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1. BBE.QEHHE 

OpH peweHHH 3aAa4 Ha co6cTBeHHwe 3Ha4eHHR HTepa~HOHHWMH 
MeTOAaMH Ba*HOH npo6neMOH RBnReTCR nocTpOeHHe Ha4anbHWX yc­
nOBHH AnR HTepa~HH. Opo6neMa ycno*HReTcR, ecnH HY*HO HaHTH 
AOCTaT04HO 6onbwoe 4Hcno co6cTBeHHWX peweHHH. B 3TOM cny4ae 
He06XOAHMO nH6o HCnonb30BaTb AOCTaT04HO XOpOWHe Ha4anbHWe 
npHfinH*eHHR, nH60 nOCTpOHTb MeTOA, HMe~HH 6onee WHpoKyQ o6-
naCTb CXOAHMOCTH H n03BOnRQ~HH BWAenRTb Tpe6yeMWe peweHHR H3 
cneKTpa. KOM6HHa~HR MeToAa aapHa~HH napaMeTpa H HbQTOHOBCKHX 
HTepa~HH 111 AaeT B03MO*HOCTb peanH3a~HH BToporo nOAXOAa. Me­
TOA BapHa~HH napaMeTpa, BKnQ4eHHWH 8 HbQTOHOBCKHe HTepa~HH, 
noaaonReT a Ka4eCTBe Ha4anbHWX npH6nH*eHHH HcnonbaoaaTb pe­
weHHA 6onee npocTwx 3aAa4 no cpaaHeHHQ c HCXOAHOH. BwAeneHHe 
Tpe6yeMOro peweHHR MO*HO OCy~eCTBHTb BBeAe_HHeM ecTeCTBeHHOrO 
AOnOnHHTenbHOrO ycnOBHR OpTOrOHanbHOCTH HCKOMOrO peweHHR KO 
aceM paHee HaHAeHHWM. B 3aAa4ax AnR AH~peH~HanbHwx ypaaHe­
HHH 3TO npHBOAHT K HTepa~HRM AnR HHTerpOAH~epeH~HanbH~X ypaa­
HeHHH. HTepa~HOHHaR cxeMa 111 noaaonReT HaXOAHTb HTepa~HOHHwe 
nn"'P·EH!~~ ~!!~ ~eu:e~~~~ :q::.::c::u;x 3UA~~ W"'in ~n\ii41t:~c:ML4t'ldJibHbiX ypaa­
HeHHH. 

B 3TOH pa6oTe npHBeAeHa HTepa~HOHHaR cxeMa, peanHay~aR 
AaHHWH nOAXOA H RBnR~aRCR ecTeCTBeHHWM o6o~eHHeM anropHTMOB, 
npeAnQ•eHHWX a pa6oTax 11•21 -. C noMO~bQ 3TOH cxeMw BW4HcneHw 
xapaKTepHCTHKH OCHOBHOrO H ABYX B036Y*AeHHWX C~epH4eCKH-CHM­
MeTpH4HWX COCTORHHH aTOMa BOAOPOAa. 8 Ka4eCTBe Ha4anbHWX npH-
6nH*eHHH HCnonb30BaHW peweHHR 3aAa4H 0 ABH*eHHH CB06oAHOH 
4aCTH~w a c~epH4eCKOM R~HKe. Bnepawe peweHHe aaAa4H a TaKOH 
nOCTaHOBKe AnR OCHOBHOro COCTORHHR 6~ paCCMOTpeHO B pafioTe/3/ 
B paMKaX TeOpHH B03My~eHHH. HHTepec K 3TOH npo6neMe He ocna-
6eaaeT AO HaCTOR~ero BpeMeHH/4/.QTMeTHM, 4TO B036Y*AeHHWe co­
CTOAHHA HaHAeHW B pa6oTe/i/ MeTOAOM TeOpHH B03My~eHHH no rpa­
HH4HWM ycnOBHRM lSI • 

2. HTEPAUHOHHAR CXEMA 

PaccMoTpHM aaAa4y Ha co6cTBeHHWe 3Ha4eHHR AnR ypaaHeHHR/1/ 

[P - Ap] u- 0, /1/ 

A c; R, u - u(r), p - p (r) , r c; [R 1 , ~] , 

•" oN ..... _, ... ' 
.... 'l...O.io) 

.. :;1.1:' .i 
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' 
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d 2 d 
P ""' q 2 (r) dr 2 + q 1 (r)d;" + q 0 (r) + ~ 1 K 1 • 

R2 
K

1
u""' f K 1(r,r')u(r')dr'. 

