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© ~eAllRelUllllA HHCTHTYT llAepllWlt HCCJJeAOBamIA Jb6-. 198) 

BBE,[\EH~E 

/1 1KBa3MnOTeH4ManbH~~ nOAXOA MHTeHCMBHO Mcnonb3yeTcR AnR 

penRTMBMCTCKoro onMcaHMR cBR3aHHo~ CMCTeM~ ABYX 4acTM4. n03TOMY 
npeAcTaBnHeT MHTepec KaK pa3BMTMe 4McneHH~X MeToAoB peweHMR,TaK 

M nOMCK T04H~X aHanMTM4eCKMX peweHM~ AnR pa3nM4H~X BMAOB B3aMMO
Ae~cTBM~. OAHaKo T04H~e aHanMTM4eCKMe peweHMR KBa3MnoTeH4Manb

H~X ypaBHeHM~ M3BeCTH~ nMWb AnH HeKoTop~X npocTe~wMx nOTeH4Ma

nOB. WMpOKoe npMMeHeHMe KBa3MnOTeH4ManbHoro nOAXOAa Tpe6yeT 
pa3pa60TKM 4McneHH~X MeTOAOB peweHMR KBa3MnOTeH4ManbH~X ypaBHe
HMA C pa3nM4H~MM nOTCH4ManaMM . 

OTMeTMM, 4TO B pRAe pa60T Ha~AeH~ T04H~e aHanMTM4eCKMe M 4MC

neHH~e peweHMR KBa3MnOTeH4ManbH~X ypaBHeHM~ B KOH¢Mrypa4MoHHOM 

npeACTaBneHMM. 

OAHMM M3 AOCTOMHCTB B~4McneHM~ B MMnynbcHoM npOCTpaHCTBe RB

nReTCR TO, 4TO, Bo-nepB~X, nOTeH4Man B3aMMOAe~CTBMR, KOTOP~~ B~

pa*aeTCR 4epe3 aMnnMTYAY pacceRHMR, 3anMC~BaeTCR M3Ha4anbHO 

B MMnynbcHOM np6CTpaHCTBe, a BO-BTOP~X, B TOM, 4TO B B~pa*eHMR 

AnR ¢opM¢aKTopOB M CTPYKTypH~X ¢YHK4M~ aAPOHOB BXOART BonHOB~e 
¢YHK4MM MMeHHO B MMnynbcHOM npeACTaBneHMM. 

8 AaHHO~ pa60Te npMMeHHeTCR MeTOA 4McneHHoro MccneAoBaHMR 

KBa3MnOTeH4ManbH~X ypaBHeHM~ HenocpeACTBeHHO B MMnynbcHoM npOCT

paHCTBe, KOTOPbl~ RBnAeTCR oco6eHHo 3¢¢eKTMBHbIM, I(OrAa RApa MH
TerpanbH~X onepaTopOB 3aBMCRT nMWb OT CyMM~ M pa3HOCTM aprYMeH
TOB. 

8 o6~eM cnY4ae KBa3MnOTeH4ManbHoe ypaBHeHMe MMeeT BMA /Aanee 

t~bl nonO*MM MaCCbl COCTaBnRtO~MX 4aCTM4 paBHblMM eAMHM4e m ~ 1/: 

1 •• . 
C-1(P. E )'1' (p) --IV(p.k)'V (k)dn~. 11m = c=1. 

n It /81/
(217)3 n k 

rAe Cli. E )- cBo6oAHaA ¢YHK4MA rpMHa, a n - 3neMeHT o6~eMan 
B MMnynbcHOM npOCTpaHCTBe. 

8 cny4ae HepenRTMBMCTCKoro ypaBHeHMR WpeAMHrepa 

w ~ p 2 - 1 
C (p . E) ~ (--E) /B2/

n 2 n 

dQ~~ = d 
3k. /83/

k 

8 

u~mu :;. :.; 

MM

~ L~~ t ~l \~ . .. .:.: 
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dlL, d 3k1 )1 + k'2, /B4/ 
k 

Aanee 6YAeM paccMaTp~BaTb penAT~B~cTCKY~ MOAenbHY~ ellYHK4~~ rp~~ 
Ha /CM.!2 1 cTp.248/: 

k -1 E = ,11 ' p~ 2G ( p , En) = (E p - En) p v.,. , /B5/ 

8 HepenAT~B~CTCKOM nOAxoAe KynoHoBCKOMY nOTeH4~any 

a /B6/VCr) = -w-
B ~MnynbcHoM npeACTaBneH~~ OTBe4aeT nOTeH4~an 

V(p,k) = - . a /B7/
(p _ k)2 

PenAT~B~CTCK~e paC4eTbi npoBeAeM KaK C nOTeH4~anOM, ABnA~~~M
CA npAM~M reOMeTp~4eCK~M 0606~eH~eM B~pa~eH~A /87/141 

~ ~ ~ ~ 2 

V(p,k)=-a 1 Ip(-)k l , /B8/ 


/ 2 l 
rAe pa3HocTb p(-)k eCTb pa3HocTb B npocTpaHcTBe Jl06a4eBcKoro : 

~ -> ~. 

pk r--:2p(-.) k = p - kl Po 1 ~ 1. Po = J 1 + Ii 2, k \ / 1 + k2, /B9/+ k o ' 0 

TaK ~ C nOTeH4~anoM, cooTBeTcTBy~~~M aMnn~TYAe OAH06030H Horo 

06MeHa 

V(p, k) ~ _a /810/ 
(p - k) 

2 -> -> 2
3AeCb ( p - k) = 2 - ..j l .,. (p -k) - pa3HOCTb 4-BeKTopOB p ~ k. 
B AanbHe~weM paccMaTp~BaeTCA cny4a~ HyneBoro op6~TanbHOro KBaH
TOBoro 4~cna P = O. npeACTaBnAA BonHOBY~ ¢YHK4~~ B B~Ae 

~ 1 -1
'l' o,_ o(p) ~ -,....--¢(p),p ~ ~HTerp~pYA B /Bl/ no yrnoBblM nepeMeH

[- v 41T 
H~M, nonY4aeM AnA ¢~) OAHOMepHoe ~HTerpanbHoe ypaBHeH~e 

-1 ~ 
G (p , En) ¢n(p) = JdkVo(p, k)¢n(k). /811/ 

o 
rAe 

1 . 1 -1> -+ 

V 0 ( p. k ) ~ -~ f V ( p. k ) d cos 8 ~ ~ . /812/
2 p , k 

(2 17 ) - 1 

YpaBHeH~e /Bll / Mo>«eT 6blTb peweHO 4~CfleHHO. 
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§1. KJlACC PEWAEM~X 3AAA4 

