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BBE,llEHHE 

B pa6oTe 111 npeACTaaneHa 4HCneHHa~ cxeMa peweHH~ aaAa4H 
Ha C06CTBeHH~e 3Ha4eHH~ An~ HHTerpOAH~~epeHUHan~HOrO ypaBHe­
HH~. Co4eTaHHe Hb~TOHOBCKHX HTepaUHH/2/ C MeTOAOM BapHaUHH 
napaMeTpa 131 noaeonHno ynpocTHTb ypaBHeHH~ An~ HTepauHOHH~x 
nonpaBOK, CBeA~ peweHHe HCXOAHOH aaAa4H K peWeHH~ nocneAOBa­
TenbHOCTH rpaHH4H~x aaAa4 An~ AH~epeHuHanbH~x ypaeHeHHH. 
4HcneHHoe peweHHe 3THX ypaaHeHHH nony4eHo c noMO~b~ TpexTo-
4e4HOH pa3HOCTHOH annpOKCHMaUHH Ha paBHOMepHOH CeTKe C wa­
rOM h c T04HOCTb~ nop~AKa O(h 2). 3To noaeonHno nony4HTb c 
TOH *e T04HOCTb~ paaHOCTHOe peweHHe HCXOAHOH aaAa4H H npHMe­
HHTb ero An~ yT04HeHH~ 3KcTpanon~UHH no PH4aPACOHy 141• npH no­
cTpoeHHH B~4HCnHTenbHOH cxeM~ 111 Hcnonbaoaanocb npeACTaeneHHe 
HHTerpoAH~$epeHuHanbHoro onepaTopa P a BHAe 

P .. D+(P-D), /1/ 

rAe D- AH~epeHuHanbH~H onepaTop. HTepauHOHH~H npouecc cTpo­
HnCR TaKHM o6paaoM, 4TO eoaMy~eHHe P-D AH~epeHuHanbHoro one­
paTopd D tsKJ11U~dJIUt..b "" I•VMVU4DN Mi;.iipC~DiUflV~ ;:;: ::~~~~~~ b {t}, {g{C} _ C ., 
g(..,)-1), rAe t- Henpep~BH~H napaMeTp 121. B HTepauHRX o6pa~an­
c~ nHWb onepaTop D. 

B pa6oTe/&/ An~ pa3HOCTHoro onepaTopa, annpoKCHMHpy~ero 
AH~peHUHanbH~H onepaTop c T04HOCTb~ O(h1

), s-4,6, Hcnonbay­
eTcR ero npeACTaeneHHe, B KOTOpOM TpeXAHaroHanbHaR 4aCTb pa3-
HOCTHOrO OnepaTOpa paCCMaTpHBaeTCR KaK OCHOBHa~, a OCTanbHa~ -
KaK B03My~eHHe. 3TO B03My~eHHe BKn~4anOCb B Hb~TOHOBCKy~ HTe­
paUHOHHY~ CXeMy C nOMO~b~ npocT~X HTepaUHH. 

B HaCTOR~eH pa6oTe, ~en~~eHCR npOAOn*eHHeM 111, HCnonbao­
aaHo paaHocTHoe npeAcTaeneHHe onepaTopa /1/ a BHAe 

/2/ 

rAe p<•> - annpoKCHMaUHR P c T04HOCTb~ O(h4) , o<2>- annpoK­
CHMaUHR D c T04HOCTb~ O(h 2 ). B paMKax paapa6oTaHHOH HTepauHoH­
HOH cxeMw/1/ npeAcTaanerHe /2/ noaeon~eT nony4HTb paaHoCTHOe 
peweHHe c T04HOCTb~ 0~ ). Ero YT04HeHHe ocy~ecTanReTcR c no­
MO~b~ 3KCTpanon~UHH no PH4apACOHy/4/ H naAe16~ ,lln~ HaXO*AeHH~ 
HTepauHOHH~x nonpaeoK, KaK H paHee, o6pa~aeTc~ nHWb onepaTOP 
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0(2), HMeiOIIIHH TpeXAHaroHailbHYIO CTPYKTYPY. npeAilaraeMaR Bb14HC­
I1HTei1bHaR CXeMa B OTI1H4He OT/5/ n03BOI1ReT o60HTHCb 6e3 AOnoil­
HHTeilbHbiX 11 BHyTpeHHHX11 npOCTbiX HTepai.IHH Ha KalKAOM ware HbiOTO­
HOBCKOrO npOI.Iecca. 8o3MOlKHOCTH 3TOH cxeMbl AeMOHCTPHPYIOTCR Ha 

3aAa4e C H3BeCTHbiM peweHHeM. 

