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BBe.IIe:tme 

B ~BHHoA pa6oTe paccMaTp~saeTcR HenHHeAHaR KpaeBaR 3~aqa 

-':1 11 +/(x,ycxJ) =-O, xe[o.~]. (I) 

!J(O}=!Jo, 

Y(i)"'Yi. 

~HKI.IHR / (X, IJ) npe~no;raraeTcR ~ocTaToqHo rJI~oA. llycTb B HeKoTopoA 
06JiaCTH 9J 3~aqa HMeeT e~HHCTBeHHOe pemeHHe fi (X) H 3~aqa 

-Y"+J~ lX,YlXJ)Y-=0, XE [O,f]. 

lj(O) =0, 
!I (d.)= 0 

O~H03Ha~o paapemHMa. B pa60T9 ~OKa3aHO, qTo TOr~a KOHeqHopa3HOCTHaR 

Ui<K(j;)~/(~, Ut~(~))=O, ~~~, ... ,N-1.., 

UN (0) = Yo , 
UN (1) =- yi. 

- 't) 
npH ~ocTaTo~o 6oJibmHx !Y HMeeT e~HHCTBeHHoe pemeHHe UN {IV) H 
OWH6Ka ~HCKpeTH38UHH 

eN(~)= i111 (*)- q (~) 
HMeeT aCHMnTOTHqecKOe pa3JIO~eHHe no CTeneHRM ~ 

E 1t( ~) = i -kz i e j ( ~) + 0 ( -k z J + z) , 
j:4 

r~e e. IX),.,, , € 3 (X) He 3aBHCRT OT /II , a J onpe~eJIReTCR rJI~KOCTbiO 

!(~.~) no BTOPOMY aprYMeHTy. C~ecTBOBaHHe TaKoro paaJio~eHHR ~aeT 
B03MO~HOCTb npHMeHRTb aKcTpanoJIRUHIO no PHqBp~coHy. 

B pa6oTe oTcyTcTByeT orpaHmeHHe Ha !PyHKUHIO / THna 

f; (x, ij rx>) ~ 0 Xt: [ 0, il 1 

rapaHTHpYJO~ee ycTo~qHBOCTb KOHe~opa3HOCTHOR 3~aqH (! 1
) BCJie~CTBHe 

n~H,UHna MaKCHMYMa, KOTOpoe 06HqHO BCTpeqaeTCR B JIHTepaType, HanpHMep, 
B
11 

• TaKHe orpaHHqeHHR HenpHeMJieMH ~R pR~a ~H3HqeCKHX 3~aq. 

0-.. ....... ,_..,.,_.,.._,,., ·.· ... ·~ ., .. , .. 
~i;rC.I~··l~t·tr,fii-Vl " \_.I • 

, r •...~ . ·, :_t· · 



I. CaegeHHe K nHHeRHoR sagaqe 

ITycTb B -npocTpaHCTBO ~a~ HenpepNBHO ~K~epeHUKpyeMNX ~KUKR · 
Ha (O,I] c HOPMOR 

~~ <x>B 8 =max I 'I ex> I • 
O~X:£:1 

PaccMoTpKM KpaeBYJO s~aqy (I). IlycTb / lx, 'I) HenpepNBHa no x, !f 
a np.RMoyronbHKKe Pc [?.2 

: 

P={U<,'j), X€[0,1], ':/€(A,B>}. 

Tor~a neBa.R qacTb ypaaHeHK.R (I) onpe~en.ReT OToCipa.eHKe 

T:B-c[O,iJ, 
KoTopoe K~oR !flyHKUKK lJ (X) K3 B CTaBKT a cooTBeTCTBKe ~KUK!l 

(T'I) (x) =- y" (X)+/ (x, IJ ()()) 
K3 C [ 0, 1} • ITycTb a P cy~qecTayeT K HenpepNBHa qacTHM npoKsao~
Ha.R ~~ (x, 'I) . Tor~a onepaTop r ~H~peHUKpyeM no ~ewe ~.R 
ni06oR WHKUKK ~ ( x) , nellt8IJleR BHyTpK np.RMoyronbHKKa P • IlycTb 

s~aqa (I) KMeeT a HeKoTopoR oCinacTK ~€ B e~HctaeHHoe pemeHKe 

~ (><) , nel1t81Jlee BHyTpK P . Tor~a cy~qecTByeT onepaTop T' ( ~) 
K3 B B c [ 0, i J : 

[ r, (!lJ 1 P = - P" + I~ ( x, g lx > J P ( x > , P e B . 

KpaeaNe ycnoBK.R s~atm (I) onpe~en.RIOT oToCipa.eHHe l H3 B a R 2 

(
Y{O) -IJo ) 

ly: !/(of)-!:11 ' YEB. 

OnepaTop e ~H~epeHUHpyeM no <l1peme B ToqKe y lx) 

( pro)) 
[ l' ( v) J p = p (f) 

KpaeaoA s~aqe (I) 
Ty = 0, 

e" = o 
COOTBeTCTByeT nKHeRHa.R KpaeBa.R 3~aqa (2): 

[r' {9}] P=O, 

£ e'unJ P = o. 

' H 

(2) 

~OKSMeM, qTO ycToRqKBOCTb 3~aqH (I) no npaaoR qaCTH B TOqKe y 
HMeeT MeCTO TOr~ K TOnbKO TOr~a, KOr~a KMeeT MeCTO YCTORqHBOCTb 3a
~aqH (2) ;o npaaoR qacTH a Hyne. 

.. 2 

I ' 

.f 
I~ 

·I • 

;~, 
·~ 
,q 
\1 

i': -: 1 

.11'-~ 
.1:, 

,)( 

'' 

'1,·····:·~.·.·. ' ' 

'1t 

. , 
·''I, 
'·/ 

,. 

'• 

-~ 

~-

TeopeMa I 

IlycTb 1! -1, &.z - HopMHpoBaHHNe. npocTpaHcTBa. flycTb onepaTop R 
z-~- ~z .!J.H~peHUHpyeM no ~ewe B TOqKe ~. Tor~a H3 YTB9pli,D;9HRI! I 

CJie.IJYeT yTBepJr,D;eHHe 2 . 
I . YpaBHeHHe 

R~ = o 
yCTOAtiHBO B TOliKe i , T.e. C~eCTByJ)T TaKHe KOHCTaHTN S > 0 , 
0>0 , liTO npH ~ 1 , Zz E l 1 H 

ll1 - il-* t , I ~z - i I " t 
HM88T MeCTO HepaBeHCTBO 

ll,-izH~SI/Rr1-fU21. 