8 3TOM naparpacpe M~ paCCMOTp~M cneKTpanbHy~ 3aAa4Y 06 onpe
AeneH~~ p M~H~ManbH~X c06cTBeHH~x 4~cefl /C4/ ~ COOTBeTCTBY~~~X 

c06cTBeHH~x CPYHK4~~ /Cell/ AnA Knacca ~HTerpanbH~x onepaTopOB BTO
poro pOAa Ha nonyoc~, onpeAenAeMblx paBeHC TBOM /811/ :' C AApaM~, 
3aB~CA~~M~ OT CYMM~ ~ pa3HOCT~ aprYMeHTOB. B cny4ae nOTeH4~a
nOB /B7/, /B8/, /810/ ~ QYHK4~~ rp~Ha /B2/, /B5/ ypaBHeH~e/Bl1/ 
3aMeHo~ nepeMeHHo~ ~ ~CKOMO~ CPYHK4~~ CBOA~TCA K B~AY 

a 
dp) ¢ (p) + f3 ' c (p) ,r V (p. k ) c (k ) ¢ (k) d k = A¢ (p) 


o 


O < a ~ oo , O< p:sa, 

a 2 /1 .1/
V ( p , k) = V

l 
(I p - k I) + V 2 ( p + k), J¢ (k ) dk = l, 

o 

rAe CPYHK4~~ (p) ~ c(p) 3aAaHbi ~ ~Me~T Tpe6yeMY~ rnaAKocTb, 

a Vl(t) = lnL . V (t ) = -lnt,


2 
B pa60Te nonY4eH~ He06xoA~M~e ycnoB~A pa3pew~MocT~ 3aAa4 B~

' Aa /1.1/ B 3aB~C~MOCT~ OT aC~MnTOT~K~ peweH~~ np~ k. ~.~ np~Be

AeH~ pe3ynbTaT~ 4~cneHH~X pac4eTOB AnA pAAa MOAene~, on~C~BaeM~X 
ypaBHeH~AM~ T~na /1.1/. 

OCHOBH~M Tpe60BaH~eM np~ B~nonHeH~~ 3T~X paC4eTOB ABnAeTCA 
BblCOKaA OTHOC~TenbHaA T04HOCTb C4 /10- 7 +10- 8 / ~ Cell/l0- S ~ 10-!:i /, 
n03BonA~~aA B 6YAy~eM 06ecne4~Tb He06xoA~MY~ T04HOCTb np~ 6n~

caH~~ 3Kcnep~MeHTanbH~x A~HH~X. Hanp~Me~~/Macc~ 'l' ~ T -M e 30HOB 
~3MepA~TcA C OTHOC~TeflbHO~ T04HOCTb~ 10 ' S/ AnA BblnonHeH~A YKa-
3aHH~X Tpe60BaH~~ M~ CTanK~BaeMCA C np06neMo~ B~4~CfleH~A ~HBa
p~aHTHoro nOAnpOCTpaHCTBa MaTp~4 6onbwo~ pa3MepHOCT~ /noPAAKa 
n " n. rAe n - 10 3/, KOTopaA npaKT~4ecK~ Hepa3pew~Ma 6e3 Y4eTa 
cne4~ell~K~ 3T~X MaTp~4. AnA peweH~A B03H~Ka~~e~ anre6pa~4ecKO~ 

np06fleM~ B pa60Te ~cnoflb3yeTcA 4~cfleHH~~ anrop~TM, npeAno>«eHH~~ 


B 16 1 ~ pean~30BaHHbl~ Ha FORTRANe B B~Ae nporpaMMbl EVPIM ~ ~C

nonb3Y~~~~ MHoroceTo4Hy~ pean~3a4~~ MeTOAa ~Tep~pOBaH~A nOA
npoCTpaHcTBa, 3KOHOM~4H~e anrop~TM~ pa60T~ C raHKeneB~M~ ~ Ten
n~4eB~M~ MaTp~4aM~, B03H~Ka~~~M~ np~ A~cKpeT~3a4~~ ~HTerpanbHO

ro onepaTopa no Me TOAY rane PK~Ha, a TaK l« e cne4~anbH~e anrop~TMbl 

YT04HeH~A np~6n~l«eHH~X pewe H~~. 

npeACTaBneHH~e 3AeCb pe 3ynbTaT~ pac4eTOB nonY4eH~ Ha 3BM 
CDC-6500 np~ A~CKpeT~3a4~~, ~cnonb3y~~e~ AO n= 1025 He~3BeCT
HbIX. np~ 3TOM 3aTpaTbi onepaT~BHo~ naMAT~ COCTaBnA~T Q = 2(p + l)n+ 
+ 14n ~ O(p2 ), rAe p - Kon~4eCTBO Bbl4~cnAeMblX Cell. AocT~rHYTaA 

T04HOCTb C4 ~ Cell ~nn~cTp~pyeTcA Ha np~Mepe T04HO pewaeMO~ MO

Aen~, ~ AnA C4 AOCT~raeT 10-7 + 10-8 


8 pAAe cnY4aeB ypaBHeH~e /B1/ B ~CXOAHO~ cpopMyn~poBKe Mo>«eT 

HeCKOflbKO CTn~4aTbCA OT /1.1/, OAHaKO CBOA~TCA K HeMY 3aMeHo~ 


nepeMeHHblX. 
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Hanp~Mep, 3aAa4a 

a 
v(p)u(p) +{30(p)J G ( p, k)u(k)dk=AU(P), D(P» 0 /1 .2/ 

o 
CBOA~TC~ K B~AY /1. 1/ 3aMeHO~ 

c(p) = D(p) 1/2 , ¢ (P) = D(P)-1I2 u (P). 

