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3aAa4a 06 onpeAeneHHH C06CTBeHH~X Kone6aHHH BOnHOBOAOB H pe-
30HaTopoe cnomHOH $opM~, B03HHKa~~a~ npH npoeKTHpoeaHHH H onTH
MH3a~HH cnomH~X 3neKTPOAHHaMH4eCKHX CHCTeM, MOmeT 6~Tb peweHa 
4HcneHHo nHWb npH noMo~H 3BM. B~coKHe Tpe6oeaHH~ K T04HOCTH 
paC4eTOB npH AOCTaT04HO meCTKHX Tpe6oeaHH~X Ha naM~Tb 3BM Tpe-
6y~T AanbHeHwero pa3BHTH~ COOTBeTCTBy~~HX 4HCneHH~X MeTOAOB. 
0630P H CpaBHHTenbHa~ XapaKTepHCTHKa 6onbWHHCTBa TaKHX MeTOAOB 
AaH~, HanpHMep, e 111 , rAe OTMe4eHo, 4To HaH6onee pacnpocTpaHeH
HOH ~en~eTc~ AH$$epeH~HanbHa~ nocTaHoBKa 3aAa4H, a 6onbWHHCTBO 
anropHTMOB npeAHa3Ha4eHo An~ pac4eTa peryn~pH~x eonHOBOAOB /x, 
Y - reoMeTpH~/ npOH3BOnbHOrO Ce4eHH~ H TOnbKO He3Ha4HTenbHa~ 
4aCTb - An~ paC4eTa pe3oHaTOpOB C aKCHanbHOH CHMMeTpHeH. 

K HaH6onee 3$$eKTHBH~M MOmHO OTHeCTH anropHTM~, B KOTOp~x 
Hcnonb3yeTc~ MeTOA HTepa~HH e noAnpocTpaHcTee An~ peweHH~ anre-
6paH4eCKOH 3aAa4H Ha co6cTeeHH~e 3Ha4eHH~ 121 CooTBeTcTey~~HH 
4HCneHH~H anropHTM C AHCKpeTH3a~HeH no MeTOAY KOHe4H~X 3neMeH
TOB npeACTaeneH, HanpHMep, e pa6oTe 131 B pa6oTe 141 nocTpoeH an
ropHTM Ha OCHOBe MeTOAa KOHe4H~X pa3HOCTeH. 

,_.,-~f"'\ML ...,\111"\lfll .. ...., ,..,~ .......... ,..., ......... , '"'~- .,.., '""""" 
·-··-··--o~·--···· M''"t'"t"_I""_, . ..,,,.._.,.,..,,,J'"' 

nocTaHOBKy 3aAa4H, cneAyeT OTMeTHTb TPYAHOCTH, B03HHKa~~He npH 
annpoKCHMa~HH rpaHH~~ cnomHoH $opMbl, a TaKme 3Ha4HTenbHOe yee
nH4eHHe naM~TH 3BM npH pac4eTe 6onbworo 4Hcna rapMOHHK, T.K. 
Ha xpaHeHHe KamAOH co6CTBeHHOH ~yHK~HH Tpe6yeTC~ ABYMepHbiH Mac
CHB. 

B HacTo~~eH pa6oTe npeAnomeH MeTOA pac4eTa 3aAa4H o ceo6oA
H~x KOne6aHH~X B aKCHanbHQ-CHMMeTpH4H~X pe30HaTopax Ha OCHOBe 
MeTOAa rpaHH4H~X HHTerpanbH~X ypaBHeHHH /rHY/, B KOTOpOM HCXOA
Ha~ cneKTpanbHa~ 3aAa4a An~ AH$$epeH~HanbHoro onepaTopa CBOAHT
c~ K HenHHeHHOH Ha co6cTeeHH~e 4Hcna An~ HHTerpanbHOro onepa
Topa Ha KOHType, orpaHH4HBa~eM Ce4eHHe BOnHOBOAa. HeH3BeCTHb,
MH ~Bn~~TCA C06CTBeHHOe 4HCno, a TaKme 3Ha4eHHe C06CTBeHHOH 
$YHK~HH /3aAa4a HeHMaHa/nH6o ee HOPManbHOH npoH3BOAHOH /3aAa4d 
AHpHxne/ Ha rpaHH~e o6nacTH. TaKHM o6pa30M, e AaHHOM naAXOAe, 
B OTnH4He OT AH$$epeH~HanbHOH nocTaHOBKH, HeH3BeCTHaA $yHK~H~ 

onpeAeneHa Ha OAHaMepHOM MHomecTee, a AnA Taro, 4T06~ 3aAaTb 
HHTerpanbH~H onepaTop, Tpe6yeTC~ ABYMepH~H MaCCHB, KOTOp~H Hc
nonb3yeTc~ npH pac4eTe nHWb OAHOH rapMoHHKH. 

