k ~ kL kL
 
nony4aeM C~CTeMY n~Hei:1H~x anre6p~~~ecK~x ypaBHeH~i:1 AnA eeKTopa
 
He~3BeCTHbIX U = {u~f I:
 

r L r r
(E + K h) U == L hV == F; V == Iv k~ I, v	 /1 :2/r, k I ~ vk~ cf; k~o 

rne 3neMeHTbl MaTp~LJ, K h ~ L h pa3MepHOCT~ N == 2p(p+2q) onpeAenAIOTCR 
BblpaH<eH~AM~ 

k(k'-l)b'+ f',	 (k-l)b+~ r epsn .K(Mr'n"; P)da , 
rs	 S kL k L P 

~S k~	 /1 .3/ 
n(k'-l)b'+f',(k-t)b+f = r Á- S .L(M r 'P)da
 
(.rss 'fIkek'~" 'p
 

~Sk(
 

np~ cneAYIOL4~x 3Ha4eH~AX ~HAeKCOB: 

r == 1,2;	 b' == P. k " = 1 -:- P. e' = 1 -:- P. 

r == 3 -:- 6;	 b " = q. k"==l+-p, e" = 1 -:- q, 

b = p, k == 1 -:- P. ~ == 1 -:- p,s = 1.2; 

s = 3 -:- 6;	 b = q. k = 1 -:- P. ~ == 1 -:- q. 

04eH~M norpeWHOCTb annp06KC~Mal\~~ oneparopo a E + K ~ L MaTp~4a

. M~ ~3 /1.2/. nYCTb r :::; u r s, r ne r s - npAMoyronbHble oõnacru 
s== l' 

B noxans aux «oopnuuar ax • OnpeAen~M npoexrop P N C noaouu,o 6a
3~CHbIX 4>YHK4~i:1 /1. 1/ ~ Y3nOB «onnokauun !M r 1 ~ BBeAeM 0603,Ha

k f 
4eH~A: h 1== h , h 2 == xh, I1MeeT MeCTO 

JIe.MJv1a 1. nYCTb u(M) , veM) ~ C 2 (1 s) , S 1-:-6, TorAa cnpaBeA
n~Bbl Ol\eHK~ 

1oI :::; IPN (E + K) u - (E + K h) PN u I < c .h ,	 /1.4a/ 

/1.46/IPN Lv - L hP N V I :s c2 h lnh •
 

AnA AOKa3aTenbcTBa npeAcTaB~M Ben~4~HY Ô ~3 /1.4/ B B~Ae
 

6 6 qs p
 
o == L o L L L r K(M~.; P) [u(P) - u(M sn)]dcr
 

. lJ	 kL P8=1 s=1 k=1~=1 r S 

kf
 

r == 1 -:- 6, = 1 -:- q r ' j = 1 -:- P,
 

~ paCCMOTp~M AnA npOCTOTbl n~wb 4aCT b CYMMbl, Hanp~Mep AnA S = 3 
~ r = I: 

q P 
0 2: L .r K(M~.; P) [u(P) - u (M ~e )1da p

3 
k=1 ~:::;l 3 J 

r k~ . 5 4 



~ nOKanbH~X KOUppMH~l~X RApO K ~MeeT B~p 

1 (i ~ 1-/2) h 
K(M .. ; P) , ----- ... -~-~-"-'--'-----" -_.- ~..----_..'".-.----_.~...._-----------~ 

1J . I 2 :2 1 2.. . h 2 ·3/2 ' r(,1 .- 1;2) li 1 (1< (k .- .2) h -j s) +- (1 f - J Ih 1- '2 + f,) ] 

s h h j 
K	 

ç Ç, [-2-'2" ' 

n03ToMy c y~eToM o~eHK~ 

Q élu (lu 2 
\u(P) - u(M vII ) \ e- -- s + .~_. I; + o(h ). P 4; r fi'
 

kL àx ély . kc
 

S < xh: ç 'S.. h • 

nOJly~aeM 

p.q i-L/2

\ô3 \ :s h (K \ ~ l .\ i~~ i )
 _._.-._--------_.---~-- < 

ax ély I k , r 0-. o r(j _ lj2) 2 + K 2 k 2 + (~ _ j) 2],3/ 2 "'" 
~ 

P.q __ ai -:--------- +< c (K) h 2- (aS! + K -;;-+"2)3i;-""" coh[.!-arctg -----EqKI r. K -- -	 o 2 a i -J a~ + p2 + K 2q 2 
k,f = O 

_~~. 1+- _1_ + L (K q 2 + a ) li2~ + "2 ~-(2...E--il72 + O (p-2 + q-2) + O(h 2)
2 24a~ 2 ai ai+p )	 • 

1 

a i == .i - 1:/2. i ~ 1 , 
OTKYA~ CJlepyeT nepBaA ~aCTb /1 .4/. AHaJlOr~4HO nOJlY4aeTCA /1.46/. 
neMMa pOKa3aHa. 

OTMeT~M, ~TO Ha npaKT~Kc AnA AocTaTo4HO rJlaAK~x peweH~~ 

~1MeIOT MeCTO He 10JlbKO OltCI-if<~ /1.4a/. /1.46/, HO ~ npc nc r aerte ana 
B~Aa 0=.- G1(x)h { o (1J:.!) , x..:: I. r nc c 1(x) HC 3aBV1C~1 OT h, 4TO 
~JlJlIOCTp~pyeTcR B pa3pcnC 4. 

2.	 CTPYKTYPA ~1ATPV1l.l K h ~1 L h
 

V1 AnrOPHTM YMHOmEHV1R V1X HA BEKTOP
 

PaCCMOTp~M 60Jlee nOAP06HO MaTp~~y Kh . KaK YKa3~BanOCb B /3/ • 

B03MomHOCTb np~MeHeH~A 3KOHOM~~H~X anrop~TMOB YMHomeH~A ee Ha 
BeKTOp CBR3aHa co cne~~anbHO~ 6JlO~HO~ CTPYKTYPO~ 3TO~ MaTp~~~. 

Cy~ecTByeT TaKoe pa36~eH~e Kh Ha 6JlOK~, ~TO n~60 3JleMeHTaM~ 

6nOK; 6~AYT ~~MMeTp~4H~e Tenn~~eB~ MaTp~~~, Jl~60 OH 
np~BOA~TCR K TaKoMy B~AY c nOMO~blO MaTp~~~ nepeCTaHOBOK. Co
rl1aCHO HYMepa~~1-1 aek'rop a l;iel-13 BeCTHblX U == lu ~f I ~ <popMynaM 
/1 .3/ ~cnonb3yeM 6JlO~HOe npeACTaBJleH~e AnA Kh : 

6 

o K	 afK 13 Tía;'K 13K 12 13 TI K 13 

O T 1K 13T2K 12 K 13T2 afK13 T 2 TíaiK 13T2 

OK S1 TSK3 1 'K3 4 K3 5 TK 35 

K	 K O K TK /2.1/
K S 1T3 

T;K 3 1 TS S4	 35T 35T 
h= 

K31Gl TSK3 1 G 1 KS5 TK 3 5 O K34 

K3 1G 1TS T;K:31G 1TS 
KS6T TK S 5T K3 4 O 

rAe 

T=E~~E , Tl==E~@Ep' T 2 =E~ ~Ep •p q 

T5"""E~@Ep' T3=EpgE~, T~==Ep~E~, 

1 
[ OE' •Em =[ ~ ..oJ . rn 

-
: ] i O 

m x m MaTpH~b1, a 3Hal<OM e 060;3Ha~eHO TeH30pHoe npOH3BeAeHI;1e
 
MaTp1-14. bn04HaR MaTpH~a 01 HMeeT BVlA
 

G 1 =: te ij I, i = 1 + p, J = 1 + p, a la 1T = E. 