2. YpaaHeHHe 
R'(i)p=O 

ycToftqHBO B TOtiKe 0, T. e. C~eCTByJ)T TaKHe KOHCTaHTN j 
1 
> 0 , $ 

1 

> 0 , 
liTO npH p&: r1 • I p//4 0 I ' HMeeT MeCTO HepaBeHCTBO 

/PH~t S' IR'(~>PU. 
.llOKa3&TenbCTBO 

,lJ,M JIJJCioro ~ocTaTO'IIHO MMoro p E 21 cnpaaeli,IIHBO 

R (~+P)= Rt-l)~ R'(i>P+ O(p). 

CytqecTByeT &., TaKoe, liTO npH II P/1 ~ t. 
#O(P)/1~ ff· 

Tor~a npH p TaKHX, liTO IPI ~ S' , r.~te 
$ '= min ( o , So ) , 

BNTIOJIHIIeTCJl 

U P H 6 S II R ( i + P > - R ( i >I :; S I R 'r i > p + o r PJ II ~ ,. 
•SIR'(i>PU+SHofpJ/J,SIIR'Cl>pf+S 'J: . 

CJie~oaaTeJI&Ho, 

II PH' 2 S I R' (i > pI, 
H YTB9~9HH9 2 BHnOJIHR9TCJl c l'·2S. 

TeopeMa 2 
IlyCTb 2 1 , 2.2 - HOpMHpOBaHHNe npOCTpaHCTBa, i? 2 - 6aH&XOBO. 

06oaH&liHM qepes B"t ( i!! > mapoayw> oKpecTHOCTb ~Hyca t TOliKH 

i! t=. l. 1 • IlycTb onepaTop R : l1-2 2 ~~peHUHpyeM. no ~eme a 

oKpeCTHOCTH B.,. ( l ) TOliKK ~ H R' { l J HenpepNBHa B B't ( i ) . 
TorAa H3 BToporo YTBepJr,D;eHHJI one~eT nepBoe. 
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JlOK8.3aTe.JibCTBO 

TaK KaK 
CTByeT Oo>O 

R 
1 

( l) HenpepbiBHa B TOtlKe Ji , TO ~.II 1 
c = i!S' CYIIIe-

TaKoe, t~To npH z: : IIi!- i 11 .:: 0. 

If R'(it)- R1ri)Jf:!: e. . (3) 

nycTb ~ 1, :Zz €. Bl) (~) ' r~e 
npHH8AJielltHT 8 8' ( 0) H 

. f) I 

S:::mLn rSo, t, T). Tor~a f"'?1-lz 

II z, - Zz H ~ S 1 II R 1 
( i) ( ~ 1 - ~ z )/. ( 4) 

I 
Tax Ka.K 2£- 6BHaxoBo rrpocTpBHCTBO JII. f?.f~) HerrpepJXBHa Ha oTpesKe, 
,IJ;HHJIKIII6i;l e1 JII. Zl!TO CIIpaBe~Ba cllOPMYJia Hl;JOToHa-.Jie!6:mr~a: 

J i!z ' R(~.)-R(r 2 )= fUR->clit. 
l. 

MMeeT MecTo HepaaeHCTBO 
it J'l:z 1-z 

11 J R'ri>dz!?- 1 R'(i>d'J./1- 1 r ai'rl)-R 1ri))cl2/. <5> 
l, i• ~. 

Ho cor.JiaCHO (4) 

:la 

II} R'(i.)d1/I=KR'(i)(i1-1:z)J/~~ /fl1-l:t/f 
l, 

TaK KaK 
it ~t I 

II J (R'(i)-R'(i))d:q~ s 1/R'('~)-R (i)Ud:i 
i! 1 . 1!, 

TO COI'JiaCHO (3) 
i.z 

tf (R
10.>-R'(i))di/l£: 

;~;, 

;z, 

J E. dl ~ e/( ~,- 'lz/1. 
i:, 

Bocno.JibsoaasmHch (6) H (7), npeo6pasyeM (5) K BH~ 

Jil:z ' 1 
/{ R {i}di./(~ S' Ui,-iz./f- E. #'A,-"t..zl. 

;~;, 

CJie~osaTeJibHo, 

( ( . 
1/R(i,>-RCit)//::.s' 1/x.,-zz.U-z:s, fi,-zzll. 

Tor~a 

li!:,-lzll~zs' NR(it)-Rf'l.z.)#, 
I 

H YTBe~emie I crrpaBe~BO c ~ • 2S . 

(6) 

(7) 

coe-

Hs TeopeMbl I BbiTeKaeT, tlTO BMecTo HCCJie~oBaHH.R ycToRt~HBocTH sa
~atiH (1) B TOtlKe ~ ~OCTaTOtlHO HCCJie~OBaTb Ha YCTORtlHBOCTb 3~aqy 
(2) B HYJie, 
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2. YcTo~t~HBOCTb JIHHe~Ho~ sagat~H 

nycTb Ha (O,!J 3~aHa JIHHe~Ha.R Kpaeaa.R sa~aqa 

Tp=.pH + a..rx>p{x)=O, 

proJ = p(1.J, 

a(x) - ~OCTaTOtlHO I'R~KHe ¢yHKUHH. 
Paso6beM oTpesoK [0, l] Ha N paBHbiX qacTe~ TOt~KaMH fv 

(8) 

~ "' J,... , N- i . Ha MHoJKeCTBe £ N ¢YHKUH~, onpe.n.e.JieHHbiX a TOt~Kax t , ~ = 01 ... , /{ , BBe,ll,eM HOpMy 

II f liN =mtu Is(~)/. 
:ho ..... N 

PaccMaTpHM .U.HCKpeTHYD rpaHHtlHYD s~aqy, no.Jiyt~a~c.R a pesyJibTaTe 
KOHetlHOpa3HOCTHO~ annpOKCHMBnHH 3~atlH (8): 

TN U"'= UNix +Q.,NUN=/N, (8 ') 

UN(O)= UN (1.) = 0. 

nycTb 3~aqa (8) HMSeT e,Jl,HHCTBeHHOe pemeHHe·B HeKOTOpO~ 06JiaCTH ~. 
Tor~a npH .u.ocTaTOt~Ho 6o.JibmHx JV s~aqa (8') TaKJKe HMeeT e.n.HHCTBeH
Hoe pemeHHe. ne~CTBHTeJibHO, onpe.n.eJIHTSJib CHCTeMN (8 1)S0N npH N~oo 
cxo~HTC.R K onpe~eJIHTe.JI~ ~ s~aqH (8)/21, ~I 0 • CJie.n.oaaTe.JibHO, 
Hat~HHa.R c HeKaToporo N 'J)N :1: o . 1\oKB.llteM, t~To ~o~s ycTo~t~HaocTH 
s~at~H (8) no npaao~ t~aCTH cJie~eT ycTo~tlHBOCTb s~at~H (8') no npa
aol-1 qacTH. 