HenHHeHHa~ cneKTpanbHa~ 3aAa4a pewaeTcA MeTOAOM Hb~TOHa. ~Hc
neHH~H anropHTM noCTpoeH Ha nocneAOBaTenbHOCTH CeTOK, 4TO, C OA
HOH CTOpOH~, AaeT XOPOWHe Ha4anbH~e npH6nHmeHH~ An~ Hb~TOHOBCKHX 
HTepa~HH Ha MenKOH ceTKe, a C APYrOH - n03BOn~eT npHMeHHTb 
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3KCTpanonR~~~ P~4aPACOHa. Anrop~TM pean~3oaaH AfiR o6nacTeH c Ky
co4Ho-n~HeHHOH rpaH~~eH. Bo3MO~eH pac4eT HecKOnbK~x co6cTBeHH~x 
3Ha4eH~H ~ co6CTBeHH~X ~YHK~HH. npaKT~4eCKaR 3~eKT~BHOCTb Me
TOAa AfiR MOAefibHOH 3aAa4~ npOHfifi~CTPHPOBaHa B § 3. 

OTMeTHM, 4TO AfiR cny4aR x,~reoMeTp~H nepexoA K rpaH~4HOMy 
~HTerpafibHOMY ypaBHeHH~ AenaeTCR a 151 , anR npHBeAeHHOrO TaM an
rop~TMa nony4eH~ 3Ha4eHHR nepaoro co6cTBeHHoro 4Hcna c T04HOCTb~ 
0,5-2%, BpeMR peweHHR OTMe4aeTCR, KaK 11 3Ha4~TefibHOe 11 • 

§1. nOCTAHOBKA 3AaA4H 

H3BeCTHO, 4TO peweH~e 3aAa4H 0 CB060AH~X BOfiHaX ~ KOne6aHHRX 
3fieKTPOA~HaM~4eCKOH CHCTeM~ C OAHOPOAH~M aH~30TpOnH~M 3anonHe
HHeM CBOA~TCR K peweHH~ ypaBHeHHH HaKCBenna, KOTOpoe B cny4ae 
rapMOHH4ecKoH 3aBHCHMOCTH noneH oT apeMeH~ leiwt I ~MeeT BHA: 

rofE(x) = iwl' H(x), rotH(x) .. - iwt E(x) , 

divE(x) = 0, divH(x) = 0 , x = (x1 , x2 , x3) , 11 .1 I 

rAe E ~ H - KoMnneKCHble aMnn~TYA~ HanpR~eHHOCTH 3neKTP~4ecKoro 
~ MarH~THOrO noneH, £ ~ I'- AH3fieKTpH4eCKaR H MarHHTHaR npoH~-
ti'!IIOI..AI""\r'TL rnonLt R r"\ltt'"'Jio "'""_....,_"""'II'"" ,.....,.~''"'' .,.,...._,,,.,,,,,,,.... •. ,... ......... ,.--,-------- -.--~-·- - ---~ ·-- ··r----,..,··-···' -·-··-·-. ,... .......... , __ ,~ ................... . 
onpeAenR~TCR paaeHCTBOM E, = 0 Ha noa~pxHOCTH S, orpaHH4HBa~~eH 

o6naCTb 0', rAe Er- KaCaTenbHaR COCTaBnR~~aR nonRE, 
CneKTpanbHY~ 3aAa4y AfiR ypaaHeH~R 11.11 MO~Ho caecTH K HenH

HeHHOH 3aAa4e Ha co6CTBeHH~e 3Ha4eHHR AfiR rHY Ha noaepXHOCT~ S 
lnpHH~~n r~HreHcal/5/: 

2 

;ikr(x, ~) 
a E(x) = - rot ( ( [ n, E) dS y + 

8 r(x, y) 

1 6 -ikr(x, y) 
+ --rot rot (( [n, H) dS ; 

iw t 8 r ( x, y) Y 

aH(x) = -rot (f[ n, H) 
s 

6
-ikr (x, y) 

-----dS + 
r(x, ¥) Y 

+ - 1- rot rot f ( [ n, H) 6 - ikr (x, y ) dS 
iw~-t 8 r(x, y) Y 

a= 1417, X c;; 0'; 211, X I;;; S; 0, X s' 0' I; 

11 .21 

r(x,y)•Jx-yJ, 

' .. . , I 

rAe k = Wy~ n- BHeWHRR HOpMafib, [., .] - aeKTOpHoe np0~3BeAe
H~e. K ypaaHeH~RM 11.21 np~ xc;;S cneAyeT A06aa~Tb rpaH~4Hble yc
noa~R, a KoTop~e BXOART aen~4~Hbl [n,E] ~ [n,H], nocne 4ero ~3 
nony4eHHOH C~CTeMbl ypaBHeHHH HaHTH HeH3BeCTHbiH napaMeTp k ~ ae
fi~4HHbl [n, E] H [n, H]. 3AeCb cneKTpanbHbiH napaMeTp k BXOA~T He
n~HeHHO a RAPa ~HTerpanbHbiX onepaTopoa Ha rpaH~~e S, a He~3BecT
Hble co6cTBeHH~e $yHK~~H onpeAeneHbl n~wb Ha noaepxHOCT~ S, orpa
H~4~Ba~~eH KOHTyp. 