O, f ~iVlnVlk~.~} , 
k=	 l+p~' r 1Cl+p.a iJ {g kf I , g ld =: { 1,c:	 

f = i, k = J 

AnA KamAoH "13 3TVlX MaTpVl4 nepeCTaHOBOK CnpaBeAnI;1BO COOTHoweHHe 
A2 

c E. ~3 npencr aeneaaa /2. 1/ BHAHO, 4TO K h nonaocr se onpeae
neaa 6nOKBMI-1 K12 , K 13' K81 ' K84 ,K ~fj • PaCCMOTpVlM I;1X CTPYI<
TYPY H anropVlTM YMHo~eHVlR Ha eeKTOp. AnR 3Toro YA06HO Vlcnonb
30BaTb 0603Ha4eHHR AnA BeKTopOB 

~,	 
uli ]UU] ..Ui [~I1];	 Ui" = :=: 

UI ~ [ ~Iq' [
U i p	 Up i 
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1.1 [A li] - AJlR CI.1MMeTpI.14HO~ Ten11l.1ueBO~ MaTpl.1Ubl, nep aaa CTpOKa 

KOTOpO~ COBnaAaeT c i -~ CTPOKO~ MaTpl.1Ubl {Aii [, flpoua BeAeHl.1e 

MaTpl.1L1bl [A ii] Ha aexrop o603Ha41.1M CI.1MB011aMI.1: [Aii]U 1 , [A i i ]Ui +. 
Tenepb 311eMeHT~ MaTpl.1Ubl pa3MepHOCTI.1 p2 X p 2 MomHO onpeAe11l.1TbK12 
no <popMY11e 

(k - 1) P + i , ( ~ - 1) P + i k, e, í, j = 1-:- p_k 12 =Alk-el+l,ll-jl+1' 

rAe 

A kf = .r K(M ~ 1 ; P) da p; k, f = 1 -:- p • 

fls1f 
YMHomeHl.1e K12 u B~n011HReTCR no <p0pMY11e
 

p
... 
}:, [A ] u , k = 1 -:- P-Yk 1=1 !k-l\ + 1, f i 

A11R 311eMeHTOB 6110Ka cnP?BeAJlI.1BO COOTHOWeHl.1eK34 

k (k - 1) q + I, (f - 1) q + j = A Ik _ f I + 1, I1 _ j I + 1 , k,f = Hp; i_i = 1-:-q,
34 

-
rAe MaTpl.1L1a A onpeAe11ReTcR B~pameHl.1eM 

3 
= r K(M 11 ; P) dap , k = 1 + p_ f = 1+ c . A kf 

4
fls kf 

YMHomeHl.1e Ha BeKTOp Bblno11HReTcR no <p0pMY11e 

p ...~ y~ = ! [Ã k = 1-:- p.] u 1 ' k i = 1 Ik - 11 + 1 ,f 

MaTpl.1ua K35 ortpenenaer cn <POPMY110~ 

(m -1) q + i , (k - 1) q + j m 
k 35 = a k , Ii _ j I + l' m,k = 1 -:- p: i_i = 1 -:- q

rAe 

ai .r K(M ~ 1 ; P) dap ; k, i = 1 + p, f = 1 + q_
k~ 5 

fls kf 

a YMHomeHl.1e ee Ha BeKTOp 3aAaeTCR COOTHOWeHl.1eM 

-+ ..p k 4 

Y~ = ~ fB ,] U: k = 1-:- p.
 
k 1= 1 1, J 1
 

311eMeHT~ MaTpI.1U~ I.1Me~T BI.1AK13 

8 

k (m - 1) P+1, (k - 1) q +J = b m m.k, i = 1-:- p, j 1 + q , 
13 i, 11 - k I + 1
 

b 1 r K(M 1 ; P) da k, i = 1 + p, f = 1 -:- q

il pfk 3 

fls kf 

~cn011b3YR MaTpl.1UY nepeCTaHOBOK 

a = {a li l, i = 1 +'P. i = 1 -:- q; . o· a T = E _ 

O, k" j l.111lo'l f 1= i } /2.2/ 
, k == 1-:- q_ r = 1+ p,a ij = ís'kf I, g ke = " { 1, k = J, f = 1 

6110K K13 Mo mHo npl.1BeCTI.1 K BI.1Ay, no3B011R~~eMY I.1CnOnb30saTb 3KOHO

MI.14H~e a11rOpl.1TMW YMHomeHI.1R Ha seKTOp: 

y = K 13 U ==> Y = K13 aG T U => Y = K~ 3U ~ 

rAe U~ = a Tu, Kí3= K 13 G. B pe3Y11bTaTe I.1Cn011b3yeM cnenyoutyo 
$OPMY11Y A11R YMHomeHI.1R: 

... q i
 
Y :: }:, .l b, ] U o .lo, i = 1 -:- p.
 

1 f == 1 t:.k t,
 

HaKOHeu, ripa BeAeM paC4eTHble epOPMY11bl A11R MaTpl.1L1bl K 3 1 :
 

. (i-1)q+m, (k -l)p +j m
 
i, k, j == 1 -:- P, m = 1-:- q_k 31 =,8k,li-jl+l 

1 r K(M ~1 ; P) da k, f = 1 -:- p _ i == 1 -:- q • (3kf . 1 P 

fls'~f 
npl.1 nOMOlll1tI MaTpl.14bl nepecraaoao« G 1.13 /2.2/ a11rOpl.1TM YMHomeHI.1R 

Ha BeKTOp Bwn011HReTCR no cxeMe 

y = K 31 li ==> G Ty :::: G TK 31 U => y ~ = u , K31
KOTopaR CSOAI.1TCR K epopMY11e 

P i-+
 
y + = }:, [ ,8 kf ] u k _ i=1-:-q~
 

i \, k == 1
 

YMHomeHl.1e OCTa11bHWX 6110KOB MaTpl.14W K npOBOAI.1TCR B COOTBeTCTh
 
BItII.1 ~o CTPyKTYpO~ /2.1/.
.. " 

I 

ono4HaR CTpYKTypa MaTpl.1Ubl L h' a r exxe BHYTpeHHRR CTpYKTypa 

6110KOB, aa I.1CK1l~4eHV1eM Al.1arOHa11bHblx, aHanOr'I.14Ha /2. 1/. Al.1aro

HanbHble 6110KI-1 Lh OT IlItIU,Hbl OT HY11R 1.1 ItIMeKH CTPYKTYPY. Tl.1na K 121.1 K34 , 
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3. HTEPAllHOHHbl11 nroutt c PEWEHHfl CH CTEMbl /1.2/ 
HanbHble 6noKIfI IK ij I , i I: j, nonosorrensuu , rAe K h = {K ij I, i, 
j = 1+6 cornaCHO npeACTaBneH~1O /2.1/. AOKameM, 4TO op~eHTlflpo

