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npH 4HcneHHO~ peweHHH KpaeB~X saAa4 AnH CHCTeM~ ypaBHeHHH 
MaKcBenna BO BceM npOCTpaHCTBe R

3 
B cny4ae ~HsH4ecKoH CHCTeM~ 

saKyyM-cpeAa C OAHOpOAHblMH MarHHTHblMH CBoHcTsaMH BalKHoH npotine
MOH HsnHeTCH T04H~H Y4eT Kpaes~x ycnosHH Ha 6ecKoHe4HocTH. B Ha
cToH~eH pa60Te Ann peweHHH 3TOH np06neM~ nocTpoeH~ anbTepHHpy~

~He 
xax 

HTepa~HOHH~e 'npo~ecc~ no nOA06naCTHM 6es 
\,

nOCTaHOBKH MeTOAa cxanapaor'o nor eauaana , 
HaneraHHH B paM
ocaoaauaue Ha COOT

seTCTBYIOUlHX anroour-rax AnH onepa ropa nannaca'/1.4/. 
MarHHTHaH cpeAa norpYlKaeTCH BHyTpb HeKOTopOH BcnOMoraTenbHOH 

06naCTH n C rpaHH~eH r, AsnA~UleHCH Ky60M, KBaApaTH~M napannene
nHneAOM, ~HnHHAPOM HnH wapOM. TorA~ CKanHpH~H nOTeH~Han so BHew
HeH 06naCTH no OTHoweHH~ K n YAOBneTBopHeT ypaBHeHHIO Jlannaca , 
KOTopoe saMeHHeTCH ~paHH4H~M HHTerpanbH~M ypaBHeHHeM /r~y~ Tonb
KO Ha nOBepxHoCTH r. nOCTpoeHHoe TaKHM 06paSOM r~y AsnHeTCH 
cne~HanbH~M Kpae~~M ycnoBHeM HHTerpanbHoro THna An~ AH~~epeH

~HanbHoro ypaBHeHHH B 06naCTH n /KOM6HHHPOBaHHaH nOCTaHOBKa/, 
a npeAnaraeM~e HTepa~HOHH~e npo~ecc~ npeAHaSHa4eH~ AnR 3~~eKTHB

"1 
• 

~oro peweHHH BOSHHKa~UleA KpaeBOH saAa4H. npH 3TOM Ha KalKAoM ware 
HTepa~HH pewaeTCR saAa4a AHpHxne BHyTpH 06naCTH n /SABCb HaH60
nee 3~~eKT~BH~MH HBnHIOTCA ceT04H~e MeTOA~/ H r~y Ha nOBepXHO-
CTH I', COOTBeTCTBY~Ulee saAa4e HeHMaHa BO BHewHeH 06n~cTH.nOcneA
HAH np06neMa pewaeTCA 3KOHOMH4H~M HTepa~HOHH~M MeTOAOM /B cny4ae 
napannenenenena/', pa3pa60TaHHbiM B 11/, AnA '(OTOpOro aarpa ru naMHTH 
3BM TaKoro lKe nopAAKa, KaK np~ peweHHH oHyTpeHHeH saAa4H B AH~ _ 
~epeH~HanbHoA nOCTaHoBKe MeTOAOM ceTOK. HanpHMep, B cny4ae Ky

'6H4eCKoR 06naCJH n AJlA peweHHA BceR npo6neMbl yKasaHHblM KOM6H
HHpoBaHH~M MeTO~OM C T04HOCTbIO O(N-~ Heo6xOAHMMaCCHB nopHAKa 
Q = -E.1... . N 3 + O(N ) .rne N - pa3MepHoCTb ceT04HoH 06naCTH no OAHOH 
nepeM~HHOH BHyTpH Ky6a. ' 

OTMeTHM, 4TO npH AHcKpeTHsa~HH r~y Ha nOBepxHocTH ~HnHHApa 

l BOSHHKalOT oAHoypoBHeBble 6n04Ho- ~HpKynAHTHble MaTpH~bl, 'HMe~UlI1"e 
AononHHTenbHYIO cne~H$HKY BHyTpH 6JlOKOB nepBoro ypOBHA. 3TO AaeT 

I I HOBbie S03MOlKHOCTH AnA onTHMHsa~HH anropwraos peureuan rHY. L1Japo
BylO hOBepxHocTb MOlKHO paccMaTpHBa~b KaK 4acTH~H cnY4aH nosepXHO
CTH BpaUleHHA. B cny4ae wapoBoH rpaHH~~ B 

/ 41 nonY4eH~ TaKlKe T04
H~e peweHHA r~Y AnR ypaBHeHHA nannaca C KpaeB~MH ycnoBHAMH nep

__ ----.. ., .....""""'"'"...,." ............. ~_•• _~.~. .........rw"l:'..,........"v~.. ..".,_'r, " ~"'I"',,,,,,--,,,_ Boro, SToporo H TpeTbero pOAa~ TaKHM 06pa30M, Hcnonb30BaHHe rpa

©r061.e,AHBeHuhIii HHCTHTYT 
, 
~epHhIX HCCJleAOBaHBA 
I, 

Jly6Ba. 1 
1985 HH~bl cneuaansuoro BHAa /HCXOAA HS reOMeTpHH 06nacTH MarHHTHoH 

cpenu/ B noc r ooeuaux anbTepHHpYIOUlHX npoueccax n03BonAeT 3~~€lK
THBHO pewaTb WHPOKHH Kpyr saAa4 MarHHTOCTaTHKH B cny4aRx Tpex 

) 

'> 
npOCTpaHCTBeHH~X nepeMeHH~X. 

..,..:\ .. ,:cnrryt' 
I'lt ~!~Je33.Ua,~ I 
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HccneAosaHHe CXOAHMOCTH npo~eccos nposeAeHo Ha OCHOSe pac

CMO~peHHR rHY, 3anHCaHH~X Ha ~paHH~aX o6nacTeR anbTep~HpOBaHHR
 

H ycnosHR HenpepbISHOCT,H onpenene-u-ux KOMnOHeHT SeKTOpOS ,.,arHHT

HOr01nOnR. nOKa3aHa npHMeHHMOCTb npo~eccos AnR BCerO AHana30Ha
 ,"

"..~H3MeHeHHR MarHHTHOR ~pOHH~aeMOCTH CpeAbl~. HaH60nbWaR 3$$eKTHB
HOCTb HTepa~HOHHbIX npoueccoa AOCTHraeTCR B c nyuanxu » 1 H u «. 1. 

§ 1.	 nOCTAHOBKA KPAEBblX 3AAA4 MArHHTOCTATHKH
 
B PAMKAX METOAA CKAn~PHOrO nOTEHUHAnA
 

PaCCMOTpHM tHcTeMY ypaBHeHHR MaKcsenna AnR $H3H4ecKoR CHCTe t, 
M~ saKyyM-cpeAa C MarHHTHoR npOHH~aeMOCTb~ ~ /pHc.l/ B ~opMe: • 11: r 

r, 

rot Ii _ 417"""!-7 l 0 

->
 
div B = 0
 

~ 
~, I :~~ 

"B =.~H \/1.1;:
->	 -> -> ... ... ... 

(B 1 - B 2 ) · n 1 '" 0, (H2-,H 1) x n 1=O 

<I 
lim H = 0 

l'l' 
~.~ 

.~R->O<l 

l; 

~-:~' i j 

:4) 
".\. 

'1.n.a,. 
,. 

