


I. BBeneHHe 

Bo MHor11x npHKJI~HbiX s~at<ax npnXO,[\HTCR pernaTb ,1:\HqxpepeHUHaJibHhle 
ypaBH8H11.ff 

y'=f(x,y) , y(x
0

)=y
0 (I) 

,lLn.A: perneHH.A: 3a,[\a<m J{OIUI1 (I) 003,[\aHO MHOrO pa3JII1tiJib!X 11p116JIHJK8HHhiX Me

TO,ll;OB. B OOJiblllliHC'l'Be lll3 HUX IIOBhiiii8HHe TO'lHOCT!I npM6.JII1JK8H

HOro pemeHHR s~a"<IH(I) rrony-qaeTc.ff sa c"<IeT yMeHbUIOHMH mara HHTerpnpo-

BaHHH. O,n;HaKo TOt:IHOCTb MOJKHo YBeJni'llilTb, He CJIHITJKOM yMeHbllla.A: mar HHTer-

pMpoaaHHR, a l10,ll;XO,ll;f!II\11M 06pa30M Y'J:I1TbiBM l10B8,ll;8H118 qiyHI<l\1111 f (x, y ( x) ) 

B oKpecTHOCTH TOt<KI1 x , B KOTopoti 11IJ18TC.A: perneHI1e sa,n:aq11 (I) • Harrp11Mep, 

KJiaccnqecKnti MeTo,n; A,[\aMca ,n;aeT xoporn11e np116JIHJKeHHH, ecJIH rrpaBa.A: tiaCTb 

(I) xopomo arrrrpoKCHMHpyeTc.A: aJire6paHqecKI1M11 HHTeprroJIRl\110HHbiMI1 ITOJIHHo

MaMH. ,LLil.A: KpaTKOCTH HasoBeM 3TOT MeTo,n; A-:vieTO,ll;Oi\l A,[\aMca. B c.JiytiaRx, 

Kor,n;a rrpaBaR tiaCTb ,ll;l1qiqiepeHU11aJibHOro ypaBH8Hl1fl (1) XOpOI!lO arrrrpOKC11Ml1-

pyeTC.A: Tp11rOHOM8Tp11tl:8CKI1Ml1 JIIJII1 3KCITOH8HL111aJibHb!Ml1 11HT8piTOJI.f!Il110HHbiM11 

IIOJHIHOIV!8.IVIH, Jiyqme BOCHOJib30BaTbOH ivi8TO.L\a'llh i\,I(ah!Oa ( T --!ll8'l'O,I(Oi·,; 

l1JI11 3-Me·ro.u;oM A,n:aMca) , KOTOpb!e ,[\aiOT 6oJiee TOl!HLre rrp116JIHJKeHHhre peme

HHR B 3TI1X CJiy"<IaHX. Ho ITOB8,!1,8Hl18 qiyHKU1111 f(x,y(x)) 3apaHee H8113B8CT-

HO , Tal\ KaK 3aBI1C11T He TOJibKO OT f(x,y) , HO 11 OT H8113B8CTHOPO 

pemeHMH y (x) • [1o3TOMy Ck..'Iee sgiy;JeJ\TxiDHillllli O:fJI::JT •• !8TO,ll;1I, 

KOTOphle aBTOMaTI1'!8CKl1 Ytl:HThiBaiOT ITOB8,ll;8HI18 npaBOH l!aCTl1 f(x,y(x)). 

0Ka3b1Ba8TCR, tl:TO MOJKHO ITOCTp011Tb TaKI18 MBTO,[\hl, HBJifiiOl!111CCR KOM611Hal!I1H

Ml1 A-, T- 11 3-MeTO,[\OB A.r:J,aMca B TaKoM CMbiC.Jie, tl:TO KaJK,ll;hlti mar l1HTerp11-

poBaHMR MOJKHO 11p0113B8CTI1 ITO O.!l,HOMy 118 Tp8X yKa3aHHb!X M8TO,ll;OB B 3aBI1-

C11MOCTI1 OT TO'l!HOCTI1 arrnporcci1Mauvm npaBoi1 '!aCTI1 (I) 11HTeprroJIRQI10HHhiMl1 
l10JII1HOMaMI1. 