R1 

Tpe6yeTcR HaHTH co6cTseHHwe 3Ha~eHHR A H co6cTBeHHwe ~YHK~HH 
u(r), YAOBneTsopRICI!qHe rpaHH~HYM ycnoBHRM 

d J (A)u = [aj (A, r)u'(r} + b J (A, r)u(r)l I r•Rj .. 0, 

2 2 a J + b J > 0, j = 1,2 , 

H ycnOBHO HOPMHPOBKH 
R2 2 

(u, u)- 1 = f u (r}dr - 1 = 0. 
R1 

121 

/3/ 

3aAa~a pewaeTCR B npeAnono*eHHH, 4TO cy~eCTByeT AHCKpeTHYH 
cneKTP onepaTopa P (A~ , n = 1,2, ... ) H co6cTBeHHwe 3Ha~eHHR 
A~ - npOCTYe. npeAnOnaraeTCR TaK*e, ~TO onepaTOP P H ~YHK­
~HR p(r) MOryT 6wTb npeACTasneHY B BHAe 

P = 00 + (P - D 0 ) , 

p(r) -Po (r) + (p(r) - p 0 (r)) , 

H H3BeCTHY peweHHR lA On , u On (r) I 

(Do -Apo)u = o, 

d OJ (A) u = 0 , 

(u, u) -1 = 0, 

rAe 

d
0

j (A)u = [ a
0
J (A, r)u'(r) + b 0J (A, r)u(r)] I r=RJ • 0, 

2 2 a 0j + b Oj > 0, j = 1, 2. 

/4/ 

/5/ 

AnR OTYCKaHHR peweHHR IA*
0

, u~l. n> 1, socnonb3yeMcR npeAcTas­
neHHeM HCKOMOrO peWeHHR B BHAe 

n-1 
u • 1/r n (y) "' y - ~ (u~, y) u ~ , 

m .. 1 
/6/ 

n-1 
dJ(A)y+~2 dj(A) ~ (u~,y)u* =0, 

m•1 m 
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n-1 2 
(y,y)-1+~ 2 ~ (u*,y) =0. 

m=1 m 
3AeCb 

n-1 
K 2 y - ~ (u;ri, y)(P -Ap) uin 

m=1 !81 
n-1 

"' p ~ (u * , y)(A * - >.) u * , ~ 2 -
m= 1 m m m 

-1, n > 1, 

0, n = 1. 

8 COOTBeTCTBHH C MeTOAOM 11 ' 21 BBeAeM HenpepYBHYH napaMeTp t, 
0 ~ t < ... , a onepaTOPY CHCTeMY ypasHeHHH /7 I, /8/ oTHOCHTenbHO 

Z=(A,yl: 

..J. ,. _,,.,' 
"t'\"t~\"11-

[ 

[D0 ->.(t)p 0 + g(t)(P-D 0 -A(t)(p-p0)+~ 2K2 )]y(t), 

[dOj (A on)+ g(t)(d j (A(t)) -d 0j(>. On ))]y(t) + 

l 
n-1 

+~ 2 g(t)dj(>.(t)) ~ (u*,y(t))u* 
mz1 m m 

n-1 
(y(t), y(t)) -1 +~ 2 g(t)m~ 1 (u~, y(t))

2 

' j = 1,2. 