AnR peweH~R n~He~Ho~ C~CTeM~ /1.2/ nOCTpoeH AByxYPoBHeB~~ BaHHbl~ rpac MaTp144b1 Kh cans HO cBRaaH/13/. 6 cuny OTMe4eHHblX 
~Tepa4~oHH~~ ~po4ecc Ha nocneAOBaTenbHOCT~ ceToK, oCHoBaHH~~ 

CBO~CTB rp ae KamAo~ ~,3 MaTp~4 K lj , i 1= j, c~nbHO CBR3aH. n03TOMY 
Ha 6no4HoM npencr aaneaua MaTp~4bl E + I{ b: 

HeTpYAHO nOKaaaTb, 4TO AnR c~nbHo~ CBRaHOCT~ oplfleHTlflpoBaHHoro 
rpact>a .~ce~ MaTplfl4bl Kh AOCTaT04HO ClflnbHO~ CBRaHOCT~ rpa$a MaTE a 

b1 b2 Plfl4bl K = la ij I, rAe 41f1Cna a I" onpeAenRIOTCR CooTHoweH~eMa11 = O, 
a E I a ij = 1, i f j , i, j = 1+6. r~act> 3TO~ MaTplfl4bl MO}f(HO ~HTepnpeTIfI

po aa r s Kal< npOel<41f11O_ rpact>a K h Ha 6noK~ nep aor'o YPOBHR 3TO~' MaT
E A P1fl4bl. AnR MaTp~4bl K yme HeTpYAHO nposepa r s , 4TO cyutecr eye r 

BE+K = I f3 1 I = B h• 'J CBRablBalO~lfI~ Op~eHYlflpOBaHH~~ niTb AnIflHO~ He 60nee 2 AnR nlO6o~n A E 

E A
 

/32 B A E
 

PeweH~e aaAa4~ AnR $~KC~pOBaHHo~ ceTK~ /TO eCTb np~ aaAaHH~x p 
~ q / ocy~ecTBnReM ~Tepa4~oHH~M nTM~MeToAoM /~n~ MeToAoM pac
~enneH~R//10-12/AnR HecaMoconpRmeHHoro onepaTopa: 

(E + r K l)(E + r K 2)(U n+ 1_ U n) = - 2 r (B h U n - F) , /3.1/
 

rAe
 

Bh=K 1+ K 2 , B r = (E + r K l)(E + r K 2) ,
 

o a O, O 
a O 

o A 
Ki E bB ] K2 f3 1 o ~ [~ 

b1 2 

A O /3.2/O E , 
O A 

f3 2 
B 

A O 

np04ecc /3. 1/ paCCMaTp~BaeM B Be~eCTBeHHOM npocTpaHcTBe. 
Teopua saõoo a orrruraan saoro nap aaerp a r AflR cnyvaa Hec~MMeTp~
4ecKo~ MaTplfl4bl B h npa ycno saa K 1 > O, K 2 ? O nocrpoeua B /12/ 
OAHaKO B HaweM cnyuae MaTplfl4bl K 1 lfI K 2 He RBnRIOTCR auaxoonpe
AeneHHblM~ /XOTR K 1+ K 2> O /. Ilanee YCTaHoBIfIM CXOAIfIMOCTb - IfIT~P,B

napu T04eK P1 lfI Pj opae-rrupoaaaaor'o rp aoa , neMMa AOKa.3aHa. 

Jlemna 3. Cyurec r ayer 4\.1CnO Ô >O,TaKoe, 4TO 

Re o (E + K h) > Ô ~ /3.3/ 

AOl<a3aTenbcTBO. nOCKonbKY MaTp~4a Kh~O ~ Hepa3nom~Ma, TO 
CBO~CTBO /3.3/ BblTel<aeT ~a r eopexsr Ileppoua - $p06eH~yca AnR 
HeOTplfl4aTenbHblX MaTpIfl4/14/.Ae~cTBIfITenbHo, C OAHO~ CTOpOHbI, 

K
h
u 1 = UI' rAe U 1 = (l, ... ,1)T,~ nOTOMY p(Kh)=l, np~4eM À = 

eCTb OAHOl<paTHOe co6CTBeHHoe aHa4eH~e. nerKO BIfIAeTb, 4TO MaT
paua K ~ RBnReTCR nonoxa r ens aoã /TO ecr s > O, V i, j /, ~ noK i j 
TOMY OHa TaK}f(e Hepaanom~Ma, TO eCTb À = 1 RsnReTCR OAHOKpaTHblM 
co6cTBeHHblM 4~cnOM 3TO~ MaTp~4bl. Ho TorAa À = - 1 rt= o(Kh) .6 npo
TIfIBHOM cnyuae K hV =-V, • K~ v = V ~, 3Ha41f1T, v = UI' 4TO HeBoaMom-. 
HO. CneAOBaTenbHO, cyuec r aye r Ô> Q,Tal<Oe, 4TO Reo'(K b ) >-I+Ô' 
s CIfIJlY p(K h) = 1. neMMa AOKaaaHa. 

JleMMa 4. A. npo4ecc /3. 1/ ocy~ecTB~M no Kpa~He~ Mepe AnR 
0·< r ~ 1. 6. Cyurec r eye'r "o > O, 4TO AnR scex Q < T ~ r O ~Tepa-

4~OHHbI~ np04ecc /3.1/ CXOAIfITCR, TO eCTb 

-1 
sup p(E -2rB r (E+Kh ) ) <1. 

r (;(O,r O] 

AnR noxaaarens c r ea nYHKTa IIA" yCTaHoB~M orpaHIfI4eHHocTb onepa
TOpOB (E + rK i) -1 , i = ,1 ,2. Cornacuo npeacra BneH1fl1O E + rK 1 = 
= (l + r) E + K 3 p(K3)' < 1 , p(K 2) < 1,4To cnenyer lfIa cBoi:iCTB 

p(K 2 + K 3) = 1, K2 > Q-, K3 > O , K h = Kn + K 3> Q ~ HepaanOmlflMO
/13/ - - 7._ 

CTIfI MaTp~4bl K h • Teneps YTBepmAeHl1e "AI I 
04eB~AHO. 

4~~ /3.1/ B HeKOTopOM IfIHTepBane ~3MeHeH~R r> O. CXOA~MOCTb np04ecca /3.1/ RBnReTCR npRMblM cneACTB~eM npe
AblAy~e~ neMMbl 3 lfI neMMbI 3.2 ~a/ll~neMMa AoKaaaHa. 