B 3TOti pa6oTe pacmnpReTcR apceHaJI 

pemeHHR sa.r:J,atl:M (I), paccMaTpHBaiOTCR A-, 
lil8HI1R 3~a'l!l1 

1 

TpexmaroBLrx MeTo,n;oB A,IJ;aMca ,ll;JIR 

T- 11 3-MeTO.r:J,bi A.r:J,aMca .r:J,JIR pe-

-, 



y" = f(x,y,y') , y(x
0

)=y
0 

, y' (x0 )=y~ (2) 

a TaK*e A-,T- ~ 3-MeTo~ lliTepMepa ~H perneH~H s~a~~ 

y" = f(x,y) , y(x
0

)= y
0 

, y' (x
0

)= Y~ (3) 

MHorornaroBbie A-MeTO,IJ,bl A,Il;aMca ~ lliTepMepa xoporno JilsBeCTHbl /I ,2 ,3 • 5/. 
3):\8Cb ,f\JIH JJOJJHOTbl ~ cpaBH8H~fl rrp11BO,Il,HTCH ~ 113BeCTHble TpexrnarOBble 
A-MeTO.f\bl. OH~ HY*Hbi ~ rroTOMY, ~To B pa6oTe rrpe~araeTcH aJirop11TM ,IJ,JIH 
KoM6~H~poBaHHoro rrp~MeHeHI1H A-, T- ~ 3-MeTO.I\OB (AT3- aJirop11TM). 

ll. MeTO,IJ,hi An,aMca ,IJ,JIH perneHI1H sa,na~~ (I) 

C~~TaeM, ~TO perneHI18 y(x)Sa,I\a~ (I) ~eTCH B paBHO OTCTOHmHX APyr 
OT ,n;pyra TO'll\a.X Xi, i=1 , 2 o•o•l1 ~TO paCCTOHHI18 M8*,D,Y .f\BYMH COCe,ll;HI1MI1 T0~-
KaMI1 paBHO 2h. 0603Ha~l'!M y(xi), y' (xi) ~ Y" (xi) COOTB8TCTBeH-
HO ~epe~ y i, y _;_ 11 yi_ . , i=O, 1 , 2, ... ITycTb HeKoTopbiM M8TO,ll;OM ( Harr-
p11Mep, M8TO,f\OM PyHre-KyTTa) Ha~):\8Hbl 3Ha'll8Hl'!fl yi_ 2 ,yi_1 11 ~i 
YK~8M Ha ~OpMyJibl, C JJOMO~b~ KOTOpbiX MO*HO JJOJI~HTb rrp116JJl'!*8HHO 

y i.+ 1 • Xopomo 113BecTeH sKcTparroJIRQHOHHbl~ A-MeTo,n; A,n,aMca 
h 

yi+1 = yi + 6( 23yj_- 16yj__1 + Sy'i-2). (4) 

Ecn11 113 BecTHhl TO~Hbie sHa~eHI1H Y i, Y i _1 11 Y i _ 2 , TO tlJOPMYJia ( 4) 
,ll;aeT TO~HOe perneHI18 sa,ll;a~H (I) B TO~Ke xi+1 B CJIY~aHX, KOP,f\a rrpa
Baff ~aCTb f(x,y(x)) ypaBH8HI1ff (I) HBJIH8TCH aJire6pa11~8CKI1M JJOJI~
HOMOM CT8JJeH~ He BbOOe BTOpOH. B .f\PYPI1X CJiy~aHX rrorpemHOCTb HBJIH8TCH 
B8JII1'li11HOn ITOPH.I\Ka O(h

4
l rrp11 rrpe,[\ITOJJ0*8HI1l'! 06 orpaH11~8HHOCTI1 tlJYHK

Ulm y (x} 

Terrepb BhiBe,f\eM tlJOPMYJIY ~H sKCTparroJIHI.1~0HHoro T-MeTo,n;a A,f\aMca. 
nnH 3TOH 1.18Jll1 rrpaB~ ~aCTb ypaBH8HI1fl (I) rrp~6JJI1~aeM Tp11POHOMeTpq~~
CKfvl HHT8p!IOJI5ILJ;HOHH1!1Vl IIOJillHOMOM rrepBoro IIOpH,n;Ka B H.biO'rOHOBCKOH clJOp
Me 4/ ITO y3Jlal\! xi_ 2 ,xi_1 l'! xi , T.e. ITOJll'!HOMOM 

T1 (xi+2hq; y') = 
(5) 

= , sinh(q+2) [ ( , _ , ) sinh(q+1) + ( , _ , ) singhJ 
Yi-2 + sinh Yi Yi-2 sin2h Yi-2 Yi-1 sinh ' 

P,Jl;e rrono~eHo x = xi+2hq • Ecnl'! rrpo~HTerp~poBaTb o6e qacTI1 ypaB-
HeHHH (I) B ITpOM8*YTK8 [xi,xi+1 ) ~ C,[\eJJaTb 3aM8HY rrepeM8HHh!X 
X= xi+2hq , a IIO,ll;biHTerpaJihHYJO tlJYHKI.1~~ saM8HI1Tb Ha T1 (xi+2hq; y'), 