K ypaBHeH~~ /1. 1/ np~BOA~TC~ TaK~e 3aAa4a 

v(p) u (P)+ {3 J
00 

G (<P (P), <P (k) ) u(k) d k = AU (P) . /1 .3/
o 

rAe <P(p) ~ C[O, ocl ~ cTporo MOHOTOHHa npl-I p ~O , npv;4eM <P (p) > O. p > o. 
nYCTb <P(O) ~O, TorAa, nonara~ 

1 1 1 1 112
P = <P (p), k = <P (k) , U (P) = ¢ (p ). ¢ (P) , 

1 

rAe <P ' (p)= ¢l(pl), ¢ (p1) > 0, np~xoA~M K ypaBHeHI-I~ /1,1/, B KOTO
POM C (P) =¢1\'p)-1I2 . 1 

YpaBHeHl-le 

a 
v(P)U(P) + {3 J G (k, p)D(k)u(k)dk = AU(P), O(P» 0 /1.4/ 

o 
CBOAI-ITCA K /1.1/ 3aMeHO~ c (P) = 0 1/ 2 (p) ,¢ (p) = 01 /2(p) u(p). 
OTMeTI-IM, 4TO Be3Ae B AanbHe~WeM 6YAeT npeAnOnaraTbC~ cy~ecTBo
BaHl-le peWeHI-I~ 3aAa41-1 /1.1/. Knacc AI-I$$epeH~l-IanbHWX 1-1 ~HTerpo

AI1$$epeH~l-IanbHblx onepaTopOB, AnA KOTOPblX npl1MeHI1Ma np0l.\eAypa 
16· / EVPIM, YKa3aH B . 

§2. ACHMnTOTHKA C$ H HE06XOn~M~E YCnOBHR PA3PEWHMOCTH 

PaCCMOTpl1M Knacc ypaBHeH~~ C nOrapl-I$MI14eCK~M AAPOM BI1Aa 

a x _ y 

LIjI E v(x)ljI(x)+{3.c(x)Jlnl~~IIjI(y)dy = AIjI(X), 
 /2.1/o x + y 

AnA a=oo.npeAnonO~l1t~, 4TO v(x) , C(X)E: CN[O , 00) ,N L 2,a ljI(x )=O(x~, 
x -. 00 , a > O. Cy~ecTBoBaH~e napaMeTpa a > 0, npl-I KOTOPOM COBnaAa
~T aCI-IMnTOTI1KI1 npaBO~ 11 neBO~ 4aCTe~ /2.1/ npl-l X -> 00, ABnAeTCA, 
04eSI1AHO, Heo6xOA~MbIM ycnoBl1eM cy~ec TBOBaHI1~ peWeHI1~ 3TO~ cneKT
panbHO~ 3aAa411. KpOMe Toro, a ABn~eTCA Ba*HWM napaMeTpOM B 411C
neHHO~ cxeMe 11 nOAne~I1T onpeAeneHI1~ AO Ha4ana pac4eToB. HaM 
nOHaAo611TCA cneAy~~ee npeAcTaBneH~e: 

-2 f --.---L(.E... 2k+ 1
k~ O 2k + 1 x) , x > t 

x _ ·t 
In l ~-I /2.2/x + t -2 ~ __1_ x 2k + 1 

k= 0 2k + 1 ( t ) x < t .4 

nYCTb npl1 x ~ Ro > OcnpaBeAnl1BO pa3no~eHl1e 

L b 
IjI (x) = L I + 0 ( x - a -L ~, S > O. L > 0 , a > 1 /2 . 3/

i=O x a + Si 

C HOPMI1POBKO~ bO = 1. nOnO~I-IM AnA YAo6cTBa a 1 ~ fl ,f1 •. O. Cn pa

BeAnl1Ba cneAy~~aA 

neMMa 1 . nYCTb cy~ecTByeT Henpe pWBHoe peWeHl-le ljI (x ) , A ypaB 
HeHI-IA /2. 1/, YAOBneTBopA~wee ycnoBI1~ /2 . 3/, npl14eM 

lim x YC (x) = 1 , Y ? 0 ; lim x - v V (x) = 1 . " > O. /2 .4/ 
x -> 00 x -> "" 

TorAa I-IMeeT MeCTO OAI-IH 113 cneAy~~l1x Tpex cnY4aeB: 
1. y-l v > l. TorAa 'I' (x)~O(x-l-f1),x .• "" , rAe fl y ~ I ' 1-I BblnonHAeTCA 

COOTHOWe Hl1e 

·!Tfl ;?, II "
lim x 'V (x) ., .-- J t 'V (t) dt . /2.5/ 

x -1' (X. T7 0 

1" IJ...2. y ;j . ~ 1 . TorAa ljI(x )=O(x 'J 0::,1 -: 1, x rAe 41-1CnO II 

YAOBneTBOPAeT ypaBHeH I-I~ 

f1 ct,:!; ..!!...J.1. - 13 - 0 {'-! .-' 12 /. . - ;r' /2.6/ 

3. Ecnl1 y . I' .,1. TO ypaBHeHl-le /2.1/ He I1MeeT peWeHI1 i1 1-13 Knacca 

/2.3/ . 
KpOM e Toro, ec nl1 A,v(O). TO '1'(0 ) .• O. 

n OKa3aTenbCTBO. npl1paBHI-IBaA aCI-IMnTOTI1KI-I npaBo~ 1-1 neB o~ 4acTe~ 
/2.1/ npl1x .~,nony4aeM Heo6xOAI1MOe ycnoBl-le pa3peWI1MOCTI1 ypaB
HeHI1A /2.1/: 

l - fl x -t
l.im x (v(x) 1jI (X) - (-JC(X) i

'X.

In :-- ; 'V (t)dt ) ~ const . /2.7/x • tX .:X: o 

HccneAyeM 3TO ycnoBl-le B Ka*AoM 1-13 c nY4aeB 1/ 11 2/. Ha~AeM aCI-IMn
TOTI-IKy I-IHT e rpanbHoro cnaraeMoro B /2.7/. B nepBOM cnY4ae npl1 

x::: Ro I-IMeeM 

, X-t Xx.J .n __ ! IjI (I) dt = _ 2 r'i _1_ ( ..!.. )2 k -I 1 ljI (t)dt -
o X ~ r 0 k ·02 k -r 1 x 

_ 2 j}; _1_ (~ )2k~1 IjI (t ) d t = - 5... ; t IjI (t) d t 

xk=02k + 1 t X 0 
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-2k- '1 x 2k + L 00 2k+ 1 00 "'()
-2 2 x , f t 'I' (t) d t - . 2 2 x , f _T_t d t . 


