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B HaCTOR~e~ pa6oTe Ha OCHOBe MeTOAa rpaH~4H~X ~HTerpanbH~X 

ypaBHeH~~ /rHY/ CTpO~TCfl 4~cneHH~~ anrop~TM pcwcH~A BHewHe~ 
~ BHyTpeHHe~ 3aAa4 A~p~xne ~ He~MaHa AnR ypaBHCHHA nannaca Ha 
nnOCKOCT~. PaccMaTpHBa~TCfl o6nacT~ C rpaH~4e~, COCTOA~e~ ~3 KO­
He4HOrO 4~cna rnaAK~x Kp~s~x. YcTaHosneH~ ycnoBHA pa3pew~MocT~ 
B03H~Ka~~~X ~HTerpanbHbiX ypaBHeH~~ ~ nocTpOeHa ~X AHCKpeT~3a4~fl 
Ha OCHOBe MeTOAa KOnnoKa4~~ ., nony4eHbl 04eHK~ T04HOCTH np~6n~!KeH-

t... - ... -.~ 
H~x peweH~~ ~ pa3no!KeH~fl norpewHocT~ no cTeneHRM wara AHCKpeT~-
3a4~~. np~BOAATCA pe3ynbTaT~ 4~CneHH~X paC4eTOB AnA BHeWH~X 3a­
Aa4 A~p~xne ~ He~MaHa, nony4eHH~e c noMO~b~ cocTasneHH~X npo­
rpaMM. AnA BHyTpeHHe~ 3aAa4~ A~p111xne noAo6Hble pe3ynbTuTbl nony-
4eHbl B pa6oTe 111 • 

§1. CBO~CTBA HHTErPAnbH~X YPABHEHH~ 

nycTb 3aMKHyTafl Kp~Bafl f, ~Me~~afl HenpepbiBHY~ KpHBH3HY, pa3-
AenfleT nnocKOCTb R2 Ha ABe o6nacT~ ni ~ flr' TaK 4TO ni~J ['uflr~R~ 
fl 1 n fl f = t!, a o6naCTb !l £ COAeP>K~T 6ecKOHe4HO YAaneHHY~ T04KY. 
PaccMoTp~M 3aAa4y o6 onpeAeneH~~ rapMOH~4eCKolli B o6nacT~ 0 1 11n11 
n t ¢YHK1.1~~ u(x) no ee 3Ha4eH~fiM Ha rpaH~4e r /3aAa4a A~pHxne/' 
n~6o no 3Ha4eH~fiM ee HopManbHO~ npo~3BOAHOA /3aAa4a HeAMaHa/. 
3aAa4y B o6nacT~ 0

1 
Ha3biBaeM BHyTpeHHe~l, a B o6nacT~ fl f - BHew­

Hell!. 
C¢opMyn~pyeM MeTOA rHY, no3BOnfi~~HA eA~H006paaHO 11 3¢¢eKTHB­

HO pewaTb nocTasneHH~e 3aAa4H. 06oaHa4~M 4epe3 ~ - npo~3BOA-

Hy~ no BHyTpeHHe~ HOpMan~ K rpaH~4e f, 
HeA. nycTb 

;r 
a 4epe3 dil - no BHew-

~U = 0, X~ fl I ~w=O, x~Ot /1.1/ 

TOrAa ~Me~T MeCTO ¢opMyn~ rp11Ha 

au(x)- f[K(x, s)u(s)- f {x, ·s) ku(s)] ds = 0, 
r an /1 .2/ 

a = I 0, X ~ of ; 1 ' X ~ r ; 2, X ~ n ! I ; 

a 
1 
w(x)- f [K

1 
(x,s)w(s)- f (x, s)Lw(s)]ds = 0, 

r an /1.3/ 

a1=l0, x~n!; 1.x~f; 2, x~ne ~-- -···! 
i,J :.,::!':.'·~~~t , .. ~,: :"~ ,.~,·~:·,.. . .: I 
l ~c::r L·:iA i' .. ' .. ' \ 

l ""}'!:';(ll'l"''!':""o\ ~~- .... '·· ... :Jj~ , • ~ r ... ~ 
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rAe 

'+ -· 
K(x,s) .. l- _a_lnr- 1(x,s); K

1
(x,s)=_!_.Llnr-

1
(x,s), s ~r. 

" ana ' " ana 

f (x, s) = .!...1n r- 1(x, s), s ~r: X~ R2 • 
TT 

np~ 3TOM paaeHCTBO 11.31 B~nonHeHO np~ ycnOBI-11-1 

w(x) = o(r-i); Lw(x.) .. o(r-1), lxl =·f ... oo, 
an 

rAe a1an onpeAenReTCR B T04KaX jxja f. 
nonaraR x~·f', 1-13 paaeHcTea 11.21 nony4aeM rHY AnR aHyTpeHHeH 

KpaeaoH 3aAa4~, a 1-13 11.31 - AnR aHewHeH. MemAY 3THMH ypaaHe­
HHRM~ eCTb npOCTaR CBR3b. ~eHCTB~TenbHO, onpeAenHM ~HTerpanbH~e 
onepaTOpbl Ha l 

Lv = f f(x,s)v(s)ds; Ku = JK(x,s)u(s)ds 
r f' 11 .41 

K 1 u = JK
1
(x,s)u(s)ds; x, s GT 

r 
~ ycnoBHMC~ 6pa!b HanpaaneH~e HopMan~ a.o6e~x ctJopMynax coana-

A810~HM C _a_,= L,, nyCTb u( B) ~ v(s) = ..i_.u(s) ·s~f' COOTBeTCTBYIOT 
an an an • 

peweH~RM u(x) Hn~ w(x) AnR 3aAa4~ 11. 1 I. TorAa, Y4HTbiBaR, 4TO 
Kl=-K, rHY AnR 11.21, 11.31 npH X Gf' 3anHweM B BHAe 

(E + aK) u - a L v = 0 , 11 .51 

rAe a =-l- AnR BHyTpeHHeH 38A84H, 1-1 a= 1 - AnR BHewHeH. npl-1 3TOM 
3aAa4a A~pHxne CBOAHTCR K ypaaHeHHIO 

Lv =·a(E + aK)g = lJI(s); g(s)"' u(s), s ~ r, 11 .61 

a 3aAa4a HeHMaHa - K ypaeHeH~IO 

(E + aK)u = a Lf =Ill (s); f(s) = ...£.u(s), s ~· r . . an 11.71 

OnepaTop E ± K YAOBneTBOpReT anbTepHaTHBe QlpeArOnbMa 121• np~ 3TOM 
(E -·K)u 0 = 0 , u0 -= 1 ~ cy~eCTByeT eA~HCTBeHHOe OTn~4HOe OT HynR 

peweH~e g 0(s) ypaaHeHHR 

(E-K*)g
0
=0, llg

0
11 =1, 11 .81 

rAe K * - onepaTop, conpRmeHHbiH c K 121• OnepaTop E+ K, cooTaeTCTDyiO­
~HH BHeWHeH 3aAa4e,HMeeT orpaH~4eHHbiH o6paTHbiH. 