2. HTEPAUHOHHA~ CXEMA /1/ 
PaccMoTpHM cileAYIOIIIYIO nocTaHOBKY 3aAa4H AJlR onepaTopa 111 . 

Tpe6yeTcR HaHTH co6cTBeHHOe peweHHe {.\*,u*l ypaeHeHHR 

l P(u)- .\p lu- 0, 

rAe 

.\ ~,R, u .. u(r), P"' p(r), r '"' [ R 1 , R 2 ], 

P(u) .. D + (t" 1 ~ 2 u(r))K, ~1 • '2 <; R • 

d2 d 
D = q

2
(r).- + q

1
(r)- +q0 (r), 

dr2 dr 

R2 
Ku"' f K(r ,r')u(r')dr'. 

R1 

PeweHHe u (r) AOillKHO YAOBileTaopRTb rpaHH4HbiM ycilOBHRM 

di(.\)u ,.[ai(.\,r)u'(r)+bj(A,r)u(r)]\r =Rj ,.o, 

a~+b~>O, j,.1,2, 

H yCilOBHIO HOpMHpOBKH 

rAe 

z 

F(.\ ,u),.O, 

F(.\, u) • 

R2 

{ 

(u,u )-1, 

(u ,Au), 

(u,v) = f u(r)v(r)dr, 
R1 

Au .. [P(u)- .\p] u. 

~2 =0, 

~ 2 .;. o. 

131 

141 

151 

.. 

AilR Haxo>KAeHHR peweHHR {.\*,u*l cTpOHTCR HTepai.IHOHHbiH 
npOI.IeCC, KaK H B pa6oTe/l/, npH 3TOM orpaHH4HMCR OnHCaHHeM 
npOI.Iecca AI1R HaXO>KAeHHR COOTBeTCTBYIO~ero pa3HOCTHOrO peweHHR. 
Ha4ai1bHOe npH6I1HlKeHHe K HCKOMOMY peWeHHIO 1.\*,u*l Bbi6HpaeTCR 

a BHAe peweHHR l.\0 ,u 0 I AH¢$epeH1.1Hai1bHOH 3aAa4H 

rAe 

(D 0 -.\p0 )u ,.o, R 1 ~R,s:R2 , 

d
0
i().)u• [a0 i(.\,r)u'(r)+b0 i(.\,r)u(r)]\ =0, r• Rj 

a~i + b~J > 0, j,.l,2, 

F0 (.\ ,u)=O, 

f (u ,u) -1' 

Fo (.\ , u) = l ( u' Ao u ), 

A0 u .. (00-.\p0)u, 

~2 = 0, 

~2 ~ 0, 

161 

171 

181 

KOTOpOe npeAnOJlaraeTCR H3BeCTHbiM. 
".:J"'t .. -""' .. ,,_c I .... _" .... ,...v,. ...... .._,..",=:..u u::t n!:tiDUnt..te::anuniA ,..~TtLP ,,,, r 
..., ... ,.. .... .,J '., ""'' _,.,,,..._..,._,, . ... ,..J -·. ··- ,..--··-· --r-· -·· -- - u 

waroM h .. (R
2
-R

1
)/(N-1), rAe N- He4eTHOe 4HCI10 y3I10B ceTKH, 

wh-tri .. R
1

+(i-1)h, i=1, ... ,N, r 1.R 1, rN=R 21. 

ee ceT04HbiM aHailoroM c T04HOCTbiO O(h
4

): 

(4) 
[P (u) -.\p]u • 0, 

191 

(4) 
dJ (.\)u-0, j.1,2, 

1101 

(4) F (.\,u). 0. 
1111 

Ha ocHoaaHHH TeopHH pa3HOCTHWX cxeM 
171 

peweHHe 3aAa4H 191-I 11 I 
npi46I114*aeT peweHHe 1.\*,u*l 14CXOAHOH 3aAa4H 131-151 C T04HOCTbiO 