k = 1 2k + 1 0 k=02k + 1 x t 2k+ 1 


0603Ha~aR ABa nocneAHMX cnaraeM~X ~epe3 SI M s2' nonY~MM 04eH
KM 

Isi l :S C (2 ~._ , . , )x-fl ,
1 

k= 1 	 2k + 1 2k + 1 - f1 

1 	 -flIs I < C ( 2 --, ) x , 

2 - 2 k =O 2 k + 12k + 1 + fl 


OTKYAa OKOH~aTenbHO HaxoAMM 

00 x-t 2 x 
!In 1-- I IjJ(t)dt = --f tljJ (t) dt + O (x - F ), fl > 1 . 
o x + t x 0 

OTC~Aa HenocpeACTBeHHO B~TeKa~T pe3ynbTaT~ cny~aR 1/, B TOM 
~Mcne M/2.5/. 1 

PaCCMOT PMM cny~av. 2/. Corna CHO n peAnOnO)!{eHMRM. lim t + f.!1jJ (t.) ~ 1 . 
t-. 00OnpeAenMM ¢YHK4MM an~ ) M bn~) COOTHoweHMRMM 

1 x an(x)_ 

- ' f f'll(t ) dt x fl' x ~ 00 


xn 0 n " ' fl 


n fOOt- nllI () d bn (x)X T t t ~ ~, x 
-'II 

r x -> n 2 , 0, 
n + fl ' x 

npM~eM Iima n(x) = 1 , lim b n (x) 1 ,n 0,1, ... Hcnonb3YR 3TM 
n 	 n ... oo 

¢YHK4MM, MO)!{eM HanMcaTb 

00 x t 2 00 a 2k + 1 (x) 

fIn 1---' 1 'II(t) dt = --(2) - ' 

o 	 x + t x fl k= 0 (2k + 1) (2 k + 1 - '1" ) 

/2.8/2 00 b 2k + I (x ) 2 
- , - ( 2 ) = - - ¢ (f.!, x), 

x fl k = 0 (2k + 1) (2k + 1 + fl) x fl 

rAe 

lim ¢ (fl , x) '" ¢ (f.!) ~ 2 f rr tg 2!:. '. /2.9/ 
x -> 00 k =0(2 k + 1) 2 _ 'fl2 2/1 2 

H3 paBeHCTB /2.8/, /2.9/ HenocpeACTBeHHO B~TeKaeT, ~TO 


y + v = 1, a npMpaBHI-1BaR K03¢¢M4MeHTbl npM x-I-', nony~aeM ypaBHeHl-1e 


1 -~ ~¢(fl) = 0, 
TT f1. 

6 

KOTopoe 3KBMBaneHTHO /2.6/. OHO pa3peWMMO npM f3 S , 2 / rr. n e rKO yc
TaHOBMTb OCTanbHY~ ~aCTb neMMbl. neMMa AOKa3aHa. 

HanMweM npM6nM)!{eHH~e ¢opMynw AnR peweHM ~ ypaBHeHMR /2 . 6/ npM 
{3 -. o. npM 3TOM, o~eBMAHO, fl = 1- f , .. -. 0 , a /2.6/ 3anMCblBaeTCR 
B BMAe 

(1 -	 d tg !..!!... - f3 = O. 
2 

OTC~Aa nony~aeM TPM nepBWX npM6nM)!{eHMR AnR (: 

(';=(3; (_(2_~{3 =0 ; 
TT 

2 	 1 11 2 3 2(-( + -(-)( --(3=0.
3 	 2 rr 

B cny~ae 2/ HeT aHanora COOTHoweHMR /2.5/. 

3aMe~aHMe 1. ACMMnToTMKa 1jJ~) = O(x- 2 ) He MMeeT MeCTa B Knac
ce K03¢¢M4MeHToB /2.4/, B ~Mny COOTHoweHMR 

f t- 21n I ~I dt = O( ~ ). x .• R > O, 
x + t xR 

§3. 	 CBEnEHHE 3AnA4H /1.1/ 

K AnrE5PAH4ECKOA np05nEME HA C05CTBEHHWE 3HA4EHH~ 


PaCCMOTpMM cnY4ai1 a = 00. H3MeHeHMR AnR a <, 00 He3Ha4MTenb Hbl . 
nYCTb cy~ecTByeT ce 1jJ~) 3aAa4M /1.1/ C C4 A, npM4eM 1jJ(~ = 0, 

aIjJ (x) = O(X- ) ,x '. "", rAe a -., 1 YAOBneTBopReT ycnoBMRM neMMbl 1. 
npeAnonO>I<MM, aHanorM4Ho/6 l, 4TO 

N 	 N
ljJ(xlEC LO.oo): v(x) , C(K):;C [0.00) . N .:: 2. /3.1/ 

3aAa4Y /1.1/ CBeAeM, cornacHo / 6 ~ K npo6neMe OTWCKaHMR P MMHM
ManbHblX C4 M COOTBeTcTBylO~I-1X co6CTBeHHbiX BeKTopOB MaTpM4bl A 

pa3MepHoCTM (n - 1) ( (n I)BMAaT 

A= 	 D ~ C(B V)c
V TO' 

TB 	 T + H. V = (a • a •. . . , a ) /3 : 2/1 	 2 n' 

q 

D = diag ( d 1... .. d + ) , C = diag(c • ... , c + ), n 2 
n I i n 1

rAe 	T - cMMMeTpM4ecKaR TennM4eBa, a H- raHKeneBa MaTpM4bl, T.e. 
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np04eAypa EVPIM 6 1 
CBOAI-1TCR K nocneAosaTenbHoMY peWeHl-11O 3a

T = lt! j __ i! 1 , H = Ih i +) , i. j = O,l, ... ,n-1. AI-1CKpeH13a41-11O Aa4 /3 . 4/ AnR pa3nl-14HOrO 41-1Cna Hel-13SeCTHbiX Ni ~ ni .. 1, ~ 2 3+ i , 
CTPOI-1M MeTOAOM ianepKI-1Ha. Bbl61-1paeM 41-1CnO 1lx ~ RO' nOnaraeM h i = 1,2, . . . , I ; I :: 7 /AnR 3BM CDC-6500/, npl-14eM npl-1 nepexOAe
= ax .n- 1, R ~ax + h 1-1 l-114eM peWeHl-1e IJI (x) S sl-1Ae OT i K i + 1 war AHCKpeTI-13a41-11-1 YMeHbwaeTcR sAsoe h iT 1-' 0.5 · hi' 