TeopeMa 3 

flycTh s~aqa (8) HMeeT e~HHCTBeHHoe pemeHHe H nycTb CYIIIeCTayeT 
.$ > 0 TaKoe, tlTO 

IPII~SH1'plf, PE8. 
"' . Tor~a CYIIIeCTayeT ~ >D TaKoe, t~To ~.~~ R~6oro N 

/(lJ/'1//11 ~ 3
1 
ffTN lJtvffN. 

,AoKa3aTeJibCTBO 
/ 

TaK KaK ..X =0 He ftBJI.ReTc.R TOtlKO~ cneKTpa onepaTopa 

'Ty =-tJ"+O-!f, a£1(>>-m {m.>o>, 

TO >. = m He RBJifteTcft ToqKo~ cneKTpa onepaTopa 

_'f'.t'f= ('f+m)Y=-Y 11 + (a+m)Y, 

K paccTORHHe oT m .n.o cneKTpa onepaTopa 7'1 - dt:St (m, o (7',)) 

60Rbme HeKOTOporo noROlltHTe.JibHOI'O tlHCJia e . COOTBSTCTBYD~H~ r1 
KOHetlHOpa3HOCTHbl~ onepaTop o603HatlHM qepes r~N . CorJiacHo/3/co6-
CTBeHHble 3Hat~eHH.II anepaTopa 1'., N CXO~.IITC.II K COOTBeTCTBYD!11HM C06CT

BeHHbiM 3Hat~eHHftM onepaTopa '1'1 
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)lOK8.3aTeJibCTBO 

TaK KaK R 
1 

( l) HenpepYBHa B TOtiKe ii , TO ~JUI c = z~, 
CTByeT Oo > 0 TaKoe, tiTO npM .i! : II z - iII :E &'. 

CY!IIe-

II R 1(~J- R1(l)ll ,r. e. • (3) 

IlyCTb i! 1, i:z E. Boa) ' r~e 
npMHa,rvielKHT 8 o' ( 0) H 

. S' b=-m~n (00 , t, y). Tor~a p=~z1 -lz. 

II~. -Z.z H:S S 
1 

IIR'(iJ (~ 1 -:lz)l. (4) 
I 

Tax Kax 2,- 6BHaxoBo npocTpBHCTBo .1:t R ('i!) HenpepwHa Ha oTpesxe, 
~1HJmll9i.! e1 .1:t 2z!o CI1p8.B9~Ba cl>OPMYJia Hl,I)TOHa-Jie16m~a: 

J i!z. I 
R(z..)-R(r.z.)= Rf%Jcl'it. 

ii!1 
HMeeT MecTo HepaaeHCTBO 

lt J:tz Zz 
ff f R 1(i.Jdid~ I R'(i>d'i./1- II f (fi'(:;>-R'(iJ)d~ff. (5) 

f, i!1 ~. 
Ho corJiacHo (4) 

:I! a 

!I} R' Ci.J dz II::: KR 1fi > (i.-Iz> h ~ II 1,- :t:t /1 
l, 

TaK KaK 

Jlz s'l.z 1 II (R'(i)-R'(i))a:~:./ff: 1/R'w-R ci>Hd2 , 
l. . ii!, 

TO COrJiaCHO (3) 
lz ii!z · 

If (R'o.>-R'(i))dz./1~ J e dl ~eft ~,-'lz/1. 
i!:, ~, 

BocnOJib30BaBmHCb (6) H (?), npeo6pasyeM (5) K BH~ 

J i!:z 1 
II R' {i!Jchff~ S' Ux,-'iz./1- e pl,-l.zf. 

i!:• 

CJie~osaTeJibHO, 

Tor~a 

( ( . 
1/R(l.,>-RCiil)//~s' /{x.,-z.z./1-z-s, fi:,-%zl/. 

Hi!:,- ltlli:. .zs' V R (it)- R f~z.)#, 
I 

.l:t YTB9pa',ll;9H.I:t9 I CI1p8.B9,l{JI.I:tBO c 3 • 2S. 

(6) 

(?) 

coe-

Hs TeopeMY I BYTeKaeT, tiTO BMecTo HccJie~oBaHHR ycToRtiHBOCTH sa
~at~H (!) B TOtiKe ~ ~OCTaTOtiHO HCCJie~OB&Tb Ha YCTORtiHBOCTb 3~aqy 
(2) B HYJie. 

4 

.~! 

'··}I~ 

,.v: 

~ I 

I, 

~~· ,:,\t, 

:~i 
Jl 
:!:.,., 

if. ~,; 
If 

;·.il·.~ ·' [ 

'4 
1',' 

'•. 

·~ 

•:~ I 

'Y.~;.~ 
\)) 
'/!: 

:~~ .r, ~' 

.:r,i' 
1.' 

!> 

-
I 4 -~ 

2. YcToAt~HBOCTb JIHHe~HoA sa8at1H 

ITycTb Ha [O,IJ 3&naHa JIHHeAHaR KpaeBaH sa~a~a 

7'p=.p" + a..rx>p(x)=O, 

pro)= p(J.J, 

a(x) - ~OCTaTOtiHO rJI&nKHe ~HKUMH. 
PasoC5beM oTpesoK [0, l] Ha N paBHbiX qacTeA TOQKaMH * 

(8) 

v "' J,... . N- i . Ha MHOlKeCTBe EN ~YHKUMA, onpe~eJieHHbiX s Tot~Kax 
! , ~ "" 01 , .. , IV , BBe~eM HOpMy 

II f II"' =ma..x Is r~>l. 
~•(), ... ,N 

PaccMoTpHM ~McKpeTHYD rpaHHtiHYD sanat~y, noJiyt~am~cH B pesyJibTaTe 
KOHetiHopa3HOCTHOA annpoKCHMauHH sanat~H (8): 

rN UN= UNix +Q..NUN=-IN, (8 ') 

UN(O)::: u..N (1.) = 0. 