0TMeTHM, 4TO rHY, COOTBeTCTBY~~~e ypaBHeH~~ renbMrOnb~a 

2 a 2 a2 a 2 2 (~ + k ) u = ( -- + -- + -- + k ) u "" 0 ' 
ax 2 ax2 ax 2 

1 2 3 

onpeAefiR~TCR $OpMynaM~ r~HreHca/5/ 

e -lkr ( x,y) 

r (x, y) 

11.31 

au(x) =- (( [u(y) :n 
s 11 .41 

a = 1417, X c;; 0 '; 211, X c;; S; 0, X ~ 0'1. 

B Ba~HbiX AnR np~no~eH~H 4aCTH~X cny4aRX rHY 11 .21, 11.41 Mo~
HO cy~ecTaeHHO ynpocT~Tb. PaccMoTp~M cny4aR aKc~anbHo-c~MMeTp~4-
Horo Pe3oHaTopa ~ a3~MyTanbHO-OAHOPOAHoro 3neKTpoMarH~THoro no
nR I ala¢ = 0, ¢- yr no eaR KOOPA~HaTal. YpaaHeH~e I 1 . 1 I AnR $yHK-

H - J;' U ..,.,...lilo.Jrt.T MIAn • - - cp . .• .. . - •• cp ........ - . -. -~-

Lu - a2..!!.. + a 2u + ..1 A + (k2 - ..L) u = 0 ' 
ar 2 az 2 r ar r 2 11.51 

rAe k2 - HenonHoe co6cTBeHHOe 4~cno, a u(r, z) - co6cTBeHHaR 
$yHK~~R. rpaH~4H~e ycnoB~R onpeAenR~TCR paBeHCTBOM Er = 0 Ha 
KOHType r, orpaH~4~Ba~~eM ce4eH~e 0 aonHoBoAa, 0 '= 0 x [ 0,217]. 
J].nR H - Kone6aH~H ~Me eM ycnoB~R JJ.~p~xne u r = 0' u = E¢; AfiR E -Ko-