O(h 4 ). 
BaeAeM napaMeTp t, 0 ~ t < oo , a onepaTopbl ypaaHeHHH 191-I 11 I 1 

OTHOCHTeilbHO z -I.\ , u I , Hcnoi1b3YR npeAc.TaBileHHe 121, TOrAa 

HMeeM: 
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..................... --------------------------------
.p<

1
>(t,z(t)) = [ 0~2> - .\(t)p

0
(r1)] u(rpt)+g(t) I[ o<4> -o~>-A(tXp(r 1 )-po(r

1 
))] 

(4) 
+(~1 +~2 u(r 1 ,t))K lu(r 1 ,t), 

(2) (2) ( 4) (2) 
.PJ (t,z(t)) ... [d 0 j (>.o>u(r,t) +g(t)ldJ (A(t))-d 0 J (>.o>lu(r,t)]! ,J•l;2, 

r•Rj 
(3) 

.P 1 (t,z(t)) .. (u(r i't), u (r 1 ,t))<4> -1, ~2 -o, 

(3) (2) ( 4) (2) 
.P 2 (t,z(t)).(u(r1 ,t),A 0 u(r1 ,t)+g(t)IA -11.0 lu(r1 ,t)h>, ~2 ~ 0. 

3AeCb g(t) - Henpep~BHaA ~YHK~HA, YAOBneTBOpA~aA ycnOBHftM 
• g (0) •0 , g(oo) .:1 , ( • , • ) (4) - 0006111eHHaA KBaApaTypHaA $QpMy­

na CHMI"JcoHa, Hcnonb3y~a~~ y3n~ r i , i .. 1, ••• , N , pa3HOCTHO~ 
ceTKH c.~h c T04HOCTbiO nopAAKa O(h 4 ). AnA onepaTopa .P(t,z(t))• 

I (1) (2) (8) . ' 
= .p (t,z(t)),.pj (t,z(t)),.pj'(t,z(t}),J,J,•1,21 /12/ COCTaBnAeM 3BO-

niO~HOH~Oe ypaaHeHHe Henpep~BHoro aHanora MeTOAa Hb10TOHa
121 

c Ha4allbH~M ycnoaHeM z =IA(t), u(r1 ,t)ll tsO =I.\ 0,Do(r1 )I, ABn~tiO-

IIIHMCA PeweHHeM 3aAa4H /6/-/8/. PeweHMe 3TOH 3aoniO~HOHHOH 3aAa-
4H MeTOAOM 3Hnepa~S/ npHBOAHT K HTepa~HOHHO~ CXeMe peweHHJI 3a­
Aa4H /9/-/11/. Ha Ka*AOM ware c HOMepoM k HTepa~HOHHoro npo~ec­
ca !!PH H3BeCTH~X l A1r, UJ.: (r!) I Heo6xopwMo Hrli:tTIA !'f>!!!t:>~IA~ vi > 
H y\kJ Pa3HOCTH~X KpaeB~X 3aAa4: 

[0(2) l (2) ' (h) (h) (4) 
0 -,\kpO'vk .. -(gk+gk)Wk 0 k-gk(Wk vk-1+(2vk:-!K uk], 

<2> <2> (2) <2> 11 3/ 
[do J (.\o)+gk (d J (.\k >-do J <A o»l v k '" 

[ 
(4) (2) ' (4) (2) 

-~ dj (Ak)-dj (,\k))(Uk+ vk_1 )-gk[dj (Ak)-d0 j(A0))vk, J=1.~, 

[0~2) -•\Polvis> .. (Po+ gk(p-po ))uk, /14/ 

I /15/ 

Ah o<2> wh 
""k = o -AkPo+gk k_..----

h h (2) (4) 
Bk .. g~Wk+gk(2 (-uk+Vk )K , 

h (3) (4) 
C k = 1\ (2 v k K - (PoHk (P-Po )). 

rAe rk aenH4HHa wara MeToAa 3Hnepa, a 

(2) (3) 
v k = -uk + v k + I-lk v k . 

HTepa~HH 3aKaH4HBaiOTCA npH s~nonHeHHH HepaseHCTB 

£ > 0 - 3aAaHHOe AOCTaT04HO Ma.noe 4HCnO. 

