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I. Bae,lleHHe 

Bo MHOPHX npKKR~HHX 3~a~aX npKXO~KTCR pemaTb ~H~epeHUHaRbHHe 

ypaBHeHKR 
y'=f(x,y) , y(x

0
)=y

0 (I) 

~R pemeHKR 3~a~ KomK(I) C03~aHO MHOPO pa3RH~HNX npH6RH~8HHNX Me

TO~OB. B 60JI:bllll1RCTB8 li3 IDIX IIOBhiiii8Hlie TO'IHOCT!i npH6JIHJK8H

HOPO pemeHHR 3~a~(I) noRyqaeTCR 3a C~8T YM8Hbill8HHR mara HHTerpHpO

BaHHR. 0~HaKO TO~HOCTb MOlKHO YBe.Jill'lllT:b, He CRHillKOM JM8HbmaR mar HHTer

pHpOBaHHR, a no~xo~Rli\HM o6paaoM Y'ffiTI:ffia..H no ae~eHHe iflYHKQHH £ 1 x, y 1 x 1 1 

B OKpeCTHOCTK TO~KH x , B KOTOpoA Hli\8TCR pemeHHe 3a~aqH(I). HanpHMep, 

KPaccK~eCKHA MeTo~ A~aMca ~aeT xopomHe npH6JIHJKeHHR, ecJIH npaaaR qacTh 

~!) ;::;~~~:; c_;-:;:;:~~~~~;~~.~~~~J' ~ :.:- (.n a.JJ.J. v(; pa.Yl"-tC\..n.¥lMl'l nnTt::~llVJUiL~Vl.Ut1Hb1MV1 11UJH1HU

MaMH, ,Il,JrR KpaTKOCTH Ha3oBeM 3TOT MeTo~ A-MeTO,ll;Oi.r A~aMca. B c.rryqaRx, 

KOr~a npaBaR ~aCTb ~H~epeHUHaJibHOro ypaBH8HHR (I) XOpomo anrrpOKCHMH

pyeTCR TpKPOHOM8TpHq8CKHMH KJIH 3KCnOH8HDHaJibHHMH HHT8piTOJlRUHOHHNMH 

ITOJlliHOIVJalvm:, JIY'lJ!le aocnOJI:&3oBaT:&CJI il1eTo,IJ;aMH ii,I(&dca ( T -;,1e•ro,JJ;Oi··i 

HJIH 3-MeTO,ll;OM A~aMCa), KOTOp!:ie ~aiOT 60JI88 TOqHN8 npH6JlHlK8HHhl8 peme

HHR B 3THX CJiy~aRX. Ho noB8,[\8HH8 ifJyHKW!H f(x,y(x)) 3apaHee H8H3B8CT-

HO , TaK KaK 3aBHCKT He TOJlbKO OT f(x,y) , HO H OT H8H3B8CTHOro 

pemeHHR Y (x) • lJ03TOMy 6'-.'!88 aqxjlei<;THBHh!Mll 6;!,IJ;yT ;,reTO,ll;h!, 

KOTOpNe aBTOMaTH~8CKH yqKTNBaiOT noae~eHK€ npaaoA ~aCTH f(x,y(x)). 

0Ka3NBaeTCR, ~TO MOJKHO nocTpOHTb TaKH€ M8TO~hl, RBJIR!Oli\1'18CR KOM6HHaUHR

MH A-, T- H 3-MeTo~oa A~aMca B TaKOM CMNCJie, ~To K~A mar HHTerp11-

poaaHI1R MOMHO npOI13B8CTH no O~HOMy 118 TpeX yKa3aHHhlX M8TO~OB B 3aBI1-

CHMOCTH OT TO~HOCTH annpOKCHMauHI1 npaaoA ~aCTH (I) HHTepnOJIRUHOHHNMH 
nOJIKHOMaMH. 

B 3TOA pa6oTe pacmHpReTCR apceHaJI 

pemeHHR 3~aqH (I), paccMaTpHaaroTcR A-, 

meHKR 3~a~H 

-< ·-~ ... -· -· ' ..... ' .. I 

l 

TpexmaroahlX MeTo~oa A~aMca ~JIR 

T- H 3-MeTo~hl A~aMca ~R pe-

J 

"' 



y" = f(x,y,y') , y(x
0

)=y
0

, y' (x0 )=y~ (2) 

a Ta~e A-,T- 11 3-MeTo~ lliTepMepa ~H perneHHH 3~a~H 

y" = f(x,y) , y(x
0

)= y
0 

, y' (x
0

)= Y~ (3) 

MHorornaroB~e A-MeTo~ AAaMca 11 lliTepMepa xoporno H3B8CT~/I,2, 3 , 5/. 
3~eCb ~JIH TIOJ!HOT~ H cpaBH8HHH npHBO,ll,HTCH H H3B8CTHbl8 TpexrnarOBb18 

A-MeTo~bl. 0HH Hyx~ 11 noTOMY, ~To B pa6oTe npe~araeTcH a;rropHTM ~H 

KOM6HHHpoBaHHoro npHMeHeHHH A-, T- H 3-MeTo~oB (AT3- a;rropHTM). 