TO JJOJJ~~M ~ 

yi+1 = yi + 2hj T1 (xi+2hq; y')dq 0 (6) 
0 

MM8H B Bl1,ll;Y (5) 11 Bh!ITOJIHHH l'!HTerp~pOBaHI18 B (6),HaXO,I\11M ~OpMyJJy 

yi+1 = yi+ h(T1yj_ - T2yi-1 + (2-T1+T21Yi-2l ' (7) 

2 

''t' 

; 

( 

}L 
i 

r,[\e K03tlJtlJI11.1118HTbl Ti' i=1,2,... rrpHBe,[\eHbl B ilpHJIO~eHHH. ~OPMYJJa (7) 
,[\aeT TO'liH08 pemeHI18 B CJI~aHX, KOP,f\a rrpaBafl '!.IaCTb ypaBH8HI1H (I) ffBJIH
eTCH Tp11roHoMeTp111.IeCK11M noJJI1HOMOM nepBoro rropH.f\Ka. B ,f\pyr11x cny~aHX 
t!JopMyna (7) np11 npe,Il;nono*eHI111, lqTo y!~l orpaHI1~6Ha, HMeeT norpem-
HOCTb TIOpH,f\Ka 0 (h gin3h) • 8TOT pesyJibTaT nerKO IIOJJ~aeTC.fl 113 

)(,[~4 

j (y'(x)- •r
1

(:x:;y')) dx , 

ecn11 ~eCTb Ol.1eHKyf4/ ~.fl ITO,ll;biHTerpaJibHOH ~~· 
AHaJIOPI1'liHO 3-MeTo.f\ A,Il;aMca HMeeT Bl1,ll; 

y~+1 = yi + K(H1yi - H2yj__1 + (2- H1 + H2)Yj__2) ' (8) 

P.I\8 ~H Y.f\06CTBa san11c11 mar HHTerpHpoBaHHH o6osHa~eH I.Iepes 2K • Bee 
K03tlJtlJI11.1118HTbl Hi' i=1,2, ... npHBO,ll;.fiTCH B ITp~no~eHHH. ~opMyna (8) 
,ll;88T TO~H08 pemeHI18 B CJI~ae, KOP,f\a rrpaBaR ~aCTb ypaBH8H~H ti) .f!BJI.fi-
8TC.fl 3KCJJOH8Hlll1aJibHbiM JJOJI~HOMOM rrepBOPO rrop.R,ll;Ka. ilp~ np8,f\TIOJI0*8H~~ 

~~ 
06 orpaHH'li8HHOCTI1 ~(x} norpeiiTHOCTb ~PMYJibl (8) 6y,f\8T rrop.fl,ll;Ka 
O(Ksh3K ) ( CM. 4/ norpeWHOCTb 3KCTIOHeHQ11aJibHOPO ~HT8pTIOJIHU110HHOPO 
UOJII1HOMa). 

nn.fl TOPO, ~T06~ TIOJIY~I1Tb B~I1CJI~TeJibH~8·CXeMM T~na rrpOPH038-
KoppeKqKH,He06XO~I1Mbl e~e TpexmarOBble MeTO,f\hl 11HTeprrOJI.fii.1110HHOPO BH,ll;a. 
MHTeprrOJJHQ110HHh!A A-MeTO.f\ A~aMca HMeeT BH~ 

yi+1 = yi + ~( 5Yj_+1 + 8yj_- Yj__ 1 l + O(h
4

l (9) 
' 

,Wlfi IIOJiyqeHIDJ: IDITeprro~OHHOrO T~eTo,n;a il,n;arvrca MCITOJI:b3Y8M IDITep
TI0.1I.fiQ110H~ Tp11POHOM8TpH~eCRI1~ TIOJJI1HOM nepaoro ITOpH~Ra ~fl-y' (x} 
no Y3JiaM xi_ 1 ,xi 11 xi+1 • OH aHaJJOPH'lleH (5) c TOA pasHHQeA, 'liTO 
i H~o saMeHHTb Ha i+1 11 q = (x-xi+1l/2h • MHTerp11poBaHHe o6eHX 
'!.IaCTeA ypaBHeHI1.fl (I) ITp0113BO,f\11TCfl Ha rrpoMe~yTKe [xi,xi+1J . ~-
TepiTOJIHI.1110HHb!A T-MeTO,ll; A,ll;aMca 11MeeT BI1.I\ 

yi+1 = yi + h(T3yi+1 - T4yj_ + (2-T3+T4)y' i-1 )+ O(hsin3h) • (IO) 

a HHTepnoJIHQHOHHb!A 8~MeTO.f\ A,f\aMca Mo~Ho san11caTb TaK: 
/ 

'Yi+1 = yi +K(H3yi_+1 - H4Yj_ + (2- H3+ H4)Yj__1)+ O(Ksh3K) . (II) 