2 

1 
t 

j 
I 

OnepaTop L - CHMMeTp~4HbiH 8 L 2 ([') 1-1 orpaH~4eH· a KamAOM ~3 
npocTpaHCT8 L 

2
([') 1-1 C (['). 06o3Ha4~M 4epe3 C m,cr , 0 <a< 1 HOPMH­

poeaHHoe npocTpaHCTBO Be~eCTBeHHbiX QlYHKUHH HB f, AnR KOTOp~X 

I lull = max ju(s)' I + ·sup 
c m, u a~r a, r~f' 

lu (m) (s + r) -·U (m) (s) I 
rcr 

11.91 

npeAnonaraeM [' ~.cm+l,,a npH HeKOTOPOH napaMeTpl-138411~ Kp~80H. 
B 3TOM cny4ae, cor nacHo /8/ onepaTop L Henpepbi86H 1-13 C m,a 8 
Cm+l,a, O<a< 1. ' 

neMMa 1. <!>yHKU~R g
0

(s) 1-13 11.81 YAOBneTBOpReT TOMlAeCTBY 

Lg
0 
= .l..f lnr-1(x,s)g0 (s)ds = c, 

" r 
x ~ r. I 1.1 Ol 

Ecn~ KOHCTaHTa C 1-13 11.101 OTn~4Ha OT HynR, TO A =0 He .ADnReTCR 
co6cTeeHHbiM 3Ha4eHHeM onepaTopa L 1-1 AnR BCRKOH 1JI ~ cm,cr TaKoi1' 
4TO (lJI, g

0
) =0, ypaeHeH~e 11.61 ~MeeT eAHHCT8eHHOe peweHHe 

v(s) ~ C m-1,a, rAe (V, 1) =0, a KPHBaR f' ~ C m, a • 
EcnH KOHTYP [' BblnyKnbiH, To L>O Ha MHomecTee QlYHKU~H (v. 1)=0. 

Ecn~ AHaMeTp BblnyKnoro KOHTypa He npeeocXOAHT · 1 , TO L>O HaL J.f'l. 

AoKa3aTenbcTao. TomAeCTBO 11.101, KaK ~3aecTHo 19 • 101 , 03Ha4a­
eT, 4TO ecnH QlYHKUHIO' U=1 paCCM8Tp~B8Tb KaK peweH~e· BHyTpeHHeH 
3aAa4~ HeHMaHa npH fn-u(s) = 0 , s~r 1-1 HCKaTb 3To peweHHe e BHAe 
noTeHuHana npocToro cnoR c nnoTHOCTbiO p(s) 

u(x) = f lnr-1 (x, s)p(s)ds, x ~n , 
[' 

TO, cor naCHO /2, n.811, nnOTHOCTb p(s) YAOBneTBOp.AeT ypaaHeHHIO 

0 = p (s) - f p (t) K(t, s) dt, s ~ r, 
[' 

KoTopoe coanaAaeT c 11.81, T.e. p(s)=g (s). KoHcTaHTa c 3ae~c~T 
I 0 

OT HOPMHPOBKH g 0 (s). ,.. 
nycTb Aanee c .;. 0, Hanp~Mep, C= 1. npeAnonomHM, 4TO 

Lv=O,; V=f3 +U 1, llvll =1, f3~R 1 , (u 1,1)=0. 11.11 I 

TorAa, yMHomaR cKanRpHo 11.11 I Ha g
0
(s), nony4~M 

0 = (L(f3+u
1
), g

0
) =({3 + u

1
, Lg

0
) =f3 + (u1 ,1)=f3, 

T.e. (v,1)c0. ·Ho TOrAa l-13 ypaBHeHI-1.A 11.51 npH a=-1 H8XOAHM u 1 = 
= const , v = Lu

1
=D, 4TO npoTHBope4HT 11.11 I. Ycnoei-le pa3pew~Mo­

an 
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CTH ypaBHCHHn 11.61 cpa3y cneAyeT H3 11.101 H Henpep~BHOCTH 
onepaTopa L 113 0 m,u a C m+ 1,u • 

nycTb AQJ100 AHaMeTp BblnYKiloro KOHTypa r He npeBbiWaeT 1 • AnA 
B~nyKJlOrO I(OHTypa ~(B) ~.0 lneMMa 31, no:HOMY KOHCTaHTa C B 
11.101 CTporo nono~HTenbHa. KoHTyp r MO~HO HenpepWBHO Ae$OPMH­
poaaTb D Ot<PYlKHOCTb R= 1/2, AnA KOTOPOH L> 0. npH 3TOM T04Ka A= 0 
He .AB11nercn co6cTeeHHbiM 4HcnoM onepaTopa L All.A yKaaaHHoro ce­
Mel1cToa KpHilbiX B CHny C> 0. 3Ha4HT, AHA HCXOAHOrO KOtHypa L > 0, 
nepeXOA OT npoH3BOnbHOro BblnyKnoro KOHTypa K KOHTypy Manoro AHa­
MeTpQ AenaeTcA npH noMo~M npeo6paaoeaHHA c~aTHA, aHanorH4Ho/51. 
JleMMB AOKa3aHa. 

3aMe4aHHe 1. PaeeHCTBO (W, g
0
)=0 cnpaeeAnHao AnA BCAKol1 

<I>YHI<l.IMH W (s), MMeiO~el1 npeACTaaneHHe W (s) == (E -·K) g , g(s) ~ C(r) , 
a Tat<~e AnA $YHKLIHM BMAa W (s) = (E+ k)g- npH YCJlOBMH (g, g

0
) = 0. 

nepaoe yTeep~AeHMe cneAyeT H3 11.81, a BTOpoe M3 paaeHCTBa 

((E + K)g, g0)"' ((E -,·K + 2K) g, g
0

)"" 2(g, K *g 
0

) = 2(g, g d = 0. 

C$opMynHpyeM ycnoBHA cy~ecTeoaaHMA H eAHHCTBeHHOCTH peweHHI1 
ypaBHeHHA 11.71. 

JleMMa 2. nycTb r<;;crn+ 1·~ a Lg ;iO.YpaBHeHMe 11.71 npHa==-t 
HMeeT eAHHCTBeHHOe peweHHe u<;;Cm~r) Ha MHO>KeCTBe (U, 1) =0 AnA 
BC.AKOH f(s) I;; C m(r), TaKOH, 4TO (f, 1) == 0. 

npH a"' 1 /eHeWH.AA 3aAa4al ypasHeHHe /1 . 7 I 6eaycnoBHO M OAH0-
3Ha4HO paapeWHMO, npH4eM, eCJlH (f, 1) =0, TO (U, g

0
) = 0. 

AoKaaaTeJlbCTBO. npH a =-1 npH YCJ10BHJ.1 (<l>(s), gc)l = 0 cy~eCTBy­
eT eAHHCTBeHHOe peweHHe u(s), A11A KOTOporo (u,1)=0. 0AHaKO H3 pa­
seHCTBa (f, 1)=0 CJleAyeT 

o = (f! 1) = (f, Lg 0 )"' (Lf, g
0

) =- (<l>(s), g 
0

) /1.12/ 

a CMilY /1.10/. Cny4aA a=l cneAyeT Ha 121 H 3aMe4aHHA A. JleMMa 
AOKaaaHa. 

3aMe4aHMe 2. OnepaTop K YAOBneTeopAeT anbTepHaTMBe $peAronbMa 
H All.A KOHTypoB C KpMBH3HoA, HMeiO~eA KOHe4HOe 4HCJ10 pa3pWBOB nep­
soro POAB lyrnoBbiX To4eK/ 121, no3TOMY neMMa 2 cnpaseAilMBa A11A 
TaKHX KOHTypos. 

4 

YT04HHM caol1cTsa onepaTopa K. 

JleMMa 3. OnepaTop K enonHe HenpepbiBeH H3 c B c. npH 3TOM 

IIKII = IIK*II ::; max 
x~;;r 

J IK(x, s)l ds. 
r 

I 1 . 13/ 

EcnH o6nacTb 0 - BbtnyKna.A, To K(x, s);::.o , x,-s Gr H 

II K II ""' f K (x, ·s )ds =.1 , 
r 11.141 

npH4eM A =l npeeocxOAHT MOAY11H scex co6cTaeHHbiX 4Hcen onepaTo­
pa K, T.e. 

max lXI = q < 1 , 
,\I;; (1 (k),"* 1 11.15/ 

rAe a(k)- cneKTp onepaTopa K. KpoMe TOro, g
0

(o),?, 0. 