'1. MeTo~ AnaMca ,UJIH perneHHH sa,na~H (I) 

C~HTaeM, ~TO pemeHHe y(x)s~a~ (I) ~eTCH B paBHO OTCTO~ ~yr 

OT ~pyra TO'lliaX Xi, i=1, 2 , •.. H ~TO paCCTOHHH8 M8JK.IIY ~BYMH COC8~HHMH TO~-

KaMH paBHO 2ll. 0603HaqHM y(xi), y' (xi) H Y" (xi) COOTB8TCTB8H-

HO ~epes Y i, Y j_ H Yj_ , i=O, 1 , 2, ... flyCTb H8KOTOpbiM M8TO,ll,OM (Han-

pHMep, M8TO~OM PyHre-KyTTa) H8~~8Hbl 3H8~8HHH yi_ 2 ,yi_1 H Yl 

YK~eM H8 ~OpMyJibl, C TIOMO~b~ KOTOpbiX MO~HO TIOJI~HTb npH6JIH~8HHO 

yi+ 1 • Xopomo H3BecTeH 3KCTpanoJIH~HoHH~~ A-MeTo,IJ, AAaMca 

yi+1 = yi + ~( 23yj_- 16yj__1 + Sy'i-2). ( 4) 

EcJIH 113B8CTHbl TO~Hble 3Ha~eHHH Yi' Yi_ 1 H Yi_ 2 , TO ~OPMYJia (4) 
~aeT TO~Hoe perneHHe 3a,IJ,a~H (I) B TO~Ke xi+ 1 B CJIY~aRX, KOP,IJ,a npa

BaH ~aCTb f(x,y(x)) yp8BH8HHH (I) HBJIH8TCH aJire6paH~9CKHM TIOJIH

HOMOM CTeneHH He B~e B!OPO~. B ~YPHX CJIY~8HX norpernHOCTb HBJIH8TCH 

B8Jli'I~HHO~ nopH~Ka O(h~) npH npe,IJ,TIOJI0~8HHH 06 orpaHH~8HHOCTH ~HK
lli'IH y(x) 

Tenepb BbiBe,IJ,eM ~PMYJIY ~H 3KCTpanoJIH~HOHHoro T-MeTo,IJ,a A,IJ,aMca. 

~H 3TO~ U8J!H npaB~ ~aCTb ypaBH9HHH (I) npK6JI~8M TpHPOHOM8Tp~~
CK~·,J liHT8pliO.ll.fl:UliOHHliM IIOJlliHOMOM TI8pBOrO ilOpii,I\Ka B Hl>IOTOHOBCKOll ciJOp

l>i8 4/ 110 y3JI8.i.l xi_ 2 ,xi_ 1 H xi , T.e. TIOJ!HHOMOM 

T1 (xi+2hq; y') = 
(G) 

= , sinh(q+2) [ ( , _ , ) sinh(q+1) + ( , _ , ) sinqhJ 
Y i-2 + sinh Y i Y i-2 sin2h Y i-2 Y i-1 sinh ' 

r~e no;ro~eHo x = xi+2hq • EcJIK npoHHTerpKpoBaTb o6e qacTH ypaB-

HeHHH (l) B npoMe~yTK9 (xi,xi+1 ) H C,IJ,eJiaTb 38M8Hy nepeMeHHbiX 

x = xi+2hq , a ilOAHHT8rpanbHJID ~K~H~ 38M8HHTb H8 T1 (xi+2hq; y'), 

TO TIOJI~M 4 

Yi+1 = yi + 2hj T1 (xi+2hq; y')dq . (6) 
0 

llMeH B BH,IJ,Y (5) H BbiTIOJIHHH HHTerpHpOBaHKe B (6),HaXO,IJ,HM ~PMYJIY 

yi+1 = yi+ h(T1yl - T2yi-1 + (2-T1+T2)yj__2) ' (7) 

2 

P,IJ,9 K03~H~H8HTbl Ti' i=1,2,... npHB8,ll,8Hbl B ilpHJI0~8HHH. ~OpyYJI8 (7) 
,IJ,89T TO~HOe perneHHe B CJI~aRX, KOP,IJ,a npaBaR ~aCTb ypaBH9HHH (I) HBJIH-

