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PaccMoTPHM aa,Qa4y 06 onpe,QeneHHH rapMOHH4ecKoM e o6nacTH 

fl =Our G- R 2 ¢yHK~HH u(x} ' X(; R 2, no ee 3Ha4eHHR-M Ha rpaHH~e 

r B ABYX ¢opMy11HPOBKax: AH$$epeH~HaRbHO~ H HHTerpanbHOH. B 

nepBOM CJly4ae pewaeTCR ypaeHeHHe nannaca: 

Ill 

KOTOpoe npH 4HCJleHHOH peaJlH3S~HH CBOAHTCR K CHCTeMe pa3HOCT

Hb1X 3nmmTH4eCKHX ypaeHe.HHH. So aTopoM cny4ae npHXOAHM K rpa

HH4HOMY HHTerpanbHOMY ypaaHeHHID /rHY/: 

u(x) - .!._ ((u(s) ..L1n r(x, s) -l_ ~(s) In r(x, s) -l]ds ~ 0 , 

"r an an /2/ 

x,-s c;; r' 
an 

Ha OCHOBe KOTOporo onpeAenReTCR HeH3BeCTHaR ¢YHKU,Io1R v(s) =-, 

·s G- r, nocne COOTBeTCTBYKlllteH AHCKpeTH3S~HH 3aAa4H. c1n 

nycTb JlHHeHHble anre6paH4eCKHe CHC.TeMbl ypaBHeHHH, B03HH'Ka)()

~He npH AHCKpeTH3aU,HH 3aAa4 /1/, /2/, peWSIDTCR HTepau,KOHHbiM 

MeTOAOM. Tpy,QHOCTH., CBR3aHHble C yCKopeHHeM CXOAHMOCH1 HTepa

U.HH B· 3THX 3a,Qa4SX, HMeiOT pa3JlH4Hble npW•tHHbl. JlnR AH4l€l>epeH

~HSJlbHOH nOCTSHOBKK OHH CBR3aHbl C noAaaneHHeM rna,QKOH KOMnO

HeHTbl HS4SJlbHOH norpeWHOCTH, TSK KSK XOPOWO H3BeCTHO, 4TO 

6biCTpO OCU,HJlllHpy~yiD COCTaBJlRID~yK> MOMHO nerKO noraCHTb npOC

TbiMH HTepa~HRMH. AJlR ypSBHeHHR /2/ HMeeT MeCTO npOTHBOnOnOm

HaR cHTYaU.HR. AeHCTBHTeJlbHO, H3 peaynbTaToa pa6oTbiJl/ cneAYeT, 

4TO npOCTble HTepaU,HH 6biCTpO YHH4TOMaK>T fJlSAKYK> KOMnOHeHTy no

rpeWHOCTH H MeAJleHHO CXOARTCR Ha 6biCTPO OCU,HJlllHPYK>~eH ee 4SC

TH. 3TO OTpamaeT TOT ¢aKT, 4TO onepaTOp B /1/ onHCbiBaeT no

KSJlbHOe noeeAeHHe peweHHR, a HHTerpanbHbiH onepaTop e /2/ 

noeeAeHHe e u.enoM. 

npeAbiAY~He paccymAeHHR YKS3b1BSK>T Ha TO, 4TO COBMeCTHOe HC

noflb30BaHJ..1e ABYX nocTaHOBOK MOMeT ecTeCT.BeHHbiM o6pa30M ycTpa

HJ..1Tb npH4J..1Hbl Me,q.neHHOH CXOAHMOCTJ..1 npOCTbiX HTepau,HH B KSMAOM 

H3 nOAXOAOB H ,QaTb B· \rtTOre 6biCTpOCXOAR~t.1HCR HTepal-'HOHHbtH npo

l-'eCC. 
8 HSCTOR~e~ pa6oTe npeA110MeH t.1Tepal-'t.10HHb1H MeTOA peweHHR 

3aAa4H /2/, B KOTOpOM HCnOnbayeTCR BCnOMOraTeJlbHSR ceT04HaR 

o6nacTb, noKp~ea~~aR yaKy~ np~r~rpaHH4HY~ nonocy. PeweH~rte pa3-

HOCTHO~ aaAa4~r~ a np~r~rpaH~rt4HOH nonoce crnam~r~eaeT norpewHOCTb, 
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a npOCT~e HTepa~HH .qnR ypaBH€HHR /2/ 6~CTPO yMeHbWa~T ee rnaAKy~ COCTaBnR~~y~. AoKa3aHO, 4TO .qnR KOHTypa r /B03MOmHo, ABY
CBR3Horo/ C HenpepblBHOH KPHBH3HO~ nOCTPOeHHbfH HH}I{e VITepa~HOH
HbiH npot.tecc CXOAHTCR CO CKOpOCTb~ reOM€TpY14€CKOH nporpeCCHH, 
a nocne nepexoAa K KoHe4Ho-pa3HOCTHOH 3a.qa4e 3HaMeHaTenb npo
rpeccHH He 3asHcHT OT war a AHCKPeTH3a4HH. EcnH pac4eTbl B€AYT
CR AO H€BR3KJ.1, paBHOI1 no nopRAKY T04HOCH1 annpOKCHMa~HH ypae
HeHHR /2/, TO nony4a€TCR OnTHManbHblH nO 4HCny apH$M€TJ.14€CKHX 
AeHcTsHH HTepa4HOHHblH npo~ecc. EcnH npH 3TOM Hcnonf:?3YeTcR no
cneAoBaTenbHOCTb cry~aiOII.IHXCR C€TOK, TO CYMMapHO€ 4HCnO apH$Me
TH4€CKHX AeHcTsHH pasHo O(N2