AoKaaaTenbcTeo. 04eHKa 11.131 04eBHAHa. PaoeHCTDO 11.141 
CJleAyeT H3 COOTHOWeHMH 

K(x, s) = -1. M... > 0; 
" ds -· 

1 d() - f -ds = 1, 
1T r ds 

rAe ()- yron Me~AY BeKTOpOM r = x-s H OCbiO Ox. PaeeHCTDO 11.141 
AOCTHraeTC.A Ha BeKTOpe V = 1. nocneAHee YTBep~AeHHe JleMMbl ABnAeT­
CA CJleACTBHeM HHTerpaJlbHOrO aHanora TeopeMbl neppoHa A11A BnOJlHe 
HenpepbtBHoro MHTerpanbHoro on~paTopa c nonmKHTeJlbHbiM .AAPOM, 
HMeiO~ero HenoABH~HYIO n54KY Ku = u, rAe u =·1 13 • c.B21. JleMMa 
AOKaaaHa. 

PaccMoTpMM eonpoc npH611MmeHHoro peweHMA ypaeHeHHA /1 .6l,f.1 .71. 
EcnH o6nacTb 0 - BbtnyKnaA, To npH a=-1 ypasHeHHe I 1 . 7 I MO~Ho 
pewaTb npOCTbiMH HTepa4MAMH Ha nOAnpOCTpaHtTBe (u, 1) = 0, COrilaCHO 
neMMe 3. ~JlA $opMallbHol1 aanHCH TaKoro npo4ecca npHMeHHM cxeMy 
H3 141• PaccMoTpMM npoeKTop 

P u = a 
0 

(u) . 1; a 
0 

(u) = (u, g
0 

(x)), 

a ypasHeHHe 

u = Ku+ <l>(s) 

nepenHWeM B BHAe 

(E -·PK)u = (E- P)Ku + <l>. 

Cor nacHo /4, c.102/ ,cneKTpanbHbtA paAMYC onepaTopa B = (E- PK)\E-P)K 
He npeBOCXOAHT BeJ1H4MHW q<l H3 /1.15/, a nOTOMY HTepa4HOHH~~ 
npo4ecc 

un+ 1 = Bu + (E - PK) -l <1> 
n 

CXOAHTC.A CO CKOPOCTbiO llun -ull:::;.cqn. 0TMeTHM, 4TO npH (f,l) =0 
B CMily JleMMbl 2 HMeeM (<1>, g

0
)=0 l-1 paeeHCTBa 

" 5 



(E -P)K·l- 0, PKu = Pu, ((E-·P)Ku, g
0

) = 0. 

( ( E - PK) u, g 0 ) ... 0. 

T. e, onepOTOp (E-P)K YH~4TOII<OeT COCTOBJ1RIO~YIO V = 1, a npaBaR 4aCTb 
s npo1.1ecce ~Tepa1.1~i1 scer,qa opToroHailbHa g 0(s) • ecn~ nonom~Tb 
(g 0 ,1) • 1, 4TO B03MOII<HO B C~J1Y g 0(s) _2:,0. l\JlR BHeWHeil! 3SAS4~ npo­
l.leCC CTpO~TCR aHanor~4HO C y4eTOM YCJlOB~R (U, g 

0
) = 0. 