I 
;~ 

Pnc ,'l 
;"'11 

,3AeCb R - paAHyc-seKTop TeKYllleR T04KH M C AeKapToBblMH KOOPAH " 
'l
~\-

HaTaMH x, y , z ; R ='IRI - AnHHa R; R' - panayc -jsek'rop T04KH V1C '\ I ,'To4HHKa; il 1 - 0AHOCBR3HaR 06naCTb MarHV1THoR cpenu , or paHH4eHHaR I 
ii10BePXHOCTblO nRnYHOBa I'1; il~ - .p6naCTb aaxyyaa , COAep>l<alllaH 6ec ~ 
'h	 3 .....
KOHe4HO ·,YAaneHHYIO T04KY; il 1U ' U ['1 = R , n t - BHyTpeHHRR HopManb
 
K o6naclH ill B T04Kax r 1 ; -> - BeKTOp HanpR>I<~HHOCTH MarHHTHoro
 
nonR; B - BeKTOp HHAYK~HV1; jo - BeKTOp 06beMHoR nnOTHOCTV1 TO
 l,.KOB. TOKIo1 pa3MellleH~ B 06naCTH il 2; v' - 06naCTb nOKanH3a~HV1 TO
KOB 10 ; dv'=dx'dy'dz' - 3neMeHT o6beMa v'; Hj , Bj , j = 1,2  'I't 

~", 

npeAenbH~e 3Ha4eHHR seKTopOB HanpR>I<eHHOCTIo1 MarHH~Horo nonA V1 Mar 1
HHTHOR V1HAY~HV1 npH nepexOAe Ha rpaHV1~y ['1 COOTBe!CTBeHHO 1013 

I . ~ 06naCTIo1 ill H 06naCTH il 2; C - CKOpOCTb CBeTa B aakyy-te , ~ ,. 
-» !~ tl 

2 •	 'll , I~. 

, ~\ 

", 

" 3aAa4a COC,TOHT B HaxolKAeHIo1H H(x, y, ,z) V1 H(x. y, z) ~ HeKoTopoR
3

nOAo6nacTV1 R . Hcrionb3yeM MeTOA cKanR~Horo nOTeH~V1ana, oCHoBaHH~R
 
Ha npeACTaBneHHM nonR B BMAe CYMM~ nO~H V1C~04HV1KOB B BaKYYMe~W)
 
V1 nona HaM~rHH4eHHoR cpenu H(m) ~ Ii = If 0) + Ii (m) /3/
 

BeKTop H(O) YAoBneTBopReT B R CMCTeMe ypasHeHHR 

rot Ii (0) _ 417 ~ 
- clo 

/1.2/div H(0) = O. 

AnR H(m)HMeeM KpaeBYIO 3aAa4l: 

rot Ii (m) ="0 
I 

->(m) ->(0) 
-;,.Pjdiv(fiH ) = - div(~H ) 

(H (m) __ H(m) ) x ~ = 0
 
2 1 1
 

/1.3/
(	 H(m)_H(m».-> (H (0) , ;; ) (1 -~ ) ,I "rfir 1 2 n 1	 = ~Ir 

1	 1 I'1 1 1 ) 
(rn)	 t

lim H (~) = O.
 
~_O<l
 

, /3/PeweHV1e /1 .2/ B~4McnReTCR no 3aKoHy 51010 101 CaBapa : 
-+ 4	 ...... -+ 

->(0) 1 jox(R-R')/
 
H (R) = - J d v '
 

c , ..... ..... 3
 
v I R - R'I
 

H'(In) {-grad .:
 M ~	 il 1 
3aAa4a /1.3/ nocne ~aMeH~ (M) = 1 '
 

, -grad ¢ (m)
nepeXOAV1T B cneAY~lllY~:	 M ~ il 
2 ' 2 

. (m) -> (0) 
dlV(~ grad¢1 )=-(H ,grad~). ME-ill 

tJ. ¢(m) 0, M E- il 
2 2	 /1 .4/ 

-> (0) -> 
Ul=U2,v2='~rvJ+(H ,nl)(l'-~r)' 

1	 1 " 

rAe 

U, 
1 ¢' (M) I rr' i = 1 , 2 

1	 Me 1 

, v, ai¢j (P), I M ~ r P ~il,	 / 
=1,2,1	 r: a-> P-> M ' 1 ' l' n 

t 
~r	 = ~(P) I P->M' M ~ ['1' P ~ill' 

1 

t. 3 /i 



3AeCb OrpaHI-141-1MCR CnY4aeM /1 = canst • T. e. cpena B 06nacTI-1 0
 
ofinanaer OAHOPOAHbIMI-1. MarHI-1THblMI-1 cBoi1cTBaMI-1. TorAa cl-1cTeMa/l •~ /
 
npl-1HI-1Ma'eT BI-1A ' I
 

! fl.¢ (m) = O. M EoO 11 

fl.¢(lD)=O. M ~02 /1.5/2 

u1 =u2, /1v1 =.v2 + f, 

r ae f(M) = «/1-1)H(0) ,n 1) . M ~T1'
 
3aAa4a /1.5/ COCTOI-1T B HaXomAeHI-1I-1, C r4eToM ycnoBI-1i1 Ha rpa


HI-1~e I'1' rapMOHI-14eCKI-1X <PYHK~I-1i1 ¢lm) 1-1 ¢ ~m . COOToeTcTBylOU\aR 3T0i1
 
3aAa4e nOCTaHOBKa B paMKax MeTOAa rpaH1-14H~X I-1HTerpanbH~X ypaB

HeHI-1i1 I-1MeeT BI-1A /1.6/:
 

Ku'-,u =. Lv 
/1.6/ 

Ku + u ='/1Lv + F, 

rAe 

(m) (M) I (m) (M) I 
u = ¢1 . MEl'l ¢2 Mef\ 

(m) ) •
 
v =. a¢~ I ; P G0 , M' E- r 1 ; J: = -Lf:
1-> P->Man 1 

cos (r . ii ) 
1 PM 1

K =.- f - . da ; M, P ~ r .
 
2" r r2 ' P 1 J
 

1 MP .. 
-> -> ->1 1 

L . = . M P Eo r· r = R - R-1-- . da
2 r P" l' PM M P 

tt 1 MP 

HeI-130eCTH~MI-1 a 3aAa4e /1.6/ RBnRIOTCR <PYHK~1-11-1 u H v. Ha OCHOBe
 
nOCTaHOBKH /1.6/ B pa6oTe/2/ nOCTPO~H anbTepH~pYIOUlHi1 npo~ecc
 
no nOAo6nacTRM 0 1 H O2, 6blCTPO CXOARU\Hi1CR npH /1« 1 .
 

3aMe4aHl-1e. XOTR peWeHl-1e CI-1CTeM~ /1.6/ MomeT 6~Tb Hai1AdHo 
(HenocpeAcTBeHHo no ct>opMynaM u = [(1 + /1)E + (1- /1)K)-l F. v =C1 (Ku -u), 

OAHaKO I-1X 41-1CneHHaR peanl-13a~HR rpetiye r 3Ha4HTenbHbiX aarpar , ecna 
o6nacTb D1 He RBnReTcn 06naCTblO HeKOToporo cne~l-1anbHOro BHAa. 

B HaCTORU\eR pa60Te nOCTpoeH~ anbTepHl-1pYIOU\l-1e npo~eccw no TpeM 
06naCTRM 6e3 HaneraHI-1R /CM. pl-1c.2/, n03BonRIOU\l-1e 3<P¢eKTI-1BHO pe
waTb' CI-1CTeMY /1.4/. OHI-1 I-1MelOT HaH6onbwylO CKOpOCTb CXOAI-1MOCTI-1 
B cnyuaax /1» 1 H ii «: 1 . 
0603Ha4eHI-1R: Q - 0AHOCBR3HaR ofinac r s C OAHOPOAHblMH MarHI-1THblMI1 

v 1 v n 6CBOHCTBaMI-1 1-1 rpaHI-1~el-1 r l; .'2 - 0 naCTb BaKYYMa, OrpaHI-14eHHan
 

4
 

" 

" 

" 

Vln Sl., 

V 0. 