Ecnl-1 cnpaSeAnl-1BO npeACTasneHl-1e /2.3/, TO I-1cnonb3YlOTCR Ase S03n T I J 
ni 

IJI (x) ~ L Ui ¢ i (x ) . 0 ~ x < 00, MO)!{HOCTI-1 AnR YT04HeHI-1R npl-16nl-1)!{eHHblX peWeHI-1Iii, OCHosaHHble Ha cne/3.3/
i~ 1 AYI014I-1 X npeAcTaSneHI-1RX AnR norpeWHOCTI-1 ceT04HblX peweHHIii, nOA

rAe ¢ i (x) , i :o; n - KYC04HO- nl-1He~1Hble 6a 31-1CHbie CPYHK41-11-1: ¢ i (ih ) = 1; 
¢i (,f) = 0, ~ = (i - 1)h , ~ = (i , 1)h . <1>YHK4I-1R ¢ n + lx) ~ nl-1HeliiHa Ha 
OTpe 3Ke [ a x' R), ¢ n + l (R) = 1, ¢n + 1 (ax) = 0, 1-1 Y41-1TblSaeT aCI-1MnTO

TI-1KY npl-1 x ~ 'T: ¢ n+I(X)= (R / X)'l, npl-1 x ;:: R TaKI-1M 06pa30M, u h = 

= ( u I ... .. un'!' l) - seKTO~ HeI-13SeCTHbIX. nOAcTasnRR /3.3/ B ypasHe
Hl-1e /1.1/, npl-1XOAI-1M K CI-1CTeMe 

(LIJI, ¢ k ) o A ( IJI, ¢k)' k ~ 1 • . . .• n"-1 . 

Bbl41-1CnRR CKanRpHble np0l-13SeAeHI-1R Ha oTpe3Ke [0. R) no cpopMyne 

Tpane41-11ii C warOM h. npl-1XOAI-1M K anre6pal-14ecKolii CI-1CTeMe 

AUh AhU h, /3.4/ 

T 
rAe = ( UI . . ... u • z ), z = c 1 · u + -112 2 ('" '" )uh n 1 C 1 = a oh • a 0 ~ 'I' n + I' 'l'n+ I .n
 
MaTpl-14a A I-1MeeT SI-1A /3.2/, npl-1QeM 


D ~ diag ( v ( PI ) , v ( P ) , v + );n n I 

-2 
v a [(v¢ ,¢ )+(3 (c(x ) ¢ , j G (x.y) c (y) ¢ (y)dy» );

n .1 0 nTlo+1 n + 1 n+ l 

c '" diag ( c (p I) . c(Pm), 1), Pi = ih, 

-1 . 
aI' f:3 . c1 jG(p,y)c(y)¢ (y ) d y, 1 ~ 1, ... n; 

o 1 n+ I 

T , H = I a , I , i , j ~~ 1, ... , n. 
IJ 

x - Ya (3 j G ( p , y) ¢(y) d y. G ( = , ! .x . y) In!--~ ij o I J x +y 

3Ta CI-1CTeMa annpOKcl-1MHpyeT I-1CXOAHOe ypasHeHl-1e C T04HOCTbIO O( h2 
) . 

3aMe4aHI-1e 2.Ecnl-1 06nacTb onbeAeneHI-1R ypasHeHI-1R /1.1/ eCTb 
KOHe4Hbilii oTpe30K [0 , a ), a < 00, TO nonY4aeM aHanorl-14HYlO CI-1CTeMY, 

rAe h ~ a· (n 1)-1, R ~ a - ,h, ¢ k (x ) , k $ n - Te )!(e caMble. a ¢ n + I (x)T 

Ha OTpe3Ke [R-h, RJ - nl-1HeliiHa, ¢n+I(R) = 1, ¢n + I (x) ~ (~)a . 

R-a 


R .'Ox $ , a. rAe 41-1CnO a 3aAaeT aCI-1MnToTI-1KY peWeHI-1R npl-1 x -> a . 


8 

TBep)!{Aa eMbi X C 60nbwolii T04HOCTbIO 41-1CneHHblMI-1 3KCnepI-1MeHTaMI-1: 

N 1+ i L g. (x . h ) 

P 0 + I U - I I [2. ci(x)h ~ I . ) "' I}h'
Uh Pn 

i~1 i ~ I R a - 'I+ SI 

N L1+ i Vi 
A - Ah = :£ dih + :£ + l h' R (2- 1+ Si i= I i= I 

/3.5/ 
-a-LS I + N. 


l h ' I i I} h Ii 0 ~R ) + 0 ( h ) • 


2 3 2 3 
g o (x) + g 2 (x)h + g (x )h + 1/ 1/ +1/ h +1/ h + " "gi I I 13 i iO i 2 i3 

g ij , I/ ij - He 3aSI-1CRT OT h. 
npoeKTOp Pn+lonpeAeneH cornaCHO pa3nO)!{eHI-1IO /3.3/. npaKTl-14e

CKoe 3Ha4eHI-1e npeACTaSneHI-1R /3 . 5/ COCTOI-1T S TOM, 4TO, I-1MeR He

CKonbKO peWeHl-11ii Uh i ' A h i AnR pa3nl-14HbiX hi' MO)!{HO C nOM014blO nl-1
HeliiHolii KOM61-1Ha41-11-1 I-1CKnlO41-1Tb nepBble cnaraeMbie S pa3nO)!{eHI-1I-1 /3.5/ 
no CTeneHRM h. a Aanee, I-1cnonb3YR 3TI-1 YT04HeHHbie peWeHI-1R AnR 

pa3nl-14HbiX R I' R 2' R 3' .. , TaK)!{e I-1CKnlO41-1Tb nepsble cnaraeMble 
S pa3nO)!{eHI-1I-1 no CTeneHRM R- ~ TaKYIO np04eAYPY Ha3b1SaeM Asyxnapa
MeTpl-14eCKOlii 3KCTpanonR4l-1elii. ~3nO)!{I-1M pe3ynbTaTbi 41-1CneHHOro I-1ccne
~OSaHI-1R HeCKOnbKI-1X MOAenelii, Onl-1CblSaeMbiX ypasHeHI-1RMI-1 Tl-1na /1 . 1/. 