PeweH~e ypasHeH~R /1.6/ RBJlAeTcR 6onee cnomHOH 3aAa4ei1. TaK 
Kat< L -1 HeorpaH~4eH, aaAa4a /1 .6/ Het<oppeKTHa B C(r). B pa6o­
Te/5/ nocTpoeH ~HTerpo-pa3HOCTH~H MeTOA peweH~R 3TOH 3SAa4~, 
OnTHMOJ1bH~i1 no nOPRAKY 4~CJ1a ap~~M~T~4eCI<~X AeHCTB~H ~ RBJ1RIO­

~~~~~CR OAHospeMeHHo perynRp~ayiO~~M anrop~TMOM. Apyroi1 MeTOA, s 
KOTOpOM perynRp~3YIO~~M napaMeTpOM ABJlAeTCR war A~Ct<peT~3al.l~~, 
nocTpOeH s 111 .0cTaHOB~MCA ,qanee HS 3TOM nOAXOAe. 

§2. AHCKPETH3AUHR YPABHEHH~ /1 .6/, /1.7/ 

CornaCH0/1!, pa306beM KOHTyp l T04KaM~ Han OTpe3KOB Ail~H~ 
h = e n-1, rAe f - Aill-IHa KOHTypa. T04K~ paa6~eH~A o6pa3yiOT pasHo­

MepHyiO ceTKY (Uh = I tj • i = 0,1, .... n l' t 0 = t D. np~6Jl~ll<eHHOe peweH~e 
Vh(~ ypaBHeH~R /1.6/ ~~eM B B~Ae KYC04HO-Jl~Hei1HOH ~YHKI.I~~, onpe­
,qenReMOH no MeTOAY KOJlilOKal.l~~ ~3 ypaBHeH~R 

I fl(t 1 ,s)vh(s)ds =a (g(t 1) +a f K( t
1 

,s)g(s)ds), 
[' [' 

/2. 1 I 

i.:ml, .•• ,n, 
~Il~ B MaTp~4HOM B~Ae 

t j + 1 

Ahvh =F, Ah= la 1i l; i.J=l, ... ,n;a
1
J = ( fl(t

1
,s)¢J(s)ds,/2.2/ 

t j- 1 

rAe cPj(~- KYC04Ho-n~Hei1H~e 6a3~CH~e ~YHKI.I~~ •. 0603Ha4~M 4epe3 
Q0 v - KyC04HO-m'IHei1Hoe eocnonHeH~e ~YHKI.I~~ v Ha ceTKe wh. 

np~BeAeM Ol.leHKY T04HOCT~ np~6Jl~ll<eHHOrO peweH~R Vh ~ ~CKOMOH 
~yHKI.I~~ uh , X G U, onpeAeilReMOH no ~OpMyne 

uh(x) .. -
1- I -Llnr-1(x,s)g(s)ds- -1-· I vh(s)lnr- 1(x, s)ds, /2:3/ 

2rr 1 an 2" 1 
X <;.fi. 

CnpaBeAn~sa cneAY~~aA 

Jlet',Ma 4. nycTb ~YHKI.I~R <I>(s) Henpep~BHa Ha Kaii<AOM 0Tpe3Ke !J. I 
= [xi' X I+ 1 ), i = 0,1, ... , n ~ AilR ~YHKI.I~~ !J.(s) cnpaBeAJl~BO paeeH-
CTBO 

6 

rr 

[lnr -l(x ,s)Q t.(s)ds- f lnr-1(x ,s)ci>(a)da, x Gwh, 
n n n n r r 

/2.~/ 

k 
rAe lci>(s)l < ch , k>O. TarAS . -: 

k- 1.-l -•f k- f 
IQ0 t.l ~ch , IIQn!J.II~cwh) :::ch , (>0, 

rAe £>0 - ct<anb yroAHO Manoe 4~cno. 

AoKa3aTenbCTDO. nocTpOHM ~YHKI.I~IO 8(a). (l)(a) -·ah (B). rAe O'h (s) -
KYC04HO-Il~HeHHSA Henpep~BHaA ~YHKI.IHA, TOK 4TO 

I 8(s)ds- 0, i .. 0,1, ... ,n. 

Kt 
3TO MOII<HO c,qenaTb, T.l<. eet<TOp O'h =(a

1 
, ... ,C1

0 
ypasHeHHR 

onpeAenAeTCR H3 

Bah = b , 

lbl ::_: ch k 
a,. 

1 1 0 0 
0 1 1. 0 .. 
0 
1 0 

.. 
0 1 1 

0 1 

KOTopoe o,qH03Ha4HO paapew~Mo np~ He4eTHOM n, np~4eM lah I ~ ch k. 
Ecn~ n = 2k .~MeeT MecTo TOT me peayJ1bTaT 111• Tenepb ,qocTaTo4HO Ol.le­
H~Tb ~YHKI.I~IO !J. 1(s), onpeAeJ1ReMy10 paBeHCTBOM 

flnr- 1(x ,s)Q t.
1
(s)ds = f lnr-1(x ,s)o(s)ds, x Gwh 

l D D l D D 
/2.5/ 

npaByiO 4aCTb /2.5/ np~ X<;[' npeo6paayeM I< B~AY 

1/J(x)"' f g(s) dr(xn• s) 
8 

g(s) = (o(s') ds'. 
1 r (x , s) 

D 
0 

\ 

0TMeT~M, 4TO g(xk )=0, xk G w h. Aanee ~MeeM 

8 s+r 
llgll < I r 8(s')ds'l + max r-a I r 8 (s') ds' I < 

Ha - 0 s,r 8 

< ch1+k+ r 1-ar -1 I s+ r 
max r 8 (s ') ds' I :=: /2.6/ 

a,r ::_: h 8 

< ch 1+k+ cr 1-ahk < chl+k-a • a> 0, Ha =·C 0• a 

7 



T.K. AOCTaT04HO npoeecT~ O~eHK~ n~Wb np~ r~h. ~3 /2.6/ cneAY~T 
o~eHK~ 

IIW(x)IIH s.ch 1+k-a, I'P(x)l ~chk+l-a. 
a 

KpoMe Taro, cnpaBeAn~B~ HepaeeHcTea 

IIWIIL (f') ::;e llgiiL (f') ~.chl+k 
2 \ 2 

/2.7/ 

/2.8/ 

nocneAHee ~3 KoTop~x nony4aeTCR cneAY~~~M o6pasoM: e c~ny ceo~­
cTea g(xk) <= 0, X k ~ li.lh O~eH~M g2 (s) np~ S ~ h, S ~,Xi : 

s 
g2(s) = ( f o(s)ds)2 ::: 

0 

S 2 B 2 
f 1 cts • r o 2 (s)ds <. s I o <O cte ; 
o o - t.'

1 
h 2 r g 2 (t') cte < r 0 

2(t') cte . f s ds < ..!!._ r 0 2(t') ~ • 
-· - _, 0 -· 2 -
~~ ~~ ~~ 

CyMM~PYH nocneAHee HepaeeHCTBO no seeM i ""1,2, ... ,n, nony4~M 

r g 2(s)ds < ch 2 f o2 (s)ds < ch 2k + 2 • 
[' -· [' -

OTKYAa ~ cneAyeT /2. 8!. O~eH~M Aanee ceT04Hy~ L
2 

(li.l h) HopMy <I>(s), 
rAe 

II'PII L2(li.lh) = ( k 
xi t;;. li.l h 

'P 2(x. )h) 112. 
I 

PaccMoTp~M pa3HOCTb 

n n 

1 
!Q -i ('P 

2 
(s) _:qr

2 
(x 1 ))ds = 

1 
=~ i ('P (s}- 'P (x 

1
)}('P (s) + 'P (x 

1
))ds < 

I l 

n 
< ch l+k-a :£ J I'P(x)- 'P (x. )Ids. 

!=0 - 1 

L\i 

~cnonb3YR o~eHKY 

I'P(s) -'P(x.)l < II'PII ·sa< ch l+k-a sa, 
I - Ha -

riPOAOnlK~M npeAbiAY~ee HepaBeHCTBO 

a+l / 
<c(hl+k-a)2h-1 _h_•=C(hl+k-a 2) 

a+ 1 

8 

!.' ... . 

B HTore nony4aeM 

2 
II'PII L·2(li.l b) < II'PII

2 
-· L 

2
([') + 0 (h k+ 1-a/2 ) 2 • 

Tenepb H3 paeeHCTBa 

A h Q n L\ 1 • p n 'I' (x} • 11'1'11 L
2
(li.lh) ~. oh 1 + k -a/a 

cneAyeT nepeaR Ot.\eHKa neMMbl. Anrt o~eHKH MSKCHMYMa MOAYnR IQn ~ 1 1 
pa3nomHM npaey~ 4aCTb npeA~AY~ero paeeHcTea no co6cTBeHH~M 
<l>YHK~HfiM' onepaTopa A h: 

/ 

h 
AbQnt:\1 = 1:0 aivi' 

n 
( :£ a~)l/2 < h 1+k -a/2 

i=O 1 · -· 

h -1 -1 h 
IQ 0 ~ 1 1 =I:£ >. 1 a 1 v 1 1 ~- ch maxlv 1 1 :£ la 1 I ~-