Ill. MeTO.L\hi A,naMca MH pemeHHfl sa.na'lll1 (2) 

A-M8TO~ A,f\aMca ,f\JI.fl pemeHI1.fl sa,[\a'!.II1 (2) COCTOI1T B np11MeHeHHI1 CJie
~~11X tlJOpMyJI: 

Yj_+1 y~ + _!! ( 23y'~ - 16y" o + Sy': ) + O(h4 ) 
l. 6 l. J.-1 J.-2 

2 
yi + 2hyj_ + ~ (19yi_ - 10yi__1 + 3yi_ 2l + o(h5) yi+1 

3 

(12) 

(I3) 



I 

)J,rrH rrocTpoeHHH T-MeTO,I\a A,I\aMca arrnpoKCRMHpyeM y" (x) TPRI'OHOMeT-
' paqeCKHM RHTepiiO~HQROHHhlM IIOHRHOMO~ rrepBOI'O IIOpH,I\Ka ITO Y3HaM xi_2 

xi-1 R ~i • Y!MeeM 

y"(x.+2hq)~y·~ + sin(q+2)h[(y'.'-y" )sin!q+1)h (14) 
~ - ~-2 sinh ~ i-2 s~n2h 

_ ( " _ " ) sinqh ) 
Yi-2 Yi-1 sinh 

ITpoRHTerpapyeM o6e qacTH (I 4) B rrpoMeJKyTKe ( o, oil : 

_l_ r y' (x.+ 2hd.) - y~ 1 =o(y'.' 2h L ~ ~ ~-2 (I5) 

(yi - Yi_ 2) [ (sin(U.+3)h-sin3h) /2h - Oicosh]/2sinh sin2h 

<Yi_ 2-yi_1 ) [(sin( !o<+1) 2h)- sin2h)/2h - oicos2h] /2sin2h 

Hs (I5) Hati,I\eM IIpOR3BO,I\HYID Yi+l• ecnR IIOHOlKHM o( =1 : 

Yi+l = Yi + h[T1yi - T2yi-l + (2-T 1+T 2) Yi_ 2J + O(hsin3hl.(I6) 

PaaeHCTBo (15) rrpoHHTerpapyeM e111e pas no o< B rrpoMeJKyTKe [ o, 1] R 

rronyqaM iPopMyny 

y.+1 = y.+ 2hy~ + 2h2[T5y•.• -T6y·~_,+(1-T5+T6 )Y'.'_ 2 ]+o(h2 sin3 h) . 
~ ~ ~ ~ ~ ~ ( I7) 

AHanoraqHo a -MeTO,I\ A,I\aMca HMeeT BH,I\ 

Yi+1 Yi + KLH1Yi - H2Yi_ 1 +(2-H 1+H 2lyi_2]+ o(Ksh3K) , 
(IS) 

y.+l = y. + 2Ky~ + 2K2 [H 5y~- H6y~ 1+(1-H +H )y~ 2)+0(K2sh3K). 
~ ~ ~ ~ ~- 5 6 ~- (19) 

IY. MeTogw illTepMepa ~H pemeHHH s~aqR (3) 

B cnyqae, KOI',I\a y' OTCYTCTByeT B rrpaBOt! qacTH ypaBH6HHH (2), 

rronyqaeTCH 3a,I\aqa (3) H 8CT8CTB8HHO RCKaTb ~OPMYHH ~H HaXu~eHHH 

Yi+l , B KOTOpHX Y' TOllte OTCYTCTByeT. TaKOt! M8TO,I\ C03,I\aH illTepMepoM. 
3KcTparronHQHOHHHH A-MeTO,I\ illTepMepa aMeeT BH,I\ 

• 2 

Yi+1 = 2Yi -yi-1 + ~ <13Yi - 2Yi-1 + Yi-2> + O(h5 l (20) 

)J,rrH BNBO,I\a sKcTparronHQHOHHoro T-MeTo,I\a illTepMepa qpoaHTerpHpyeM 
(I5) rro o( B npoMeJKyTKe [ -1 ,o) • ITonyqaeM 

- + 2h " 2h2 " yi - yi-1 yi - yi-2 
(2I) 

- 2h
2

(yi-Yi_ 2) [<cosh-cos3h)/4h2-sin(3h)/2h +~cosh] 

2h
2

<Yi_ 2-yi_ 1>(<1-cos2h)/4h2 -sin(2h)/2h + ~ cos2h] 

4 

(! 