ITycTb sanat~a (8) HMeeT e~HHCTBeHHoe pemeHHe·s HeKoTopoA oC5JiacTH 50. 
Tor~a npH ~ocTaTOtiHO C5onbmHx IV sanat~a (8'1 TaKlKe HMeeT e~HHCTBeH
Hoe pemeHMe. ne~CTBHTeJibHO, onpe~eJIHTeJib CHCTeMY (8 1

) ~N npH N~oo 
cxo~HTCR K onpe~eJIHTeJI~ ~ s~atiH (8)/21, ~I 0 . CJieAOBaTeJibHO, 
HatiHHa.R c HeKoToporo N CJJN 1: 0 • .noKMeM, t~To H3 ycToRt~HBOCTH 
sanat~H (8) no npasoR t~acTH cJie~eT ycToAt~HBocTb 3anat~M (8') no npa
aoA tlaCTH. 

TeopeMa 3 

DyCTb sanat~a (8) HMeeT e~HHCTBeHHOe p~UeHHe H nyCTb C~eCTByeT 
S > 0 TaKoe, tiTO 

!Pif~SffTp/1, PE8. 
.s I II 

Tor~a CY!IIeCTByeT >0 TaKoe, tiTO ~H JI~6oro IV 

;ru"!l"' ~ s 'urN tJN/1". 
JloKasaTeJibCTBO 

/ 

TaK KaK A=O He HBJIReTCR TOtiKOA cneKTpa onepaTopa 

'T~ =-tJ"+O-!J, a.(X)>-m (m.>O), 

TO A= m He HBJIHeTcH TO~KoA cneKTpa onepaTopa 

'l'.,IJ= (T+m)!J=-Y"+ (a+m)y 
. ' 

H paCCTOHHHe OT m ~0 cneKTpa onepaTopa 1'1 - dt'.st (m, () ('f1 )) 

60Jibllie HeKoToporo TIOJIOlKHTeJibHOro tiHCJia e . COOTBeTCTBym~HA r~ 
KOHetiHopa3HOCTHYA onepaTop o603HatiHM t~epes r~N . CorJiaCH0/3/coC5-
CTBeHHYe 3HatleHHH onepaTopa ~N CXO~HTCR K COOTBeTCTBYD~HM C06CT-

Be.HliYM sHat~eHH.RM onepaTopa 'T1 
I 
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~. 

K 1 K 
). -~~ no~ N . 

N-oo , K=1,Z .•• 

Cne~osaTenhHO, HaqHHaR c HeKoToporo No 

did ( m , () ( r., N) ) > ~ 

T.K. cornacH/4/ 

) - 1 /1 ..:: { II ( r.,IV- mE N - rlid: fm- () (rr,. .. >) 

TO 

/ITN-
1 

/IN= //(T1N-mE)- 1 //N ~ j . 
Hopw onepaTopoB r; 1 orpaHHqeHbl KOHCTaHTO~' He 3aBHCffilleR OT N • 

I 
Cne~osaTenbHO, 3~aqa (8 l ycToRqHsa no npasoR qacTH. 

3. HenMHeRHaR 3~aqa M ee KoHeqHopa3HOCTHb!R aHanor 

TipocTpaHCTBa Ha MHoJKecTsax C 11 [0,J] H C[O,.i]x /R 2 c HOpMaMH 

H~IIE =max fy(xJ/ 
o~x~:t. 

Odi/Eo =H(j(xl)/1 =(do[+!dtft-max/d(J(/( 
Q.f £" O~X~/.. 

o6o3HaqMM qepe3 £ M £ 0 
• Onpe~enMM onepaTop F: E- £() cne,IJ,YTOIIIMM 

o6paaoM: 

( 

~(O)- Yo ) 

FY= Y"+f(x,y(xJ) 

Y(iJ- !:1~ 

Tor~a 3~aqa (!)3anMCNBaeTcH B BM~e 

F':J :::0. 

Ha oTpe3Ke [O,I] sse~eM ceTKY 

6- N = f ~ , ~ = 0, · · · N] • 
06o3HaqMM qepe3 E,..; M E ~ npocTpaHCTBB. ~, 3aiJ,aHHNX Ha ceTKe 

CYN c HOpMaMM 

I ? II EN= ma.x ( ~ ( ~) I , 
'll=o ... "' 

H 1/ Eo == max / r ( *) /1- / s ( o) / +- IS U) J 
N ~·1 ... N-1 

6 

• 

I~ 
., 
\ .. · 
·';';:1 

•I 

t 
'A: 

:t· 
'·' 

~' 

·- f ' 0 

COOTB6TCTBeHHO. Tor~a COOTB6TCTB~aH (!) ~MCKpeTHaR 3~aqa HMeeT 
BH~ 

UNix(~) -r/ (~, UN(~))=O, ~=1 ... N-i, 

U(O)=Yo, 

U U.) = Y1. 

0603HaqMM qepe3 r:"' onepaTop H3 £ N B £ ~ 

FN ?N = 

fN(O) -Yo 

?Nxx (*)+I ci' e~~(~)), V=f ... N-1 

f/11(1)-Y 1 

~'IW ( 2 
1

) B onepaTOpHOM BM~e MOlltHO npe,n;CTaBHT:b K8.K 

FN?N =:0. 