ne6aH~H - ycnoB~R HeHMaHa ~~ I[' = 0, u = H ¢ · 

np~ nOMO~~ $YHK~~~ rp~Ha AfiR HeCaMoconpR~eHHOrO onepaTopa 
L ~3 11.51 MO~Ho nony4HTb ~HTerpanbHOe npeAcTaaneH~e AnR $yHK
~~~ u(r, z) 171 : 

a u(x) = ( [G(y, x) 
[' 

au - u(y) _a_G(y, x) + 
an any 

1 1\ 
+Toos(nr)G(y,x)u(y)]dSY, 
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a = 1411' X t;; n; 211' X t;; r ; 0, X rt n I ' 
y = (r, z) , x = (r 0 , z 0 ) • 

QyHK4HR G(y,X) 3aBHCHT OT KOOPAHHaT T04eK y H X: 

211 exp (ik R Y~ cos{3 d{3 • G( x) = r r y, 0 

rAe 
2 112 

R yx = (r + r~ - 2rr 0 cos{3 + (z- z 0) 2 ) • 

11.61 

11.7 I 

B pa6oTe 18/ H3y4eH~ cao~cTaa <!JYHK4HH G~,x) H nony4eH~ 6~cTpo
cxOARli\HecR PRAbl AnR ee pac4eTa Ha 3BM B HeKOTOpO~ o6naCTH apry
MeHTOB. 0TMen1M, 4TO a T04Ke coanaAeHHR apryMeHTOB In pH y _, xI 
<IJYHK4HR 'G HMeeT norapH<IJMH4eCKYIO OCo6eHHOCTb / 7/. 

-1 r 2lnr yx • yx [(r-ro)2 +(z-zo)2]1/2 

H YAOBneTBOpReT COOTHOWeHHRM 

G(y, x) = 0 (r 2) , r -+ 0 ; G (y, x) 0 (r 0) , r 0 ... 0 . 

npH x~r H3 11.61 nony4aeM HHTerpanbHOe ypaBHeHHe OTHOCHTenb-
.+,, 

HO u~y) , cfu lY) , Y ~ 1 , H napaMeTpa k. llp~t~4eM An.A Bell\eCTBeHHbiX 

k ~t~cnonb3yeM nHWb .RAPO G 1 = ReG: 

G
1
(y,x) 

211 
r r 

0 

cos(kR L!l_ cos {3 d{3 • 

Ryx 
11 .81 

An.A cny4aR ycnoBH~ A~t~pHxne ulr 
Ha C06CTBeHH~e 3Ha4eHH.A: 

0 npHXOAHM K HenHHe~HO~ 3aAa4e 

1 
- (G 1(y, X, k) v(y)dy =0, 
211 r 11.91 

r v 2 CYl dy = 1 • 
r au 

rAe HeH3BeCTHbiMH .ABn.AIOTC.A ~yHK4HR V(y) = -·- (y) H C06CTBeHHOe 
4HCnO k ~ Q, an 

PaccMOTpHM ell\e ABe 4acTo acTpe4aiOli\HecR nocTaHOBKH cneKTpanb
Ho~ 3aAa4H. TaK, An.A <!JyHK4HH U=rH¢ HnH U=rE¢ cnpaBeAnHBO 
ypaaHeHHe 

a 1 a a 1 a k 2 
~-(- -)u + -(- -)u + -u = 0 
a r r a r az r az 11. 1 Ol 

4 

c caMoconpRmeHH~M onepaTopoM Ia npocTpaHCTBe c aecoM r-11, AnR 
KoToporo RAPO G 2 = ReG HMeeT BHA 

211 cos(k R ) 
G

2 
(y, x) = ( y,x cos{3 d{3, 

0 Ry,x 
11.11 I 

a 4eM nerKo y6eAHTbCR HenocpeACTBeHHO~ nOACTaHOBKO~. ~APO G2 , 
B OTnH4He OT G 1 H3 11 .81, RBnReTCR CHMMeTpH4eCKHM. 

B~4~t~cnHM Aanee RAPO G 3 (y,x) AnR ypaaHeHHR 

d 
2
w + d 

2
w + .!. dw + k2 w = 0 , 11.121 

dr 2 dz 2 r dr 

peweHHe w(r, z) .KoToporo CBR3aHo c <!JyHK4He~ u(r, z) H3 11.51 pa
aeHcTBOM u =awl~. OnepaTop 11.121 nony4aeTCR H3 onepaTopa renbM-

rom4a 11.31 npH ycnoBHH ..2._ u=O. H3 <!JopMynbl 11.41 AnR <!JyHK4HH 
a¢ 

w(r, Z, cP) npH ycnOBHH aw/a¢=0 B aKCHanbHO-CHMMeTpH4HO~ o6naCTH 
{l' C o6pa3yl0ll\e~ r, KOrAa S = [ 0, 211) X r 1 nony4HM 

1 
211 .k 

w(x) + ~ f J [ w _g_ e -1 R(x, y) _ e-ikR(x,y) aw )rdf d¢, /1.131 
R(x, y) an o r an R(x, y) 

T.K. dSy = df d¢r, x=(r0 ,zQ,O) ~r. y= (r,z, ¢). 
nycTb WI f' = 0' TOrAa rHY I 1. 13/ npHMeT BHA 

1 
211 -ikR - r r r _e __ d¢v(r, z)df = 0' 

211 r 0 R 

OTKYAa An.A RAPa G
3

(y,x) nony4aeM a~pameHHe 

211 e -ikR(x, y) 
G 3 (y,x) = r ( d¢, 