PHc.2 

I'1 H HeKoTopoi1 c r auaapraosi nOBepXHOCTbIO Jlanyaoaa pHc.2 r 2/Ha
nOBepXHOCTb nRnYHoBa, reOMeTpl-14eCKH 6nH3KaR K nOBepXHOCTI-1 napan
nenenl-1neAa/,0 3 - BHeWHRR o6nacTb BaKyyMa C 6eCKOHe4HO YAaneH
HOi1 T04K0i1 H rpaHH~ei1 G: 0i nOj=lZl. il-j, i,j = 1,2,3. 

•
C Y4eTOM B~AeneHI-1R Tpex o6nacTe~, B KOTOP~X npeAnonaraeTCR
 

pewaTb aaAa4Y MarHI-1TOCTaTHKH AnR <pH3H4ecKoi1 CI-1CTeM~ BaKYYM-~peAa
 

.~~ C /1 =.canst. nonyuaea , cornaCHO nOAxoAY cxanapxoro no'rexuaana , 3a

Aa4y: 

, 1111 

fl. r/J (M) = O. M ~O = 0 1 U O2 /1.7a/, 

tt 
~ 

!. (K 2 + E) u2 = )..2v2' M G- r 2 /1,76/ 
(m) (m)" 

"~ u 2 = ¢3 IM~r = ¢2 IM~r2
 
2
tlif 

I t'~:, . (m) . (m)

',ol\ /1.7/
¢2 IM~r =¢1 IM~r 
I 1 1 
I~ a¢(m) ,a¢(m) 

V= 3 1= 21 :'1 2 an2 M~r2 an2 M~r2
1 a",(m). a ",(m)

'1-'1 'I-' 2-1 /1---1 = I +f. 

lr
an M~r1l an M~r1

1 1 

3AeCb 

J 
(m) 

- grad ¢ , M ~ n 1
r/J = 1 

{ (rn ) ~ ~(m) 
- grad ¢ , M ~ ° 

2 2,J' 
(rn ) 

-grad¢3' Mr;;03. . n2 - BHyTpeHHRR HopManb K 06nacTI-1 02 B T04Kax = ~ n 1 - ~r o U r 2;BHyTpeHHRR HopManb K 06naCTH 01 B T04Kax r 1 ; 
-> -> 

~ -> (\0) -> coo(~~. n 2(P))
f = «/1- 1) H ,n 1 );1 K 2 · = _1~ dap;I 2' 

1 r 
MPL '. =_ ( r-- . da' M 2" r ,MP P' ; P ~r . 22 2" r 2' 

2 
r MP - paAI-1YC-BeKTOp H3 M B r , dap - 3neMeHT nnoqlaAH .. ~ 

r 2. 

\. 6 
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1	 • 
CooTHoweH~e /1 .76/ oTpama~T TOT ~aKT, 4TO np~ 4~CneHHOM Ha

X01KAeH~~ rapMOH~4eCKOrO peWeH~fl B 06naCT~ Os eCTeCTBeHHO ~C'10nb

30BaTb nOCTaHoBKy MeTOAa rpaH~4H~X ~HTerpanbH~X ypaBHeH~A. jTOT'
 
nOAXOA peWaeT np06neMY Y4eta ycnoB~A Ha 6eCKOHe4HOCT~ Anfl BHeW

H~X KpaeB~X 3aAa4. ~CnOnb30BaH~e HeKOTOpO~O B~Aa CTaHAapTH~X
 

nOBepxHocTeA 1 2 /wapoBoA, nppannenen~neAa, ~~n~HApa ~ AP./ no

saonaer npoaec ru onT~M~3a~~1O BbI4~cn~Te.nbHb!X pecypcoa C Y4eToM
 

I,
cBoAcTe ~HTerpanbH~x'onepa~opoB K ~ L ~ ~x A~cKpeTH~x aHa2 2 ' 
norOB. CooTHoweH~e /1.76/ MomHO TaKme ~HTepnpeT~pOBaTb KaK cne
~~anbHO~ KpaeBoe ycnoB~e ~HTerpanbHoro T~na Anfl A~~$epeH~~anb
Horo ypaBHeH~fl /1.7a/ B 06naCT~ O. npeAnaraeM~e ~Tepa~~OHH~e 

MeTmA~ npeAHa3Ha4eH~ ~nfl 3$$eKT~BHoro peweH~fl B03H~KalO~eA Kpae
BoA	 3aAa4~. 

§2.	 AnbTEPH~PYIOl1l~E nrourccu
 
no 06nACTflM 0 1 , O2 It1 Os
 

npOBeAeM nOCTpoeH~e ~ ~ccneAOBaH~e anbTepH~pylO~~X npo~eCCOB 

~peweH~fl 3aAa4~ /1 :7/. np~ 3TOM ~cnonb3yeM COOTBeTCTBYIO~YIO /1.7/ 
nOCTaHoBKy /2.1/ B paxkax MeTOAa rpaH~4HblX I-1HTerpanb-H~I)< ypaaue
HI-1A: 

(K2 + E) u 2 = L2v2 

. (K 1 +E)u 1 - = /l'L 1V 1 - ¢ K12u2	 L12v2 
/2.1/
 

(K - E)u = L v
1, 1,. 1 1 

K u + K u -,u = L v -/l'L v + f2 2' 21 1 2 2 2, 21 1 

0603Ha4eH~fl: 

cas(; ,~(P)) 
K. = _.1..:. f __~_M__l__-d a ' 1 1

L '=-' f--oda ' M P ~T'
1 2 p" i:217 1 2 P' 17 ~	 r MP

1 r MP 

cos (7
n l	 1r ; '	 L !.-- f --'da' P~f' M~l'2	 , p' 2' 1 '12 217 1 rpM 

( 
rpM 2	 to 

Cos (;PM' ';1 (P))	 I1	 1 1
~--=:.--..da ' L .=.- f -·d a 'M~l P ~11 .K 2i= -'2:"/	

1
2 p' 21 217 r P' 2' 

1 rpM 1 MP 
a¢ (m)a¢im

)	 (rn ) (m) , 
v ='. I v ...::....=...a.. I ' U1 =¢1

2	 [M~~"~2=¢S [MEl;'
1	 ani M~~ a;2 M 1;.}2' 

\' 

Bbln~weM dnepa'ropuue caoacraa , xo'ropae ~cnonb 3yeM B Aanb HeiiweM. 
1. OhepaTop~ Kj/i = 1,2/ flBnfllOTCfl $peAronbMOB~MH H oTo6pamalOT
 

L ) " C(l ).

2(lj j 

2. A = -1 - He flBnfleTCfl co6CTBeHH~M 3Ha4eHHeM onepaTopOB
 
~/ i = 1,2/. \,
 I 

3. A = 1 flB~fleTcfl bAHoKPaTH~M co6cTBeHH~M 3Ha4e~HeMKi/i =1,2/, 
MaKCHManbH~M no MOAynlO, COOTBeTc,T8y~afl cotic raeuuaa $YHK~Hfl 

paaua canst,	 . 
4. Jrna(Kj )=O,rAe a(K j) - cnexrp oneparopoa Kj , i = 1,2 .• 
5. Lj - cHMMeTpH4ecKHA oneparop B L2(lj)' orpaHH4eHHbll1 B C (Ii)
 

/i = 1,2/. . '<

6. Lj - KOMnaKTHblA onepa rop H3 t. 00 BLiPS; f3- nokaaarens, nA

nyHoBa COOTBeTCTBYIO~eA nOBepxHocTH /i = 1,2/.
 