/18/ 

/19/ 

/20/ 

/21/ 

s 



PaaHOCTHOe peweHHe IAh,uhl. nony4eHHoe Ha nocneAoaaTenb­
HOCTH cry~a~HXCR CeTOK Wb, MO*HO YT04HRTb C noM~bO 3KCTpa­
nOnR4HH no PH4aPACOHY H naAe. OnHweM np04eCC YT04HeHHR paa­
HOCTHoro peweHHR c noMO~bo naAe-·3KcTpanonR4HH 161, HaH6onee 3CI>­
CI>eKTHBHoi1 AnR HenHHeHHbiX 3aAa4. nycTb I A(h m ), u (h m) I - pewe-

h 
HHR, nony4eHHbl~ Ha ceTKax ~m, m.1,2, ... ,s (h 111 =-i-1 ). B AaHHOM 

cny4ae peweHHe npeAcTaanReTCR a BHAe AP06Ho-pa4HOHanbHoi1 CI>YHK-
4HH no napaMeTpy h : 

1221 

rAe i - HOMep yana ceTKH wh , 2 ~. i ~. N -1 , N - 4Hcno yanoa 
ceTKH. 3AeCb A H At (i ... 2, .•• ,N-1) RBnROTCR yT04HeHHbiMH 3Ha4e-
HHRMH A(h) HUt (h) COOTBeTCTBeHHO. 0HH, a TaK*e K03~H4HeHTbl 
B , C , D , E H T. A· MoryT 6wTb Hai1AeHw H3 CHCTeMw nHHei1Hwx 
ypaaHeHHi1. AnR nocneAoBaTenbHOCTH H3 AByx, Tpex, 4eTwpex ceToK 
HcnonbaoaaHw paano*eHHR 

4 
A(h) .. A+Bh4, A(h) .. ~+Bh :t ., 

A: D!: 
/23/ 

BwnHweM CHCTeMy ypaaHeHHH AnR onpeAeneHHR A npH ycnoBHH, 4TO 
HaaecTHbl peweHHR At , A 2 , A3 Ha Tpex nocneAOBaTenbHbiX ceTKax: 

Bwpa*eHHe AnR A HMeeT BHA 

asb2- a2b 3 A • _-.,--._-......_ 
p(b 2- bs) 

AJ -•A· 1 b J-
j = - '• 16 (j-l) 

p = 11)/16. j =2,3. 

6 

/24/ 

/25/ 

126/ 

AHanorH4HO npoBOAHTCR yT04HeHHe 3Ha4eHHi1 co6cTBeHHoi1 CI>YHK4HH 
BO BHyTpeHHHX yanax CeTKH Wb /T. e. onpeAenROTCR A i , i.,. 2, •.•• , 
N-1 I. 3Ha4eHHR A 1 , AN HaXOARTCR H3 rpaHH4HbiX ycnoaHi1. 

3. 4MCflEHH~A nPMMEP 

PaccMOTPHM HHTerpoAH~epeH4HanbHOe ypaaHeHHe 

u"+(!.·-A)u +U fudr .. o 
r o 

C rpaHH4HbiMH ycnOBHRMH 

u(O).O, 

[ r u ~ + (r-1) u] I r -+ "" • 0. 

3aAa4a /27/, /28/ xapaKTepHa TeM, 4TO HMeeT peweHHe 

u • .. re -r 

KpoMe Toro, cy~ecTayeT napaMeTpH4ecKoe ceMei1cTao peweHHH 

A(C) •A*+ (c-1). 

u(r,c)-cu •. 

1271 

/28/ 

/29/ 

/30/ 

rAe C- npOH3BOnbHaR KOHCTaHTa. PeweHHe /30/ YAOBneTBOpReT 
YCOOBHO 

(u 2(r,c)dr- c 2 f(u*)
2

dr • ..!.c 2
. 