( 2') 

OnepaTop l1 N 

YNEE/11 
£- EN oTo6paJKaeT Y e £ Ha ero ceToqHb!R o6pa3 

(dNY)(~)= Y(~). 
0 AHanorHqHo 4 N : Eo-E~ : 

( 
tJ..o ) "'( do ) d~ d = 4~ ~~K) =- ~~j;,), ~=1, ... , N-1 . • 

QqesM~Ho, qTo ,ll,.IIH no6NX 3neMeHTOB '::J e £ dE E 0 

lim II A "' Y 1/ £ N == //IJ If£ , N-oo 

fim /{ tl ~ d Q Eo = I d II Eo. ,.,... "' 

I. CornacosaHHOCTb 
~OKa.eM cornaCOBaHHOCTb ~aHHOrO MeTo~a ~HCKpeTH38UMM. ~eRCTBM

Te~bHO, ~a no6oro 3neMeHTa Ye £ 
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SN (Y)=-FIII ..:!NY- .1~ F!l 

== 

y (1) - y1 

Y(O) - !lo 

YNit +I(~ J Y(~)) Y{O)- Yo ) r 0 ) 
Y" ( i) +I(~ J !I(~)) :: .Y,v.,,/~)- Y"(-i-) 

YUJ - Y1 I 0 • 

CJie,ll,oBaTeJibHO, 

1/SNVfD = rnax / ':JN- (~)- Y"(~)/~ ~2 /1 !:l&cx>flc 
/II H ~~N-i ~Jl 

H 

// S N //£ ~ _.. 0 npH /'1- oo • 

3Ha~HT,M8TO,ll, corJiaCOBaH. 

2. YcTolt~HaocTb 
DyCTb 3a,ll,a~a ( 2) HM88T pemeHHe ~ (X} , JI9lK8Jil98 B p , K nyCTb 

Ha 3JI8M8HT8 ~ 3a,ll,a~a YCTO!t~KBa no npaao!t ~aCTH. ~OKM9M, ~TO TOr,ll,a 

,ll,aHHbl!t MeTO.,ll, .,li,HC.KpeTH3auHH ycTotl~HB Ha t1 N ~ • CorJiacHo TeopeMe I 
H3 ycTotl~HBOCTH 3a.,ll,a~H (2) Ha aJieMeHTe g cJie.,!J,YeT ycToR~HBOCTb JIH

He!tHoR 3a,ll,a~H (91: 

" 0, - ) -p +ty(><,IJ{lOP=D, (9) 

P(O) = PCO=O, 

Ha 9JI9M9HT9 p (X) :; 0 • 
CorJiacHo TeopeMe 3 H3 ycToR~HBOCTH 3a,ll,a~H (9) a HyJie cJie.,!J,YeT 

YCTOR~HBOCTb B HyJie COOTBSTCTB~eR eR ,li,HCKpeTHO!t 3a,ll,a~H (91 
): 

-UNxt(~)+/~(~,y(~))UN(~)r::{), ~=-l, ... ,tl-1 1 ( 91 ) 

UN {0) = U"'(f) =0, 

Ha 3JieMeHTe U tv = 0 • T. e. CYIIISCTByx>T TaKHe He 3aBHcmJll{e oT N 
nocTo.RHHble S',. 0 , S' > 0 , ~To npH 

11 u N u 6 o' 
EN 
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BblnOJIH.R8TC.II 

II u /II II E, ~ s I II F 'tv ( t1N g) II EO.V • 

llpocTpaHCTBO £ ~ - 6aHaxoao. UoKazeM HenpepbiBHOCTb F ~ ( u N) 
B OKpeCTHOCTH 4 /V lj . 

PaccMoTpHM a fR2. 3aMKHyToe orpaHMt!SHHoe MHoJKecTso 

p"(, = {(X, y) j X E [ 0, iJ, Y (X)- t ~ Y (XU Y (X) t t J . 
'I'. K. ~ ()C) JISJKHT BHYTPH p 
P'toc P.T.K. W~R J~ (X,'j) 
HenpepbiBHa a B'to ( 4 N q ) . 

TO CYIII8CTBYBT 7c > 0 
HenpepbiBHa a P-z 0 , 

)J,etiCTBHTBJibHO, 

TaKOB, ~TO 

TO F :v (UN) 

1/F~ (UN)- F)., (uN)§~supHF:V(iiN)PN -F!vrut~~)Avll€; .,_ 
IP/IIH£)0 dPNf/£N --. 

!:3~~.~; /f~(~, uN(*)) -I~(*, uN(h)) I. 

nycTb- UN E. B'Zo (L\N q) . TorD,a f'y HenpepbiBHa B TOt!Kax 

( ~ , UN ( '*') ) , v :: 0 .. , N . CJie.,ll,oBaTeJibHO, IJ,JI.FI JIIo6oro E > o 
CYIIISCTBYJOT TaKHe S0 , ... , fJ tv > 0 , ~To np11 

,) - ~ iJ (\ f' ( (;;;, UN(7J)), (R' V~))6. o~ v:O ... N. 