i=O i i=O 

< ch-1·h-1/2,hl+k-a/2 = chk-•1/2-·a/2 

fleMMa AOKa3aHa. HMeeT MecTo 

TeopeMa 1. nycTb Ha KOHType f' 
HHe ypaBHeHHR /1.6/ 

v(x) = Lu(x) ~ c 4(['). 
an . 

C Henpep~BHO~ KPHBH3H6~ pewe-

nycTb /a/- MaTpH~a A H3 /2.2/ nonomHTenbHa Ah>,BhE, rAe .B 
He 3aBI1CHT oT h, a cofrcTBeHHble ci>YHK~HI1 A b. paeHoMepHo no h or­
paHH4eH~, /6/ - c~HrynRpH~~ 11HTerpanbH~~ onepaTop THna rinepaTopa 
KowH 

Ili.l (x) ( li.l(S) dr (X, s) 
f' r(x, s) 

~MeeT orpaH~4eHHbl~ o6paTH~H ct B KamAOM ~3 npocTpaHCTB L 2 (f') ' 
Ha(f') , O<a< 1. TorAa cnpaBeAn~Bbl o~e'HK~ 

llvn -·Pn viiL'2(li.lh) ~- ch 2-E 
' 

lv -P vi< ch3/2-c 
n n - /2.9/ 

a AnR ~CKOMOH <!>YHK~11~ uh(x) , X ~0, onpeAenSieMOH ~s/2.3/,Bblnon-

9 



HeHO 

lluh(x) -·u"'IIL
2
([') $ ch

3
-f, !uh (x) -·u* I ~.ch 612

-€, x; G· 0 

/2.10/ 
luh (x)- u"' I < c(p)hS-€ P = min I x - x' I , 

x'Gf' 

npt-~YeM D cnyYae Kpyra c(p) .. p -1/2 . 
gnR peweHHR Vh ypaBHeHHR /2.1/ cnpaBeAJlHBO npeACTasneHHe 

vh(x) .. v(x) + c(x)h2 + ~h + O(h 3
), x Gwh , 

Ah~h = 71(x,h), X Gwh; 117111L
2 
<_~h 3 , 1711 ::;_ch3-€ 

/2.11 I 

rAe DO scex CJ1y4aRX l >0 - CKOJlb yrOAHO Manoe 4HCJ10. 

AoKa3aTenbCTBo. O~eHKH /2.9/ cpa3y cneAY~T t-~3 neMM~ 4 H npeA­
CTaeneHHR /3.12/ t-~3 111 • AnR AOKa3aTe!1bCTBa /2.10/ t-~cnonb3yeM pa­
eeHCTBO 

'l'(x) = u (x)- u*(x) = -
1- (lnr-1 (x, s)(Q vh- _i_u*(s))ds, x G'r, 

h 2" [' n an 
1-13 KOToporo B CHJlY /2.1/ CJ16AyeT 

'l' (x n) = 0, X n G w h . /2.12/ 

npl-1 3TOM AI1R C!>YHK~HH ~(s) = Q n v h- _l_u *(s) cnpaBeAnHBa o~eHKa 
an 

I 2 ( 
ll~(s)ll L '([') :::; ch - , c >0, 

2 

B ct-~ny /2.91. AnR npoYt3BOAHOi.i 'l''(x) HMeeTCR Bblpa>KeHHe 

'P'(x) = _1 f ~(s) dr(x, s) 
2" [' r (x, s) ' 

H3 KoToporo nonyYaeM 

ll'P'(x)ll <ch 2-e 
L2([') - /2.13/ 

C noMO~b~ /2.12/ 11 /2.13/ nony4YIM HCKOM~e o~eHKH /2.10/. AeAcT-
Blo1TeJlbHO, npH X < h 

• 1¥ 2(x 1 + x) $ x J 'l' ' 2(s) ds ::; h l'i-££ 

ll'. 
l 

/2.14/ 

OTKYAa cneAyeT BTopoe H3 HepaseHCTB /2.10/. HHTerpt-~pyR /2.14/ no 
OTpe3KY Si H CyMM.HPYR no Xt G wh, nony4HM 

IO 

j " 
I , 

J 

ii'Pll~ = !, ( 1J1 2 (xi +X)dx_s.}-, ~ h2 f 11''2 (s)ds,:Sch 6- 2e. 
2 x .Gwh -· x1Gwh r 

1 ~ i Llt 

nocneAHRR 1-13 o~eHOK /2.10/ eCTb CJ16ACTBHe JleMMbl 2 1-13/5/. 
npeACTaBJleHYte /2.11/ HenocpeACTBeHHO CJleAyeT 1-13 npeACTaBne­

HHR /3. 1 2/ /1/, 

(lnr-1 (x
0

,s)(Q
0

vh -Q P v)ds =- J(o(s) + v"(s) h2+ 
[' n n r 12 • 

1 ) v~)(x) + -· !. th2v (3 (x. )+ !. t(h2-t2) 1 + 
12 xi Gwh 1 xi G w h 3! 

+ O(h4 )) lnr-1 (x ,.s)cs, 
n rAe t = 'S -·Xi 

o(s) = !. _!_v"(x.)t(h-t)--1-v"(x 1 )h 2 

y (; ,,, 2 I 12 
D I - ~ h 

H neMMbl 4. TeopeMa AOKa3aHa. 
OTMeTHM, 4TO npeAcTaeneHt-~e /2.11/, Hcnonb3yeMoe Ha ABYX ceT­

Kax C waraMH h 1,6 h.2, AaeT B03MO)I{HOCTb nOBbiCHTb nopRAOK annpOKCH­
Ma~HH ypaeHeHYIR /2. 1 I AO O(h S-f) , e > o, OAHaKo o~eHKa 
IIA-1 11 < ch - 1 He rapaHTHpyeT cooTBeTcTBY~~ero nOBbiWeH!-1R T04HOCTH 
npH'5J1HlKeHHOro peweHI-1R Vh. Ha npaKTHKe, KaK npaBKJlO, COCTaBJlR~~aR 
Vh, COOTBeTCTBy~~aR cp6cTBeHHblM C!>YHK~KRM onepaTopa Ah C MaJlblMH 
Ah, Heeer.t-~Ka, 11 3KCTpanonR~HR Ha geyx 11 6onee ceTKax .AaeT 3Ha4K­
TenbHoe noBb!WeHHC T04HOCTH npi-16J1H>KeHHblX peweHH~ , 4TO noKa3aHO 
s §4, a TaK)I{e e pa6oTeli. 

PaccMOTPHM ypas~eHHC /1.7/ AJlR 3aAa4H HeAMaHa. npH6JlH)I{CHHOe 
peweHHe uh Ha ceTKe w h onpeJ..Ie!lHM ABYMR cnoco6aMH. B nepsoM 
cnyYae HHTerpan K u H3 /1.4/ 3aMeH.ReM KBaJ..IpaTypHoi-1 cpopMynoi-1 Tpa­
nei.IHI:i 

h 
u(x 1) + ah j:

1 
K(x 1,si)u(si) =¢(x 1), x 1 G wh , /2. 15/ 

HJlH B MaTpH4HOM BKAe: 

(E +aB)uh =F. 

nycTb KOHTYP [' 
p 

P Yacrel:i f' = u f' 
I= 1 

i = 1,2, ... ,p. TorAa, 
cnpaseJ..InHso 

B: R" -. R n , a = ± 1. /2.16/ 

pa36KT T04KaMH .;1 1 i = 1,2, .•. ,p, , .; i G Wh Ha 

• T a KHX' 4TO u (x) G c2m+2 
(8 i) ' K (x, s) G cfm+'rxri)' 

cornacHo cpopMyne 3~nepa-MaKnopeHa AI1R /2.16/, 

II 



m 2k 
P (E +aK)u -·(E + aB)P u • :£ h vk(x) + T/h , 

n n k "'1 

x ~ 01 h • lnl .:S, ch 2m+~ /2.171 

P B2k a2k-1 + a 2k-t _ 
vk (x) • I -[. K(x,e"1 )u(~ 1 ) - K(x,~ )u(~ 1 ) ], 

1•1 (2k)l dB 2k-'1 as2k-·1 

rAe rr2k- 4HCna 6epHynnH. CornacHo 181,AnH o6oCHOBaH~H paanome­
HHR 

m 2k 
P 

0 
u = uh -· !. c (x)h 

k= 1 k 
+ yh ' 1Yhi_:S,ch2m+2 

H8PRAY C 12.171 Tpe6y~TCH ycnOBHH 

II(E + aB)-1 II 2. M
1 

, II(E + aK)-1 II < M, 

/2.181 

12.19/ 

rAe Ml He 3aBHCHT OT h. npemAe 4eM aHanH3HPOBaTb 3TH ycnoBHH, 
npHBeAeM BTOpoA cnoco6 AHCKpeTH3SUHH, onpeAenHeM~W ycnOBHHMH 
KOnnoKa4HH. npH6nHmeHHOe peweHHe Uh(~ H~eM B BHAe KYC04HO­