§4. PE3YnbTAT~ 4~CnEHHWX PAC4ETOB 

a/ CHa4ana npol-1nnlOcTpl-1pyeM OCHOSHbie xapaKTepl-1CTI-1KI-1 MeTo~a 
Ha npl-1Mepe ypasHeHI-1R Wpe~I-1Hrepa, KOTopoe S cny4ae KynoHoscKoro 
nOTeH41-1ana /B7/ 1-1 C Y4eTOM /B2/ 1-1 /B3/ 3aMeHolii 

IJI r = 0 (p) ~ _1~., ¢ (p) 

J4:' p 

CSOAI-1TCR K o~HoMepHOMY ypasHeHI-1IO: 

2 "" 
~, ¢(x);- ..fl 11n l ~ I ¢(t ) dt = A¢ (X), a / 417 = (3. /4.1/2 170 x + t 
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3TO ypaBHeH~e ~MeeT T04HOe peWeH~e ' 7i B 4aCTHOCT~, np~ ~ = 1 

2 -2 
1>1 (X) = X (X + 1) , A 1 = - 0,5 . 

1>2(x) = X(1-4x 
2
)(1 + 4lf3, A 2 = - 0,125, A3 ~ -1./18, 

np~4eM a = 3, S = 2 B pa3no~eHMM /2.3/. B Ta6n.l np~BeAeHhl Be

n~4~Hbl 1'\ A 3' /L\i = ~A i -A Il . i 
h+l 21'2 

1'\ 'I' = [ 2: h (u . (kh) - U h (k h)) ] i . 1. 2 , 
1 k =1 1 • 1 

rAe i - nopHAKoBhl~ HOMep C~. AnH pa3n~4Horo 4~cna He~3BeCTHhlX 

jn+ 1= 257; 513; 1025/ B C~CTeMe /3.4/. OTpe30K A~CKpeT~3a~~~ 
nonaranCH R = 10. T04HOCTb peweH~H C~CTeMhl AnH nepB~X ABYX 
C~ 6~na (= 10-6 KaK B~AHO ~3 Ta6n.1, ~MeHHO C 3TO~ T04HOCTb~ 
nonY4a~TcH C~ nocne 3KcTpanonH~M~, B TO BpeMH KaK T04HOCTb C4 
3Ha4~TenbHO B~we. npMBOAHTCH pe3ynbTaThl YT04HeH~H no peweH~HM 
Ha AByX nocneAH~X ceTKax 1'\2A M 1'\2'1', a TaK~e no TpeM ceTKaM 
1'\3 A . AanbHeHwee YT04HeH~e Ben~4MHbl 1'\3A1 npOBoA~M, ~cnonb3YH 
ee 3Ha4eH~e AnH R1 = 10, R2 = 12,5, R3 = 15. B TaOn.2 np~BOA~M 
pe3ynbTaT YT04HeHMH I'\(R i , Rj )A1 AnH Ka~Ao~ naphl 4~cen Ri , i = 

= 1,2,3. nOcneAHHH CTpOKa Ta6n.2 xapaKTep~3yeT AOCT~~~MY~ T04
HOCTb MeTOAa AnH 3aAa4~ /4.1/ np~ 4~cne He~3BeCTH~X n+ 1= 1025. 

3aMe4aH~e 3. Ha 3BM EC-l060 MorYT 6~Tb npOBeAeHhl paC4eT~ 


C ABOHHO~ T04HOCTb~ B npeAenax onepaT~BHoH naMHT~ AnH n = 2048 

~ n = 4096, 4TO AaeT B03MO~HOCTb AnH AanbHe~wero YBenM4eH~H 


T04HOCT~ C4 Ha 1-2 nopHAKa. 

B Ta6n.3 np~BOA~M xapaKTepHoe BpeMH C4eTa T /e ceKYHAax/ 


Ha 3BM CDC-6500 np~ P = 4, n = 1024 B 3aBMC~MOCT~ OT T04HOCT~ 


B~4~cneH~H C~. 

Ta6nHl\a 3 

10- 1 10- 2 10-3 10- 4 10-5 

258 420 475 490 690 

6/ PaccMoTpMM ypaBHeH~e /Bl/, KOTopoe B penHT~B~CTCKOM cny
- 1> (x)

4Cie /B4/, /BS/ ~ /B8/ 3aMeHOH 'I' (x) = y (8 4»nepexoA~T B:- - .,...< 00 ' 
Pvl + p'" 

(3 x -t u 
ym2+x2(p(X)I flni-~I¢(t)dt=A1>(x), ~~ /4.2/ 

47T
y' m 2 i x 2 0 x+ t 

O::;x < "'. III - 3.1 ,Qa HO . 
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CorIlaCHO IleMMe I, eCIlf1 peWeHf1e CY1l\eCTByeT, TO ¢(X) ~ O(X-3). 

X ~ 00 . 4VlCIleHHbie 3KCnepf1MeHTbl nOKa3b1Ba1OT, 4TO peWeHf1R ¢(X) 3TO

ro ypaBHeHf1R 60Ilee "IlOKaIlVl30BaHbl" B OKpeCTHOCTf1 T04Kf1 X = ° no 

cpaBHeHVlIO C /4.1/, T.e. 3aBf1Cf1MOCTb T04HOCTf1 peWeHf1R OT AIlf1H~ 

ax OTpe3Ka Af1CKpeTf13a4f1f1 cIla6ee. npf1BeAeM pe3YIlbTaT~ paC4e -<T 


TOB nepBblX Tpex CC» f1 C4 AIlR ax = 10, n = 128 f1 pa3Ilf14Hb1X (3 = co 

::i o= 1-'-6. B Ta6Il.4 npf1BeAeHbl C4 AI' A 2 , A3 AIlR 3Tf1X (3 . no HaWf1M 	 :s: 

t:; 
 <D04eHKaM, T04HOCTb C4 ( = 10- 5 

.,. 10-6 , AHaIlf1Tf14eCKOe peweHlo1e 	 ID 
C\lAIlR ypaBHeHIo1R /4.2/ Hef13BeCTHO. OAHaKo OHO 6~IlO peweHO paHee .... 


4101CIleHHO MeToAoM, npeAIlOlHeHHblM B /8/ B CIlY4ae (3 = I 3TOT MeTOA 


Aae'r AIlR /4.2/ Al = 0,657 8.:!:D,DDI, A 2 = D,8995.:!:D,DDI, 4TO corna

cyeTCR C nOIlY4eHH~MIo1 3AeCb pe3YIlbTaTaMf1. 