Bb!llOJIH.RSTC.II 

~~~(~,UN(~))-~~(*, Vv)·{~E. 
Tor11,a npli S =min { E"o ... 6N} t ecJIIi UN E £N TaKoso, tiTo 

If u.N- U/11/!EN ~ t', 
TO 

max tn (~I UN(~))-!;(~) Ulll(~)) I~ E. 
~"'0 ... N 

llonyt~aeY 

1/F:V (UN)- F:V (UN)!/ ~3£.. 

CJie.,ll,oaaTeJibHO, npH K~oM ~HKCHpoaaHHOM N BblnOJIHBHbl yc~oBii.fl Teope-

Mbl 2 H, 3Ha~HT, CYII18CTBYJOT T8Kl18 0 N , 8 N , ~TO np11 
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§UN -LlNYJIE
11

fo b11, II V,v -ANY 1/E,v ~ tN 

cnpasell,JJI1BO 

1/u"-vNuEN ~ s" QF"uN-~NvN!I~:'J.-. 
CorJiacHo n.oKa3aTeJJbCTBY TeopeMH 3 2 S"' = 2 s 1 H, 3Ha'IHT, He 3B.BHCHT 
OT N. 

noKWKeM, tlTO 8N TaKJKe He 3aBI1CI1T OT N . )~ellCTBI1TeJJbHO, TaK 
KaK tflyHKU11fl t ~ (.x, ~) HenpepblBHa B p'to , TO COrJiaCHO TeopeMe 
KaHTopa oHa pasHoMepHo HenpepbtBHa B Pz

0 
• CJJen.osaTeJihHO, ll,JIR 

c = ts• cytqecTsyeT lo TaKoe, tJTO !Vlfl scex ( x', Y'), ( x '~ y ") € /{, , 

YD.OBJI8TB0p.f!1011111X 

0 (<x' Y') (X" u"J) .t. t j I ) 1J - 0 7 

BhlTIOJIHf18TCfl HepaseHCTBO 

I I~ (X', y ') - f ~ ( )( •. 'i ,, ) I !: ~ • 

Ho Torn.a, ec.1111 If LlN Y - U"' HEN~ Jo , TO ll,JIR .11106oro v = 0, ... /II 

~ -(J J (~ ~ f((!'i,LhY N)),(N,UN "N))) ~Do, 

11, CJie.~OBaTeJibHO, 

//'y ( * , g (~ ) ) - f ~ (IJ , L{ N ( ~) ) I <. ~ 
- .3 

Torn.a 

max ~~~(rv • ~i{~)) -{;(~,UN'(~)) ( ~ ~ 
;) = u ... AI 

11 

II I~ ( ~ , LlN g ( ~)) - f ~ ( "* , u N ( ~)) If£~ ~ E. • 

Ho 

11 F; u."'c;)- F~ ru~~>Pdtf'!l (~ ,!JNgrj:;J)-f: (~,,~~ •. (~))lie-..~· 

TaKHM o6pa3o~ noJJyqaeM, tJTO ll,JIR 

oT N l.lHCJJO o 0 -,.o, TaKoe, tJTO np11 

1/UAJ-!lf'lgKE.v 
Bb1TIOJIH9HO 

I 
t::: 25' 

6 ~0 

CY1118CTByeT He 3aBHCfl11188 

I~ F ~ ( .4 "' g ) - F ~ ( u N >H £ ~ ~ £ • 
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Torn.a, ecJJH B TeopeMe 2 noJIOMHTh 

Do= 8o "t. = 'lo' 

TO noJiyt~aeTCR 

ON = 0 = mL·n { ~o !o , , §_' 1 
z J. 

He 3aBHC~ee OT IV • CJien.osaTeJihHo, npHMeHHB TeopeMY 2 ll,Jifl ~HKcHpo
BaHHoro N , noxytJHM, l.lTO CYIIIeCTBytoT He 3aBHC~He OT N nocTOf!HHble 
0 > 0 , S > 0 , TQKHe, QTO npK 

/1 UN - .4 N g II 6 t ' ff VII- LlN g, 1: t 
~ EN 

cnpasell,JIKBo HepaseHcTso 

II UN- VN VE,v ~ s ,, Fll UN -FN VII UE"N. 

TaKHM o6paaoM, HeJIHHeAHa.R aan.aqa ( I ' l ycTot;!qHsa B TOQKe L1 tv g 
3 • CYII1eCTBOBaHHe 11 en.iHCTBeHHOCTb pemeHHH aan.aqH (I') 
CorxacHo TeopeMe 1.2.3 I/, ec.1111 HCXOD.Ha.R 3all,aqa HMeeT TOQHoe 

pemeHHe ~ , TO COOTB9TCTBytoll1a.R ll,HCKpeTHQ.f! 3all,atJa HMeeT 9ll,I1HCTB9HHOe 
pemeHHe ll,JIH scex ~ocTaTotJHo 6oJihmHx IV , ecJIK swnoJIHeHN cxe~~He 
yCJIOBH.R: 

I l MeTOD. ll,HCKpeTH38llHI1 corxacosaH Ha l ; 
21 MeTOD. ll,HCKpeTH38llHH ycToAQHB Ha i 
3) oTo6p8.llteHH.f! FN onpeD,eJieHW K Henpe·phtBHhl B mapax 

BR (.il"'l>=fe,..e.EN, "~~~-t.~~z.'E"'<R}, 
rn.e R He aaBHCHT OT N • 

BhlnOJIHeHHe ycxosHt;! I H 2 n.oKaaaHo. QQeBH.Il,HO, QTO CY111eCTByeT 
R o > 0 , He aasHc~ee OT N , 11 TaKoe, QTO s BR 0 ( L1 N ij ) oTo6pa
llteHHe F N HenpepbiBHO. Cxe~osaTeJihHO, ll,HCKpeTHa.R aan.aqa (I' l npH 
n.ocTaToqHo 6oxbmKx N KMeeT en.HHcofBeHHoe pemeHKe il N • 

4. PaaxollteHHe om116K11 gKcKpeTK3auHH no cTeneH.RM ~ 
nocTaToqaye YCJIOBHH ll,JI.f! CYIIIeCTBOBaHH.f! pa3J!Ollt9HH.f! omH6KH ll,KCKpe-

TK38llHH 
CN : UN - ..111 q 

no CTeneHHM ~ co~ep&aTCH B/I,~/. BocnoJib3yeMCH TeopeMoAI.3.1/I/, 

BB~ rpOM03~KOCTH ~PMYJIHpOBKH TeopeMN BMeCTO ~OKQ3aTeJibCTBa cnpa
BeAnMBOCTH YCJIOBHA TeopeMbl AnR ll,QHHoro CJ!yqa.R npose~eM Henocpell,CTBeH
HOe ll,OKa3aT9JibCTBO YTBe~eHHH TeopeMbl AnR KOHKpeTHOA aan.aqH MeTO~OM, 
npeAnollteHHbiM X.illTeTTepoM. 

Onpen.eJIHM oTo6p8.llteHMe .A,..,:£- £ 0 (-1, ,:L -~) cJieAYJOIIIHM o6paaoM: 