Jlenna 2. MaTPlfl4a K h Hepaano>KIfIMa. I; 
B paMKax AaHHoro 41f1CneHHOro anroplflTMa Bbl60p onTIfIManbHoro 

napaMeTpa r* MomHO AOCTaT04HO nerl<O ocy~ecTB~Tb nplfl nOMO~~ 
AOKaaaTenbCTBO. Ilpe}f(Ae ace ro 'oTMeT~M, 4TO K RBImeTCR HeOTh 41f1CneHHOro 3KcneplfIMeHTa, TaK KaK cneKTpanbHbI~ paA~YC onepaTopa

p~4aTenbHO~ MaTp~4e~ Kh 2: O, np~4eM KU = O , i = 1-:-6, a HeAlflaro
10 11 
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nepexOAa npaKTK4eCKH He aa8HCHT OT wara AHCKpeTHaa4HH h/TO ~I
 MR C4eTa AnR MO -aJlrOpHTMa npu e = 10-3 
-7 10-4 npHMepHO 8 2,5 paeCTb 8enH4HH P H q / H onpeAenReTCR nHwb reOMeTpHe~ 06naCTH n, 

aa MeHbwe no cpa8HeHHIO c paC4eTaMH TOJlbKO Ha caMO~ MeJlKO~ ceTKe.TO eCTb OAHHM napaMeTpOM ry = b/a. n03TOMY MO~HO onpeAenHTb aa8H !} 4HcneHHble 3KcnepHMeHTbI nOKaablBalOT, 4TO npH AocTaT04Ho~ rJlaACHMOCTb r*(1]) OAHH paa 8 4HCJleHHOM pacve r e Ha cer se He cnHWKOM 
KOCTH peweHHR u(P), a 3TO Ha npaKTHKe HMeeT MeCTO, cnpa8eAJlH8a 

60nbwo~ paaMepHOCTH H HCnOJlba08aTb 3TY aa8HCHMOCTb 80 8cex 
He TOJlbKO 04eHKa norpeWHOCTH IIU - P N u 1,1 L2 = O(h) , HO H paa-AaJlbHei:1wHx 8bI4HcneHHRX. YCTaH08neHO, 4TO r*(1]) ,-:; 1 BO 8ceM npax

I 

O(h 2),TH4eCKH HHTepecHoM AHanaaoHe HaMeHeHHR 1], TO e cr s npH 0,1 < 1] <10. I noxeuae 3TO~ norpeWHOCTH BHAa U = PNu + PNc.(x) h + rAe c(x) 
nç>3TOMY 80 acex AanbHe~wHX pacue r ax nonar-aex r = 1. -- II He aa8HCHT OT h. n03TOMY 3KCTpanOJlR4HR PH4apAcoHa AaeT T04HOCTb 

MHoroce'T04Hbl~ aJlrOpHTM CTpOHTCR cTaHAapTHblM oõpaaoa , Ha 11 npH6JlH~eHHblx peweHHw nopanxa O(h 2), 4TO R8JlReTCR BTOPblM 8a~

nocneA08aTen bHocTH ceTOK wk ' k = 0,1 .•. , M,onpeAeJlReM~x napa HblM AOCTOHHCT80M MG-aJlrOpHTMa. 4HCJleHH~~ npHMep AaH 8 paa
MeTpaMH P =2k·P qk = 2kqo, peuraor ca aaAa4H /1.2/ C T04 I: AeJle 4. 
HOCTblO. e k

k= O(h~),o, 
rAe B Ka4eCTBe Ha4anbHblX npH6nH~eHH~ Ha cer 

,
j 

Ke w
k 

õepe r cs peureuae U(k-i, ,pacnpocTpaHeHHoe Ha ceTKY W k npH 11 
nOMOU~H KYC04HO-JlHHe~HO~ HHTepnOJlR4HH. Ha Ka~Ao~ ce nce W k 8bl 11 4. OUEH KA Bb14V1 CIlVlT EIlbHO~ PA50Tbl,
nOJlHReTCR I k HTepau.H~ /3.1/, rne 4Hcno I k onpenenaer ca Ha VI HEKOTOPblE XAPAKTEPVlCTVlKVI nporPAMMbl BIEGM3 ' 
ycn08HR .\ 

I 

PeanHaa4HR MeTOAa /3.1/ npOHcxOAHT BABa 3Tana: 
I k-1 

I 
nII u I k - u II Li'" k) '::(;k ([lU k II)a a = ° nH60 a:= 1 . 1. (E + rK l)V = -2r(B h u - F) == f, U O

- aaaauo • 
n+1 n T, 

2. (E+rK ( -u)=v, v=(v1,v 2,v 3 ) •2)u
060aHa4HM aCHMnTOTH4eCKYIO CKOpOCTb CXOAHMOCTH np04e c c á /3.1/ 
4epea r UGCT/) , a MHoroceT04Horo anroparaa -repes f MG(1]), rne 
B 060HX CJlY4aRx 

__ IIUn_Un-llll!n 
- (----.--~--)
 

I\U1~UOll
 

AnR t\OCTaT04Ho 60JlbWOrO 4HCJla HTepa4H~ n , OTHeceHHblX K nocnen
He~ ce rke , rpa<pHKH <PYHK4H~ f ( 1]) H f J 1]) , Bblpa~alO~He aa81t1CH

UG M
MOCT~ CKOpOCTH CXOAHMOCTH OAHoceT04Horo H MHordceT04Horo aJlro
pHTM08 OT $OpMbI 06JlaCTH, npeACTaBneHbI Ha pHc.2. 

f 

0,25 

0,1 

I! 
11 

li 

~rUG(~l 11
I 

-: :--rMG(~) 
," 

1]' I
0,1 1,0 PHc.2 10,0 

npH 0,1 < 1] < 10,0 f ('11) < 0,25 H AOCTHraeT MaKCHMYMa gnR 
- - UG '/

Ky6H4ecKO~ 06JlaCTH, TO e c r s npH. 1] = 1. 3a8HcHMoCTb f MG (1]) 
aHanorH4Ha, npH4eM fUG (1])' rMG (1])- l ~ [2,5;3]. B peayns r are ape

12 

MaTpH4a E + rK 1 RBnReTcR BepXHe~ rpeyr-ons soã , ee oõpauieuae 
sancnaae'r ca no <popMynaM 

1 
v = ---f S' 

3 1 + r 

1
V ---f r /4.1/

2 1 + r 2' - -~ [ B] v a 

1 r r 
V = --f - ----[b]v - --[b ]v ,

1 l+r 1 1+r 12 1+r 13 

r ne f = (f l' f 2' f 3) T. Ol..(eHHM 4Hcrio onepauaü , He06xOAHMblX AnR YM
Ho~eHHR [B]v~ HCXOAR H3 CTPYKTYPbl MaTpH4b1: 

K 35 TK 35 ]
[B] = 

[
 
K 35T TK35T
 

MaTpH4a K35 - ABYXYP08HeBaR 6n04HO-TenJlH~e8a,paaMepHOCTH pqxpq, 
rAe TennH4eBbI MaTpH4b1 8Toporo yp08HR HMelOT paaMepHOCTb qxq. 
nYCTb HCnOJlbayeTcR an~opHTM YMHo~eHHR TenJlHl..(eBO~ MaTpH4b1 Ha 
BeKTOp, Tpe6YIO~H~ cTq lnq onepauaü , rAe CT(C T ~10,0) He aa-
BHCHT 'OT paaMepHOCTH q H nonHOCTblO onpeAeJlReTCR HcnOJlbayeMblM 
anropHTMOM FFT. TorAa AnR YMHo~eHHR Ha BeKTOp Tpe6yeTcR 
C~2q lnq onepauaü , a Ha Bbl4HcneHHe [B] V3 - COOTBeTCT8eHHO 
4c TP 2 q ln q onep auuã , AHanorH4HO AnR YMHo~eHHR [b l]v 2 ([ b 2] V3 ) 
He06xoAHMoe 41-1CnO onepauaü COCTaBJlReT 4CTP2 q lnp, a AnR pac-re