AnR onepaTopa /9/ COCTaBnReM 3BOnO~HOHHOe ypaBHeHHe Henpepys­
HOrO aHanora MeTOAa HbOTOHa /?~ KOTOpoe pewaeM MeTOAOM 3Hnepa18/ 

Ha ceTKe 0, .. ltk+1=tk+'k' k=0,1, ••• ,to=Ol c Ha4anbHYM ycnosH­
eM, RBnRO~HMCR COOTBeTCTBYO~HM n-peweHHeM 3aAa4H /5/. nony-
4eHHWe TaKHM o6pa30M HbDTOHOBCKHe HTepa~HH npOAOn*aDTCR AO 
AOCTH*eHHR Tpe6yeMOH TO~HOCTH peweHHR Z, a HCKOMOe peweHHe 
U

0 
BOCCTaHaBnHBaeTCR no ~pMyne /6/. 

3. 4HCflEHHA~ CXEMA 
nocTpOHM paeHoMepHyD ceTKY Ha oTpe3Ke [R 1,R 2 ) c waroM 
RrR1 h = /N - 4Hcno y3nos/, 

N-1 
"'h =lr 1 -R1 +(i-1)h, i -1, •.• ,N,r 1=R1 ,rN=R2 1, 
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H npoBeAeM annpOKCHMa~HO CHCTeM~ ypaBHeHHH /7/, /8/ Ha ceTKe 
TaKHM o69a30M, 4T06~ HMeTb B03MO*HOCTb nony4HTb CXeMy nopRAKa 
-0~~ )12 .B pe3ynbTaTe ypaaHeHHR AnR HTepa~HOHH~x nonpaaoK v~~r1 ) 
H v

11 
(r

1
) npH H3BeCTH~X .\ 11 .. .\(t 11), y 11 (r1) .. y (t 11 , r 1,> npHMYT BHA 

(D ~) - ,\ ll p o (r i )) v ~) (r l ) .. - (g, It + g It )(A~ + B: ) Y k (r l ) -

- g k(A: + B: ) vk-1 (r l ) • 

(2) <2> <2> <2> I 1 0/ 
(d OJ (.\ on) + g k (d kJ - d OJ (>.onm v It (r 1)-g..J..d<:/- d ~~>><Yt (r ,>+'\-1<r, )}-

, ( (4) (2) ( , (4) _b (4) _li 
-gk dkj-dOJ ,\on))yk(r,)-(gk+gk)dkj [.c yk(r,)]-gtdkJ[U vk-1(r,)], 

(2} (3) j = 1,2. 
(Do -.\tPo<r,))v k(r,)=[Po<r,)+gk(p(rt}-Po<rt))]yk(ri)+, 

b 
+gltp(r 1)C yk(r 1). 

(d~~}(,\ On)+ g k(d W- d~~) (,\ On)))V~) (r l)"" 

--gkdx~:~ Yk<r,>-gtd~.C:/[Chyk(r ,>1. J ... 1,2, 

n-1 a: yk(r,> =e2p(r,>m:1 (u~(r,),yk(ri))(4)(,\: -.\k)u~ (r,). 

n-1 
Cb ·Yk (r,>=e2 m~1 (u~(ii ), yk"(rl ))(4) u*m(rl). 

OnepaTop~ p<4> , dC:/ anllpoKc"HMHpyoT ~ooTBeTcTBY~He P, dtJ = 
= dj(,\k) c T04HOCTb0 -O(b 4 ) ; D fr> • .t~<:) • dw (.\on) annpoK-

CHMHpyOT Do, d ltJ , doJ (~) c i"o4HOCTbO -O(h 
2
).' 11HTerpan~ a~-

4HCnRoTcR no o6o6~eH~OH K~3ApaTypHOH ~pMyne CHMncoHa c y3-
naMH pa3HOCTHOH ceTKH. di·~ll - pa3HOCTH~H onepaTop, annpoK-