6TCH TpHroHoMeTpH~ecKHM noJIHHOMOM nepBoro nopH,IJ,Ka. B ~yrHx cJI~aRX 

~PMYJia (7) np11 npe,IJ,no;ro~eHHH, ~To yf~l orpaHH~eHa, HMeeT norpem

HOCTb nopH,IJ,K8 O(h qin 3h) • 3TOT p93YJibT8T JI9PKO TIOJI~aeTCH 113 
xi•4 J (y' (x) - '1' 1 (x;y')) dx , 

ecJIH ~ecTb o~eHKy/4/ ~H TIOAHHTerpaJIDHOR W~· 
AHaJior~Ho 3-MeTo~ A,IJ,aMCa HMeeT BH,ll, 

yi+1 = yi + K(H1yl - H2yl-1 + (2- H1 + H2)yj__2) ' (8) 

r,IJ,e ~H y,IJ,o6cTBa 3anHcH mar HHTerpHpoBaHHH o6o3Ha~eH ~epe3 2K • Bee 

K03~HUH9HTbl Hi' i=1,2, ... npHBO~TCH B ilpHJI0~8HHH. ~OpMyJia (8) 
,IJ,aeT TO~HOe perneHHe B CJI~ae, KOP~a npaBaR ~8CTb yp8BH8HHH (.I) HBJIH

eTCH 3KCTIOH8HllliaJibHbiM OOJIHHOMOM nepBOPO TIOpH,IJ,K8. flpH npe,IJ,TIOJI0~9HHH 

06 orpaHH~eHHOCTH ~~i~ norpernHOCTb ~pyYJibl (8) 6y,IJ,eT nOpH,IJ,Ka 

O(Ksh 3K ) ( CM. 4/ norpernHOCTb 3KCTIOHeH~HaJibHOPO HHTepnOJIHUHOHHOPO 

TIOJIHHOMa) • 

~H TOPO, ~T06bl TIOJI~HTb B~HCJIHTeJib~e CX8Mbl THTI8 npOPH038-

KOppeKqHH,Heo6XO,IJ,HMbl e~e TpeXIU8POBb19 MeTO~ HHTepnOJI~HOHHOPO BH~8. 

llHTepnoJIH~HOH~~ A-MeTo,IJ, A,IJ,aMCa HMeeT BH,ll, 

yi+1 = yi + ~( 5yl+1 + 8yj_ - YJ.-1) + O(h4) • (9) 

~ TIORyq9HRff HHT9pTI~OHHOrO T-M9TO~a A,IJ,aMca HCllORb3Y9M HHT9p

TIOJIHQHOH~ TpHPOHOM8TpKqecKK~ TIOJ!HHOM nepBOPO nopH,IJ,Ka ~H y' (x) 

no Y3JiaM xi_ 1 ,xi H xi+ 1 • OH aHaJiorHqeH (5) c TO~ pasHKUe~, qTo 

i H~O 3aM9HKTb Ha i+1 K q = (x-xi+1)/2h • HHTerpHpOBaHKe o6e11x 

qacTe~ ypaBH9HKH (1) npOH3BO,IJ,HTCH Ha npOM~YTKe (xi,xi+1J . llH-
TepnOJIHUHOH~ T-MeTO,IJ, A,IJ,BMca HMeeT BH,ll, 

yi+1 = yi + h(T3yl+1 - T4yl + (2-T3+T4)y'i-1)+ O(hsin3h) '(10) 

a HHTepnoJI~HO~ 3-MeTO,ll, A,IJ,aMCa MO~O 38TIHCaTb TaK: 

yi+1 = yi +K(H3yl+1 - H4yl + (2- H3+ H4)yj__1)+ O(Ksh3K) . (II) 

lU. MeTo.Ill>l A,nBMca ,UJIH pemeHHH 3a.Ila~ ( 2) 

A-MeTO,Il A,!J,SMCa ~H pemeHHH 3a,Ila~ (2) COCTOHT B npKM8H8HHH CJ!8-

,D,yiOIIlHX ~PMYJI: 

Yj_+1 y~ + ~ ( 23y~- 16y". + Sy~ ) + O(h4 ) 
l 6 l l-1 l-2 

yi+1 
2 

yi + 2hyj_ + ~ (19yj_ - 10yj__1 + 3yj__2 ) + o(h5) 

3 

( 12) 

(13) 



~n nocTpoeHHH T-MeTo~a MaMca arrnpoKCKMKpyeM y" (x) TpHroHoMeT

pHqecKHM KHTepno~HUHOHHNM no~HHOMOM nepsoro nop~a no ys~aM xi_ 2 
xi-1 K xi • 11Meeu 

"( +2h) , + sin(q+2)h[( ,_, )sin(q+1)h 
Y xi q ~ Yi-2 sinh Yi Y i-2 sin2h 

( I4) 

_ ( , _ , ) sinqh J 
Yi-2 Yi-1 sinh 

ITpoHHTerpHpyeM o6e qacTH (I 4) B npoMeJKyTKe ( 0, o<l : 

~hLY'(xi+ 2hd)- yj_] =o<yj'_ 2 (15) 