• 

Terrepb BHqTeM (2I) H3 (I7). Haxo,I\RM 3KCTpanonl{QRoHHyro T~OPMYHY 
lliTepMepa~ 

yi+1 = 2Yi-yi-1+2h~T7yi-TaYi_ 1 +(2-T?+T8 lyi_;]+o(h2 sin3 h) .< 22 ) 

AHanorH~O 3KCTparrOHHQHOHHaH 3~pMYHa illTepMepa HMeeT BH,I\ 

yi+1 = 2yi-yi-1+2K2(H7yi-HaYi-1+(2-H7+HalYi-2]+0(K2sh3K). (23) 

)J.rrH IIOCTpOeHHH B~HCRHTeHbHhlX CXeM IIpOI'H03a-KoppeKQRH IIpRBO

,I\HM 6e3 IIO,Ilp06Horo BHBO,I\a H HHT8piiOHHQROHHNe M8TO,I\N lliTepMepa: 
A-MeTo,I\: 

2 
Yi+1 = 2Yi - Yi-1 + ~ < y"i+1 + 10Yi +yi-1> + o(h

5
l (24) 

T-MeTo,I\: 

yi+1=2yi-yi-1+2h2[TgYi+1-T1oYi +(2-Tg+T1olYi-1]+0(h2sin3hl(25) 

8-MeTO,I\: 

yi+1=2yi-yi-1+2K2(HgYi+1-H1oYi+(2-Hg+H1o)Yi-1)+0(K2sh3K) .(26) 

Y. AT8-anropHTM ~H pemeHRH s~aqR (I) 

B 3TOM IIyHKTe IIpHBe,I\eM anropRTM ~H KOM6HHHpOBaHHOI'O HCITOHb30-

BaHRH A-, T- H 8-MeTO,I\OB. OITHmeM era i -:li: mar IIO,I\po6Ho ,I\RH cnyqaH 
sa,I~aqa (I). B .I\PYI'HX cnyqaHX aHanorHqHo MOlKHO cocTaBHTh AT8-anropHTM. 

DyCTb H3B8CTHO pemeHHe 3a,I~aqH (I) B TQqKaX xi_3 , xi_
2

, \ 

xi-l H «i H H1.11eM ero B TOqKe xi+l , AT8 - anropMTM COCTOHT B 

HCIIOHH8HRH CR8,Izyi01.11HX BHqHCHeHMti: ~....f-;.---j--+--

I. ITo ToqKaM x. 3 ,x. 2 H x. 1 cTpoHTc.H HHTepi1o;~Moo11Ne ·- r i 
1- 1.- 1-

IIO~HHOMN ~.H ~HKQHH y' (x) anre6paHqeCKOI'O THIIa (A
2

(x;y')) 

TpHrOHOM8TpHqecKOI'O THIIa (Tl (x;y')) H 3KCIIOHeHQHanbHOI'.0 TMIIa 
(E

1 
(x;y')). ; 

2. BHqHCH.HIDTCH aenHqaH~: 

A2(xi;y') = Yi-3 + 3 <Yi_,-yi-2l' <X =/A.2(xi;y')-yi J 

T1 (xi ;y') = Yi_ 3 +(yi_1-yi_2 )sin(3h)/sin{h), '(; =IT, (xi;y')- Yi1 

E1 (xi;y') = Yi_ 3 +(yi_ 1-yi_2 )sh(3h)/sh{h), E =!E,<xi;y')- YiJ 

3. HaXO,I\HTCH )-f = min (ol , 1: , t: ) 

4. Ecna }l=d. , TO yi+1 BHqacn.HeTCH A-MeTO,I\OM (4) • 
5. Ecna fl = '1: , TO yi+1 BHqHCRH8TCH T-M8TO,I\OM (7). 
6. Ec"nH J' =E. , TO yi+1 BHqUCRH8TCH 8-M8TO,I\OM ( 8) • 