0 0 4 
/31/ 

B cny4ae c =2 /30/ YAOBneTaopReT ycnoaHo 

"" 2 ( u (r,2)dr -1-0, /321 
0 

KOTOpoe COBnaAaeT C nepBbiM ycnOBHeM /8/, HeCMOTpR Ha TO, 4TO 
( 2 J 0. TaKHM o6paaoM, a 3TOM 4aCTHOM npHMepe MO*HO npH Haxo*­
AeHHH peweHHR c noMo~bD npeAnO*eHHOH HTepa4HOHHoi1 cxeMw /13/­
/26/ HCnOnb30BaTb o6a BHAa ycnOBHH HOpMHPOBKH /8/ C06CTBeHHOH 
CI>YHK4HH. 

B pac4eTax HCnonbaoaanHCb TPH paaHOCTHwe ceTKH ~ c waraMH 
h- 1/2, tl/4, 1/8 Ha HHTepaane 0 < r s; 30, war r= 0,5, £= 10-7 
g(t)-1-e- • 
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8 Ta6n.1 nOKa3aHa CXOAHMOCTb HTepa4HH Ha pa3HWX CeTKaX 
C HCOOnb308aHHeM nep80H HOpMHp08KH /8/, npH4eM Ha Ka*AOH no­
cneAY~eH ceTKe 8 Ka4ecT8e Ha4anbHoro npH6nH*eHHR 8w6Hpanocb 
HenpepW8HO npOAO~eHHOe Ky6H4eCKHM cnnaHHOM peweHHe, nony4eH­
HOe Ha npeAWA~eH CeTKe. 

B Ta6n.2 npHBeAeHw yT04HeHHwe 3Ha4eHHR >., HaHAeHHWe c no­
M~bC 3KCTpanonR4HH no PH4aACOHY (R)H naAe (P).4nR cpa8HeHHR 
8 nep80H KOnOHKe AaHW COOCTBeHHWe 3Ha4eHHR (R), 8W4HCneH­
HWe no CXeMe nopRAKa O(h2). 0TMeTHM, 4TO KOnH4eCTBO MTepat4HH 
AnA CXeM nOPRAKa 0 (h2) H O(h4 ) npHMepHO OAHHaKOBO. 

Ta6JJH~a 2 

h 

(J/2, 1/4) 

(J/4, l/8) 

(J/2, J/4, 
1/8) 

A R (2) 

2,9976371 

2,9998273 

2,9999733 

A R ( 4) 

2,9997700 

2,9999980 

3,0000016 

Ap(4) 

2,9997700 

2,9999980 

2,9999991 

Ta6n.3 AeMOHCTpHpyeT CXOAHMOCTb HTepa4HH Ha pa3HWX CeTKaX 
npH HCnOnb30BaHHH BTOpoH HOpMHpoBKH /8/ C06CT8eHHOH ~YHK4HH. 
B Ka"'eCTBP H.r:IIU~n .... wnr-n nnuf\n, .. waLu .. a u~ ~.~~w"'"''"~ - .... - ....... - .. ~: .. -----· 

- -r· · -·······-· '"''*" • ·- ""'-""""'""''"' -""""' 1 '""" uueV'It-'U..ttV\.oD 

peweHHe Ao= 1, u 0 .. 2re-r 3aAa4H 

u "+ (.!.,_.\)u .. o, 
r 

u(O) .. o, 
/33/ 

[ru'+(r-l)u], ... oo .. o, 

KaK H B pac4eTaX Ha nepBOH CeTKe C nepBOH HOpMHPOBKOH /8/. 
B Ta6n.4 AaHw YT04HeHHwe 3Ha4eHHR >.,aHanorH4Hwe npeAcTaa­

neHHWM 8 Ta6n.2. 
PaccMoTpHM nocneAoBaTenbHWe pa3HOCTH 111 , 112 nony4eHHWX 

4HCneHHWX peweHHH Ha Tpex cry~a~HXCR CeTKaX. 0THOWeHHe 0,\= 
=a1 /u2 noKaswaaeT nOPRAOK CXOAHMOCTH paSHOCTHOrO peweHHR. EcnH 
!fz*-,zh II.., O(h

0 
), TO n-logiu1/a2 ). 4nR nepaoro aa-

pHaHTa HOpMHpOBKH n - 4, a AnA BTOpOrO - n- 5, KaK BHAHO H3 
Ta6n.1 H 3 COOTBeTCTBeHHO. 4nR 060HX np04eCCOB Ha6nCAaCTCR 
cny4aH HeMOHOTOHHOH CXOAHMOCTH no HeBR3Ke. 
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Ta6JIHQa 4 