nHHeHHOH $YHKUHH, onpeAehHeMoA H3 ypasHeHHA 

uh(x
1

) +a fK(x
1

,s)uh(s)ds e:<l>(x 1), x 1 G·O>h , 

KOTOp~e HMe~T BHA 12.161, rAe 

B = {b 1; I; i,J ""1, ... ,n; b 1J 
X j + 1 

( K(x
1

,s)<;DJ(s)ds, 
X j-·1 

12.201 

a rP j (s)- KYC04HO-nHHeHHble 6a3HCHble $YHKL\HH. nycTb U(X) (;.C2m+l (r), 
K(x, S) ~ c2m+~rxn, TOrAa, aHanorH4HO npeACTasneHH~ /3.61,Ha 111 
HMeeM 

P (E + aK)u -· (E + aB)P u n n 

2m 
a :£ h v (x) + 11 

k =·2 k h 
IT/h I ~ ch 2m+ 1 , /2.211 

1 n _,2 <1> (x), 
(p + 2)(n + p + 1) pn 

v (x) = I 
k p + n,= k p! n! 

x<:T, 

n?: 2 • 
rAe 

a p. (n) 
<1> (x) = ( -.- K(x, s)u (s)ds, n > 2. 

pn r asP 
12 

!I 
'" '' 

,I 
> 

} . 
I 

:1 
I 

0TMeTHM, 4TO npH B~nonHeHHH Tpe6yeM~X B~We yCflOBHH rnaAKOCTH 
Aml $YHKUI-1H u(x) 1-1 K( x, s)~HTerpl'!pooaHHeM no 40CTHM nerKo y6e­
AHTbCH, 4TO B 12.211 COAepmaTCfl TOnbKO 4eTH~O CTeneHH h. npH 
HanH4HH yrnOB~X T04eK ~a KOHType OCe CTeneHH ta2 npHCYTCTBy~T 
8 paanomeHHI-1 12.211. ~+ 

AnR nposepKH /2. 191 OTMOTI1M+ 4TO ecnH npaooR 1.1acTb <l>(x) GC \n 
B ypa BHeHI-11'1 I 1 . !31' TO u(x) ' olllt ~n. k < m, T. 0' DblnOnHeHO ycno-
81-'le IBI TeopeMbl 1 1-13 /6/ npl1 BIt· Dl,- c21t+~f').npl1 ()TOM '(E + K)-1 
orpaHH4eH s KS)I(AOM H3 npocTpaHCTD B 11 , k,5m.Onoporop Ue:(E -K)-1 

orpaHI-14eH Ha noAnpocTpaHCTeax E 1 , E 2 , TSK 4TO U: E1 .. E2 , 
rAe 

· E =I v(x) G C 2k + 2(f): (v, g 0 ) = 0 I , 
1 

E 2 =I v(x) G c2k+ 2 (8) :· (v, 1) = Ol, k ~- m. 

nycTb KOHTyp r HMeeT OCb CHMMeTpl-11-1 Ox, a npaoaR 4SCTb !ll(x) 
B 11.71 SHTI1CHMMeTpi14Ha OTHOCHTenbHO 3TOH OCH. TorAa (<1>, gQ),O, 
(u, 1) =0 1-1 onepaTop (E -K)-l orpaHI148H AnH TSK11X I<OHTYPOB Ha nOA­
npOCTpaHCTBe aHTI1CI1MM8Tpi-14H~X $YHKL\HH <1>(~ G·C 2k+~r), 

On epa Top (E + aB)-1 paccMOTPI-1M AnH' MeTOAa KonnoKal.\HH 12.201. 
~MeeMBUe:U, ,qnH U=1,a TaK)I(e B*v

0
=v

0
, rAe v 0 - ceT04HaR C!>YHKUHR 

Ha wh. OnpeAenHM npocTpaHCTBa ceT04H~x ¢YHKL\11H 

E 1 , h = I v: (,v. v0 ) = Ol; E 2 ,h =·I v: (v, 1) = o I 

C paBHOMepHOH HOpMOH. 

JleMMa 5. OnepaTop E+aB: R0 
.... R 0 HMeeT paBHOMepHO orpaHH4eH­

HbiH no h /l.ml-1 no n I o6paTHbiA on epa Top npH a = 1 , a npH a= -1 , 
AeAcTBYH 1-13 E 1, h B E 2 , h, TaK)I(e HMeeT paBHOMepHo orpaHJ.148HHbiH 
no h o6paTHbiA U =(E-B) -1,-

U : E2,h ... E 1, h ' 

AoKa3aTenbCTBO. np~ a=l,npegnonaraH npOTI-1BHoe, 11MeeM 

(E+ B)uh = <;bn , l<f>n I ... 0, n..., oo, !luhll = 1. 

PaccMOTPI-1M vh = Qnuh<;,C(f), TOrAa 

P (E + K) vh = P Q <;b = P <1> , n n n n n n 

npH4eMI<1> 1-+ 0, l!v 11=1. Ecn1-1 ~-=x. +,;r, O<L'.'<h, xt<:·wh, 
n h 1 

TO (E + K) v W = ( K ( ~, t) v (t)dt + V (0 = 
h r h h 
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= vh<e> + ([ (1-Xh -t) K(x 1 ,t) + "Xh-
1
K(xi+ 1 , t)] vh (t) dt + 

r 
+ o (h 2 ) I v h I = <ll n <e> + o (h 2 ) , 

/2.22/ 

OTKYAa cne,QyeT I<E + K) vh I -+ 0, Ho TaK KaK onepaTop K snonHe 
Henpep~BCH, TO nocne,QOBaTCJlbHOCTb Zn =KVh MOmHO C411TaTb cxo­
ARIJtCHC11 B C(l}. H_9 TOr,Qa vh .. v~C(I}, TaK KaK lvh + Znl-+ 0, 
a 3HS411T, Kv h-+ Kv, oTKYAa 

(E + K)v. = 0, 11 vii .. 1. 

3To npoT11eope411T orpaHI14CHHOCTI1 (E + K) -1. 

PaccMoTpi1M cny4ai1 a•-1.3aMCTI1M, 4TO Qn v 0 .... g , h .... 0 (B*vp = 
A~), TaK KaK s npoTI1BHok cny4ae y onepaTopa K~ cyutecTsoeano 
6bl ABe co6cTBeHHbre ct>YHK1.11111 c co6cTBeHHbiM 411CJlOM .\ = 1. Aanee, 
nyCTb 

(E-B)uh =¢n • (uh,1)"' "'0, 
h 

(¢ n' v o> "'0, 1¢ I -+ 0, n ... "" n 

llu h II - 1, 

Tor,Qa ,QnR ct>YHK1.11111 v h"' Qn u h ~ C(l} 11MeeM, aHanon14HO npe,QcTasne­
H1110 /2.22/ 

ICE - K)v I -+ 0, (v , 1) = 0, 
h h 

(vn ' go) -+ 0' n .... oo' 

llv II = 1, 
h 

OTKy,Qa Kvh ... v' vh.-+ v 111111 (E -K)v,:,,, (v,l) =0, 4TO npOTI1BOpe411T 
O,QHoKpaTHOCTI1 A=1. 3Ha411T, luhi;Scl¢nl,ecnl1 (uh,l) =0, (¢n,v

0
)=0. 

JleMMa AOKa3aHa. 
BepHeMc~ r<' pa3nomeHHIO /2.18/. Ann npOI13BOJ1bHOi1 cj>yHK1.11111 

u(x) ~ c2 m+1(f') onpe,Qeni1M JlHHei1Hbli1 onepaTop 

Aku = vk(x), 2 :S k <S_.2m, x ~f', 

r,Qe vk (x) onpe,QeneHa e /2.21 I. Tor ,Qa; cor nacHo 16,71 ,Ko3$cj>Hl.IHCHTbl 
C p(X) 113 /2.18/ HaXO,QRTCR 113 ypaBHCHHH 

(E+aK)cp + ~ A 1 cJ=vp(x), P=2, ••• ,2m, /2.23/ 
i+J .. p 

1>2 

r,Qe vp(x) onpe,QenReTCR 113 /2.21/. noaToMy np11 a=-1 e cny4ae 
npOI13BOJlbHOro KOHTypa AI1R pa3pewi1MOCTI1 /2.23/ Tpe6ytOTCH ,QOnon­
HHTeJ1bHble YCI10BHR cornaCOBaHI1R 

( ~ A1 cJ (x) -vp(x), g0 (x)) = 0. 
1 + J - p 

/2.24/ 
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B CJ1y4ae CHMMeTpi14HOrO KOHTypa 11 SHTHCHMMCTpH4HOrO peweHHR 3TH 