0 R (x, y) 
11.141 

rAe AnR r(x,y) H3 reoMeTpH4eCKHX coo6pameHH~ HMeeM a~pameH~t~e 

R 2 (x, y) = (z 
0 

- z) 2 + (r 0 - r cos¢) 
2 + (r sin¢) 

2 

2 2 2 = (z - z 0 ) + r0 + r - 2r r 0 cos¢. 

TaKHM o6pa3oM, a TepMHHax rapMOHHK <!JYHK4HH 
KOTOp~e H3y4aiOTC.A B /8/ HMeeM 

' 

~(-ikR) 
R ' 

G 1 ~Re(s 1), G 2 =r-1Re(s 1), G 3 =Re(s 0 ), 

1 211 exp (-ikR) . 
s m = - r ---- exp (-lm¢) d¢' m = 0, l ' ... 

211 o R 

11.151 
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IlerKo BIIIAeTb, 4TO np111 noMo~l1 ~Apa G3 113 /1.14/ MOM<HO nony411Tb 

a 'G -+- 'G a 'G B -+- 'G ~Apa 1 Ill 2 no ..,opMyJle 1 = af 3 11TOre ..,yHK1.111111 i, 

i = 1 ,2,3, 1113 /1.15/ n03BOJl~OT CBeCTI1 Jl~6y~ 1113 nepe411CJleHH~X 
cneKTpaJlbH~X 3aAa4 K rHY Ha KOHType r. 

§2. METOA PEWEHHH YPABHEHHH /1.9/ 

PaccMOTPI1M ypaeHeHI1e /1 .9/ c ~APOM G2(x,y) 113 /1.11 I. 06o-
3Ha4111M IIIHTerpailbH~~ onepaTop e 11.91 4epe3 A(k), TaK 4TO 

1 
A(k) v =- ( G 2 (y, x, k) v(y) dy, 

2" r 12.1 I 

KpoMe Toro, onepaTop A(k) enonHe Henpep~eeH. PaccMoT
P11M eeKTop Z = (v, k) G L 2(r)x R =X co cKail~PHbiM npoi13BeAeHIIIeM 

(Z 1,Z2 ) = (v1 ,v2 ) +k 1 k 2 ; Z1 ,Z 2 G X. 

TorAa 11CKOMbl~ 3JleMeHT Z* = (v*, k*), ~Bil~~~~~~~c~ peweH11eM CIIICTeMbl 
11 .91, MOM<HO paCCMaTpi1BaTb KaK peweHI1e HeJl11HeHHOrO onepaTOpHoro 
ypaeHeHI1~ 

<I> (Z) = 0, <I>: X _, X, 

<I>(Z) = {A(k) v } 
(v,v)-1 

0 12.21 

e ri1Ilb6epToeoM npocTpaHcTee X. An~ peweHIII~ ypaeHeHI1~ 12.21 lllc
noilb3YeM Henpep~BH~A aHaJlor MeTOAa Hb~TOHa, KOTOp~H XOPOWO 3ape
KOMeHAOBaJl ce6~ np11 peweHIIIIII cneKTpaJlbH~x 3aAa4 Ail~ onepaTopa 
WTypMa-Il11yBIIIIlil~. A11cKpeTIII3al.llll~ HenpepbiBHoro npo1.1ecca no MeTOAY 
3HJlepa npi1BOA11T K CJleAy~~l1e~ IIITepal.liiiOHHO~ CXeMe: 

aA (k ) v k n+1 ~ +A (k ) 
at n n T n T 

v 1- v 
2 ( n+ n, v ) l - (v , v ) , 

1 
n n n 12.31 

k0 , v 0 - 3aAaHbl, 0 < r < 2 • 

nplll T = 1 nony4aeM MeTOA Hb~TOHa-KaHTOPOBI14a c KBaApaTIII4HOH 
CKOpOCTb~ CXOAI1MOCTIII /e CJly4ae HeBbiPOM<AeHHO~ npo1113BOAHOH ¢pewel 
B MaJlOH OKpeCTHOCTI1 peweHI1~. HcnOJlb30BaHI1e napaMeTpa T < 1 no3-
BOJl~eT paCWI1pi1Tb o6JlaCTb CXOA11MOCTI1 npOI.leCca 12.31. Qco6eHHOCTb~ 

6 

MeTOAa ~BJl~eTC~ TO, 4TO OH CXOA11TC~ K Jl~60MY 1113 peweHI1~ Z = (v, k) 
ypaBHeHIII~ 12.21 np111 HaJll141111 xopowero Ha4aJlbHoro npi16Jl11M<eHIII~, 

T.e. pac4eT B~CW11X rapMOHI1K Hl14eM He OTJll14aeTC~ OT CJly4a~ oc
HOBHO~ rapMOHI1KI1. 

CxOA11MOCTb MeTOAa Hb~ToHa Ail~ ypaeHeHI1~ 12.21 He ~en~eTc~ 
CJleACTBI1eM o6~e~ TeopeM~ 3aAa4111 Ha C06CTBeHH~e 3Ha4eHIII~ Ail~ or
paHI14eHHOrO CI1MMeTPI14eCKOrO onepaTopa/10/ Ia /10/ paCCMOTpeH 
cny4a~ 1130il11POBaHH~x co6cTeeHH~x 3Ha4eHIII~I, T.K. A~*)v* = 0 11 
B OKpeCTHOCTIII T04K11 k* cy~eCTByeT 6eCKOHe4HO MHOrO C06CTBeHH~X 
3Ha4eHI1H .\ 0 onepaTopa A~"'). He ocTaHaBiliiiBa~cb 3AeCb Ha eonpo