B Ta6Il.6 npf1BeAeH~ OCHOBH~e xapaKTepf1CTf1Kf1 nepB~X Tpex CC» 

'I' j (x). npf1 (3 = I, HOpMf1pOBa HHbl X YCIlOB f1eM 
 o 

L\ ) a 

,x¢2(x)dx . 1 
 1 . 2 . 3. 

I 	 /4.3/o 

BeIlIo14f1H~ Zj 03Ha4alOT nOIlOlHeHf1 e HYIle~ C!>YHK4f1f1 B nopRAKe B03pa
C T a Hf1R, a f1 I (M j , 6 (M j » - na Pbl 4f1CeIl, ne pBoe f13 KOTOPblX ec T b 
 o 
nOIlOlHeHf1e T04KIo1 3KCTpeMYMa (¢ ' (M ) 0), a BTopoe - 3Ha4eHIo1e 6(M ) 

J "" HYMepa4f1R HYIle~ 101 3KCTpeMYMOB COOTBeTCTByeT 4f1C!>paM B BepXHe~ j 

CTpOKe. 

B/ npf1MepOM 3aAa4f1, npf1HaAIlelHa1l\e~ KIlaccy /1.2/, CIlYlHf1T ypaB
oHeHlo1e /BI/ C C»YHK4f1e~ iplo1Ha /B5/, 3IleMeHTOM 06beMa /B4/ f1 no
~ 

- 0(n)Te H4101aIlOM /BID/, KOTopoe 3aMeHO~ l/I ( P) -- ~-~-_lQo(f) . </l), P ' Shy, 

1\ ' 1 ' r 2 p
k - sl! X k CBOAIo1TCR K ypaBHeHIo1IO: 

(2 sh
2 ~ 1) (2Sh2~ l--A)o( X)2 o2 p 

C\l 
/4.4 /l:.J} sh ( X p - Xk 

77 f In ( 2 ) ¢(X )dX _ o xo X - ' k k psh ( p >. k 

2 o 
t-io( X p)

CHoBa AeIlaR 3aMeHY X = Ih X 1 2 I = IIl~' '2, u (X)" npf1
P' , k 1 _ x2 


XOAIo1M K ypaBHeHlo11O co cTaHAapTH~M RAPOM Ha OTpe3Ke [0,11 

2 	 1 
21+x 4(3 X - I Cl:l.

(l+x)( 2 -A)1l(X) = -f1lll--'-lu(l)dr. /4.5/ 

I-x 77 0 X-I 


KOTopoe pewaeM no f13IlOlHeHHO~ B §§ 2-3 cxeMe. f1CnOIlb3YR aCf1Mn
TOTIo1KIo1 

2 
II (x) = c . (1 - x) + 0 (1 - x ) , x ~ 1. 

/4.6/ 
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- - - -

Ta6JUlua 6 

2 3 ¢ (ax) 

zl 	 7, 4· 10-4

° 
0,391;1,169111 

0,391 	 3,2'10- 4 
z2 ° 

0,156;2,09 8 0,625;-0,598112 

° 0,172 0,477 I ,9· I 0- 4 
z3 

0,078;2,65 0,273;-1,60 0,703;0,364113 

4HcneHH~e paC4eT~ nOKa3~Ba~T, 4TO ypaBHeHHA /4.4/ H /4.2/ HMe~T 
Ka4eCTBeHHO 6nH3KHe pe weHHA. B Ta6n.5,7 npHBOAATCA xapaKTepHCTH
KH peweHH~ /4.5/, aHanorH4H~e npHBeAeHH~M B Ta6n.4,6. npH 3TOM 
C$ HOpMHpOBaH~ ycnoBHeM 

1 

f 1I ~ (x) dx ~ 1. i 	 - 1. 2. 3. 
o 

04eHK~ nOKa3~Ba~T, 4TO T04HOCTb C4 eCTb , = 10-~ ~ 10-6 

r/ npHBeAeM Aanee p e 3ynbTaT~ 4~cneHH~X ~ccneAoBaHH~ AByX 
KBa3~nOTeH4HanbH~X ypaBHeH~~ C MeAneHH~M y6~BaHHeM C$ np~ x 
4TO OTHOCHTCA K nyHKTY 2/ neMMN I . 

nepBoe H3 H~X COOTBeTcTByeT cnY4a~, paCCMOTpeHHOMY B nYHKTe 
6/, § 4, OAHaKO 3neMeHT 06beMa Bbl6~paeTcA B BHAe /83/: 

2') (i '" x - r
Jm + x- ,,~(x), 	 - J 'n 1---1 o(f)dr A 0 (x l. m - 1 . /4.7/ 

17 0 X ~ r 

3Ta 3aAa4a pa3pewHMa, cornaCHO neMMe 1, TonbKO np~ ycnoB~H {i:c 2 / 17. 

npH 3TOM ¢(x)_Qx- 1- 1'1, x. "-'. rAe 4~cno 1'< 1 onpeAenAeTCA ~3 
ypaBHeHHA /2.6/. nnA ypaBHeHHA /4.7/ ~3BeCTHO T04Ho e npeACTaB
neH~e AnA C4 ~~ cpaBHeH~e C KOTOP~M~ nOKa3~BaeT, 4TO T04HOCTb 
4~cneHH~X pac4eTOB B AaHHOM cnY4ae COCTaBnAeT OKono 10- 5 

/T.e. nATb 3Ha4aLl\HX 4~tIlp/. Hanp~Mep, npH (i= 0,1, A1.T= 0,995037 .. 
a A1,411cn = f), 995072. OnpeAeneHHble TPYAHOC TH B 4~cneHHblX paC4e
Tax CBA3aHbi KaK C MeAneHHblM y6blBaHHeM CtIl npH x ~ "", TaK H C 6bICT
pblM pOC TOM peweHHA B OKpec THOC T~ T04K~ X ~ O. 

Ecn~ B ypaBHeHHH /81/ BMeCTO 3neMeHTa 06beMa /84/ ~cnonb30-
BaTb /83/, TO B penATHB~CTCKOM cny4ae /85/, /810/ nonY4HM B~leCTO 
/4.4/ ypaBHeHHe: 

14 

X +Xk
sh P . 