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I 

(':H>t~-k> ... o!J.,rx-fv>-.t.'l{!() 

./\ y :: 7j2 
N 

0 

- !!' (<)). 
0To6pueH~e J\"' y~oaneTsopneT paseHCTBY 

Ll~i\IV!I=SNY• 
- 27+11 

flyCTb 1J (){) np~H8,11,JielltHT C ( 0, I) !VIR HeKOTOporo :J €: N 

Tor~a 

Y(x ... f?) + !I (X- -k)-Zy{x) - Y"{x)::. 

*z 
ZJ+j 

=N2[~ 
J~O 

Ul Z.:J+J IJ) j 
':1 -~X) -Jij +0(-/1v+~t)+-L Y . ~x>(-f;)+O(-}vz.J;v)-2Yfx)]= 

d. i=o d • 
. .:J (z.j .. l) 

.i. ~· + 0 {~v,.z)- !I'' {x)= ~ ~~ ·+:l) 1 ~zj +0(~2J•z). 
"' J"1 J . 

J+f (Z.. 

= 2 N2 L. ~ J~Cx> 
J =1 ( 2 j ) ! 

CJie.n;osaTe.JibHO, 

( 

0 
'j (Zj+ 2) 

Z!l (X') j_ . 
A Y = ~ l2J . ... zyr N 2J N J~ • 

0 

+O(kmz)). 

.Il,Jrn i•1 ... ::r onpe.~eJI~M oTo6pueHHH Ad : 

AJ 
Z7+V 0 I I 1 ) c [ 0,11- £ ("N , -iii ' 

cJie~~HM o6paaoM: 

ilJ • • (zy'Zj::' tx>) 

(!0) 

0To6pueHHn Ad He 3aB~CHT OT N , JIHHeAHhl, ~w<M>epeHl!wpyeMbl no <llpewe: 
I ZJ•~ 

A j ( ':1 )E ==A j ( E..) JVIH c G.. c [ 0, 1 ] 

CnpaBe~wso paseHCTBO 

~ 1 1 
ilNY=?. 7l2jAJ'::I+ O(NZJ+2). 

~: i 

12 

• 

llycTb eKE c2J~4-2K K = 1 .•. J , "' nycTb 

J 

E.(X) = ~ -fvzK eK{X} • 

1<"1 J 

Tor~a AN ( y + £) = i\ N '::1 + ~1 ~ 2K L\ N e t( 
CorJiaCHo (10) aro B~~eHHe pasHo 

:J !1-K 

.I\ N ~ + 2.. ~ 21< L A A e. K fv zj + 0 ( ~ z J + 2) 
K•i .i'1 

Ho 
'J J-K J "Z-1 

L: ~zK L ~zj A& ~tt "'L ~2't L: .As e-r--s 
t<.,.i ~ =1. 1-:i S=i • 

CJie~oBaTeJibHo, 
:; 

A fl/ ( ':J + ~ 1v z.K e. I( ) ::: (II) 

.J 't--1 
1 ~ I ~ I O ( 1 

l::J +..t) 
= t; Nzj .A~ 'j + fu ;v2."1. f;-1 As-€."t.-s -t 7il • 

!1ycT b 1 ( ~, :f) 2 J + :L pa3 HenpepbiBHO n.w<t¢epeHu~pyeMa no ~ • 

TorAa !flopMyJia (II) HMeeT MecTo ~n peweHHH ~ 
On epa Top F ~w<M>epeHrmpyeM no ~pewe: 

( 
c (o) J 

F I ( g ) E. "" f. " + f l'j ( Y /J r y) ) E. • 

e c i.) 

).l.nn J=.Z ... J ~ 0 
(') - t') -

FA (~&)e1· ... ·EJ = 1; CX',~)e1· 
\ 0 

.... ei). 
Cnpase~HBO pa3JIO~eHwe 

_ ~ (S) - S J+-2) 
F (i,;i +e.)= FC':J) + 2- F (Y)e + 0(£ . 

::J S=i 

B 'QaCTHOCTH' npH E. = L 7v 2..IC e K 
1<.~1 

( 

:J ., .i 15) ( :J s 
F i;i ... ~ ~tKeK)= FUJ>+ b 51 F I;~z~<e") + D(~z.Jtz ). (12) 

OnpeAe.JIHN oTo6pueHHH 9 J , J = 1 ... .J : 

2J-ttl-2 cz:Jt-'1-4 2:J+V-(2j-2) 
~~ ,' C X X,, X C - £

0
, 

~· 
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.t ~. 
np11paBHl1BaHM9M K03!WJI1Ul19HTOB np11 N 'J B BbipaJK9HM.RX 

J ~ J 

~ 1JzJ· 9j(e., ... ed.-1)= ~f,Frs>(Y)(L._ -fvzKer</+ 
h=l. u S-2 . K=1 

+ 0 ( ~ zJ +z)-= J.vz(- f lrzJ r iJ) e~ > + Jir~ (- fftiJJe1ez -l;!'~liJ> e ~ ) .... 

3JieMeHTbl ej ) J = 1 ... J, ej €. E, onpe~eJII1M peKyppeHTHO nocpe~CTBOM pa-

B9HCTB 

j-1 

F'(y)ej =-Ai g + 't1 .-\sej-l> ·~~ re1 ... eJ-.d- (!3) 

3To B03MOJKHO B CI1JIY o6paTMMOCTI1 onepaTopa F ' ( Y ) • TaK KaK 
- 2'J+'f Z 3+'1-Z 23 +'1-Zj 
~ E c , To e" E c , ... , ej E c , ... 
CJie~osaTeJibHo, c~ecTB~T TaKI1e sJieMeHTbl e1 ... e3 , qTo 

ZJtV-Zj , e j € c 11 Bb!DOJIH9Hbl paseHCTBa ( I 2) 11 ( I 3) • ll,n.R Hail~eHHbiX 

e 1 • • • e :J paCCMOTpi1M BblpaJK9HI19 

F(!i + ± 1JzK eK)+i\N (iJ + 'i -!JzK eK.). 
K•i K• < 

CorJiacHo ¢opMyJiaM (I2l 11 (J3) sTo BblpaJKeHHe paBHO 

:J J (S) - J .S L. ~z~< F'(oJ)eK + L... 1;! F (Y)(L. f,z~<el() + 
1<=-t S=Z K•< 

.J !) 'Z.-f 

+~ ;zjAjg t ~ ~zt 'J;). 3 e_'L_ 5 +0(~vtz), 

Bcne,nCTBHe paBeHCTB (I2) 11 (I3) B 3TOU Bblp8lK8H!t111 BCe K03~11l.ll1911Tbl 
np!tl ~ .no nopH,nKa 2' paBHbl HYJIID. 
IT OJIY 1[88Y 

(
- :1 .1... 

FNLlN y + t; N2Ke/C):::. 0 c-Nvrz). 

Ho 

FNUN=O. 

TaK KaK aa.ztB.Ila ycTOill[!t1Ba, To 

14 

• 

~ N 
.//!J,v (IJ + LJvZKi?l()-iJ,vHc £:SffFNLJN(Y+Lf.JzKf.,.)/~o~ 

1<=1 N K"'1 N 

~so (~2~+2), 