5 

'-



AT3 - anropHTM oco6eltHo uenecoo6pasHo npHMeHaTb AnH pemeHHB 
3~8~H KoruH ~Rfl CHCTSM o6~KHOBeHHhlX ~H~epeHUHaiTbHhlX ypaBHeHH~ THna 
(I),(2) H (3), TSK KaK npaa~e ~aCTH 3THX ypaBHeHH~ 6y~, B006~e ro
BOpa, C pa3RH~HO~ CTSlleHbiD TO~OCTH anrrpOKCHMHpOBSTbCfl arrre6paH~e
CKHMH, TpHroHoMeTpH~eCKHMH H aKcrroHeHUHaiTbHhlMH rronHHOMaMH. AT3 -
arrropHTM Ha caMOM ~ene ~enaeT nporH03 noae~eHHa (THrra) npaao~ ~acTH 
Ha K~OM mare ~H K~OPO ypaBHeHHfl. ilpH 3TOM OKa3NB8eTCH 0 ~TO AT3 - arrropHTM yaenH~Hn c~eTHOe apeMH B paccMoTpeHHNX HH~e rrpHMe
pax acero Ha 15-20% no cpaaHeHHID c apeMeHaMH, Heo6xo~MNMH ~a rrpH
MeHeHHa ~oro li3 A-,T- KHH 3-MeTo~oa. ~a 6onee cnp~ux sa~a~ yae
nH~eHHe c~eTHoro speMeHH B cn~ae rrpHMeHeHHa AT3-arrropHTMa HeaHa~H
TenbHoe. 

Y1. qacneHHNe rrpHMep~ 
3~6Cb llpHBO.n;KTC.ff H6CROJibKO IIpOCTillC lfi:ICJI6HHIDC Irp11MepOB ypaBHe!m.ll:, 

pemeHHux Ha 3H~ cnc-6soo • Bo acex rrpHMepax B Ka~eCTB~ rrepa~ 
4 3Ha~eHH~ perneHHfl 6parrHCb COOTB8TCTbyro~He TO~e 3Ha~eHHH H HHTer
pHpOBSHHe nposo~noch c maroM 2h=0,02 • B Ta6nauax npHBO~flTCR a6-
coniDTH~e rrorpeWHOCTH rrpH6n~eHHhlX perneHH~ rrpH pasnH~HhlX 3Ha~eHHHX 
apryMeHTa. Bo scex Ta6nauax ase~eHa coRp~eHHaa aarrHCh a6conroTHNX 
rrorpeiDHOCT8M. HarrpHMep, .45-I2 H~O TIOHHMSTb KaK 0,45•Io-I2• 

IIpaMep I. PemaeTca ~H~epeHuHarrhHaa s~a~a 
y' = 2x + 3x2 , y(O) = 100, 

KoTopaa HMeeT 'l·o~Hoe pemeHHe y(x) = x2+x3-1oo • qHcneHH~e pesynb
TaT~ rrpHBO~HTCfl B Ta6n.I. B 3TOM rrpHMepe AT3-arrropHTM Ha K~OM mare 
Bhi6Hparr rpopMyny ( 4). 

IIpaMep 2. y' =cosx, y(O)=O, y(x) = sinx • PeaynbTSTN 
a~aHhl B Ta6n.2. B aToM cn~ae AT3-arrropHTM Ha K~OM mare B~6Hparr 
tf>opMyny (7). 

IIpHMep 3. y' = 2chx , y(O)=O, y(x)=2shx . PesynbTaTN s~a
Hhl B Ta6JI,3. B 3TOM OJiyqae' Heo6XO,IJ;HMO OTM8THTb, ~TO TO~Oe pemeHHe 
6~cTpo aospacTaeT H y~e y ( 1 o J"" 2, 2 · 1 o 4 • 3,llecb AT3 - arrropHTM 
Bhl6Hparr Ha K~OM mare rpopMyJiy (8). 

II 4 ~ ~ = X 
pHMep . y'=cos 2 - cos 2 , y(O)=:Jl , y(x)=4arctg(exp(2-2cos2 Jl 

qHcneHHNe peaynhTaT~ rrpaao~aTca a Ta6JI.4. B 3TOM npHMepe AT3 - arrroPHTM Bhl6Hpan ~RH pac~eTa rpopMJRhl (4), (7) H (8) COOTBeTCTB8HHO 76, 
158 H 266 paa. 