YCI10BHR aBTOMaTH4CCKH BblnOJ1H1110TC11 1 T,K, g 0 (~ - CHMMeTpi14H8R 
ct>YHKI.IHR. 

TeopeMa 2. nycTb peWCHHC YPDDHCHHR /1 .]/ HOXO,QHTCR C noMOIJtbiO 
ypaeHeH!-1R /2.20/. Ec1111 u(x) c; C lim+ 1(['), K(x, a) c; C lim+ 1 (f'xf'), TO npH 
a=·l HMeeT MeCTO npe,QCT8BJ1CHHC /2.18/, r,QO Ok(X) He 3aBHCRT 
OT h. npH a =-1/2, 18/ cnpaBC,QJlHDO ,QJ111 CHMMCTP111.lHbiX KOHTypoe C aHTW 
CHMMCTpr.14HOH npaBOH 48CTbiO <lJ(B). B CJ1Y48C a•-1 11 npOt.13BOJlbHOrO 
KOHTypa /2.18/ cnpaBC,QJlHBO npH ,QOnOJ1HHTCJ1bHbiX yCJ10Dt.111X cornaco­
BaHHR /2.24/. EcnH /2.24/ HC HMCIOT MCCTa, TO 

luh _,u*l ~ ch 2 • 

,QoKa3aTCJlbCTBO TeopeM~nOJly4aCTC11 C nOMO~biO JlOMMbl 5, Teope­
Mbl 1 1-13 pa6oTbl IV 1-1 paanomeHH11 /2.21/. 

YTo4HeHHe npt.16nHmeHHbiX peweHI-111 npt.1 noMOIJtH /2.18/ Ha nocne,Qo­
eaTeJlbHOCTI-1 ceTOK npoBO,Q11TCR 06b14HbiM o6pa30M. ECJlH KOHTYP r -
BblnyKJlbli1, TO ypaBHCHt.1C /2.20/ MOmHO pewaTb npOCTbiMI-1 HTCPal.IHAMH. 

§3. nPHMEP~ 4HCnEHH~X PAC4ETOB 

Ha npaKTHKe np1-1 peweHHH ypasHeHI-111 /1.7/ 4acTo BCTpe4aeTC11 
CJly4ai1, KOr,Qa KOHTyp H 11CKOMa11 cj>yHKl.ll-111 t.1MCIOT 06~11e OCH CI1MMCT­
PI111. npH 3TOM ypaBHCHI-111 /1 .6/, /1.7/ MOmHO aanHCaTb Jl11Wb Ha 
4aCTI1 KOHTypa f', 4TO npHBO,QMT K CHHmCHI-110 pa3MCpHOCTt.1 Ct.1CTCMbl Jli-1-
HCHHbiX anre6pai14CCK11X ypaBHCHt.1H 11, KaK CJlC,QCTBHe, - K YMCHbwe-
H1110 Bb1411CJlt.1TCJlbHOi1 pa60Tbl. 

1 

nycTb, Hanpi1Mep, KOHTyp f' 11MCCT OCb CHMMCTPI-11-1 Oy 1-1 paa611sa-

eTC11 CIO Ha 4aCH1 r 1 11 r 2 • nycTb cj>yHKl.ll-110 { 
u(s) 

g 1( s) = v(s) ' r AC s ~ ll., 

0$ S 'S_ 0,5fH f - ,QJ11-1Ha KOHTypa f', MOmHO npO,QOJlmt.1Tb Ha BCCb KOHTyp 
g 2(S) = {32 gl (f - S) ,QJlR 0,5f ;S S ;Sf, 3,QCCb: 

{3 
2 

= { -1 1 np11 aHTt.1Ct.1MMCTpt.14HOM npo,QOn>!<CHI-11-1 g 1 , 
1, npl-1 CHMMeTp~4HOM npOAOJlmCHI-111 g 1 • 

Tor,Qa t.1HTerpan~ B cpopMyne /1.7/ no r2 BblpamaiOTC~ 4epe3 t.1HTerpa­
Jlbl no KOHTypy rl OTHOCt.1TCJlbHO $yHKl.lt.1t.1 g 1 : 

f u(s)K(x, s) ds = {3
2 

J u(s) K ( £ - x, s)ds , 
r2 rl 

J v(s) &'(x, s)ds = {32 J v(s) f( f- x, s)ds, 

f'2 1 1 
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till! 

3Aecb x, TaK me KaK ~ s - HaTypanbH~~ napaMeTp. nony4aeM ypae-

HeH~e·Ha KOHT~pe f1: 
-: -: 

u(x 1) +a r u(s)K{x1,·s)ds- a f v(s) S!. (xl's)ds = 0 I 

rt rt 
/3.1/ 

rAe 

K(x 1' s) 
1 2 a -1 .. - !. ~ 1 -1n r (x 1 , s) , 
"t=l an 

-· 1 2 -1 f(x 1,·s) =- .l: ~~ lnr (x 1 ,s), 
1T I= 1 

' 
X 1 ~ f 1 , 0 :S X 1 "5.. 0,5£ , X 2• £ -X 1 , {3 1 = 1 . 

OTMeT~M: a/ - cnoco6 nocTpoeH~.R K np~ aHT~C~MMeTpf14HOM npoAon­
meH~~ U Y4~TbiBaeT ycnoa~e u(Q) ~ u(O,Gf ) .. O,no3TOMY BHyTpeHHflfl 3a­
Aa4a He~MaHa A!lfl ypaeHeH~fl /3.1/ 6yAeT OAH03Ha4HO pa3pew~Ma, 

6/ - aHanor~4HO paCCMOTpeHHOMY C!ly4a~, ypaBHeH~e /1.5/ MONHO 
ynpocT~Tb ~ A!l.R 6onbwero 4~cna ace~ c~MMeTp~~. 

On~caHH~~ anrop~TM ~cnonb3osanc.R npH HccneAOBaHHH 3¢¢eKTHBHo­
CT~ 3KCTpanon.R4H~ THna 3KcTpanonH4~~ P~4apACOHa A!l.R yT04HeH~R 
np~6n~>KeHtlbiX peweH~~. nycTb o6naCTb G! ={JxJ :S 1, JyJ "5..,0,5} orpa­
H~4eHa KOHTYPOM f, G e=·R2\.G i. B Ta6n. 1 , 2, 3 COOTBeTCTBeHHO np~se­
AeHbl pe3y!lbTaTbl 3KCTpanOI1fl4~~ Ail.R CileAY~ll\HX KpaeBbiX 3aAa4: 

(N i) 
{ 

~u = 0 , (x, y) ~ G 1 , 

j_u = .1... (e~(..!.x) _, exp(-..!!.x)) cos(..!!.y), (x, y) ~ r; an an 2 2 2 

{ 

~u = 0, 

u = x(x 2 +y 2)-1 , (x,y)~r; 

(x, y) ~ G e I 
<De) 

(N e) 
{ 

~u = 0, (x, y) G· G e I 

a a 2 2)-1 -· u = -x(x + y , 
an an 

(x, y) G r. 

B C~IlY CHMMeTp~~ KOHTypa ~ HCKOM~X ¢YH~4H~ ypaBHeH~e /1.5/ CBO­
AHilOCb K ypaBHeHH~ no KOHTYPY f 1- 4aCTH KOHTypa f H3 nepBO~ 
4eTBepTH nilOCKOCTH (x :::_0, y:::. 0). Ha r 1 CTPOHilaCb paBHOMepHafl ceT­
Ka r h 'c waroM h • .[\IlR 3aAa4~ N i BHYTPH o6naCTH Bbl6~pailOCb MHO>KeCT-
80 T04eK 

16 

I 
• 
' l 

i 
~ 

t 

i l 
.. , 
I 
I 

. . 
l . 
~ 

I 

I 

i I 

il 
1 

.t 
l ~ 

) I 

r 

T nCinun;a 1 

I I I I I 
rL 8 Y6 32 64 

S(J..) 3, I9· ro-~ 5 34· Io-4 

S(A,4) !,90· I0-4 4,94• ro-8 6(L,t,~,1J) 
S(J..,t~) 2,07·ro~6 I,39·ro-

6 l(LJ~} 
~(L1i4)2 82·Io-7 8 06·ro-5 lf~,y) 
? 1?. 1'11 a ' ' 

14,oo·ro-4 2,52·ro-2 6(1.) 

I 
64 

1 
32 

l 
I6 

1 
8 

h 

Ta6nun;a 2 

h. I 
8 

I 
16 

1 
32 

l 
64 

~(k) ·8,17·Io-2 2,27·10-2 5,90·10-3 1,49·I0-3 

~{LA) 3,43·Io-3 7,8[)•10-4 1,86·ro-4 j I,82·Io-8 {~,h-;;,g 
. . L!) J(J.,t~) 5,59·10-4 I,27·I0-4 I,94·Io-8 2,45·ro-7 l(i./2,-

n,{~i 4,68·Io-5 4,5I·1o-e 6,46·Io-7 1,o2·1o_5 ~r~,-'iJ 
2,72•10- 2,I8·Io-6 1,76·10-5 1,62·Io-4 6(k) 

1 
64 

1 
32 

l 
16 

l 
8 

h_ 