13 



TOB no <!>opMYJle /4. 1/ rpeõye r ca 

ap~<!>MeT~4eCK~xAe~CTB~~. 
Ha BTOpOM 3í8ne npo~CXOA~T 

HO <!>opMY11aM 

E a.r]. w1::: V
( 1

Ta E 

rA ]
E w2 " - r[ f3 1] w 1 + v 2 CA 

[: TA]

Q 1 = 4CTP2 q (lnq + 2 lnp) + O(p2 + q 2) 

oôpaureane MaTpVl4bl E + rK 2 cor11ac

/4.2/ 

E w3~-r[f32]wl -r[B]w 2 + v 
3 • 

E r á 1 (E rA]Anfl d6pal14eH~R MaTp~4 e == ~ (3 = ~cno11bayeTcR 
1 [ r a E 2 rA E 

"BHYTpeHH~~" f1íepa4~OHHbl~ npouecc - MeTOA CO B C~11Y Toro, 4TO 
3T~ MaTp~~~ dnR~TCfl C~MMeTp~4H~M~. C y4eToM CTpYKTYP~ 6110KOB 

a ~ A 4~CIlO ~epa4~~ Ha OAHY ~Tepa4~~ B MeTOAe CO cocTaB~T 

Q Si) = 2c P 3lo Pt. O (p 2 + q 2 ) AIlA ® 1 ' 
T 

Q 3 = 2c p2 q lnq + O (p 2 + q2 ) AIlA (32'
T 

C~CTeMa /4.2/ pewaeTCfl c ~cn011baOBaH~eM Ha4aIlbHoro npVl611~meH~fl 
c npeA~AYl14e~~06a11bHo~ ~Tepa4~Vl. 4VlCIleHH~e paC4eTW nOKaa~Ba~T, 

4TO AI1fl peweHf1A C~ CTeMbl /4. 2/ np~ c = 10 -4 - 10-
5 

AOCT aT04HO 

rpex ~I1~ 4eTblpex \.Hepa4~~ MeTOAa CO.
 
B VlTore ~~O apVl<!>MeT~4ecK~x Ae~cTB~~, He06xoA~MblX AIlA OCY

~eCTBI1eHVl~ o~Dro wara ~Tepa4~oHHoro np04e c c a /3.1/, COCTaB

I1~eT 

/4.3/Q <= 2CTP2q[4InQ + 81np + n. ({-ln p + 21nq)] + O (p2 + q 2),c o 

rne n CO - 4HCJ10 Io1Tepa4~~ B MeTOAe CO.
 
Pa3MepHocTb Macc~Ba, !J1CnOIlb3yeMoro AI1R xpaHeH~R MaTpVl4b1 B h'
 

COCTBBI1neT Nkr.:: 3p 2 q + p2 +pq, a AJ1~ MaTpVl4b1 L b - COOTseTCT-,
 

DCHHO N L .. 3p2~ + Pla + 2pq. KpOMe Toro, AJlfl pe anaaauaa acero
 

DI1rOpVlTM8 Tpe~yeTc~ HeCKOI1bKO pa604~X Macc~BOB pa3MepHocTVl
 

Nr "" 2p(p oi· 2q), CI1eAOBaTeI1bHO, CYMMapHbI~ paaMep scex ~CnOI1b


3yCMblX .AI1R pa60Tbl nporpaMMbl BIEGM3 Macc~ BOB cOCTaB11AéT
 

/4 .. 4/
N a N + N~ + O (Nr) . 

1N T K 

14 

np~BeAeM npaKTlo14eCK~e xapaKTep~CT~K~ T04HOCT~ MeTOAa np~ 

paC4eTe rapMOHVl4eCKO~ $YHK4VlVl: 

u(x) = __l.__ , X f Il , 
o 

I x - x o 1 

Hanpuwep , np~ paaMepax ll(axa xb), p a auux a = 9,0; b = 9,0 
I t ~ x o = O,AI1fl 5 o acveruux ceTOK c Po = l-, qo = 4 ~ P5 == 16,

-3i q 5 = 64, N 5 = 4608 np~ (5 = 1O n011Y4a~TCfl peweH~A c a6co
I1~THO~ T04HOCTb~ ~5 = 3,11.10-4 , a nOC11e 3KCTpan0I1fl4~~ c ~4 
= 7,34.10-4 ~MeeM ~R= 1,2 ·10 -4 B L2-MeTp~Ke Ha r.3TOT\ t 

L peayns r ar I1Y4we, 4eM T04HOCTb Ha ce r xe ú) 6 • r ne p 6 = 32, q 6 = 
= 128. BpeMA peure uua C~CTeMbl /1.2/ Ha ce r xe pa3MepHOCT~ N 5 == 

= 2· p 5 (p 5 + 2q5 ) == 4608 npa OTHOC~TeI1bHO~ T04HOCT~ e == 10-3 

COCTaBI1AeT TI::: 15 M~H, a rtpu 
r1106aI1bHblX ~Tepa4~~ Ha ce r xe 

np~ N 4 =2P4 (P4+ 2q4) =1152 
BpeMR C4eTa T;; 2 M~H AI1fl ( 

OTMeT~M AI1fl cpaBHeH~fl, 4TO 
raycca c MaTp~Lte~ pa3MepHOCT~ 

(== 10-4 - 21 M~H. 4~CI1ÓT 2;; 
w5 p aauo 2 ~ 3·co~TBeTcTaeHHo. 

He~3BeCTHbIX ~ P5 = 8, q4 = 32 
= 10 -3. 

peweH~e C~CTeMbl /1.2/ MeTOAOM 
N5 x N 5 Aa>He 6ea ~cn011b30BaH~fl. 

BHeWH~X YCTPO~CTB nOTpe6oBaI10 6bl Ha 3BM EC-l061 60I1ee 200 4aCOB. 

5. O PACnAPAnnEn~BAH~~ BW4HCn~TEnbHOrO Anrop~TMA /3.1/ 

i 
C03AaH~e napaI1I1eI1bHblX B~4~C11~TeI1bH~X C~CTeM np~BOA~T K Hejl 

06xOA~MOCT~ aHaI1~aa MeTOAOB peweH~fl TPYAoeMK~X 3aAa4, ~ B 4aCTI 
l 

HOCT~, npOCTpaHCTBeHH~X, np~ ~Cn0I1b30BaH~~ TaK~X C~CTeM. 

np~ peaI1~3aLt~~ ~Tepa4~OHHoro npouecca /3. 1/ 1I KPynHbIM~11 one

I ~ pa4~AM~ flBJlfl~TCA a/ BbI4~CI1eH~e np aaoü 4aCT~ 'I' = L h v; 6/ neure
1 

H~e C~CTeM~ /4.1/ c eA~H~4H~M~ 6110KaM~ Ha r11aBHO~ A~arOHa11~;I
q

~ B/ peure uue cuc TeMbl /4.2/ C 6I104HO~ r pe y r011 bHO~ MaTp~~e~1, A11A 

oõo aureuua A~arOHaI1bH~X B110KOB (o<) 1 ~ (~2 KOTOPOl1 ~Cn0I1b3yeTcA 
I 

li 
MeTOA CG. npe>HAe ece ro y4TeM pa36~eH~c MaTpl'14bl K h /~11~ L h /I 
Ha 6110K~ ne p ao r-o YPOBHA K h == IK ij I, i, j = 1-:-6, co r na cuo /2. 1/. 
np~ 3TOM Ha Bcex 3Tanax ~Tepa4~oHHoro np04ccca npoBOARTCA a11

re6pa~4ecK~e onepa4~~ Ha ypoBHe 3T~X 6110KOB, npH4eM OCHOBHafl 

4aCTb BpeMeH~ 3BM np~XOA~TCfl Ha YMHO>HeH~e MaTp~4 K ij ~ L i j 
Ha BeKTop ~ I1~Wb He6011bwafl 4aCTb - Ha onepa4~~ B~4~C11eH~A CKa