7. L j >0 BL:NV' /i = 1,2/. 
8. Ki (Ki + (-1) E)-I- KOMnaKTeH 1-13 L2(l ) B C Cl. ), i = 1,2. 

,	 1 1
9. B cnY4ae, KorAa 11 H 1 - wapOB~e nOBepXHOCTH C paAHyca-


MH R H R HMeeM:' 2 I
2,1 

K. = _1_ L., A (K.) = 1 , n = 0, 1 , 2, ... , i = 1, 2, 
1	 2R

j 
1 n 1 2(n+0.5) . 

e	 ...
An(K j ) -n - cofic rueuuoe 3Ha4eHHe KpaTHOCTH (2n+1)onepaTopa K i , .•

Allfl 3<;!Aa4H /2.1/ ,paCCMOTpHM cneAYIO~He aIlbTepHHpY~He HTepa
~HOHH~e npo~eCC~. 

flpouec c 1.
 

J• J + 1 J + 1
3aAaHbi npH6nHmeH~fl ~ ~ " 04eteAHbie 3Ha4eHHfl u 2 v2	 vI' 
u J + 1~ v J + 1 nocnenoaarens ao HaxOAATCfl H3 ypaBHeHHA:

1 2
 
r s i J ( .J J+l J+l J
(IS + E) u 2 =L 2v2, K +E)u -K u =,LLv -¢-L v ~",

1 J 12 2 1 1 '12 2 

1 H 1(K	 _ E)u J + - L v
'1 1 - 1 1 

J 1 J+ 1_u J+ 1 J+l J+'I'K u	 + K u 
2 2 + 21 1 2 - /l L'21vI + fL2v2 

~Tepa~HOHH~A ~HKn AaHHoro npo~ecca BKnI04~eT B ce6fl peweHHe 'l 

3aAa4 He~MaHa B 06IlaCTflX Os H ° 1 , A~YX 3aAa~ AHPHxne B o6na- \ p " 
CTH	 ° 2, 

npo~ecc II. 

J .J	 J+1 J+l
3aAaH~ npH6nHmeH~fl v2 ' UJ• 04epeAH~e 3Ha4eHHfl. u2 ' v 1 s, . 

~u~ t 1 , v~ + InocneAOBaTenb HO uaxonarcs H3 ypaBHeHHA: 

\¢ =	 L t t/J =\L 21f. J +·1 J J J + 1 
(K 2 + E)u 2 = L2v2, (K 1 - E)u 1 = L 1v1 ,. 

,I 

7 
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Ii 5 { 

\ 
.~ 

J+1 J+1 J+1. J OTCYTCTB~e .B paanoxeua« AnR w uneaa C e =' 0 IT. e. nocTORHHO~(K 1 + E)u 1 -K12U2 ~IlL 1V1 .... ¢ - L V
212 <PYHK~~~I CBR3aHO C OTMe4eHH~M~~1 CBO~CTBaM~ pa3peW~MOCTH rpa

H~4H~X ~HTerpanbH~X ypaBHeH~~ An~ onepaTopa flannaca, 3aAaHH~XJ+1 J+1 J+! J+1 J+1 
K 2U2 ' + K 21 u 1 - U 2 ~ L 2v 2 - II L 21v1 + If;. Ha n~BepXHOCT~ wapa. Ha OCHOBe 12.21 nerKO B~AeTb,4To AnR o6ec

ne4eH~R B~nonHeH~R 3T~X CBO~CTB OT ~~Kna K ~~Kny B npo~eccax I 
U~Kn AaHHOrO npo~ecca BKn~4aeT B Ce6R peW~H~e 3aAa4~ He~MaHa ~ II AOCTaT04HO no-rpefioaa r s : (f,l)~(u~ 1)~,(v20,1)~0. t-1cnonbaYR 

~ 06naCT~ 03,3aAa4~ a~p~xne B 0 ~ ABYX CMewaHH~X 3aAa4 B o6na~ TO~AeCTBa 12.21 B C~CTeMax ypaBHeH~~ AnR anbTepH~PYIOll\~X npo~ec
CT~ O2 , 

1 
, I COB I ~ Ii ~ Y4~T~BaR CBO~CTBa nonHOT~ H opToroHanbH6cT~ <PYHAa

nYCTb Ij ~ I'2 - KOH~eHTpW-ieCK~e nOBepxHOCT~ urapoa paA~YC"B iii',I MeHTanbHblX c<pep~4eCK~X <PYHK~~I:1, nony-iaev CX~~MOCTb npoueccos 
Ri ~ R2 B 3TOM cnv-rae CXOA~MOCTb npoueccoa I ~ II I ~ II InoKameM, KaK CXOARTCR a 'F(u;) ~ aErL I.(R 2 > R 1). ~:, 2V2)
B~TeKaeT ~3 CXOA~MOCT~ nocneAOBaTenbHOCT~ (ar)J- KamAoro ~3
 