), r.qe N - 4VIcno pac4eTHblx T04eK 
Ha KOHType r. C Y4€TOM Toro, 4TO .qnR peWeHHR paaHOCTHbfX 3nnHn
TH4€CKHX ypaBH€HHH nOCTp0€Hbl 6biCTpbl€ HTepa4Y10HHbl€ M€TOAb1 12• 5/, 
npe.qnO)K€HHbiJ1 anropVITM .qenaeT MeTOA r\IIY B $OpMe /2/ CTOnb me 
3$$eKTHBHbiM, KaK Ill pa3HOCTHblt1 /C T04KJ.1 3p€HHR Bbi4HCnHTe!lbHOIIf pa6oTbl/. 

06 3¢l$eKTHBHOCTH M€TOAa MOmHO CYAHTb no npHBe.qeHHbfM B pa3-
A€Il€ 3 pe3yilbTaTaM 4HCileHHblX 3KCnePHMeHTos. MeTOA Henocpe.q
CTBeHHO npHMeHHM "' .qnR sHewHeH 3a.qa4V1 AHpHxne. 

1. OUEHKA CKOPOCTH CXOAHMOCTH 
nycTb B o6nacTH Q,;nur G R 2 

c rpaHJ.14€H r, J.1M€1011.1eH Henpepble
HY~ KPHBH3HY, pewaeTcR BHyTpeHHRR 3a.qa4a AVIPHXne .qnR ypaeHeHHR 
nannaca: 

~U ~ 0, X <; !l ; U ~ g(X) , X<:- r , /1. 1 I 

rge g(x) <;C 1(r). AnR peweHHR u(x) 3Toi1 aaga4H HMeeT MecTo <t>opMyna rpHHa /S/,: 

au(x) - r [u(s).i..tnr- 1(x, s) 
r an 

- ~(s) lnr-1(x,s)]ds ~ 0, an /1.2/ 

r.qe r(x, ·s) - paCCTO.AHH€ OT T04KH X AO T04KH S G r; n - BHYTP€HHRR HOpManb K r a· T04K€ ·s; 

a ~ I 0, X <;; n ; 2". X<; n; ". X(; r r .. 
MeTOA rHY CBOAHTCR 

CJ.1T€IlbHO ¢lyHKLII'H1 V(S) 
BHAe 

K peweHHIO ypaBHeHHR /1.2/ npH X ~ r Oii"HO

~('S) s Gr. 3anYIWeM 3TO ypaBH€Hio1€ 8 an 

2 

Lv = f, 

Lv ~ ( lnr-1(x, s) v(s) ds; f ~ -"g + Gg, r 
Gg ~ (-il_lnr-1(x,s)g(s)ds; x,s .;;r:. ran 

/1.3/ 



OnepaTop L 1-13 I 1 . 3/, o4eBI-1AHO, CHMMeTp1-14eCKHill a npoc·TpaHCTee 

L 2 ·(n 1-1 orpaH!-14eH a Ka}I(AOM 1-13 npocTpaHcTe L 2 "' C; L: L2 (r) 4 

~L2rn, L: ern~ ern'. B c~ny Toro, 4TO onepaTOp rrE -0 YAOBneT-

BOpReT aJlbTepHaTio1Be ~PeArOilbMa, 1-1 paBeHCTBa 11'- 0(1) = 0 npaBaR 

4aCTb e /1.3/ opToroHamHa <I>YHK~~~ g 0(s)': 

/1.4/ 

/7/ 
rAe 0*- onepaTop, conpR}I(eHHbtH K G . np111 3TOM nerKo nony-

41-1Tb paeeHCTBO 

1 ~ f lnr-\x,.s) g (s) ds, X(:' r, 
r 

H3 KOToporo cneAYeT, 4TO peweH1-1e ~~ ypaeHeHHR /1.3/ opToro

HailbHO eAI-1HHu.e (v, 1) = 0 ~r~, o4eBI-1AHO, 'eA1-1HCTBeHHo. KpoMe Tore, 

onepaTop L nono}l(lr!TenbHO onpeAeneH Ha ~YHKU.I-1RX v, TaKI-1X, 4TO 

(v, 1) = 0. Ecnl-1 AilR ecex. ~x. s G r ' r(x, s) .$ 1, TO 3TO 04eBI-1AH0. 