I1ApH~X npo~aBeAeH~~, paCnapaI111eI1~BaH~e KOTOpO~ 04eB~AHO. 

np~ YMHO)l(eH~~ 6I10KOB Ka ~ La , a = (i, j), Ha aexr op MO)l(HO ~c

n011b30BaTb eCTecTBeHH~~ napaI1I1eI1~~M Ha ABYX ypOBHflx pacnapaI1

I1e11~BaH~A, TaK KaK Ka)l(A~~ ~3 3T~X 6110KOB flBI1fleTCA AByxYPoBHeBo~ 

MaTp~4e~ OAHoro ~3 cI1eAYIOI14~x T~nOB O o T m ~ To T m 11~60 npu ao
A~TCA K TaKOMY B~AY c noMOl14b~ MaTp~Lt~ nepecTaHoBoK. AI1fl onepa

Lt~~ YMHO)l(eH~fl T-MaTp~4 BToporo YPOBHA Ha BeKTOp BOaMO)l(Ha KOH

Be~ep~3a4~fl BbI4~C11~H~~, TaK KaK 3Ta onep auaa CBoA~TCA K BbInOI1
HeHH~ rpex FFT -rtpeoõp aao eaauã sekrooa p aaaep aocrn P =2 k 1 
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TOB no ctl0pMyne /4. 1/ rpeõye r ca Q 1 == 4CTP2 q (lnq + 2 lnp) + O(p2 + q 2) 

ap~ctlMeT~4eCK~X Ae~CTB~~. 
Ha BTOpOM 3Tane npo~CXOA~T 06pa~eH~e MaTp~Ubl E + TK 2 cornac-

HO ctlopMynaM 

E ar ]
 
(
 w1 == v1 '
 

Ta E
 

E TA] w 
;11 [ - T[ 13 1] w 1 + v 2 ' 

TA E 2 
/4.2/ 

E TA]

[ -T[13 ]w 1 - T[B]w 2 + v 3'


TA E w3 2 

[E r á 1 [E TA]AnA d6pa~eH~A MaTp~U e = ~ e = ~cnonb3yeTCA 
1 Ta E 2 TA E 

"BHYTpeHH~~I_1 ~Tepau~oHHbl~ npouec c - MeTOA CO B cany Toro, 4TO 
3T~ MaTp~4~ ABnAIDTCA C~MMeTp~4H~M~. C y4eToM CTPYKTYP~ 6nOKOB 
a ~ A 4~cno onepau~~ Ha OAHY ~TepaU~ID B MeTOAe CO CoCTaB~T 

Q2 == 2c T p
3lnp + O(p2 + q2) AnA e 1 ' 

Q 3 "" 2c p2 q lnq + O (p 2 + q2 ) AnA e 2'T 

C~CTeMa /4.2/ pewaeTCA c ~cnonb30BaH~eM Ha4anbHoro np~6n~meH~A 
c npeA~Ay~e~ rn06anbHo~ ~Tepau~~. Y~cneHH~e paC4eTbl nOKa3~BaIDT, 

5
4TO AnA peweH~A c~CTeM~ /4.2/ np~ ( = 10-4 

- 10- AocTaT04Ho 
'I 

Tpex ~nH 4eT~pex ~Tepau~~ MeToAa CG. 11, 
B ~Tore 4~cno ap~ctlMeT~4ecK~x Ae~cTBH~, He06xoA~M~X AnA ocy- I 

~eCTBneH~A OAHoro wara ~Tepau~OHHoro npoue c c a /3.1/, COCTaB
nReT 

/4.3/Q ==2C'I' P 2 q[41nq +81np+ nco(.P-ln p +21nq)] + O(p2+ q 2 ) , 
q 

rne n co - 4Hcno ~Tepau~~ B MeTOAe CG. 
Pa3MepHocTb Macc~Ba, ~cnonb3yeMoro AnA xpaHeH~A MaTp~4~ B h , 

COCTaBnneT N k r::: 3p 2 q + p2 + pq, a AnA MaTp~4b1 L h - COOTBeTCT-" 
seHHO NL m 3p2 q + p ~ + 2pq. KpOMe Toro, MA pean~3a4~~ acero 
aJ1rOp~TMa Tpe6yeTcA HeCKonbKO pa604~X MaccHBoB pa3MepHocT~ 

Nr ::: 2p(p + 2q).. CneAosaTenbHO, CYMMapHbl~ paaaep scex ~cnonb
3yeMblx'" AnA pa60T~ nporpaMMbl BIEGM3 MaCC~BoB COCTaBIlRéT 

/4,.4/
N = N + N I.. + O (Nr) . 

INT K 

14 

np~BeAeM npaKT~4eCK~e xapaKTep~CT~K~ TO~HOCT~ MeTOAa np~ 

paC4eTe rapMoH~4ecKo~ ctlYHKU~~: 

u(x) = --]---, x o ~ n. 
! x - x o \ 

Hanpuxep , np« paasep ax n(a x a x b ) , paauux a = 9,0-; b = 9,0 
~ = O,AnA 5 o acve r aux ceTOK c Po = l, qo = 4 ~ P5 = 16,Xo - -3 
q5 == 64, N s = 4608 np~ (5 = 10 nonY4aIDTCA peweH~A c a6co
nIDTHo~ T04HOCTbID ~5 = 3,11.10-4 , a nocne 3KcTpanonAu~~ c ~4 
= 7,34· 10-4 ~MeeM ~ R = 1,2'10 -4 B L 2 -MeTp~ xe Ha I". 3TOT 
peayns r ar ny-nue , 4eM T04HOCTb Ha ce r xe w 6 ' rAe P 6 = 32, q 6 = 
= 128. BpeMA peweH~A C~CTeM~ /1.2/ Ha ceTKe pa3MepHOCT~ Ns = 
= 2· p 5 (p S + 2q5 ) = 4608 npa OTHOC~ r en bHO~ T04HOCT~ e = 10-3 

COCTaBnAeT T 1 :: 15 M~H, a np~ (= 10-4 - T 2 ;; 21 M~H. Y~cnó 
rnoõan saux ~Tepau~l~ Ha ce r xe w 5 p aauo 2 ~ 3· CO~TBeTCTaeHHO. 

np~ N 4 ==2P4(P4+ 2q4) =1152 He~3BeCTHblX ~ P5= 8, q4 = 32 
BpeMR C4eTa T;;: 2 M~H AnA e = 10 -3. 

OTMeT~M AnA cpaBHeH~A, 4TO peweH~e C~CTeMbI /1.2/ MeTOAoM 
raycca c MaTp~ue~ p aanep aocru N5 x N 5 AaH<e 6e3 ~cnonb30saH~A
BHewH~x YCTPO~CTB nOTpe60Bano 6~ Ha 3BM EC-l061 60nee 200 4aCOB. 