AHarrOrH~HO Be~T ce6a K OCTaiTbH~e M8TO~N, paccMOTpeHHNe B 3TO~ 
pa6oTe ~JIR pemeHHR sa,11a~H (2) H (3). BNJIH rronyqeHN pemeHHH p~a 
CHCTeM )I,H~epeHUHaJibHNX ypaaHemi~ 50-ro ITOpH~Ka, qHCR8Hijble pesyJib
T8Thl y6e~IIIT8RbHO rroKa3hlBaiDT BtPtPeKTHBHOCTb AT3-arrropHTMa. 
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,/I 

' ) .. 

x A-MeTo~ 

0. I • 45-I2 
0.2 .IS-II 
0.3 .32-II 
0.4 .4I-II 
0.5 .55-II 
0.6 .59-II 
0. 7 . 73-II 
0.8 .82-II 
0.9 .9!-II 
I .IO-IO 
2 .22-IO 
3 .38-IO 
4 .50-IO 
5 .II-9 
6 .I9-9 
7 .29-9 
8 .4I-9 
9 .53-9 
IO .69-9 

x A-MeTo~ 

O.I .87-8 
0.2 .47-7 
0.3 .12-6 
0.4 .2I-6 
0.5 .34-6 
0.6 .49-6 
0.7 .66-6 
0.8 .86-6 
0.9 .II-5 
I • • I3-5 
2 .42-5 
3 .60-5 
4 .50-5 
5 .22-5 
6 .I4-6 
7 • 70-6 
8 .34-5 
9 .57-5 
IO .56-5 

T-MeTo~ 

.4I-6 

.12-5 

.23-5 

.34-5 

.48-5 

.64-5 

.SI-5 

.I0-4 

.!2-4 

.I4-4 

.47-4 

.98-4 

.I7-3 

.25-3 

.36-3 

.48-3 

.62-3 

.78-3 

.96-3 

T-MeTo~ 

.22-I4 

.22-I3 

.57-I3 

.10-12 

.I7-I2 

.25-I2 

.33-I2 

.43-I2 

.55-12 

.68-12 

.23-II 

.3I..:.II 

.24-II 

.75-I2 

.25-I2 
• I4-II 
.3I-II 
.38-II 
.29-II 

0-MeTO~ 

.4I-6 

.I2-5 

.23-5 

.34-5 

.48-5 

.64-5 

.8I-5 

.I0-4 

.I2-4 

.!4-4 

.47-4 

.98-4 

.I7-3 

.25-3 

.36-3 

.48-3 

.62-3 

.78-3 

.96-3 

3-MeTo~ 

.I7-7 

.94-7 

.23-6 

.42-6 

.67-6 

.98-6 

.I3-5 

.I7-5 

.22-5 

.26-5 

.84-5 

.I2-4 

.I0-4 

.44-5 

.28-6 

.!4-5 

.67-5 

.II-4 

.II-4 
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Ta6JIHga I 

AT3-arrropHTM 

.45-!2,. 

.I8-II 

.32-II 

.4I-II 

.55-II 

.59-II 

.73-II 

.82-II 

.9I-II 

.I0-!0 

.22-IO 

.38-IO 

.50-IO 

.II-9 

.!9-9 

.29-9 

.4!-9 

.53-9 

.69-9 

Ta6Jiaga 2 

AT3-arrropHTM 

.22-I4 

.22-I3 

.57-I3 

.IO-I2 

.I7-I2 

.25-12 

.33-I2 
• 43-12 
.55-I2 
.68-12 
.23-II 
.3I-II 
.24-II 
.75-I2 
.25-I2 
• I4-II 
.3I-II 
.38-II 
.29~II 



/ 

x A-MeTo,IJ, 

0.1 .18-7 
0.2 .95-7 
0.3 .23-6 
0.4 .43-6 
0.5 . 70-6 
0.6 .I0-5 
0.7 .14-5 
0.8 .19-5 
0.9 .25-5 
I .31-5 
2 . 16-4 
3 .53-4 
4 .15-3 
5 .43-3 
6 .12,..;2 
7 .32-2 
8 .87-2 
9 • 24-1 
IO .65-1 

' 