cax CXOAIIIMOCTIII 111Tepal.li1H 12.31, OTMeT11M JliiiWb, 4TO np11 4111CileHH~X 
paC4eTaX Ha6Jl~AaeTC~ CKOpOCTb CXOAIIIMOCT11,6Jliii3Ka~ K KBaApaTI14-
HO~, 4TO 6yAeT BIIIAHO 113 npi1BOA11M~X Ta6Jlllll.l· 

npo6JleMa B~6opa Ha4ailbH~X np116JliiiM<eHI1~ pewaeTC~ nocpeACTBOM 
opraHIII3al.l11111 B~411CJ1eHIII~ Ha nOCJleAOBaTeJlbHOCTIII ceTOK COrJlaCH0/ 111 

§3. AHCKPETH3AUHH YPABHEHHH 12.21 H 4HCilEHH~E PE3YilbTAT~ 

Pa3o6beM KOHTYP r G c 2 Ha N 4aCTeH OAIIIHaKOBOH AiliiiH~ h = f N-1 

I£ - AI111Ha KOHTypal To4KaMI1 t0 , t 1 , ••• , t N + 1 , KOTOPble o6pa3y~T 
ceT04HY~ o6nacTb w • 

nycTb peweHIIIe V~t) G C 2(r). oyAeM 11CKaTb V(t) B BIIIAe CeTo4-
HOH ci>YHKI.lllll1 vh (t), t G wh 

N 
v .. (t) = I v (L ) t/1, (t) , 

i = 1 . . 

rAe t/J i- KYC04HO-JliiiHeHH~e 6a3111CHble c)lyHK1.11111 Ha KOHType r: 

t - t 1-1 
t G [ t. 

1
, t. ) , 

J- I 
tl -ti-1 

13.1 I 

1/J I (t) 
t- ti+ 1 

t G[ ti, t 1+ 1), 
ti -tl+l 

0, t r;. [tt-1'tl+1). 

PaeeHcTeo A (k) = 0 3aMeH11M HeJliiiHeHH~M anre6palll4eCK11M ypaeHeHI1eM 
no MeTOAY KOJlJlOKa1.111111: 

P A (k) v ( t) = 0 , 
h h 
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A h (k) v h = 0 , A h (k) = I a1J (k) I , i, j = 1 , ... , N , /3.2/ 
1 a 1i =- ( G 2 (t,t 1 ,k) t/lj (t)dt, t ~ wh. 

277 r 
CK~n~pHoe npo~3BeAeH~e fuvdt annpoKc~M~pyeM no $OpMyne Tpane-

4~~ r 

/3.3/ 

A h (k) vh = 0 • 13.4/ 

annpOKC~M~pyeT ~CXOAHYIO C T04HOCTbiO 0 (h
2 

) , 0AHaKO ~HTerpanbl B 
/3.2/ Henb3~ B~4~Cn~Tb T04HO, T.K. cne4$YHK4~~ /1.11/ B~4~Cn~
eTC~ np~ nOMO~~ P~AOB ~ MO~eT 6~Tb 3aAaHa TOnbKO Ta6n~4HO. B 
pa6oTe paccMoTpeH~ ABe annpoKc~Ma4~~ ~HTerpanoB /3.2/ nop~AKa 
O(h) ~ O(h2 ). B nepBOM cny4ae nonaraeM 

a .. = 
IJ 

r 
.2!._ G 

2 
(t . , t 

1 
, k) , 

277 J 

t, + h 
J 

li-JI>1; 

1 
2 

J (2lnlrl +a i + b 1r) 1/11 (r)dr, 
77 

tj -h 

i = j 

t i ± h 

4~ G(ti,t
1
,tk) + 

2
; J 2lnlrl +a 1 +b1r).p 1±1 (r)dr, 

ti 

I i - j I = 1 , lr I ~ [ o, h l , 

1 
13.5/ 

rAe K03$$~4~eHT~ a 1, b 1 nony4aiOTC~ ~3 ycnoB~~ annpoKc~Ma4~~ 

$yHK4~~ G
2
(tj+r, t

1
,k), r ~[-h,h] $YHK4~~M~ 2lnlrl +a1 +b1r. 

An~ annpoKc~Ma4~~ BToporo nop~AKa Bbi6~panocb 4~cno p 0, He 
3aB~c~~ee oT h, np>-~4eM ecn~ It 1 - ti I !S Po , TO 3neMeHT a ij 
onpeAen~eTc~ no $opMyne 

8 

1 
~ 

t J + h 

r [lnp(r)(2 + cj r) + (aj + bj r)]vj (r) dr' 
t j -h 

- h < r ~ h, p (r) = I t (r) - t 1 I . 
13.6/ 

h 
B ocTanbHbiX cny4a~x a 1J =rrrG(ti,t 1, k). Ko3$$~4~eHTbl aJ, 
bJ, ci onpeAen~IOTC~ ~3 ycnoB~~ annpoKc~Ma4~~ ~Apa G(t, -t 1) 
$YHK4~e~ B~Aa ( cr + 2) lnp (t) + a + br Ha oTpe3Ke t j :;;;. t ~ t i + h , 
0TMeT~M, 4TO An~ annpoKC~Ma4~~ /3.5/ ~MeeM A h = A b , a An~ an
npoKc~Ma4~~ /3.6/ - Ah = A'h + O(h2), 

An~ peweH~~ Hen~He~Horo onepaTopHoro ypaBHeH~~ /2.2/ MeTOAOM 
a A 

/2.3/ Tpe6yeTc~ TaK~e ~APO onepaTopa ---, KOTopoe o6o3Ha4~M ak 