K(j3<P<p~~~eHTOr pa3nOlKeHHR IT. e. AnR T;j m, e- <P~Kc~poBaHHblxl <PYHK n pouecc I I CXOA~MOCTb n p~ .Il > 2 I
 
~~~ Ui ~ L 2V2 no C~CTeMe <PYHAaMeHTanbHbIX coepauecxax <PYHK~14~
 )lJ~ 

lYe I. 'lkcneAoBaH~e CXOA~MOCT~ OCHOBblBaeTCR Ha np~BOA~MbIX H~me m ( J+ 1 ) ( e+ 1 ) 1 m( J). e+ 0.5 m ( ¢ ) 
a£ u 1 ~ - -e-' -; ae u 1 - --e- a e '
 

TomAeCTBax, nonY4eHH~X np~ aHan~3e CBO~CTB ~HTerpanbH~X onepa

TOpOB. 

m J+.1. e m J J J+ 1 
a (L 2v2 J~---ae(L2V2)+f(u1·u1 ,¢,If;), \ 

00 k+1 R1k e 
I·, e+ 1K = l (' ).(-) Y12 w 

k(8,¢\..w)
k~1 k + 0.5 R 2
 

rAe
 
'00 R k 1
 

L co = R l (_1,) . ----. Y (8 ¢\..w ) 2 e

12 2k~1 R 2 (.k + 0.5) k' m(uJ+1)
f(u J, uJ+1, ¢' If;)~~ (e+1)(~.,) a +IJ 

2 1 1 . R ~ (£ + 0.5) R e 1
R (k + 1) R k 2 

K 'W = _1. l
00 

' . ,( _1), . Y (8, ¢ \. w ) ',~ .+ R ~ n 

21 R~ k~l (k + 0.5) R 2 k , 1 m J m
+...::..J'~)'~_') .!ael¢)'lf + 0.5)+ (e + 1). a e(u 1) I - a e(If; ) • 

R e + 0.5 R
R2 

00 R k 2 2
 
L co '" ..:.::l.. l 1 '. ,( _1.) . Y (8, ¢ \ w ) )11 ,...,
 B 4aCTHOCT~, npouecc 3(/l<peKT~BeH B cny-rae 0 1 - 06naCTb meneaa21 R 2 k ~ 1 (k + 0.5) R 2 k /2 .21 (II» 1). 

1K . ;~ ..l Y (8, ¢\w)OW Ilpouecc II IcxoA~MocTb np~ II < 1/k~1 (2 k + 1) k \ 

R, m J + 1 e m J £ + 0.5 m 
L(Ri)w '" l __2_ Y (8, i ~ 1, 2. 

I. ae (u ) ~ --- II ae (u ) -Il-----"e C¢)¢\u..') ,k 1 £+1 1 e+1
k=1 k + 0.5 

':lr 
0603Ha4eH~R: m J+1 e m J - J+1 J 

a, (L V ) ~ - -- a e(L 2 V2 ) + f (u 1 ,u l' If;), 
t 22 e+1e }~ 

rAew '" l Ye(8, ¢\w) l ~ a~(w )Ye~8, ¢) 
2e~'1 e~ 1 m~-e R1 \ (e + 1) R 1 e m J+ 1 R 1 e+ 1 e m J m 

-.:--~,- . .(-) )-Il(-)r ~'-2'" .a p(u 1 
.--.ae(u 1)-ae(If;)·

.(<PYHK~~R, 0603Ha4alOll\aR n~60 ui' n~60 Vi Ii ~ 1,2/; 8, ¢ - yr (£ + 0.5) R 2 R 2 e+ 0.5' ,
'~ R2 
,-InOB~e KOMnOHeHT~ B c<pep~4ecKo~ C~CTeMe KOOPA~HaT; Yr(8, ¢~ <PYH- ~1\1,

AaMeHTanhHaR c<pep~4ecKaR <PYHK~~R £-ro nopRAKa, 
1 3TOT npouecc 3<p<peKT~BeH np~ II « 1. 

e cJ 
Y (8, ¢\w) ~ l aE(w)yt(8, ¢)e • m~-e np~Me4aH~e 1 

- c<pep~4ecKaR <PYHK~~R e-ro nopRAKa; Ko o603Ha4aeT OA~H ~3 onepa np~ paCCMOTpeH~~ MOAenbHo~ ~aAa4~ CTaHOBHTCR nOH~THO COOT

TOPOS K = 1 ,2. C~MBon co B Bblpa)KeH~RX YeC8, ¢\w) BeTCTB~e paccMaTpHBaeMblM <p~3~4ecK~M C~CTeMaM ~TepaLi~oHHbIX npo
i ; LCRi)", L i; i 

~ aE(w) oanauae'r <PYHK~~IO, pacxnanaeaexyo no C~CTeMe c<pept'111ecK~x. • ~eCCOB I ~ II. t-1HTepeceH xapaKTe~ CXOA~MOCT~ npo~eccoB: nocne-

I 
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1,. 
I' 
\ 

, , npOllecc 1#. 
AOBaTenbHOCTb la~~J)1 CXOA~TCA co CKOPOCTb~ reOMeTp~4eCKO~ npor

t, 1 ' . e '1 1 e 
peccau Il<03¢qll'1l~l1eHTbl ClKaT~A q =._+- "-~ q =--./l COOTBeTCT

• 1 m e J /l 2 r + 1 
BeHHO, AI1A npOl~eCCOB I 11 III, lae(L 2 V ) I CXOA~TCA CO CKOPOCTb~ 

reOMeTp~4eCKO~ noorpecca« (q ,;, 1'( r + fr;l) nocne TOrO, KaK CO~AeTC;:A 

? : 

." 
,

.0' 
j. 

YCI10Bl1e IA/. 

IITII<l,IITII<l,
1 2 

rAe 

IAI 

nOCI1eAOBaTeI1bHOCTb Ia e(u J) I, 
PaCCMoTp~M o61l\1-1~ CnY4~~: r l ~ I'2 - npoaaaons aue nOBepXHOCTI-1 

nAnYHOB~. BMeCTO anrop~TMoBII-1 II ~Cn0I1b3yeM AByxnapaMeTpl-14e
Cl<oe ceMe~cTBo npo~eccoB, COAeplKall\I-1X penaKCa~1-10HHble napaMeTpbl 
w III r, 4TO pacunrp-rr AI-1ana30H ¢~3~~ecK~x C~CTeM BaKYYM-cpeAa 
C OAHOPOAHblM~ MarH~THbIMI-1 CBo~cTBaM~, 'B KOTOpOM B03MOlKHO n p~Me

I 
I 

'\ 
III .~ 

~ 
\ 

(Ti ¢, T i ¢)
IITi II = sup --

1¢i;D(Ti) (¢, ¢) 

\ 
T 2 = TE + (1 - T) (K

2 
-E) (K 

2 

-1 

T 
l.=wE+(l_w)(K 

I-E) (Kl+ E) 

/l 

+ E )-1 

HeHl1e 3T~X npoueccos . 
'BI-1A 1# 11 II# • 

Anrop~TMbl I ~ II COOTBeTCTBeHHO npl-1HI-1MalOT ,I'.' D(Ti)1 - 06naCTb onpeneneuaa oneparopa T
i• 

i = 1,2, 

1# 

• 
(K

2 
J + 1 

+ E ) u
2 

= 
J

L v
2 2 

(wI' w2 ) =. J WI O;'),w2 (P)d a • 
r P 

y 1 

( J J+ 1 
K l+E)u'I- KI2u2 J +.1 J

=/lL l v l -¢-LI 2 v
2 

eCI111 ~ Ij = 1,21 3aAaHbl Ha ~ 1-1 
l,r,l 

(K - E) uJ+ 1/2
1 1 

=Lv J + l 
1 1 

(WI' w2) = J WI (P)w 2(E)d a r p 
2 

• ecna w. 
J 

(j =1,2) 

~ 

II# • 

- /lL 
21 

o <J w < 1 

= L v J + 1/2 
2 2 

) 
J + 1/2 

- w U 
1 

Jt 1. 
- u 

2 

J + 1 
+ K U

21 1 

,J 
= wU + (1

1 

J + 1 
U 

~ 

J + 1 
Kj!u 2 

J+l J . J+1/2 
-,Lev e =.rL2 v2 +(1-"T)L 2 v2 ,0.::; T'::; 1. 

• J + 1 J 
(K2 + E )u 2 = fL

2 
v 
2 

' 

J + I 
v 

I 
+ I/J 

1'1 

'. 

.\ 3aAaHbi Ha r 2. 
npeAnonaraeTCR, 4TO npollecc 1# onpeAeneH Ha nOAnpocTpaHcTBe 

X= lu~ ~L2(rl): (u I , 1)=0}. npl1 3TOM ycnOBl111 cyuiec r aye'r oneparop 
(K l -Er l/cM. CBO~CTBO ~/. 

\ 4acTHbie CI1Y4al1 BbiflonHeHI-1A IA/. 
al K I < 0 (K l:$.O) Ha X. K 2> 0 B L 