CHMHPY~HH C T04HOCTb0 _()~n 4) onepaTOP 

d~ =a~(,\ ,r)drd +b~ (,\ ,r), J=1,2. 
"•kj "•J ll "'J It 

11Tepa~HOHH~e nonpaBKH !lt H Vk (r 1) HMeOT BHA 

l+(yk (r,),ylt (rt )-2vi~rl ))(4) +(gk-()(yk (r t ),ChYt(rl))(4)-2gJYit(r,) ,chv<!><rt))(4) . ,...., 
p• 

v
11

(r
1
)""-y

11
(r

1
) + v~2>(r 1 ) +p 11 v~

3)(r 1 ). /12/ 

HOBble 3Ha4eHHR ,\ k+l , Y It+ 1(fi) onpeAenROTCR H3 COOTHOWeHHH 

/13/ 

CeT04H~e cpyHK~HH v ~) (r 
1

) H v i3>(r1 ) RBnROTCR peweHHRMH pa3HOCT­
H~X KpaeB~X 3aAa4 H HaXOARTCR MeTOAOM nporOHKH/9/, 

TaK KaK Ha4anbH~e npH6nH*eHH.A H3BeCTH~: .\on , Yon (r 1 ) , TO 
npo~ecc a~4HcneHHH {.\ k, y k (r 

1
) 1, k= 1,2, ... , nonHOCTbO onpeAeneH 

H npeKpa~aeTcR Ha k -TOM ware npH a~nonHeHHH ycnoBHH: 

rAe f.>.O AOCTaT04HO Mano, IPYHK~HR UJt~fi} unpt:At:JIJit:I<..H ..,~ ~o.u-

OTHOWeHHR /6/ 
n-1 

u ll (r i) ... y II. (r i) - m~ 1 (u in (rl) • Yt (r i )) ( 4) u: (r i ) • 
/15/ 

8 CHny TeOpeM /"',S/ BblnOnHROTCR COOTHOWeHHR 

4 
lim ,\II. • ,\ *n + O(h ) , 

/16/ 

)t-ooo 

/17/ 

4. HAXOI~EHHE C06CTBEHH~X PEWEHHA YPABHEHHR WPE~HHfEPA 
B 3AAA4E 06 ATOHE BO~OPO~ 

3aAa4a onpeAeneHHR ypoBHeH 3HeprHH H aonHOB~X cpyHK~HH aTo­
Ma BOAOPOAa C op6HTanbHbiM MOMeHTOM f=Q HMeeT BHA 

} u" (r) + ! u(r) + ,\ u (r) = 0 , 0 < r < oo , 
/18/ 

u(O) .. u( .. ) = 0. 



r 

0 
0,6 
I, 2 
1,8 
2,4 
3,0 
9,0 

18,0 

r 

0 
0,6 
I, 2 
1,8 
2,4 
3,0 
3,6 
4,2 
::~,v 

27,0 
39,0 

0 

uh 
1 

0,6585682 
0,7228595 
0,5950694 
0,4354400 
0,2987170 
0,2221128· 10-2 

0,5480388·10-6 

h 
u 2 

0 
-0,2199892 
-0,1862535 
-0.51 7 41 06. 10-1 

0,1022227 
0,2366502 
0,3366067 
0,4000260 
u,L,./,.;)OO 

0,3274266·10- 3 

0,1735980·10-& 

0 

Ta6JIHQa I 

ul 

0 
0,6585653 
0,7228566 
0,5950682 
0,4354405 
0,2987185 
0,2221247.10-2 
0,5482721 ·10-8 

Ta6nHQa 2 

u2 

0,2200114 
0,1862725 
0,5174778.10-1 

-0,1022285 
-0,2366649 
-0,3366253 
-0,4000441 
-U,L4/4J'I'I 
-0,3271768.10-3 
-0,1733717· 10-li 

. B Ka4ecTae Ha4anbHoro np1o16m11KeHHR AnR HaxOlKAeHHR n -peweHHR 
I~ n, u n(r1 )I c nOMOIJibiO HTepa~HOHHOH cxeMbl I 1 01- I 151 aoa bMeM 
peweHHe aaAa4H 