X 

O.I 
0.2 
0.3 
0.4 
0.5 
0.6· 
0.7 
0.8 
0.9 
I 
2 
3 
4 
5 
6 
7 
8 
9 
10 

A-MeTo,IJ, 

.46-7 

.13-6 

.23-6 

.'37-6 

.54-6 

.75-6 

.10-5 

.13-5 

.17-5 

.20-5 

.19-5 

.I5-5 

.44-6 

.14-6 

.28-6 

.48-6 

.13-5 

.39-5 

.88-5 

T-MeTo,IJ, 

.35-7 

.19-6 

.47-6 

.87-6 

.14-5 

.21-5 

.29-5 

.38-5 

.49-5 

.62-5 

.32-4 
•. II-3 
.31-3 
.86-3 
.24-2 
.64-2 
.17-2 
.48-I 
.!3-0 

T-MeTo,IJ, 

.13-6 

.35-6 

.54-6 

.70-6 

.82-6 

.89-6 

.9I-6 

.86-6 

.76-6 

.61-6 

.53-6 

.14-5 

.31-6 

.79-6 
,87-6 
.13-5 
.30-5 
.9I-5 
.24-4 

8-MeTO,IJ, 

.57-13 

.26-12 

.61-12 

.II-II 
• 18-II 
.26-II 
.37-II 
.48-II 
.62-II 
. 78-II 
.39-IO 
.13-9 
.37-9 
.98-9 
.26-8 
.70-8 
.19-7 
.52-7 
.14-6 

8-MeTO,IJ, 

8 

.23-6 

.61-6 

.I0-5 

.I4-5 

.I9-5 

.24-5 

.29-5 

.35-5 

.41-5 

.46-5 

.42-5 

.I5-5 

. I2-5 

.5I-6 

.3I-6 

.31-6 

.44-6 

.12-5 

.68-5 

'l'a6JIHUa 3 

AT8-anropHTM 

.57-13 

.26-12 

.61-12 

.II-II 

.IS-II 

.26-II 

.37-II 
• 48-II 
.62-II 
.78-II 
.39-IO 
.13-9 
.37-9 
.98-9 
.26-8 
.70-8 
.19-7 
.52-7 
.14-6 

Ta6nHga 4 

AT8-anropHTM 

.46-7 

.13-6 

.23-6 

.37-6 

.25-6 

.17-6 

.16-6 

.20-6 

.29-6 

.43-6 

.23-6 

.II-5 

.40-6 

.15-6 

.56-7 

.28-7 

.49-7 

.59-7 

.88-7 

f 

; 

I 

ij 

llO,IJ,XO,IJ, ITOJiyqeHHfi MeTO,IJ,OB ~CJieHHOPO HHTerpHpOBaHHH o6~KHOBeHHNX 
~H~pe~HaJibHNX ypaBHeHHft 3aMeHOft rrpaBOft ~aCTH ypaBH8HHfi (1),(2) 
KJIH (3) HHTeprrOJIHUHOHHHMH ITOJIHHOMaMH BO BCeX O,IJ,HOWarOBNX CJiyqaHX 

rrpHBO,IJ,HT K MeTO,IJ,y 8AJiepa. AHaJIOPH~M o6pa30M MO~O ITOJiyqHTb H TpoA

KH ITHTHmaroBNX MeTo,IJ,OB ,IJ,JIH rrpHMeHeHHH AT8-anropHTMa, HMe~~HX rrorpem

HOCTb Ha K~OM mare nopR,IJ,Ka O(h6 ) , 3,IJ,eCb Ha STOM BOrrpoce He 6y
,IJ,8M OCTaHaBJIHBaTbCH • 

AnTop~ B~~BDT CBOID 6naro,IJ,apHOCTb B.H.XopoMCKOMJ 3a noJie3Hoe 
o6cyx,IJ,eHHe • 

I T1 =[(sin3h-sin5h)/2h + cosh]/sinh sin2h 

. T2 =((sin2h-sin4h)/2h + cos2h]/sin2h 

T3 =((sinh-sin3h)/2h + cosh]/sinh sin2h 

T4 = (cos2h - sin(2h)/2h)/sin2h 

TS = (cos5h- cos3h)/4h2 + sin(3h)/2h +~cosh 

T6 = (cos4h- cos2h)/4h2 + sin(2h)/2h + ~os2h 

IIpHJioJiteHHe 

T7 =[(cos5h- 2cos3h + cosh)/4h2 + cosh]/sinh .$in2h 

T8 =[(1 + cos4h - 2cos2h)/4h2 + cos2h]/sin2h 

1 T9 =[(cos3h - cosh)/4h? + cosh]/sinh sin2h 

I [ 2 1 . 2 T10= (cos2h-1)/2h + cos2h /s1n h 

I
, H1 =lfsh5K - sh3K)/2K - chK]/shK sh2K 

H2 =((sh4K - sh2K)/2K - ch2K]/sh2K 

H3 =((sh3K - shK)/2K - chK]/shK sh2K 

H4 = (sh2K/2K- ch2K)/sh2K 

2 1 H5 = (ch5K- ch3K)/4K - sh(3K)/2K- 2chK 

H6 = (ch4K- ch2K)/4K2 - sh(2K)/2K + ~ch2K 

H7 =[(ch5K - 2ch3K + chK)/4K 2 - chK]/shK sh2K 

H8 =((ch4K- 2ch2K + 1)/4K2 - ch2K)/sh2K 

H9 =((ch3K- chK)/4K 2 - chK)/shK sh2K 

H10= ((ch2K - 1) /2K 2 - ch2K]/sh2K 
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