2(r2), 
, /5/ 

B 3TOM cnY4ae ycnOBl1e IAI BblnonHeHO flO neMMe Kennora npl1 
t' /l ~ 1 (p. > 1) AnA '<:I w : 0:; w < 1 11 '<:I T : a .:S T < 1 . 

-I 
61/l>II(K I-E) (K l+E)II, K 2>0 B L'2(r2) Ann '<:IW: Osw<l 

11 '<:IT: O'::;T<1. 

". 

. 
~ 

(K J 
l-E)ul 

J+I 
=L!V I Ilpouecc r r , 

(K E) J + 1/2 
. 1+ U 1 -

K J + I 
12 u 2 = 

L J + I 
/l IV I -

A.. 
v' -

L J 
12 v2 

YcnOBl-1e IB/. 

J + 1/2 
= L 2v 2 -

J + 1 
- u 2 

J + 1 J J + 1/2u =,wU + (1 -w)u ,0 < w < 1 
1 1 1 - -

J+l " J+l 
K2~2 +'K21 u.1 

J + I 
/l L 21vI + I/J 

, 

!. 

.. 
,i 

II T211 <,1, II Tsil <' 1.. r ne 

-1
Ts = w E + (1 -' w) . /l (K 1 + E) (K 1 

4aCTHble CI1Y4aI-1 IBblnOnHeHI1A IB/. 

- E), 

IBI 

_ 

1+1
L~V2 = 

J 
rL 2v2 

J+1!2 
+ (1- r)L2~2 ,0:; r:; J. 

al .K l> 0,BL 2(r1 ) (K l ? 
Anfl '<:I.W: O,::;w < 1 11 '<:I T: 

0 B L 2(rl ». 
0::;. T < 1 • 

K 2> 0 B L 
2

(!2 ) , /l:::;1 

J+l J /
~cno'r1b3'yA COOTHOWeHl-1e K 12"2 = L u1'2 /1-13 ,nOCTaHOBKI-1 3aAa4~ 

no ~axOJl(A;1:l1-11O rapMoH~4ecKoH ¢YHKlll-1l-1 B ofinacr a U i3 I 1-1 ypaBHeHI-1A 
B I 11 II , nonY4aeM cneAYlOll\l-1e ycnoB~n. npl1 KOTOpblX anbTepHI1
PY~l1e' npQ~eCCbl CXOAATCR. 

'l't· 

61 K 2,> 0 B L 2(['2)'
I 1 

/l < ,----'-

Y,cnOBI-1R al I-1MelOT MecTO, 
nOBepXHOCTI-1. 

'<:I TO$.,T.< 1, 

B 4aCTHOCTI-1, 

'<:I w: 

«orna 

0:;. w 

r 
l 

1-1 

< 1 .. 

I'2 - uiapoaue 

\ II(K I + E)-1 (K 
l 

-·E)II 

10, I 
I.' .. 

11 
,I 



T" -

CKOPOCTb CXOAHMOCn1 npoueccoa 1# H 11# TeM asuue, 4eM 6IlHme 
K HyIlIO IITj II .i = 1,2,3. O'rcona CTaHOBIHCfl nOHflTHO, 4TO npouecc 
1# 3lt>lt>eKTHBeH B cnyuae j1. » 1, a 11# - B CIlY4ae j1.« 1. 

PaccMoTpHM Tenepb saga4y onTHMaIlbHoro B~6opa napaMeTpOB pe
naxcauaa w H T B npoueccax 1# H 11#. 0nTHMHsa~HIO!' H II' 
no CJ) H r npoaene-, aHaIlorH4HO pafior e /2/ C Y4eTOM oneparopuux 

CBOHCTB 4 H 8. npHBeAeM OKOH4aTeIlbH~e peSYIlbTaT~. 

npo~ecc 1# • 
Ilapaaer p w Bbl6HpaeTcfl HS YCIlOBHfl 

minp(T1)""minmaxIIF(Am'w)!, IF(A M• w)II .... min, ICI 
w· W	 I 

rAe 

(1 - w) 
. r(A, w) = w + ( - 1 + 2 A), 

, j1. 

A 
A(A)= --, Al;a(K min -,1. A max -,1.Am1),	 M=,1.-1 A - 1 ' '\87 (K 1) ,1.-1 

4epes ~Tj) 060SHa4aeM cneKTpaIlbH~H paAHyc onepaTopa Tj.Yc~oBHe 

ICI B~nOIlHfleTC~ n~H 

1 -A - A 
CJ) =W "'=	 m t!' _ 

j1. + [1 - A - A 1 m M 
M+2 AM""1 

npH 3TOM p*= p(T 1) = ----, r ne M = 1 -A - A••.napaMeTp T Bbl6HpaeT
j1.+M	 m IVI \ 

CR H3 y.cIlOBH~ 

" minp (T2 ) = m!.n max IIG (Y m' T,)I • I G(YM' T) 1 I -> min, /D/ 

rAe 

G(Y, r ) = 2(1 - T)Y + 2 . w - 1 ; Y=~ A ~ a(K 2);
 
1+,1.
 

A	 AY '" min YM = maxm 
. AE'l7(K ) 1 + A A C-a(K 1 + ,\ 2	 2)
~ 

YCIloBHe 101 BblnOIlH~eTC~ n pH	 , 
1 -YM-Y 

r =. r'" =. m
 
2 -Y. _.y
 

, M iII 

. \ 

PaCCMOTpHM CIlY4aH, KorAa r 1 H I'2 - urapoeue nOB.epXHOCTH c pa-
AHycaMH R1 H R 2 (R2 > R1). l-1cnollb ayfl CBOHCTBO 9, nOIlY4aeM SHa4eHHfl I 
HTepa~HOHH~X napaMeTpOB: \ 

A ee . 0 A = _..!. Y =. 0 Y =0.5,M • m 2' m • M 

w* 
2 

p* = -
1 p** = T** = .!...'
 

3j1. + 2 2j1. + 3 3
 

OTCIOAa BHAHO, 4TO npo~ecc BHga 1# CXOgHTC~ H B CIlY4ae CHCTeM 
BaKyyM-cp.eAa C j1. =COnst2 0 IT.e. penakcauas pacurapaer AHanaSOH 
QJHSH4eq<HX CHCTeM, gIlfl KOTOpblX BOSMOlKHO npHMeHeHHe npouecca 
runa ~# I. CXOAHMOCTb npouecca 1# npa j1. = const ~' 0 HMeeT MeCTO 
H' B cnyuae , xor na r 1 H r2 - npouaaons aue noaepxuocr« Jlanyuoaa , 
T.K. A npH AE(-1, 1)H TorAaM<1/2 

AM - Am 
1p* = --- ------. < 1, Y <-.

M -, 2 
(p. + 1-2AM) ~ (AM - A~ 

npH Y _.y 
M m ' A I; (-1, 1] p** =.----" < 1.
 

2(1 - Y ) + Y - Y

M M m 

[lpouecc 11# •
 
napaMeTp w B~6HpaeTC~ HS YCIlOBH~
 

min p (T 3) = min max IIF (A m' w) I, IF (A M' w) I -> min,	 IE! 
w w 

/ 
, ! • rAe 

A . AF'(A,w)=2j1.(1-w)A + w(1+j1.)-j1.; AM'" max -I:. m= mIn - 
AEa(K ) 1 + A A87(K~1 .+ A

1 

YCIlOBHe lEI B~nOIlH~eTCfl npH 

'Ali j1.(A M+ A m-1)
w =·w* = -------_.
 

1 - j1. (A M + Am - 1)
 

rtpH 3TOM 

j1.(A
M

-A )	 , 
p (T 3) = p* =1	 ---~-- \.
 

1 - j1. (A + A - 1)

M\ m 

napaMeTpbl T* H P** B'bI6HpaIOTc~ TaK me, KaK H B npouecce 1# • 
npHsegeM SHa4eH~~ napaMeTpoB B cIlY4ae, KorAar1 H r - wapo2 

aue noaepxaocr a paAHycoB R H R 2 (R 2> R ) COOTBeTcTBeHHO:' 
npH 3TOM	 1 1

. , 1 
Y

M 
-Ym p = w*= ~ p** = T = 

) **- --- 2+j1. 3
 
peT:! =p - 2-Y - Y 

M m12 13 



A -A 
Hs BbipalKeHl1fl p (Ta ) =p '" ='JlI ' (AM _mol BI1AHO, 4TO Hal160JlbUJafl 

1 -Jl M+;\m
3~~eKTI1BHOCTb npl1MeHeHl1fl npo~ecca II AOCTl1raeTCfl B CJlY4ae Jl 

const « 1. 