5. O PACnAPAnnEn~BAH~~ BWY~Cn~TEnbHOrO Anrop~TMA /3.1/ 

C03AaH~e napannenbHblX B~4~cn~TenbH~X C~CTeM np~BOA~T K He
06xOA~MOCT~ aHan~3a MeTOAOB peweH~A TpYAoeMK~X 3aAa4, ~ B 4aCT

npOCTpaHCTBeHHblX,HOCT~, np~ ~cnonb30BaH~~ TaK~X C~CTeM. 

np~ pe anaa auua ~Tepau~OHHoro npoue cc a /3.1 / "KpynHbIM~" one
paU~AM~ ABnAIOTCA a/ BbI4~CIleH~e npa aoü ~aCT~ 'l' = L h v; 6/ pewe
H~e C~CTeMbI /4.1/ c eAKH~4HblM~ 6nOKaM~ Ha rnaBHO~ A~arOHan~; 

B/ peweH~e C~CTeM~ /4.2/ c 6n04HO~ TpeyroIlbHo~ MaTp~ueG, AIlA 
06paLlleH~A A~arOHanbHblX 6nOKOB (~1 ~ ('1 2 KOTOPOI':1 ~cnonb3yeTcA 

MeToA CG. llpcxne ace r o y4TeM pa36~eH~e Ménp~l~bl K 11 /KnK L h / 

Ha 6IlOK~ nep ao r o YPOBHA K h = IK ij I, i, j = 1-:-6, co rne c ao /2.1/. 
npK 3TOM Ha Bcex 3Tanax KTepauKoHHorD npouecca npoBoAATCA aIl
re6pa~4ecKKe onepaUK~ Ha ypOBHe 3TKX 6IlOKOB, npK4eM nCHOBHaA 
4aCTb BpeMeHK 3BM np~XOAKTCR Ha YMHOH<eH~e MaTpKU KlJ ~ L\J 
Ha BeKTbp ~ nKWb He60nbwaA 4acTb - Ha onepau~ID B~4~cnCH~R CKa
nApH~x npo~3BeAeH~~, pacnapannen~BaH~e KOTOPO~ 04eB~AHO, 

np~ YMHOH<eHKK õnoxo a K a ~ La , a ~ (i, j), Ha aex top MOlflHO ~c
nonb30BaTb eCTecTBeHH~~ napannen~~M Ha ABYX yp08HRX pacnapan
nen~BaHKA, TaK KaK KaH<AbI~ ~3 3T~X 6noKoB ABnAeTCA AByxYPoBHeBo~ 

MaTpKue~ onaoro ~3 cnenyouu-x T~nOB G n T m K 1'n T m f1~60 npaao
A~TCA K TaKOMY B~AY c nOMO~bID MaTp~4~ nepecTaHoBOK. DnA onepa
u~~ YMHOH<eH~A T -MaTp~u aroooro YPOBHR Ha ae xrop B03MOll(HB I<OH
Be~ep~3aU~A B~4~cn~H~~, TaK KaK 3Ta onepaU~A CBoA~Tcn K B~non
HeH~1O rpex FFT -rtpeofipaao aauaá eexrop a paaaepuoc ra 1> • 2 1c1 
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I-1nl-1	 q = 2 k 2. ~3 BeCTHO /15/,4TO AnA FFT -npe06pa30BaHI-1A BeKTopa 
pa3MepHOCTI-1 N = 2 k np\l1 peanl-13alll-11-1 Ha r -npolleccopHoi1 Il-1nl-1 r 
TaKToBoi1 KOHBei1epHoi11 3BM AOCT\I1raeTCA BblCOTa anrOpl-1TMa Tr::: 21og2N 
AnA	 r ::: N 1-1 T r = O(lflOg 2N) AnA 1 ::; r ::; N, TO e c r s AnA npoa a Bonb
Horo 41-1Cna npolleccOB rsN npl-1 peWeHl-11-1 eAI-1HI-14Hoi1 3aAa41-1 AOCTI-1
r aer cs ycxopeuae Sr = T1/T = O (r) no cpaBHeHl-11O c OAHonpOllecr
 
COpHOi1 3BM.
AnA olleHKI-1 3$$eKTI-1BHOCT\I1 MaKpopacnapannenl-1BaHI-1A ITO ecTb OAHO-
BpeMeHHoro \11 He3aBI-1CI-1MOrO BblnonHeHI-1A 60nbworo 41-1Cna "KpynHblxll 
anre6pal-14eCKI-1X onepalll-1i11 npl-1 pa60Te c 6noKaMI-1 nepBoro ypOBHA 
YA06HO pa361-1Tb I-1X Ha 4eTblpe rpynnbl B COoTBeTCTBl-11-1 c MHo*ecTBaMI-1 

I-1HAeKcoB: 

o, 1 = {i, i : 3 <S- i, i <.-6 \ , o, 2 = ti. i: 1 .'S,. i, i 'S,. 2 \ , 

0,3 = h,i;3 'S,.i <-.6, 

TaK 4TO K a \I1MelOT
 
OpT \11 Tp.T npu
 

p p
B pe3ynbTaTe np\l1 

l:::;i	 '5.2\, 0,4 = ti,j': 1 'S-i ~2., 3;Si :Ç..61 , 

cneAylOl1\YIO CTPYKTYPY: Cp T <L 1-1 TpT q npu a ~ 0,1 ; 
a ~o,2' O (q,p) T p npu a ÇU31-1 O(p,q)T p npl-1a~o,4' 
pa60Te BHYTpl-1 Ka*Aoi1 1-13. 4eTblpex rpynn o, i ' 

i = 174, 6noKOB B03MO*HO CI-1HXpOHHoe 1-1 He3aBI-1CI-1MOe Bbl41-1CneHI-1e 
acex p lnl-160 q I KoMnoHeHT aaxrop a Ka li Il-1nl-1 La vI Ha p Inl-1
60 q I OAI-1HaKOBblX YCTPoi1cTBax, TaK KaK B Ka*Aoi1 \113 4eTblpex 
rpynn cOBnaAalOT KaK pa3MepHOCTI-1 T-MaTpl-1l1 BToporo ypOBHA, TaK 
1-1 6n04HaA pa3MepHOCTb nepBoro ypOBHA. OTMeTI-1M, 4TO nocKonbKY 
q = n- p n\l160 p= k.q, TO, Bbl6paB 41-1CnO YCTPOi1CTB AnA napannenb
HOi1 06pa60TKI-1 6nOKoB r1)= min(p, q), MO}/{HO A061-1TbCA nonuoà 3a
rpY3 3TI-1X yCTpOi1CTB 6e3 pa3AeneHI-1A 6nOKoB Ha rpynnbl.KI-1H~PAAY c MaKpopacnapannenl-1 BaH\I1eM onepalll-1i1 no 6n04HblM CTpO