-
h ,\ R (2) ,\ R(4) Ap(4) 

(1/2, 1/4) 3,0036299 2,9997718 2. 9997718 

(1/4, 1/8) 3,0002364 2,9999821 2,9999821 

(1/2,1/4,1/8) 3,0000101 2,9999854 2,9999824 

AaHHWH MeTOA MO*HO Hcnonb30BaTb npH peweHHH CHCTeM HHTerpo­
AH~epeH4HanbHWX ypaBHeHHH, B03HHKa~HX B aAHa6aTH4eCKOM npeA­
CTaBneHHH 3aAa4H Tpex Ten C KyflOHOBCKHM B3aHMOAeHCTBHeM(9/c 
noMO~bO pa3pa6oTaHHOH nporpaMMW SISTEM 11°/ 6e3 cy~eCTBeHHo­
ro H3MeHeHHR ee CTpyKTypw. 
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t\3D8T,!:I1bCKMH OTUen 06"beDHHeHHOro HHCTHTYT8 HDePHbiX HCCneUOB8HMA 

BHHH!4KHH C.H., roqeaa A.A .• ny3WHHH H.B. P11-82-315 
noawweHHe TO'IHOCTH p83HOCTHOrO peweHHA HHTerpoAH~epeH!4Hal1bHOro ypaaHeHHA 
MeTOAOM aapHai4HH napaMeTpa H naAe-3KCTpanOI1AI4HeH 

AaH anropHTM 'IHcneHHoro peweHHA 3aAa'IH Ha co6cTaeHHwe 3Ha'leHHA AnA 
HHTerpoAH~peH!4Hal1bHOrO ypaaHeHHA, AnropHTM peanH3yeT HTepa!4HOHHWH npo-
14eCC, nony'leHHWH C noM~bC HbCTOHOBCKHX HTepai4HH H MeTOAa aapHai4HH napa­
MeTpa. HHTerpoA~PeH14HanbHWH onepaTop annpoKcHMHpyeTcA ceTO'IHWM onepaTopo~ 
C TO'IHOCTbO 0 (h4 ), rAe b - war CeTKH. AnA HaXO*AeHHA HTepa14HOHHWX nonpa­
BOK o6palll8eTCA TpeXTO'Ie'IHWH pa3HOCTHWH onepaTOp TO'IHOCTH 0(h2 ), a pa3HOCTb 
Me*AY HCXOAHWM AHCKpeTHWM onepaTOpoM H o6pa~aeMWM paCCMaTpHaaeTCA KaK 803-
M~eHHe. 3TO B03M~eHHe BKnC'IaeTCA C nO~bO 3aAaHHOH HenpepWBHOH ~YHKI4HH 
B XOAe HTep8!4HH. 8 peaynbTaTe nonyqaeTCA peweHHe HCXOAHOH 3.aAa'IH C TO'IHOCTbiC 
O(h 4). nony'leHHwe peweHHII YTO'IHACTCA naAe-3KCTpanonA!4HeH. PacCMOTpeH 'IHC­
neHHWH npHMep. 

Pa6oTa BWnonHeHa B na6opaTOPHH BW'IHCI1HTel1bHOH TeXHHKH H aaTOMaTH3a­
!4HH OH.RH. 

Vlnltsky S.l., Gocheva A.D., Puzynin I .V. Pll-82-315 
Improvement of Accuracy of Difference Solution of lntegro-Differential 
Equation by Parameter-Variation Method and Pade-Extrapolation 

The algorithm for solving the eigenvalue problem for an integro-diffe­
rentlal equation Is presented. The iteration scheme is obtained by combining 
Newton Iterations and the Parameter-variation method . The integro-differen­
tlal oferator Is approximated by the discrete operator with an accuracy 
of O(h ), b being the net step. To find the iterative corrections the 
difference operator of the second-order accuracy is inverted and the diffe­
rence between the o-riginal discrete operator and the one to be inver:ted is 
considered as a perturbation. The perturbation Is switched on in the course 
of Iterations by a given continuous function. Thus, the difference . solution 
of the original problem is obtained with the fourth-order accuracy. Pad~ 
extrapolation is applied to improve the accuracy of the difference solution 
A numerical example is discussed. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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