DA(y, x) , 

277 
1 DA (y, x) - 2ri"" ( sinkRy,xcos,Bd,B. /3.7/ 

0 
3TO ~APO y~e He ~MeeT oco6eHHOCT~ ~ ~Bn~eTC~ AOCTaT04HO rnaAKO~ 
$YHK4~e~ cBo~x apryMeHTOB. Cne4$YHK4~10 /3.7/ B~4~cn~eM no $op
Myne C~MnCOHa C AOCTaT04HO KpynH~M waroM, T.K. OHa Bn~~eT n~Wb 

Ha CKOpOCTb CXOA~MOCT~ HbiOTOHOBCK~X ~Tepa4~~ /2.3/. KaK npaB~
no, AOCTaT04HO B3HTb 5-10 pac4eTHbiX T04eK /np~ ebi4~CneH~~ nep
BO~ rapMoH~K~/ Ha oTpe3Ke [0, 277], a AanbHe~wee yBen~4eH~e To4-

aA HOCT~ paC4eTa ak- He np~BOA~T K 3aMeTHOMY yCKOpeH~IO CXOA~MOCT~. 

4~cneHHbl~ anrop~TM nocTpoeH Ha nocneAOBaTenbHOCT~ cry~aiO~~x

CH ceToK whp' hp -+0, p = 1,2, ... , 4TO noMoraeT pew~Tb cpa3y ABe 
npo6neMbl. Bo-nepeblx, ycKopeH~e cxoA~MOCT~ HbiOTOHOBCK~x ~Tepa4~~ 
Ha 6onee MenK~x ceTKax. 3To AenaeTc~ np~ noMo~~ 3KCTpano
nH4~~ K T04HOMY peWeH~IO pa3HOCTHO~ 3aAa4~ Ha 6onee MenKO~ CeT
Ke' " 1 c ~cnonb30BaH~eM pa3no~eH~~ np~6n~~eHHoro peweH~~ ""h = 
= ~h ,kh) /npeAnonaraeTCH ero cy~ecTBOBaH~e/no cTeneHHM wara 

e a. 
z h = Ph z * + Ph l h 

1 
c. (t) • t .,: r , 

i= l I 

13.8/ 

rAe c i (t) He 3aB~CHT OT h, a 1;: 0. Bo-BTOPbiX, ~MeH peweH~~ v hi 

Ha HeCKOnbK~X ceTKaX, MO~HO Cy~eCTBeHHO noBbiC~Tb T04HOCTb kh ~ 
vh np~ noMo~~ 3KCTpanonH4~~ P~4aPACOHa. 

An~ ycKopeH~~ cxoA~MOCT~ ~Tepa4~~ Ha ceTKe c waroM h 3 ~cnonb-
3YIOTCH peweH~~ Z ht ~ Z h2 Ha CeTKaX Wh l ~ W h2 , np~ noMO~~ KOTO
pbiX CTO~TCH np~6n~~eH~e K T04HOMY peweH~IO Zh no $OpMyne 3 

/3.9/ 

An~ KOToporo B c~ny /3.8/ BblnonHeHo 

liZ~ - zh II 
3 3 

9 
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B ~Tore 4Hcno Hb~TOHOBCKHX HTepa~HH npH nepexoAe K o4epeAHOI1 
ceTKe, KaK npaeHno, y6~eaeT H Ha caMol1 MenKol1 ceTKe cocTaen~eT 
1-2 HTepa~HH. 

3aMe4aHHe 1 • 3a Ha4anbH~e npH6nH>KeHH~ An~ co6cTBeHHbiX 4Hcen 
MO>KHO B3~Tb KOpHH HenHHeHHOrO anre6paH4eCKOrO 
ypaeHeHH~ 

detA h (k *) = 0, 

a COOTBeTCTBY~He peweH~~ Xh OAHOPOAHOro ypae
HeHH~ 

A h (k *) xh = 0 

~Bn~~TC~ Ha4anbH~MH npH6nH>KeHH~MH An~ HCKOMOrO 
co6cTBeHHoro eeKTopa • 

0TMeTHM, 4TO ecnH KOHTyp f HMeeT OCb CHMMeTpHH, TO pa3Mep
HOCTb BeKTOpa Vh yMeHbWaeTC~ B ABa paaa H COOTBeTCTBeHHO MaCCHB 
Ia IJ I yMeHbWaeTc~ B 4eTbtpe paaa, TaK >Ke KaK H o6ll.lee epeM~ c4eTa . 

4HcneHH~H anropHTM An~ 3BM, peanH3Y~Il.\HH npeAno>KeHH~H MeTOA, 
COCTaBneH An~ npOH3BOnbHOH OAHOCB~3HOH o6nacTH C KYC04HO-nHHeA
HOH rpaHH~eA. Ha Ka>KAOM np~MOnHHeHHOM OTpeaKe rpaHH~bl r (m) <;; r 3a
AaeTC~ ceoA paBHOMepHbtA war AHCKpeTH3a~HH h(m). 

npHBeAeM peaynbTaT~ pac4eTa nepeoA rapMOHHKH no MeTOAY nop~A
Ka O(h) An~ np~MoyronbHoro KOHTypa Ha nocneAOBaTenbHOCTH H3 
Tpex ceToK. B Ta6nH~e 1 npeAcTaBHM T04HOCTH ~k h"" k*- kh co6-
CTBeHH~X 4HCen H pe3ynbT~ 3KCTpanon~~HH Ha HeCKOnbKHX CeTKax, 
rAe ~ (h1 , h 2 , .. ,, h p ) - T04HOCTb, AOCTHrHyTa~ B pe3ynbTaTe 
~KC11Jdr1UJU141-11-1 IIU ~HdY~HI-1RMKhl, Kh