Ta6nun;a 3 

h. j_ J_ j_ _L_ 
6 (l 3'2. 61( 

S(t) I,33·Io-2 3,t:J6·ro-3 9,2b·1o-4 2,34·ro-4 

~(h,·i) 3,47·Io-4 3,48·Io-5 4,05·1o-6 l 1,7I·Io-8 

S(~,ij~) 9,76·Io-6 5,47·Io-7 [ I,o?·Io-7 2,35·1o-6 

£(k,1)~/t)_6, 69· Io-8 j4,6I · ro-7 4, 79· Io-6 5, 48· Io-5 

I,04·1o-4 4,I5·Io-4 I,64·I0-3 6,42·Io-3 

1 
64 

I 
32 

l 
16 

l 
8 

lik,tti 
6(1-.}J) 
Z(J.,t) 
6(k) 

h_ 
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T 
G

1 
= {(x,y)•(ir 1 jr), 1=0,1, •.. ,4, j=1,2, ••• ,7; r=0,125} 1 

,QIIR 8HeWHHX 3S,Qa4 - MHO>KeCT80 G f = {(X, y) = (ir, jr), i = 3,4 , 

j .. 1,2, .... 6; r = 0,25lu {(x,y) .. (ir,jr), 1~0,1,2; J-= 5,6; r=0,25l. 

,liiJfl 38,QQ4 N 1 H N e H38eCTHble ¢YHK~11H Ha r 1 aa,qa8aiiHCb 8 8H,Qe, Ky­
C04HO-IIHHeHHbiX, ,QIIR aa,qa4H De - c T04HOCTbiO O(h3), a HOPMaiJb­
Hble npOI1380,QHble ·8 yr II08biX T04KaX Bbi4HCIIfiiiHC b C T04HOCTbiO 0(h2 ). 
Ha rhnpeAnonaraiJOCb pa3IJO>KeHHe 

4 1+ 1 e 
gh • g * + I h c

1 
+ O(h ). 

i = 1 

Bo BHyTpeHH11X T04Kax o6naCTI1 AIIR 3a,qa4 N i H N f Ha a~ H G'f 
3KCTpanonR~HR 8enacb no pa3nomeHHIO 

4 i+ 1 6 
u 11 "' u * + I h a1 + O(h ) , 

i = 1 

,QIIR 3B,Q84H 

Uhc u* + 

Df - no paanomeHHIO 

t h 
1 
+ 2b i + 0 (h 

7 
) • 

i= 1 
"' 

B Ta6n.4 npeACT88IJeHbl peayiJbTaTbl paC4eT08 AIIR MHOrOCBR3HOH 
o6nac TH a = Gi,G}.Gg. rAe a 1 = rl 0 ~ X '5.. 2; 0 '5.. y '5.. 1 I ' 

G2 =f0,4<x<0,6; 0,2<y<0,81, ·a 3 =l1,4<x<l,6;0,2<y<O,Sl. 

CTaBHIIBCb CIJe,qyiO~aR 3a,qa4a: onpe,qeiJHTb Ha KOHType r HOPMBIIbHYIO 
npOI1380.QHYIO rapMOHH4eCKOH 8 0 <I>YHK411H U = exp(i y) sin(t:9 no 
ee 3Ha4eHHRM Ha r. CTpOHIIBCb ceTKa: Ha rpaHH4e o6naCTH G1 -
paBHOMepHaR C waroM h1, Ha 60IJbWI1X CTOPOHaX npRMOyrOIJbHI1KOB G

2 
H a 8 - c waroM h 1, Ha MeHbWHX - c waroM h

2
. H3secTHaR <I>YHK411R 

Ha r 3aAaBaiJaCb C T04HOCTbiO O(h~), k= 1,2, C TaKOH >Ke T04HOCTbiO 
8bi4HCIIRII11Cb HOpMaiJbHble npOI1380AHble B yriJOBbiX T04KaX. 

Taomu~a 4 

H1 ,\min B(H 1) B(ll
1
,H ~) 

I 
5' T5 9' OI. 10-2 5,86 .J0-2 5, 78 .J0-3 

I 
1()' 30 3' I5 ·10 -2 I, 64 .J0-2 
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' B Ta6n114ax HcnonbayiOTCR cne,qy10m1-1e o6o3Ha4CHHR: 

' B(h) "" max ig h- g"'i, 8(h 1 , ••• ,hit) - MQKCHMYM HS CCTKe rh l MOAYIIIl 
rh 

norpeWHOCTH peweHHI1 1 3KCTPOnOIIHPOD8HHOrO no COTKBM 

rht ..... rhk' a(h) • mnx luh -·u*l, 
Dr 

a (h 1, ... , h k) 

- MaKCHMYM Ha MHO>KeCTDe Dr MOAYIIIl norpCWHOCTH 3KCTpanOIIHP08aH­
Horo peweHHfl, nony4eHHoro c HCnOIIb30DllHI!IOM COTOI( r h 1 , ... , r hk I 

3,qecb Dr eCTb O,QHO H3 MHOlii6CTD a [ Hill!! 0{ ' Hl ·lkh 1• kh 2 I ' 
A~~ - MHHHMaiibHOe C06CTDCHH06 4HCIIO MBTPH~bl ~ 113 /2.2/. 
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MSA&TenbCKHA OTAen OCi~eAHHeHHOrO HHCTHTYTa RAepHbiX HCCneAOB&HHA 

IHAKOB E.n., XoPQMCKH~ 6.H., O~awee O.H. 
PeweHHe Kpaeewx 3aAa'l AnR ypaaHeHHR nannaca 
MeTOAOM rpaHH'IHWX HHTerpanbHbiX ypaBHeHH~ 

Plt-82-659 

Ha OCHOBe MeTOA& rpaHH'IHWX HHTerpanbHbiX ypaaHeHH~ OOCTpOeH 'IHCneHHW~ 
anropHTM peweHHR saAa'l HeHMaHa H AHpHxne AnR ypaaHeHHR nannaca Ha nnocKo­
CTH. PaCCMOTpeHbl aHyTpeHHHe H aH.WHHe 3aAa'IH a o6naCTRX C rpaHHIIe~, CO­
CTO~e~ H3 KOHe'IHOrO 'IHCna rnaAKHX KpHawx. YcTaHoaneHW ycnoBHR paapeWHMOCTH 
803HHKa~HX HHTerpanbHbiX ypaaHeHH~. nony'leHW OlleHKH TO'IHOCTH npH6nH*eHHWX 
~HH~, a TaK*e paano•eHHR norpewHOCTH no CTeneHRM wara AHCKpeTH3aiiHH. 
3~TH8HOCTb OOCTpoeHHWX anropHTMOa HnnOCTpHpyeTCR 'IHCneHHbiMH pac'leTaMH. 

Pa6oTa awnonHeHa a na6opaTOPHH aw'IHcnHTenbHOH TeXHHKH H aaTOMaTHaa­
IIHH OKAH. 

C~eHMe ~HeHHOrO HHCTHTyTa RAePHWX HCcneAOBaHH~. Ay6Ha 1982 

Zhldkov E. P. , Khoromsklj B.N., Yuldashev 0.1. 
Solving Boundary Problem for Laplace Equation 
by Boundary Integral Equation Method 

P11-82-659 

Numerical algorithm for solving Newmann and Dirichlet problems for 
laplace equation on a plane Is created on the basis of boundary integral 
equation method. External and internal boundary problems In regions with 
piecewise smooth boundary are considered. Solving existence conditions 
are establlshed .to obtain Integral equation. For accuracy of approximate 
solutions estimates and expansion over degrees of discrediting step are 
obtained. Efficiency of the algorithms is Illustrated by numerical calcula­
tions. 

The Investigation has been performed at the laboratory of Computing 
Techniques and Automation, JINR. • 

Communication of the Joint Institute for Nuclear Research. Oubna 1982 
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