KaM MaTp1-111 K 1-1 La B03MO}/{HO aHanOrl-14HOe pacnapannenl-1BaHl-1e
 

a\11 BHyTp\l1 6n04Hoi1 CTPOKI-1; TaK K~K 3Aecb MbI I-1MeeM Aeno c OAHO

BpeMeHHbl M 1-1 He3aBI-1CI-1MblM Bbl41-1CneHI-1eM ABYX In~60 Tpexl FFT ~
 
npe06pa30 Ba HI-1i1 p In\l160 q I BeKTOpOB oAI-1HaKoBOi1 pa3MepHOCTI-1
bTl-1pylO
\11 AanbHe~WI-1M nOKoMnoH~HtHblM YMHO}/{eH\I1eM 1-1 cno*eHl-1eM pe3yn
 
l1\I-1X p Inl-160 q I BeKTopOB. 3Aecb TaK}Ke MO*HO A061-1TbCA nI-1Hei1

uoro YCKopeHI-1A npl-1 i.1cnonb30Bal;ll-1l-1 1:s r 'S.. r o YCTPOi1CTB.
 

a"S llenoM Hanl-141-1e eCTecTBeHHoro napannenl-13 M xapaKTepHO AnA 
3aAa4 B \I1HTerpanbHoi1 noCTaHOBKe/7/,TaK KaK OHI-1 CBOAATCA K an2 
re6paH4eCKHM npo6neMaM c nnoTHblMH MaTpH4 aMH• H B cny-ree 1 :;r :;n • 
rAe n _ nopAAOK MaTpl-1l1bl, MO*HO 06eCne41-1Tb n\l1Hei1Hoe YMeHbweHl-1e

Klll-1oHan b
BpeMeHI-1 peweHI-1A eAI-1HI-14Hoi1 3aAa41-1 c pOCTOM 41-1Cna r $YH
 
HblX YCTP0i1CTB/16~~3 cKa3aHHoro BblWe cneAyeT aHanOrl-14Hbli1 BblBOA
 
1-1 AnA paCCMaTP\l1BaeMOro 3AeCb anrop\l1TMa peWeHI-1A np06neMbI 11.2/,
 
no Kpai1ti Mepe np\l1 l:sr '5.r30' r ne r o = min(p,q). B 4aCTHOCTI-1,
e i1
npl-1 p = q 11I 

a npl-1 r = p 3 
OTMeTI-1M, 

COCTaBnAeT 

r = p2 BpeMA peweHIIIA eAI-1HI-14HOI~ 3aAa4111 paaso O(p lnp), 

CocTaBnReT O(ln p).
4TO Bbl4111cneHllle MaTpl-14HblX 3neMeHToB K h 1-1 L h B cyMMe 

MeHee 10% 06l1\ero BpeMeHI-1 pewe HI-1A 3aAa41-1, XOTA 1-1 3Aecb 

c caMoro Ha4ana 3anomeHa B03MomHocrb eCTeCTBeHHoro pacnapan
nenlllBaHI-1A, TaK KaK ace 3neMeHTbI I-1cnonb3yeMblx 6noKoB K a 1-1 La 
MO}/{HO Bbl4111cnRTb ~e3aBI-1CI-1Mo. 04eBI-1AHbI B03MO}/{HOCTI-1 pacnapanne
n\l1BaHI-1A 11I npl-1 YMHOll<eHI-1I-1 Ha MaTp\l1l1bl nepccrauo so« Tp , Tq, O, 
0 1, T~, TaK KaK 3TI-1 onepauaa CBOgATCA nlllWb K nepenyaep auan 
ABYMepHblx MaCCI-1BOB • 

.AeTanbHbli1 aHan~3 B03MO}/{HOCTe~ pacnapannenl-1BaHI-1A anro~ 

pl-1TMa CBA3aH C y4eToM ocó6eHHocTe~ KOHKpeTHO~ Bbl41-1Cn1-1TenbHO~ 

CI-1CTeMbl. 
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*HAKOB E.n., Ma3ypKeBH4 r.E., XopoMcKH~ 6.H. P11-86-230 
3KOHOI'•H4Hbl~ 4HCJleHHbl~ MeToA y4eTa Kpaeeoro ycnoBHR 
Ha 6eCKOHe4HOCTH npH peweHHH npOCTpaHCTBeHHbiX 3aAa4 MarHHTOCTaTHKH 
Ha OCHOBe CKaJlRpHOrO noteH4Hana. 06~H~ CJly4a~ 

Pa3pa6otaH H peanH30BaH e BHAe KOMnneKca nporpaMM 3KOHOMH4Hbl~ 4HCJleH
Hbl~ MeToA Ha nocneAOBatenbHOCTH cetoK peweHHR BHewHe~ 3aAa4H He~MaHa AllR 
ypaBHeHHR nannaca B 06JlaCTH, AOnOJlHHTeJlbHO~ K napannenenHneAY C KBaApaT
HbiM ce4eHHeM. HccneAoBaHbl ceo~ctea MaTPH4bl, annpoKCHMHPY~e~ rpaHH4HOe HH
terpaJlbHoe ypaBHeHHe. 060CHOBaHa CXOAHMOCTb HCnOJlb3yeMOrO HTepa4HOHHOrO 
npo4ecca, nony4eHbl 04eHKH Bb14HCJ1HteJlbHO~ pa6otbl. TectoBble pac4eTbl noKaaanH, 
4TO BpeMR peweHHR B03HHKa~~e~ anre6paH4eCKO~ CHCTeMbl C nnOTHO~ MaTpH4e~ 
AllR BeKTOpa HeH3BeCTHbiX pa3MepHOCTH N= 4~08 COCTaBJlReT OKOJlO 15 MHH npH 
oTHOCHTenbHO~ T04HOCTH 10-3 Ha 38M EC-10~1. AnropHTM MO~eT ObiTb HenocpeACT
eeHHO npHMeHeH AllR y4eta Kpaeeoro ycnOBHR Ha 6ecKoHe4HOCTH npH peweHHH 
npOCTpaHCTBeHHbiX 3aAa4 MarHHTOCTaTHKH Ha OCHOBe CKaJlRPHOrO nOTeH4HaJla, 
a TaK*e npH peweHHH BHeWHHX 3aAa4 aHPHXJle.H He~MaHa AJlR onepatopa nannaca 
B 06JlaCTH CJlO~HO~ $OPMbl. 

Pa6ota BblnOJlHeHa B na6opatopHH Bb14HCJlHTeJlbHO~ TeXHHKH H aBTOMaTH3a-
4HH OHRH. 

Coo6weuue OfuenHHemwro HHCTHtyra .ll!lepHLIX uccnenosauuii. lly6Ha 1986 

Zhidkov E.P., Mazurkevitch G.E., Khoromsky B.N. P11-86-230 
Effective Numerical Method Accounting the Boundary'Condition 
at the Infinity in Solution of the Magnitostatics Space Problem 
on the Basis of Scalar Potential. General Case 

The numerical method for the solution of external Neuman problem for 
the Laplace equation on the sequence of qrids in the reqion auxiliary to 
parallelepiped with the square cross-section has been developed, and the 
program packaae for this method has been elaborated. The properties of 
a matrice, which approximates the boundary inteqral equation, are investi
gated. The convergence of the used iterative process is proved, and the 
estimates of the calculating work are obtained. Test calculations show 
that the computer time for the arising algebraic system with thick matrix 
for the vector of variables with dimension N = 4608 approximately equals 
15 min with relative accuracy of 10-3 at the ES-1061 computer. The algo
rithm can be directly applied to accountinq the boundary condition at the 
infinity in solution of the space problems of mangitostatics on the basis 
of scalar potential a,, well as for the solution of the external Dirichlet 
and Newman problems for the Laplace operator in the region with complex 
shape. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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