- (Yj'- Yj'_ 2J[(sin(2J.+3)h-sin3h)/2h -Oicosh]/2sinh sin2h 

- (Yj'_ 2-yj'_ 1 l[(sin(!o<+1)2h)- sin2h)/2h -o<:cos2h]/2sin2h 

Wa (!5) Ha~~eM npoH3BOAHYD Yi+ 1 , ec~H no~OMHM o( =1 : 

Yj_+ 1 = Yj_ + h[T1Yj' - T2yj'_ 1 + (2-T 1+T 2 ) Yj'_ 2] + O(hsin3h).(l6) 

PaseHcTso ( I5) npoHHTerpHpyeM e~~~e pas no o< B npoMeJtyTKe [ o, 1 J H 

no~yqHM ¢oiJMY~Y 

y.+ 1 = y.+ 2hy~ + 2h2 [T5y·~ -T6 y•~_ 1 +(1-T 5+T 6 )Yi"_ 2 ]+0(h2 sin 3 h) • 
1 1 1 1 1 ( !7) 

AHanOrHqHO a -MeTa~ MaMCa HMeeT BK~ 

Yf.+1 Yf. + KLH 1Yi - H2Yi_ 1 +(2-H 1+H 2 lYj'_ 2j+ O(KshJK) (18) 

y.+1 = y. + 2Ky~ + 2K2 [a 5y~- H 6 y~ 1+(1-H +H )y~ 2]+0(K2sh3K). 
1 1 1 1 1- 5 6 1-

(19) 

IY. MeTa~ lliTepMepa 88H pemeHKH sagaqK (3) 

B C~yqae, KOr~a Y' OTCYTCTByeT B npaso~ qaCTH ypaBHeHHH (2), 
no~yqaeTCH 3~aqa (3) H ecTeCTBeHHO HCKaTb ¢opuynN AHH HaXu~eHHH 

Yi+ 1 , B KOTOpNX y' TO~e OTCYTCTByeT. TaKO~ MeTO~ C03~aH illTepMepoM. 

8KcTpano~nQHOHHN~ A-MeTa~ lliTepMepa HMeeT BH~ 
h2 

yi+1 = 2Yi -yi-1 + ~( 1 3Yj' - 2yj'_, + y'.' l + o(h5 l 1-2 (20) 

~H BNBO~a 3KCTpanonHQHOHHOrO 

(IE:>) no oc: s npoMeJKyTKe [ -1 ,o ) 

T-MeTo~a lliTepMepa npoHHTerpHpyeM 

ITonyqaeN 

yi = yi-1 + 2hyj_ - 2h2yi-2 

2h
2

(yj'-Yj'_ 2 ) [(cosh-cos3h)/4h2-sin(3h)/2h +~cosh] 

- 2h
2

(yj'_ 2-yj'_ 1 l((1-cos2h)/4h2 -sin(2h)/2h + ~ cos2h] 

4 

(2I) 

Tenepb syqTeM (2I) HS (I7). Haxo~HM 3KCTparro~HQKOHHYID T~PMY~Y 
illTepuepa: 

yi+1 = 2Yi-yi-1+ 2h~T7yj'-T8Yj'_ 1 +(2-T7 +T8 lYj'_ 2)+0(h2 sin 3 h) .< 22 ) 

AHanorKqHO 3KCTparro~HUHOHHQH a~puy~a lliTepMepa KYeeT BK~ 

Yi+ 1 = 2yi-yi_ 1+2K
2

(H7yj'-H8yj'_ 1+(2-H7+H 8 )yj'_ 2)+0(K 2sh3K). (23) 

~H OOCTpOeHHH BHqHCHKT6nbKHX CXeM nporHosa-KoppeKUHH npHBO

~ 6e3 OOAP06Horo BNBO~a H HHTepno~HQKOHHNe MeTO~ lliTepMepa: 

A-MeTa~: 
2 

Yi+1 = 2yi - Yi-1 + ~ ( y"i+1 + 10yj' +yj'_,l + o(hsl (24) 

T-MeTo~: 

Y 1+1 =2y i -y i-1 +2h
2 

[ T gYj'+ 1-T 10Yj' + ( 2-T 9+T 10 ) Yj'_ 1) +0 (h
2
sin

3
h),( 25) 

3-MeTo~: 

Yi+ 1=2yi-yi_ 1+2K
2

[H 9yj'+ 1-H 10yj'+(2-H 9+H 10 Jyj'_ 1]+0(K
2
sh

3
K) .(26) 

Y. ATS-anropKTM AHH pemeHKH aagaqK (I) 
B 3TOM nyHKTe npKBe~eM anropHTM AHH KOM6HHKpoBaHHoro Kcrro~bso

BaHKH A-, T- H 8-ueTo~oB. OITKmeM ero i-R mar no~po6Ho AHH c~yqan 
a~aqK (I). B APYrHx c~yqanx aHanorH~o Mo~o cocTaBHTb ATo-anropHTM. 