XapaKTep CXOAI1MOCTI1 KOMnoHeHT ut' 11 L2v~ AJlfl npo~eCCOB I~ 

11 II~ aHaJlOrl14eH COOTBeTCTBeHHO I 11 II. B 4aCTHOCTI1, AJlfl KOM
nOHeHTbI u1 B npo~eccax I~ 11 II' nony4aeM CXOAI1MOCTb co CKOPOCTb~ 

reOMeTPI14ec~oi1 nporpeccl1l1: Ilu~-utll*«p+d_:llu~-uill"" rne e : 
cnexrpane Hbl!l1 panuyc T 1 I1nl1 T 3 B COOTBeTC TB 1111 C npOl~eCCaMI1, ( > 0 
CK~nb yronuo Manoe 4I1CnO, II 11* - HopMa, 3KBl1BaJleHTHafl paaaoaep
HOI-1: 

n-l n-'2 n-l 
Ilxll", = (p +e) II xii + (p +e) II T i xII + '" + II T i x II 

i l = 1,3 cooTBeTcToeHHo I' 11 II', ui - T04Hoe peWeHl1e, u~ - npl1
6nl1lKeHHOe Ha n ware COOTBeTcTBy~~ero anbTepHl1py~~ero npo~ecca. 

npl1Me4aHl1e 2 

B141 paCCMaTpl1BanCfl Bonpoc nOCTpOeHl1fl 4l1CJleHHblX anrOpl1TMOB 
peWeHl1fl rpaHII14HblX I1HTerpanbHblX ypaBHeHI1i1 Anfl onepaTOpa nanJla~a 

B cpy4ae Tpex npoCTpaHCTBeHHblX nepeMeHHblX Ha ~TaHAapTHoi1 rpaHI1
~e - nOBepXHOCTI1 Kyua. B CJlY4ae, KorAa r 2 - nOBepXHoCTb nfln~HO

Ba, reOMeTpl14eCKl1 6Jll1SKafl K rpaHI1~e Ky6a, nOCTpoeHHble anrO~I1T
Mbi 141 

nOSBonfl~T 3KOHOMl14HO pewa\b saAa4Y HaXO)KAeH~fl rapMOHl14e
CKoro pe~eHl1fl B 06JlaCTl1 ° 3 , B npl1KnaAHOM acneKTe 4aCTo.rlpeAcTaB
nao r I1HTepeC SaAa411 AJlfl Jl » 1, tBflsaHHble C peans HblMI1 <!JII1SI14eCKI1MI1 

CII1CTeMaM~. npoBe~eHHble I1CCneAOBaHl1fl' nOKa3b1Ba~T, 4TO AJlA peWeHl1fl 
SaAa411 MarHI1TOCTaTI1KII1 B 3TOM cny4ae BbiroAHo npl1MeHI1Tb npo~ecc I~ 

C OnTI1~aJlbHblMI1 w 11 T. 4l1CJleHHble pesynbTaTbi I1CCneAOBaHl1fl cneKT
panbHoro nOBeAeHl1fl AI1CKpeTHoro aHanora K2/4~nepeHeceHHble Ha He
npepblBHbli1 onepaTOp, n03Bonfl~T npOBeCTI1 YT04HeHl1e nPI1.Bbl6ope T 

B cnyuae KY~114eCKbi1 nOBepxHocT~ 12 , Pesyns r aru 4l1CneHHbiX I1CCJle
AOBaHI1i1: a(K 2 ) = 11U(C 1,C2)1, r ne - AI1CKpeTHbli1 auanor K 2 K 2, C 1 
- -0,5 11 cnafio aaBI1CI1T OT tuara h CeTKI1,C 2 < 0 11 CTpeMI1TCfl K 0 npl1 
h ... o. Ilonarafl Anfl K2: a (K2) = 11 U ( -0,5, 011, nonyuaea CJleAY~
IIIl1e SHa4eHl1fl napa-ie t poe : Y = 1/2' Y = -1- T= T* = 0 6· p = 
10&0\ j • M 'm' , , 
=p**= 0,6. 

.(
 
npll1Me4aHl1e 3
 

B cnY4ae. KorAa r 2 - nOBepXHOCTb napanneJlenl1neAa, nOAC4l1TaeM 
naMflTb 3BM, Heo6xOAI1MY~ AJlfl peanaaauua noc r poeuaux ans r epaapyo
~I1X nppueccoa /rroennonaraea , 4TO B 01 U0 2 aaaaua paBHOMepHafl 
cerxa 0h' a cerxa Ha r 2 ec r s npOeK~1111 yanos 0h Ha noaepxuoc r s 
napannenenanena/". npl1MeHeHl1e ceT04HbiX MeToAoa B 06naCTflX 02 
11 Os r pefiye r naMflTI1 Otmnq) 1m, q., n - 4l1CnO yanos anons CTOPOH 

l4 

.
 
l~ ~ 

a , b, C Ipl1c. 21 coor aetc r aeaaoy . Peureaue 3aAaHHoro Ha I"2 rHY, 
COOTBeTCTBy~~erO 3aAa4e Hei1MaHa Anfl ypaBHeHl1fl ~nannaca B 06naCTl1 
03' cor'nacuo 41 t pefiye r r aiose naMflTI1 O(mqn) 16es onTI1Ml1sa~1111 
O(m2 

q n -i- q2 nm +n 2 
q m I. CneAOBaTenbHO', 06~11i1 MaCCI1B, Heo6xOAI1~bli1 

npl1 peanl1sa~1111 npo~eCCOB, COCTaBJlfleT O(mqn)/B CJlY4ae Ky6a 
27 3 2
-N + O(N ) r ne N =m=q=n I.

8 

I ~, npl1Me4aHl1e 4 

,T 

npl1 paCCMOTpeHl111 cnY4afl, KorAa r 1 11 r 2 - KOH~eHTpI14eCKl1e 
urapoaue nOBepXHOCTI1, 6blJll1 c<l>opMynl1pOBaHbl Tpe6oBaHl1fl, KOTop,ble 
06eCne4l1BaJll1 KoppeKTHoe ocy~ecTBneHl1e npo~eccoB I 11 II Icornac
HO ycnOBl1flM paSpeWI1MOCTI1 BOSHI1Ka~~I1X KpaeBbiX saAa4/.' AHanOr114
Hwe Tpe6oBaHl1fl BBOAflTCfl Anfl npo~eCCOB BI1Aa I 111, II B c~Y4ae no
BepxH~cTei1 r 1 11 r~, OTfll14HbiX OT urapoaux , C~OPMYJll1pyeM, Hanpl1
Mep, ycnOBl1fl KoppeKTHoro ocy~ecTBneHl1fl npo~ecca BI1Aa I: 

,. 

, 
, I 

I' J . ~ 2. (u ,1) = 0 Anfl 'It J = 0, 1 . ., Hall' 
1 . 

3TO Tpe6oBaHl1e AOCTl1raeTCfl CHflTl1eM nOCTOflHHoro ~oHa npl1 pe
WeHl111 3aAa411 Hei1MaHa 0 06naCTl1 01 Anfl 'ltJ, 4TO npaeoaepao , T.K. 
rapMOHl14eCKOe peWeHl1e oHYTpeHHei1 3aAa411 Hei1MaHa onpeAeneHO 
C T04HOCTb~ AO ROHCTaHT-b1. 'YCJlOBl1e 2 -r apaa r apye r r aiose CYlI\eCT
BOBaH~e onepaTopa (Kl~E)-!4TO Heo6xOAl1MO npl1 I1CCJleAOBaHl111 npo
~ecca., 

1. (cp, gO) = 0 , r ne go YAOBJleTBOPfleT C?OTHOWeHI1~: K; g 0 = go' 
YcnOBl1e I BblnOJlHfleTCfl Anfl npaBoi1 4aCTl1 11 He 3aBl1Cl1T OT HOMepa 
.I1Tepa~l1l1. OTMeTI1M TaKlKe, 4TO opTorOHanbHOCTb cp 11 go paBHOCI1JlbHa 
oproroaans HOC TI1 f 11 1. 

'. 

~'. 
1 
'It 

I~ 

\. 

h ... 
,.,1.. 

'u 

,, 

I 

3. (u~, go)'" 0 Anfl 'ltJ = 0,1 .... 
CBOi1CTBO 3 COOTBeTcTByeT perYJlflpHOCTI1 rapMOHl14eCKOro peWeHl1fl 

B 06naCTl1 ° 3 , nOKalKeM, 4TO Anfl BbinOnHeHl1fl 3 npl1 J= 1,2 ... AO
~TaT04HO nOTPe6oBaTb: 

al BbinonHeH~fl CBOi1CTB 1,2.o61 (u 1 , go) ",·0. ' 

~oKa3aTeJlbCTBO npoBeAeM no I1HAYK~I1I1.