2X 2{3"" 2

(2sh ...:..:..,Q. + l-A)cp(X )=- fIn ( . )¢(Xk)dXk, O::,X <00, 

2 p 17 0 X -X P
sh P k 

2 

KOTopoe npHBoAHTCA K BHAY 

2 1 4- x 2 4{3 1 x + t
(l-x )(-~2 -	 A)u(x) = - fIn I-I u(t)dt, O::;x::; /4.8/ 

17 x -t 
_ x 	 01 


X Xk ¢(X ) 
 C Hcnonb30
3aMeHoi:1 x ~ th"":':'£ , t = th-.- · , u(x)= P 2 ' H pewaeTcA

2 2 1 - x 
pa3n\l14HbiX

BaHHeM aCHMnTOTHK~ /4.6/. Ta6nH4a 8 cOAep~~T C4 AnA 
9 \I1MeeT TOT

{3 = 0,1~0,7, rAe 4Hcno He~3BecTH~X n = 128. Ta6n~4a 
~e CM~cn, 4TO H Ta6n.6, npH4eM (3 = 0,2. 

Ta6m-lua 7 

3 ¢ (ax)2 

3,2'10- 4 

z 0,1 

1 
 ° 

0,116;2,888111 
-4 

1,0 I ,2· 100, 101
z2 ° 

0,163;-1,2560,039;4,209112 
7,9.10- 4 

0, I 16 
z3 	 0,042

° 0, 17 ; -0,81 20,070;3,3980,019;-4,76113 

T n fl.1l111\a 8 

II, \ () , I, n, ;' OJ , V. I 0,8 
{"J II, I I), ... 

O,'1 ',4 ll 0, 9377 0,9186U, :J l ~ I ( 1 II, ')(1/111
11.1 O,q llfl ) U.cJ'I ', il 1J ,'i r\ HI

'
(I, (j 11L:l o,'JiHHl O, 98l17 0,9805II , '1q ';(1

11.2 ' ,oOt, , ; 111)1 1' . [~, ~ tl 'rl 

, ,0(11) O,'1'lH :.( O, 9 'J S4 D,9')37 0,9924
1,1111'1 I ,lill I, 11.3 1,111 \ 
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Ta6nH,-,a 9 

2 3 ¢ (a x) 

Z 1 1,0 	 1,7'10- 3

° 
0,031;4,6111 

z2 	 0,041 I , ° 2 , I· 10- 3

° 
112 0,017;-4,56 0,062;4,83 

z3 	 0,022 0,066 1,2.10- 3

° 
113 0,008; 1,96 0,038;-2,1 0,093;4,59 

B 3aKn~4eH~e oTMeT~M. 4TO npeAnaraeM~~ B AaHHO~ pa60Te nOA
XOA oTKp~BaeT Bn3MO*HOCTb 3$¢eKTHBHoro 4HcneHHoro ~ccneAoBaHHR 
w~poKoro Knacca KBa3~noTeH~~anbH~x ypaBHeH~~ B~Aa /1.1/, a TaK
*e 60nee 06WMX 3aAa4 c MHTerpoAM$¢epeH~~anbH~M onepaTopOM BMAa 

d2 	 a 
P(--2 ) qJ (x) , V(xpl' (x) , C(x)jG(x. t )e(t) qJ(t)dt '\qJ(x),c 

dx 	 0 

rAe P - nonMHOM. 4~cneHH~~ anrop~TM ABnAeTCA 3KOHOM~4H~M no 
naMAT~ 3BM ~ 6~cTPOAe~cTB~~ ~ n03BonReT AocT~rHyTb B~COKO~ OT
HocHTenbHo~ T04HOCT~ C4 ~ C$, ~cnonb3yeM~x AnA B~4~cneH~R cneKT
POB n03~TpOH~A, M~OH~A, KBapKOH~R ~ T.A. 
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tIHcneHIIOc HCCJ1c,D.OR<lIlHC 

HHTef'panbHOf'O KII:l3HnOTeHI~HaJ1bIlOf'O ypaBlIeHIUI 

,D.n!l CBfl3alllll.lx COCTOR IIHH 

npenJlO)((l'I1 nojtXOJ\ K llHcnellHOMY IICCJICAOBallHIO KBa3ImOTCII

UH<lJ1bHbIX 11111'(' l'pa.llhllhlX ypaRHcHI1H B H~tnynhcHoM npeAcTasnellHH, 

CBO,D.!lUlHfI HCXOAIIYJO :WJ ta'IY K peweIIHIO 'IaCTlftlHOH npo6neMbi Ha 

C06CTsellllbll' :l 1I:1l(( '11I1I1 Il,J l fI Knacca MaT pHl(, 6JIH3KHX K TenJlHueShlM. 

CYIUeC'I'BeIIlI h'~1 )( II JI)h" I"~1I TO, 'ITO !lApa HHTef' p aJ1bHhIX o n epa'ropoB 

3 3BIIC!lT mi1lI1> 0'1' ,'YMNh' II pa3IIocTH apf'~leIITos. nOJ1YQeHbl neo6

X O,D.I1Mble yC.lI<ll! 1Il1 pa '1IWUllfMOC TH WHpOKOI'O K J1aCC a KB a 3HnoTCHLI,HaJ1b

HblX ypa mteIHlii II 'WIIIIClIMOCTH OT aCliMnTOTHKH co6cTBeHlIblX BOJ1HO


Dbl X IllyHKHIi(1 11;( CWl'KOlll"1II0CTH. nplmeAellbl pe3 YJ1hTa T bl 'IHCJ1e HHblX 


p aC'II:!TOB IVIll pHH:I MOHCJlbHblX nOTe II UHaJIOB • T OtfH OCTb HaXOlK,lleHH!I 


C06CTBCHIlhix 'III(,(,JI JUT)! MOAenblloiI 3ajla4H ,D.OCTHf'ae T 7-8 3l1a'la


U1,HX UlicJ!p. IkIlOllb:1YCMblll 4HCJ1ellHblfi anf'OpHTM :3KOHOMII'I eH KaK no 


n aMRTI1 JBH, T<lK II 110 6bICTpO,D.eHC TIHlIO. 

Pa(')OTa HhIIIOJIIIt'Wl B na60paTopIHl BbI'IHCJ1HTeJ1bHOii TeXHHKH 

H aBTONaTI13anllII mum. 

Coo6~eHHe 06beAHHeHHOro HHCTHTYTa RAepHWX HccneAos3HHA. ny6Ha 1985 
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