T"l..---- ---------- --·------- ___ IT\ 
&J.,JY.A.IJ •.a.UUV\J.LllV }1'-'WVll"'-' '-'~Q"'!!. .. I \.L/ V J.V"'tn.QA Ai-3 J Jlr.i-2' 

xi_ 1 H xi K KllleM ero B ToqKe xi+ 1 • ATS - anropHTM COCTOHT B 

HCnO~HeHHK cne,IzyiOllplX BHqHC~eHH~: .~ -r---· I--

I. ITo ToqKaM x. 
3 

, x. 
2 

H x. 
1 

cTponTcn HHTepno.~"1iwe ·- r i 
1- 1- 1-

no~HHONN AHH ~KUHH y' (x) anre6paHqeCKoro THrra (A2 (x;y')) 

TpKrOHOMeTpKqeCKOrO THna (T 1 (x;y')) K 3KCnOHeHUHanbHOrO THna 

(E
1 

(x;y')). 

2. ~HCnHDTCH se~KqHHN: 

A2(xi;y') 

T1 (xi;y') 

Yj__ 3 + 3(yj__ 1-yj__ 2 l, <X =/A2 (xi;y')-yj_ I 
yj__ 3 +(yj__ 1-yj__ 2 )sin(3h)/sin(h), '(; =/T 1 (xi;y' )- Y_il 

E1 (x1 ;y') = Yj__ 3 +(yj__ 1-yj__ 2 )sh(3h)/sh(h), E =IE 1 (x1 ;y')- Yj_j 

3. Haxo~HTCH J-1 = min (ol , 1: , t ) 

4. Ec~H )-l=tl. , TO yi+1 BHqHcnneTcH A-NeTo~oN \4). 
5. ~H fl = 't , TO yi+1 BHqHC~HeTCH T-NeTo~oM (7). 
6. EcnH )' = t , TO yi+1 BHqHC~HeTCH 0-NeTO~OM (8). 

5 



AT3 - anropHTY oco6eHHo uanecoo6pasHo npHMeHRTb ~s pemeHHB 
3~a~K KomH ~B CHCTeM 06HKHOBeHHHX ~~epeHQKMbHHX ypaBHeHKA TKna 
(1),(2) K (3), TQK KaK npaBYe ~aCTM 3TKX ypaBH6HMA 6y~T, B006~e ro
BOps, C pasnK~HOR CTeneHb~ TO~OCTH annpoKCKMMpOBQTbCB anre6p~e
CKHMM, TpHroHoMeTpH~ecKHMH K 3KcnoHeHUHanbHNMH nonKHOMaMH. AT3 -
anropHTM Ha CaMOM ~ene ~anaeT nporHos noae~eHHB (THna) npaaoR ~acTH 
Ha K~OM mare ~fl K~Oro ypaaHeHHH. ilpH 3TOM OKa3YBaeTCH, ~TO 
AT3 - anropHTM yaenH~Kn c~eTHoe apeMB B paccMoTpeHHYX ~e npHMe
pax acero Ha 15-20% no cpaaHeH~ c apeMeHaMK, Heo6xo~MYMK ~H npH
MeHeHHs ~oro H3 A-,T- HnH 3-MeTo~oB. ~s 6onee cno~ s~a~ yae
nH~eHHe c~eTHoro apeMeHH B cn~ae npHMeHeHHB AT3-anropKTMa HesHa~H
TenbHoe. 

VI. qHcneHHNe rrpHMepY 
3~6Cb TipHBO~TCH H6CKOXbKO npOCTHX ~CH6HHHX npRMepOB ypaBH9HHR, 

p6ill6HHHX Ha 3B~ CDC-6500 • Bo BC6X npKMepaX B Ka~eCTBe nepBYX 
4 3Ha~eHHR perneHHfl 6pMHCb COOTB6TCTB~He To~e 3Ha~eHHfl H HHTer
pHpOBaHHe npoao~nocb c maroM 2h=0,02 • B Ta6nHQax npHBO~TCB a6-
con~THYe norpemHOCTH npH6n~eHHYX pemeHHR npH pasnK~HYX 3Ha~eHHHX 
aprYMeHTa. Bo acex Ta6nHuax BBe~eHa coKp~eHHaB sanKcb a6con~THYX 
norpemHOCTeR. HanpHMep, .45-12 H~O TIOHKMaTb KaK 0,45•!0-12. 