• 0 

11 npl1 J = 0 CBOi1CTBO 3 asmonueuo , T.K. (u
1
, go )",0 Ino rpefio

BaHI1~ 611. 
k 21 n pennonar aeM eunonaeuue ycnoaaa 3 Anfl HeKOToporo k, T. e.,.

I • 
(u 1, go) = o. nOKalKeM BblnOJlHeHl1e 3 n PI1 k + 1, I1CnOnb3yfl CooTHOWeHl1e 

-1 
-1 cp t (K 1 - E) (K 1 + E) J 

(K 1 - E) -- + --------------·u ,J ",·0, 1 ..... 
Jl Jl, ! 

J + 1 
u 

1 

:~ 

II 

~ 

.. 

m 
~ 

" 

11 

.. 
i 
~ 

q 
ro.~ 

~ 

TorAa 
.. 
~ 

(u kj- 1 
1 ' 

g )o '" ((K -
1 

-1 
E) 

r/,
.s: 
/l' 

g ) + 
0 

-1 
(K 1  E) (K 1 + E) k 

( --------------. u 1 ' 
Jl 

go) . 
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E~OPOB A. B., )KHf:\KOB p:. IT., XOPOMCKHH B. H. PI l-85,-371-1 
, (K 1 -E) (K 1 + E) k" 1 -1 k 

a~/C-----------U1' gO)=-«K +E)(K u " g O) = 
1 1-E) 1

/.l	 /.l 
1 -1 k * 1-1 k 

u 1 ,	 u 1 ) ==-«K1-E) (K 1+E)gO)=-(gO.(K 1-,E)/.l /.l 
2 " 2 k 2 2 k 

= - - (go' (E + K 1+ K 1 + .,,)U 1 ) =---«E + K ~ + K ~ + ···)gO' u 1) = 
/.l	 /.l. 
2· k

=---(a go' u 1 ) = O.
 
/.l
 

-1	 ¢ ,¢ 2 
6~ /	 «K - E) -, gO) = -(--, (E + Kr + K; + ,.,) g 0) =_!. (¢, a gO) = O.

1 /.l /.l	 /.l 

CneAOBaTenbHO, (u k+ 1
,g) = O. 

I 1 0
 
I
 

npHMe4aHHe 5 

nOCTpOeHH~e anbTepHHPY~~H~ npo~ecc~ npHMeHHM~ H B'CnY4ae D1 / 
N 

ecr s N - CBfl3Hafl 06naCTb Cr 1 = u I'1i' I'1i -i -'ft nOBepXHOCTb Jlanyuo
1=1 

aa ~i n ~j = t1> i .;, j /. 3TO CBft3aHO C coxpa ae auea OCHOBHblX CBOl4CTB 
HHTerpanbHblX onepa'ropoa L H K (Lj=Lj>O(i=1.2).a(Kj)E(-1,tJH AP.) 
HYlKHO Y4eCTb ronsxo , 4TO. hO(K 1)= 1 I1BJ1fteTCfl N- KpaTHblM cofic r eea-
H~M 3Ha4eHH~M onepaTopa B 4aCTHOCTH, 3TO npHBeAeT K TOMY,K 1. 
4TO Tpe60BaHHe 2 npHMe4aHHft 4 nepe~AeT B Tpe60BaHHe 2~: 

2~.	 (u J, g.)= 0, r ne g. HMe~T BHA: 
1	 1 1 

' 1, M (:; r.. 
g. (M) = 11 

I
{ 

O. M E f 
li 

H ftBn~IOTCfI co6cTseHHblMH <PYHK~HftMH K l' COOTBeTCTBYIOC\HMH A(K 1) = 1, 

CM~cn 2~ aHanorH4eH 2 - CHI1THe nOCTOftHHOrO $oHa npH peweHHH 3a
Aa4H Hel4MaHa Anft ypaBHeHHft nannaca B o6nacTH n ,

1
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PYKonl1Cb nocTynHna B H3AaTenbcKH~ OTAen 
20 Maft 1985 rOAa. 

I. Anr.n-epunpviouiae npoueccu ~!1cneHHoro peurenna x pa eaux aanax 
,~MarHHTOCTaTHKH B cnx.:ae .rpex' npo,cTP,aHcTBeHHblX nepej-rernnrx 

ITocTpoeHbI 3KOHOMHllllbie HTepa~HOHHble npouec esi 4Hcnemroro 
J ... !, ~ . 

peure xna, 3ap,a4H l-rarHHTOCTaTHKH An5I ,!'H3H4eCKOH CHCTeMbI BaKYYM
cpena: C O,qHoPqAHbINH MirlJHTHblMH CBOHCTBaMH B crtvv ae Tpex npOCT
pan c t-ne nxsrx nepeMeHl{plx. Pac csro-r-pe a a 3KBHBaneHTHa5I xpaea aa 
3a,o;aQa n paMK8X MeT;Aa ,cKanHpHoro nOTeH~Hana B 06~ac~H, orpa

"	 1HHlleHIlOH nonepxaocr sro napannene rnmerra , ~HnHHApa HnH mapa , 
tr0 crreuaarnsnsn« I<paeOhIM vcrtonaex HHTer,panbHoro THIur, 3aAa~n;IM 
na 3'1'011 nODepXHbcTI1. Ilpertnar-aem-re 3AeCb arre t-epnupyiounre HTep.;1
l\HOHHble rt porte c csi npeAHa3Ha4eHhr An5I peWeHH5I npCTaB.rleHHOH xpa e-: 
DOH 3aAa4H. 'YcTaHoBne~a CXOAHMOCTb HTepa~HI1 Ann s cer-o B03MOlK
uor-o ·AHa.na30H~, H3l-1eH~HH5I MarHHTHOH npOHm,~eMOCTH' c pensi, 

\ 

Pa6C!..Ta BhITIOJIHeHa B Jlariop a TOpHH BbJ1.IHCnHTeJlbllO}I TexmnpI 
H aBTOMa~H3a~HH O}ffiH. 

Coo6~eHHe 06~eAHHeHHoro HHCTHTyTa RAepHNX HccneAOBaHHA. lly6Ha 1985 
\ I	 j , 

" 

~epeBOA O.C?BHHo~paA9BoH 
~ 

-or 
,Egorov1A.V.', Zh i d kov E.P.,,,Khoromskij B.N. PII-8~-371 

~l'ternating Proc e's se s of .the Numerical' So l ut i.on 
of the Boundary Magnetostatics Prqblem in the Case, 
of the Free Space Variables 

~ I 

Theieconornib iterational processes of the numerical solu
tion' of, "the m~gnetoStatiss prdblem for t he phys i c a I system 
vacu~rn-m~iurn with a homoge~eous m~gneticfeature have been 
constructe& in the case ~f the free space variables.Equiva
'" '	 )

lent boundary problem in the 'framework of scalar potential 
method is cOfisidered in the ~egion limited by parallelepipe~, 
cylinder or ban s't'Jrface wi ththe speci f i c boundary cond i t i.on, 
in	 the integral form set ~n th~t surface. Alternating itera
tional processes pro~osed can be used' for solving the presen
t~d boundary problem. The iteratiortal conv,ergence is shown for 
all possible region of changing the medium magnetic permeabi
lity.	 ' 

'The investigation 'has\ been per f o rined at the Laboratory 
of Compu t i.ng Te.~hniques and Automation, JINR. 

Comnun i c a t ion of the Joilnt Ins t i tute for Nuc lear Research. Duhna 1985, , 
.7 
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