Cne.nosaTeJibH0 1 .nJIH om116K1t1 ,nHcKp9TI1Sal.ll1!t1 cnpase,nn11so paano~ea11e 

eN=± fvzl< 4Ne.~ + O(IJz:~+-z). 
K=~ 

TaKI1U o6paaou, ec1111 B HeKoTopoil o6nacT!t1 <lJ aa,na11a (I) !tlueeT e,ni1H
cneaaoe pemeH!tle g , B TOIIKe if aa.na11a ycTOilll!t1Ba no npaBoil 118CTI1, 

/(X,'!) ilpi1Ha.zt116EHT C {OJ) no)(, C2
!1+Z no ':J , TO OWiriClKa A1riCK

peTI138l.ll111 .nonycKaeT ac!tlunTOTirlllecKoe paano~ea11e ,no nopH,nKa 

~ ( I 
CN = L. "'fii2K IJ,v€K-/- 0 (iVe:J+-2). 

"=1 

5. qi1C116HH~il np!t1Yep 

KpaeBaH aa.na11a 

Y-+-3ey=O '::J (o) = YU.)=O 

1riU88T ABS TOIIHbiX pemeH1riH y_, (X) 11 Y 2 (X) : 

X o,o o,I 0,2 0,3 0,4 

g., 0,00000000 0,2I577498 0,3943I959 0,52843644 0,6II8292I 

Yz 0,00000000 0,39I8I950 I ,I2821337 I,57075060 I,86903303 

0,5 0,6 0,7 0,8 0,9 I,O 

p,640I4670 0,6II8292I 0,52843644 0,3943I959 0,2I577498 O,OOOOCXXIO 

I,97526697 1,86903303 I,57075060 I,I2821337 0,39I8!950 O,OOOCXXIOO 
---
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Tae5JIHga I 

• 
I l 

T cu,U,vf 

f 

X c.1f Czt E 1ft Eu Et-tz1 e,#.u, .,,,,, 

i I 
o,o o,oooooooo 1 0,00000000 0,00000000 0,00000000 O,OOOOOJOO 0,00000000 :o,oooooooo 

0,00135751 I 
; : o,oooooooo io,oooooooo O,I 0,00033522 0,00008355 i 0,00002087 I 0,00000553 ! I 

0,2 0,002670!5 0,00065885 0 ,000!64!8 ! 0,00004!0! i 0,0000!!58 ' o,ooooooor jo,oooooooo[ ; 

-~ 0.3 0 0037903! I 0.00093456 o__,,00023284 o.oooo58I6 I o.oooor735 I 0.00000002 o. ooooooool 
0,4 0,00455297 0,00!!2200 o,ooo2795r 1 o,oooo698I 1 o ,oooo2I64 1 0,00000003 0 ,000000001 

0,5 0,00482447 0,00!!8868 0,000296!0 0,00007396 0,00002325 0,00000003 0,00000000 

0,6 0,00455297 0,00!!2200 0,0002795! 0 ,0000698! ' 0,00002!64 0,00000003 o,oooooooc 

0,7 0,00379031 0,00093'!56 0,00023284 0,00005816 0,0000!735 0,00000002 o,oooooooc 

0,8 0,00287015 0,00065885 0,000!6418 0,00004!01 0,0000!!58 0,0000000! 0,0000000( 

0,9 0,00135751 0,00033522 0,00008355 0,00002087 0,00000553 0,00000000 o,oooooooc 

1,0 0,00000000 0,00000000 0,00000000 0,00000000 0,00000000 0,00000000 0,0000000( 

Tae5nHua 2 

X c.H Ez1 t.,., ! 
I e,., E,,U Ct~Zf, 'f1 c..,,.,, 'ff, IJ1 

I i ! o,o 0,00000000 I 0,00000000 j O,OOJOOOOO : 0,00000000 0,00000000 0,00000000 0,00000000 
'· ' 

O,I 0,00755907 0,00187562 i 0,00046802 I O,OOOOII695 0,00001885 ' 0 ,00000000 0,00000000 
! 

0,2 0,01350243 0,00334436 I 0,00083417 0,000020842 0,00004!65 0,00000004 0,00000000 i 

i 
0,3 0,01704975 0,00422041 0,00!05256 I 0,000026298 0,00005595 ' 0 ,00000010 0 ,00000000 ! 

I 

0,4 0,0182!043 0,00451683 0 ,00!!2700 I 0 ,000028!61 ' 0,00004770 , o,oooooooo5· o,oooooooo 1 

0,5 0,01827423 0,00454150 O,OOII3365 0,000028330: 0,00003607 · 0 ,::Kl0000004 0,00000000 i 
0,6 0,0!821043 0,00451683 O,OOII2700 ' 0,000028161! 0,00004770 : 0 ,000000005 0,00000000 ! ' 

0,7 0,01704975 0,00422047 0,00105256 ! 0,000026298; 0,00005595 I 0,00000010 1 0,00000000 : ! 

0,8 0,01350243 0,00334436 0,00083417 0,0000208421 0,00004165 0,00000004 0,00000000 I 

0,9 0,00755907 0,00187562 0,00046802 0,0000116951 0,00001885 
I 

0,00000000 0,00000000 

I,O 0,00000000 0,00000000 0,00000000 0,00000000 l 0 ,OOOOJOOO 0,00000000 O,OJOOOOOO 



B~ITOXH8H~ yCXOBMR AXR cy~eCTBOBaHMR paano~eHHR OWH6KH AHCKpe
TH38UMM no CTeneHRY k2• 8TO AaBT B03YO~OCTb ITpHY8HRTb 3KCTpanOXR-

UH~ ITO PHqapACOHy. B Ta6~ax I 1 2 AaHY aHaqeHHR OWH60K AHCKpeTH
aaUHH c."' AXR N , paBH!.IX II, 21,41 PI 81. JlnR a8,llalll1 npoBeAeHo yToq
HeHHe peweHHa ITO PHqapACOHY no nepBYY ABYY 1 TpeU H qeTYpeu CBTKaY. 
B Ta6~ AaH~ norpemHOCTH yTOqffeHH!.IX pemeHHlt e1 r, 21 , Eu,z1, H 

H E.t1,2J,'d1 Jt 
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