..!.. u "(r) + ~ u (r) = 0, 
2 

u(O) ... u(R) = 0 , 

HMe~ee RBHbiH BHA 

n2~r2 
~on=~ 

uon (r) .. sin(Difr) 
R • 

O<r<R, 
1191 

1201 

rAe [O,R) - 0Tpe30K, Ha KOTOPOM OCyiJieCTBnReTCR annpOKCHMa~HR 
aaAa4H 1181. 
6 

4HcneHHOe peweHHe 3aAa4H BblnOnHRnOCb AnR D •1 ,2 ,3 Ha 0Tpe3-
Ke [0,80) npH cneAYIOIJIHX napaMeTpax HTepa~HOHHOH CXeMbl! 

b • 0,1, t = 10-8 , g(t) - 1- e -t , r = 0,5. 

T04Hble peweHHR paccMaTpHBaeMoH aaAa4H 1181 H3BeCTHbl: 
1 

~=--. 1211 
2n2 

r 

0 
0,6 
I, 2 
I ,8 
2,4 
3,0 
3,6 
4,2 
4,8 
5,4 
6,0 
6,6 
7,2 

13,2 
i4,4 
55,0 

k 

0 
I 
2 
6 

10 
14 
19 
22 
24 
26 
28 
33 
42 

u~ 

0 
-0,1184916 
-0,9494728· 10-1 

-0,1520746·10-1 

0,7195005 ·10-1 

0,1416036 
0,1836422 
0,1966769 
0,1840329 
0,1511879 
o, 1042017 
0,4881168.10-1 

-0,1003316.10-1 

-0,3185360 
-u,.:>uo.:>Su4 
-0,3824873·10-:-4 

~ k (n = 2) 

0,1370778.10-2 
-o, 1858043. 1 o-2 
-0,6979888·10-1 
-0,1404968 
-0,1183980 
-0,1206178 
-0,1251983 
-0,1254628 
-0,1250965 
-0,1249982 
-0,1249018 
-0,12499248 
-0,1249?94 

Ta6JIHQa 3 

ua 

0 
0,1184887 
0,9494627· 10-1 

0, 1520911· 10-1 

-0,7194583 ·10-1 
-0,1415968 
-0,1836326 
-0,1966642 
-0,1840172 
-0,1511695 
-0,1041811 
-0,4878947 .10-1 

0,1005619.10-1 
0,3185397 
0,3083497 
0 , 4 I I 91 61 . 10 - 4 

Ta6JIHQa 4 

8k 

0,918.10-2 
0,488·10 
0,664 ·10 
0,930 
0,890 ·10- 1 

0, 723 .10-2 
0,812 ·10-8 
0' 176.10-2 
0,477.10-8 
0,644 ·10-4 

0,358·10-8 

0,296 .10-4 
0,445.10-6 
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-r 
- re u

1 
(r) 

u
2
(r) - (2r- r 2 )e-r12 

/22/ 

u 8 (r) - (8r - 4r 2 + ! r 8 ) e -r/s 

HaHAeHH~e HaM~ nepa~e TP~ co6cTaeHH~x 3Ha4eH~R paaH~ 

.\~ = -0,500001' .\: = -0,124999, .\~ = -0,055554. /23/ 

CooTaeTcTay10111~e ~M paAHanbH~e CI>YHK~HH u ~ (n - 1,2,3) npeACTaa­
neH~ a Ta6n.1-3, rAe OHH cpaaHHaaiOTCR C T04HWMH peweHHRMH /22/, 
HOpMHpoaaHH~MH ycnoaHeM /3/. 8 Ta6n.4 noKa3aHa CXOAHMOCTb 
HTepa~HH npH HaXO*AeHHH aToporo C06CTaeHHOro 3Ha4eHHR. 