ITpKMep I. PemaeTcs ~H~epeHUHMbHas s~a~a 
y' = 2x + 3x2 , y(O) = 100, 

~::'!':;"~~ !~!~'?~~ '!'0T!unc. !'~m~J.ftA'P ~, r v ~ = v 2 +v 3-1 "'"' • l..IHCJI9HHble P83YJib-

TaTY npHBO~HTCH B Ta6n.I. B 3TOM npKMepe AT3-anropKTM Ha K~OM mare 
B~6Hpan ~OpMYny (4). 

flpKMep 2. y' =cosx, y(O)=O, y(x) = sinx • PesynbTaTY 
s~aHY B Ta6n.2. B aToM cn~ae AT3-anropKTM Ha K~OM mare BY6Kpan 
~pMYny (7). 

ilpHMep 3. y' = 2chx , y(O)=O, y(x)=2shx • PesynbTaTY s~a-
HH B Ta6n.3. B 3TOM cnyqae He06XO~HMO OTM6THTb, ~TO TO~Oe pemeHKe 
6blcTpo aospacTaeT H YJK6 y ( 1 o l ~ 2, 2 · 1 o 4 • 3~ecb AT3 - anropKTM 
Bb16Hpan Ha K~OM mare ~OpMYny (8). 

IT 4 1 ~ ~ r.c X pHMep . y =cos 2 - cos 2 , y(O)=:Jl , y(x)=4arctg(exp(2-2cos2 )l 
qKcneHHHe pesynbTaTbl npHBO~TCH B Ta6n.4. B 3TOM npKMepe AT3 - anro
pKTM Bb16Hpan ~fl pac~eTa ~pMYnbl (4), (7) K (8) COOTB6TCTB6HHO 76, 
158 H 266 pas. 

AHanorK~HO Be~T ce6B K OCTMbHbl6 M6TO~bl, paCCMOTp6HHble B 3TOR 
pa6oTe ~B pemeHKB sa~a~ (2) H (3). Bw!K IIOJIY'l6HI:l pemeHKH pMa 
CKCT6M ~H~peHUKQnbHHX ypaBHeHKA 50-ro nops~a. ~cneHHble peaynb
TQTbl y6e~KTenbHO noKa3biB~T s~KTKBHOCTb AT3-anropHTMa. 
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\ 
I 

x A-MeTo~ 

O.I .45-!2 
0.2 .18-II 
0.3 .32-II 
0.4 .41-II 
0.5 .55-II 
0.6 .59-II 
0. 7 . 73-II 
0.8 .82-II 
0.9 .91-II 
I .!0-IO 
2 .22-IO 
3 .38-IO 
4 .50-IO 
5 . II-9 
6 .!9-9 
7 .29-9 
8 .4!-9 
9 .53-9 
IO .69-9 

x A-MeTo~ 

O.I .87-8 
0.2 .47-7 
0.3 .12-6 
0.4 .21-6 
0.5 .34-6 
0.6 .49-6 
0.7 .66-6 
0.8 .86-6 
0.9 .II-5 
I • 13-5 
2 .42-5 
3 .60-5 
4 .50-5 
5 .22-5 
6 .14-6 
7 • 70-6 
8 .34-5 
9 .57-5 
IO .56-5 

T-weTo~ 

.41-6 

.12-5 

.23-5 

.34-5 

.48-5 

.64-5 

.81-5 

.I0-4 

.12-4 

.14-4 

.47-4 

.98-4 

.17-3 

.25-3 

.36-3 

.48-3 

.62-3 

.78-3 

.96-3 

T-M6TO~ 

.22-14 

.22-13 

.57-13 

.I0-12 

.17-12 

.25-12 

.33-12 

.43-12 

.55-12 

.68-12 

.23-II .3r..:.rr 

.24-II 

.75-12 

.25-12 
• 14-II 
• 31-II 
.38-II 
.29-II 

3-MeTO~ 

.41-6 

.12-5 

.23-5 

.34-5 

.48-5 

.64-5 

.8!-5 

.I0-4 

.12-4 

.14-4 

.47-4 

.98-4 

.17-3 

.25-3 

.36-3 

.48-3 

.62-3 

.78-3 

.96-3 

3-M6TO~ 

7 

.17-7 

.94-7 

.23-6 

.42-6 

.67-6 

.98-6 

.13-5 

.17-5 

.22-5 

.26-5 

.84-5 

.12-4 

.I0-4 

.44-5 

.28-6 

.!4-5 

.67-5 

.II-4 

.II-4 

Ta6JIHUa I 

AT3-anropHTM 

.45-!2 

.I8-II 

.32-II 

.41-II 

.55-II 

.59-II 

.73-II 

.82-II 
• 91-II 
.IO-IO 
.22-IO 
.38-IO 
.50-IO 
.II-9 
.19-9 
.29-9 
.41-9 
.53-9 
.69-9 

Ta6nKua 2 

AT3-anropHTM 

.22-14 

.22-13 

.57-13 

.I0-12 

.I7-I2 

.25-12 

.33-12 
• 43-12 
.55-12 
.68-12 
.23-II 
.31-II 
.24-II 
.75-12 
.25-12 
• 14-II 
• 31-II 
.38-II 
.29-II 



x A-weTo~ 

O.I .18-7 
0.2 .95-7 
0.3 .23-6 
0.4 .43-6 
0.5 • 70-6 
0.6 .I0-5 
o. 7 • I4-5 
0.8 . I9-5 
0.9 .25-5 
I .3I-5 
2 .I6-4 
3 .53-4 
4 • 15-3 
5 .43-3 
6 .12-2 
7 .32-2 
8 .87-2 
9 .24-I 
IO .65-I 