2
, .,,,Kh , IUYHOe 3HdY~H~~ 

k*= 8,28235. 4epea N o6oaHa4aeM 4Hcno He~aeecTH~x An~ cooTBeT
CTBY~Il.lel1 ceTKH, 6ea y4eTa CHMMeTpHI1, a 4epea IT -4Hcno Hb~TOHoe
CKHX HTepa~HH AO HeB~3KH 3.10-4 , 

B Ta6n. 2 npHBOA~Tc~ peaynbTaT~ pac4eTa no MeTOAY c annpoK
CHMa~Hel1 O(h 2). 

IliHEPATYPA 

1. fpHropbeB A.A., RHKeBH4 B.o. 3apy6e>KHa~ paAHo3neKTPOHHKa, 
1977, ~ 5, c. 43. 

2. CTpeHr r. ' ci>HKC A>K. TeopH~ MeTOAa KOHe4HbiX 3neMeHTOB. 11MHp11 ' 

M., 1977. 
3. Kac4Heea B.A., Kac4Hee M.G., cl>eAoceee A.H. OH~H, 11-81-695, 

Ay6Ha, 1981. 
4. raepHnHH A.B.' rop6eHKO H. H. B KH.: 11 4HcneHH~e MeTOA~ pe

weHH~ 3aAa4 3neKTPOHHOH onTHKH 11
• BU CO AH CCCP, HoeocH6~pcK, 

1980' c. 99-1 07. 

ll 



5. Spielman B.E., Harrington
8

R.F. 

vol. MTT-20, No.9, P· 57 . 3aAa4 MeTOAOM pa3nomeH~R 
IEEE Trans., 1972, Sept., 

6. AI1eKC~A3e M.A. PeweH~e rp:H~;~~~Ka", M.' 1978. 
no HeopToroHanbH~M $yHK~~R . BM M~ 1978 T 18, W 2, 

H sa H H. m ~ ~. ' ' 7 . 3axapoe E.B., ecMeRHO · 

8. ~~c~~!~a E.H. ~BM ~ M$, ~~~;~c:~H5 6.~. 50H~~. 8~~~80-617, 
9. AHPRH 3.A., ~~AKoa E.n., 

1 0. 
11. 

12 

Jly6Ha, 1980. 
rapeee $.A. ~ AP· ~B~ 
~~AKOB E.n., XopoMcK~~ 

17 w 2 1977, c. 407. ~ Me!>, T. ' ' 981 
OHRH, 5-81-783, Jly6Ha, 1 ' 5.H. 

AKon~H B.n. H AP· 
PeweHHe cneKTpanbHO~ aaAa4H An~ ypaaHeHH~ MaKcaenna 
B cny4ae UHnHHAPH4eCKO~ CHHMeTpHH 
MeTOAOM rpaHH4H~X HHTerpanbH~X ypaaHeHH~ 

Pll-83-557 

npeAnaraeTC~ MeTOA paC4eTa cneKTpanbHO~ 3aAa4H An~ aKCHanbHO-CHMMeT
PH4H~X pe30HaTOpOB MeTOAOM rpaHH4H~X HHTerpanbH~X ypaaHeHH~. ltCXOAHa~ npo6-
neMa CBOAHTC~ K HenHHe~HO~ 3aAa4e Ha Co6CTBeHH~e 3Ha4eHH~ An~ HHTerpanbHOrO 
onepaTOpa Ha KOHType, orpaHH4HBa~eM Ce4eHHe BOnHOBOAa. HenHHe~Ha~ 3aAa4a 
pewaeTc~ MeTOAOM Hb~ToHa. 4HcneHH~~ anropHTM nocTpoeH Ha nocneAoaaTenbHOCTH 
CeTOK H peanH30BaH An~ 06nacTe~ C KYC04HO-nHHe~HO~ rpaHHue~. npHBeAeH~ pe-
3ynbTaT~ 4HCneHH~x pac4eToa An~ annpoKCHMauHH nop~AKa O(b) H O(h2), 

Pa6oTa a~nonHeHa B fla6opaTopHH B~4HCnHTenbHO~ TexHHKH H aaToMaTHaauHH 
Olt.IIH. 

Akopyan V.P. et al. Pll-83-557 
Solving of Spectral Problem for Maxvell Equation in Cyl indrlc Symmetry 
Case by the Boundary Integral Equation Method 

For axial symmetric resonators the spectral problem calculation method 
based on the boundary Integral equation method is suggested. Initial 
problem Is replaced by the non I I near eigenvalue problem for integral ope
rator in wave guide contour. Nonlinear problem Is solved by Newton method. 
Numerical algorithm on a grid sequence is constructed and Is realized for a 
region with sectionally 1 inear bound. Numerical results with O(h) and O(h2) 
approximation are presented. 

The Investigation has been performed at the Laboratory of Computing 
Nechniques and Automation, JINR. 
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