8 3aKnl04eHHe OTMeTHM, 4TO a OTnH4He OT CXeM TeOpHH a03My­
UieHHH, HCnOnb3YIOIII~X Man~H napaMeTp, npeACTaaneHHaR HTepa~HOH­
HaR cxeMa HMeeT 6onee WHPOKYIO o6nacTb npHMeHHMOCTH. CyUiecTayiOT 
3CI>CI>eKTHaH~e cnoco6w yT04HeHHR pa3HOCTHWX peweHHH ItO/ noaaonRK>-

' IIIHe noa~cHTb Tp4HOCTb peaynbTaTa. CxeMa 6ea TPYAa MO•eT 6wTb 
o6o6111eHa Ha MHoronapaMeTpH4eCKHe cneKTpanbHWe 3aAa4H/111. 
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PyKonHCb nocTynHna a H3AaTenbCKHH OTAen 
3 MaR 1982 roAa. 

BHHM~KH~ C.H., ro~e8a A.A .• ny3WHHH H.B. P11-82-314 
0 nocTpoeHHH Ha~anbHWX npK5nK*eHK~ MeTOAOM 8apHa~HH napaMeTpa 
An~ HbOTOH08CK~ CXeMW peweHH~ OAH~ 3aAa~K Ha Co5CT8eHHWe 3Ha~eHK~ 

An~ HaXO*AeHHR HeCKOnbKHX Co5CT8eHHWX peWeHH~ HHTerpoAH~peH~KanbHOrO 
ypa8HeHH~ nOCTpoeH anropKTM, HCnonb3Y~K~ HbOTOH08CKHe HTepa~HH C AOnonHH­
TenbHWM ycno8HeM OPTOrOHanbHOCTH Co5CT8eHHWX ~yHK~K~ H MeTOA 8apHa~KH 
napaMeTpa. Ha~anbHOe ycno8He An~ HTepa~H~ nony~aeTc~ KaK peweHHe 6onee 
npocTo~ · 3aAa~H AnR AH~peH~HanbHoro ypa8HeHHR. C nOM~bO anropKTMa peweHa 
3aAa~a 0 HaXO*AeHKH ypo8He~ 3HeprKK K paAKanbHWX ~YHK~H~ aTOMa 80AOpQAa, 
a 8 Ka~eCT8e Ha~anbHWX npH5nK*eHH~ HCnonb308aHW peweHKR 3aAa~H 0 A8H*eHHH 
~aCTH~W 8 ~PK~eCKOM A~Ke. B KTepa~KAX o5pa.anCA onepaTOp 3aAa~K 0 A8K­
*eHKK Cao6oAHO~ ~aCTK~W, a pa3HOCTb Me*AY nonHWM onepaTOpOM H o5pa~aeMWM, 
8KnO~a~aA KynoH08CKH~ nOTeH~Han, paccMaTpM8anacb KaK 803M~eHMe. no Cpa8-
HeHMO CO CXeMaMM TeOpHH 803My~eHM~, npMMeH~eMWMM AnR peweHM~ TaKO~ 3aAa~M, 

npeAnQ*eHHaR 8W~KCnHTenbHaR CXeMa HMeeT 6onee WHpoKyO o5naCTb CXOAMMOCTM, 

Pa5oTa 8wnonHeHa 8 fla5opaTOPMK 8W~HCnHTenbHO~ TeXHMKH H a8TOMaTM3a­
~HH OH11H. 

Vinltsky S.l., Gocheva A.D., Puzynin I .V. P11-82-314 
On Construction of Initial Approximations by Parameter-Variation Method 
for Newton Calculation Scheme for Eigenvalue Problem 

The algorithm for solving eigenvalue problem for the lntegro-differen­
tlal operator is constructed. It Is based on the parameter-variation method 
and the Newton Iterations with the additional orthogonality condition for 
eigenfunctions. The initial condition for the Iterations Is obtained by 
solving a simpler problem of a differential equation. The algorithm Is 
applied to calculate energy levels and radial functions of the hydrogen 
atom. The solution of the problem of ' particle moving In a spherical 
box is used as zeroth order approximation. In the iterations the zeroth 
order operator Is Inverted, and the difference between It and the original 
operator, that contains the Coulomb potential, Is further considered as 
a perturbation. The present approach is convergent In a wider range of 
problems than the perturbation theory scheme. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1982 
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