x A-MeTo~ 

O.I .46-7 
0.2 .13-6 
0.3 .23-6 
0.4 .37-6 
0.5 .54-6 
0.6 . 75-6 
0.7 .I0-5 
0.8 • 13-5 
0.9 .17-5 
I .20-5 
2 • 19-5 
3 . I5-5 
4 .44-6 
5 • I4-6 
6 .28-6 
7 .48-6 
8 . I3-5 
9 .39-5 
IO .88-5 

T-weTo~ 

.35-7 

.I9-6 

.47-6 

.87-6 

.I4-5 

.2I-5 

.29-5 

.38-5 

.49-5 

.62-5 

.32-4 

.II-3 

.3I-3 

.86-3 

.24-2 

.64-2 

.I7-2 

.48-I 

.I3-0 

T-MeTo~ 

.I3-6 

.35-6 

.54-6 

.70-6 

.82-6 

.89-6 

.9I-6 

.86-6 

.76-6 

.6I-6 

.53-6 

.I4-5 

.3I-6 

.79-6 

.87-6 

.I3-5 

.30-5 

.9I-5 

.24-4 

3-weTo~ 

.57-13 

.26-I2 

.6I-I2 

.II-II 

.IS-II 

.26-II 

.37-II 

.48-II 

.62-II 
• 78-II 
.39-IO 
.I3-9 
.37-9 
.98-9 
.26-8 
.70-8 
.I9-7 
.52-7 
.I4-6 
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3-MeTo~ 

.23-6 

.61-6 

.I0-5 

.14-5 

.I9-5 

.24-5 

.29-5 

.35-5 

.4I-5 

.46-5 

.42-5 

.I5-5 

.I2-5 

.51-6 

.3I-6 

.3I-6 

.44-6 

.12-5 

.68-5 

'l'a6mma 3 

AT3-a.nropxTY 

.57-I3 

.26-I2 

.6I-I2 

.II-II 

.IS-II 

.26-II 

.37-II 

.48-II 

.62-II 
• 78-II 
.39-IO 
.!3-9 
.37-9 
.98-9 
.26-8 
.70-8 
.I9-7 
.52-7 
.I4-6 

Ta6mma 4 

AT3-a.nropKTM 

.46-7 

.I3-6 

.23-6 

.37-6 

.25-6 

.I7-6 

.16-6 

.20-6 

.29-6 

.43-6 

.23-6 

.II-5 

.40-6 

.I5-6 

.56-7 

.28-7 

.49-7 

.59-7 

.88-7 

~ 

llo~o~ nonyqeHHR M6TO~OB qHCH8HHOrO HHTerpHpOBaHHfi o6YKHOB8HHHX 
~~p8HUHaJlbHYX ypaBHeHHR 3aM8HOft npaBOft ~aCTH ypaBH8HHfi (I),(2) 
KHH (3) HHTepnon~oHRYMH nonxHoMaMH so scex o~omaroBYX cnyq&Rx 
npHBO~T K MeTOAY 3Anepa. AHa.norH~ o6paaoM MOMHO nonyqHTb H TpoR
KX nRTHmaroBYX MeTo~oB ~R npKMeHeHHn AT3-a.nropHTMa, KMe~x norpem
HOCTb Ha K~OM mare nop~Ka O(h6) . 3~ecb Ha 3TOM sonpoce He 6y
~eu OCTaK&BHHB&TbCft. 

ABTOpY BYpazaDT CBOD 6naro~apHoCTb B.H.XopoMCKowy aa noneaHoe 
o6c~eHHe. 

I T1 

T2 

T3 

T4 

=[(sin3h-sin5h)/2h + cosh]/sinh sin2h 

=((sin2h-sin4h)/2h + cos2h]/sin2h 

=((sinh-sin3h)/2h + cosh]/sinh sin2h 

(cos2h - sin(2h)/2h)/sin2h 

TS = (cosSh- cos3h)/4h2 + sin(3h)/2h + tcosh 

T6 = (cos4h- cos2h)/4h2 + sin(2h)/2h + tcos2h 

ilpKHOllt6HHe 

T7 =[(cosSh- 2cos3h + cosh)/4h2 + cosh]/sinh sin2h 

T8 =[(1 + cos4h - 2cos2h)/4h2 + cos2h)/sin2h 

TQ =[(cos3h - cosh)/4h~ + cosh]/sinh sin2h 

T10= ~cos2h-1)/2h2 + cos2h]/sin2h 

'H1 =~shSK- sh3K)/2K- chK]/shK sh2K 

H2 =((sh4K - sh2K)/2K - ch2K]/sh2K 

H3 =[(sh3K- shK)/2K- chK]/shK sh2K 

H4 = (sh2K/2K- ch2K)/sh2K 

H5 = (chSK- ch3K)/4K2 - sh(3K)/2K- tchK 

H6 = (ch4K- ch2K)/4K 2 - sh(2K)/2K + ~ch2K 

H7 =((chSK- 2ch3K + chK)/4K2 - chK]/shK sh2K 

H8 =((ch4K- 2ch2K + 1)/4K2 - ch2K)/sh2K 

H9 =((ch3K- chK)/4K2 - chK)/shK &h2K 

H10=[(ch2K- 1)/2K2 - ch2K]/sh2K 
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1. 3KcnepHMeHTanbHa~ ¢M3HKa BWCOKHX 3HeprHH 

2. TeopeTH~ecKa~ ¢M3HKa awcoKHx 3HeprHH 

3. 3KcnepHMeHTanbHa~ HeHTpoHHa~ ¢M3HKa 

4. TeopeTH~ecKa~ ¢M3HKa HH3KHX 3HeprHH 

5. HaTeMaTHKa 

6. ~AepHa~ cneKTpOCKOnH~ H paAHOXHMH~ 

7. ~3HKa T~*enWX HOHOB 

8. KpHoreHHKa 

9. YcKOPHTenH 

10. AaTOMaTH3a~H~ o6pa6oTKH 3KcnepHMeHTanbHWX 
AaHHWX 

11. Bw~HcnHTenbHa~ MaTeMaTHKa H TexHHKa 

12. XHMH~ 

13 •. TexHHKa IJ)H3H~ecKoro 3KcnepHMeHTa 

14. HccneAOBaHH~ TBePAWX Ten H *HAKOCTeH 
~AePHWMH MeTOAaMH 

15. 3KcnepHMeHTanbHa~ ¢M3MKa ~AePHWX peaK~HH 
npH HH3KHX 3HeprH~X 

16. ~03HMeTpH~ H ¢M3HKa 3a~TW 

17. TeopH~ KOHAeHCHPOBaHHOrO COCTO~HH~ 

18. HcnonbsoaaHHe ~esynbTaToa H MeTOAOB 
~YHAaMeHTanbHWX ¢M3H~eCKHX HCCneAOBaHHH 
B CM~HWX o6naCT~X HayKH H TeXHHKH 

19. 611~11S11Ka 

IHAKoa E.n., CeMePA*Hea X.H. P11-82-857 
Tpexwaroawe MeTOAW AnA HHTerpHpoaaHHA o6wKHoaeHHWX 
A~PeH~HanbHWX ypaBHeHH~, OCHOBaHHWe Ha TpHrOHOMeTpH4eCKHX 
H 3KCOOHeH~HanbHWX HHTepnonA~HOHHWX nonHHOMaX 

Ha OCHOBe TpHrOHOMeTpH4eCKHX H 3KCOOHeH~HanbHWX HHTepnonA~HOHHWX nonHHO
MOB paapa5oTaHw MeTOAW, aHanorH4HWe MeTOAaM AAaMca H WTePMepa. npeAnO*eH 
HOBW~ anrOpHTM AnA KOM6HHHPOBaHHOrO npHMeHeHHA MeTOAOB AAaMca, OCHOBaHHWX 
Ha HHTepnOnA~HH anre6paH4eCKHMH, TpHrOHOMeTpH4eCKHMH H 3KCOOHeH~HanbHWMH 
nonHHOMaMH, 3~eKTHBHocTb 3Toro anropHTMa noKa3aHa Ha 4HcneHHWX npHMepax. 

Pa6oTa awnonHeHa a fla6opaTOPHH BW4HCnHTenbHO~ TeXHHKH H aaToMaTH3a~HH 
. OHRH. 

oo6uie., .. e OS~, ro ~1HCTilTYT<l AAePH cn~AOBaHH~ . ~y6Ha 1982 

Zhidkov E.P., Semerdzhiev Kh. I. 
Three-Step Methods for Integrating of Ordinary Differential 
Equations Based on Triginometrical and Exponential 
Interpolating Polynomials 

P11-82-857 

Basing on the trigonometrical and exponential Interpolating polynomials 
the methods of Adams and Stermer type are developed. A new algorithm for 
combining appl !cation of the Adams methods due to the Interpolation with 
algeb.ralc, trlgonometrlcal and exponential polynomials Is proposed. The 
efficiency of this algorithm is shown on numerl.cal examples. 

The investigation has been performed at the laboratory of Computing 
Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1982 
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