B npoT!-1BHOM cny4ae. cAenaeM npeo6paaoeaH~~te C}l(aTio1R c K03~$1o1U.I-1eH-

TOM k>l TaK, 4T06bt r(x~,·s~)~ 1; x',s"~;r', TOrAa 

r (lnr-'(x, s) v(s) vrx) dsdx ~ 
rr 

~ k 2 r r lnk-lr-1(x', s')v(s')v(x')dx'ds' 

r"r" 

k2 r lnr-'(x•,s•)v(x')v(s')dx'ds'> 0, 

r" r~ -

TaK KaK r(x ';s ") :S 1 1-1 (v, 1) dl. B I-1Tore AOKa3aHa 

!leMMa 1. AnR BCRKOH <I>YHK~~" f "ern, TaKoi'i' 4TO (f, go(s)) ~ o. 
ypaeHeH~~te /1.3/ 1-1MeeT eAio1HCTseHHoe peweHt~~e v(s). AilR KoToporo 

r v(s) ds ~ 0. 
/1 . 5/ 

r 
OnepaTop L 1-13 /1.3/ nono}I(HTenbHO onpeAeileH Ha MHo}l(ecTse $YHK-

~~i'i /1.5/. 
npemAe 4eM nepeHT!-1 K AHCKpeT~~t3aU.HH ypasHeHIIlR /1.3/, nocTpo

I-1M lriTepal\!-10HHblila npou,ecc B onepaTopHOM Blf1Ae B L 2 (n, CX0AR

~!-1HCR K T04HOMy peWeHHIO V CO CKOpOCTbiO q n, rAe q.< 1 3aBiriCHT 

Ili-1Wb OT reoMeTpHH o6nacTI-1 n "' wHp\flH~ u acnoMoraTeilbHOila npHrpa

HH4HO~ nonoc~. nycTb 

rAe A 0 - MaKCHMailbHoe co6cTseHHoe 4HCilo onepaTopa L, 1-1 ace co6~ 

CTBeHHble 41-1cila An HaXOARTCF1 Ha lo1HTepeane 

An G. (0, A0 ], An 40, n 4 .;.,, /1.6/ 
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PaccMOTP~M ~Tepa~HOHH~~ npo4ecc: 

T 
=-Lvk + f; 

-1 -1 3/2A 0 ::;r SAo • /1.71 

k z k = (E - IL) z 0 , z 0 = v0 - v • /1 .8/ 
B cHny /1.6/ HMeeM 

f,fE - !Lif = 1. 
H np04eCC /1.7/, B006Uie roBOpR, He CXOA"'TCR K V. Ha /1.8/ BH.qHO, 4TO 6~CTPO norawa~TCR KOMOOHeHT~ norpeWHOCT~, COOTBeTCTBY~~~e nep~M co6cTSeHH~M ~YHK~~RM onepaTopa L, ~ MegneHHO -Te, KOTOpble cooTBeTcTBYJOT An ... O.AnR yMeHbWei1~R nocneAHI-1X HcnonbayeM A~~epeH4HallbHY~ nocTaHOBKY aaAa4H /1.1/. PaccMOTP~M npJ.1rpaHH4HYIO nOllOCY 0 1C0 C rpaHH~e~ f'uf' 1,npH4eM p(f',f' 1) = = q '>0. HcnOJlb3YR npJ.16Jllo1)Xe"H~e vk' nocTpOHM ~YHK~HIO U(x) , X G r 1 , no $)pMyne 

U(x) = ~ f[g(s)..i..lnr-1(x.s) -vk(s)Inr-1 (x,s)]ds,x<=;f' 1',. 2, r an 

/1.9/ 1 -1 1 -1 +- [(v(s) - vk) lnr (x,s) ds = u(x) -- r ··<•> lnr (x. s) ds. 2" r 2" r 
Jlanee .paccMoTpHM peweHHe 'P(x) aa.qa4J.1 

KOTOpOe B C"'flY /1.9/ npeACTaBHM B BHAe 
'l'(l<) = n(x) + 6(x) , X<=; Q1, 

r.qe 8{x) YAOBneTaOpReT ypaBHeHHIO 

M(x) = 0, X <=; 0 l ; 6(x) = 0, X <=; f' ; 

ll(X) =- ...!.._ f Zt(s)Jor-l(x,s)ds, X <=;f' l :. 2rr r 
flpH 3TOM cnpaaeAnHBO 
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v(s) - ..2.... 'P(s) an 
..2_1l(,s) , 'S G f''. 
iln 

/1.10/ 

/1.11/ 

/1. 12/ 



TaK~M o6paaoM, cneAy~~~~ war ~Tepa~~OHHOro npo~ecca cocTo~T 

a HaxO>KAeHt-1111 'P(x) 1-13 ypaeHeHHR /1.10/, -·nocne Yero -aa oYepeA-

Hoe np"6n"lKeH"e K v(s) np"H"MaeM <!>yHK~"IO vk1(s) = -~ lJI(s) , so;~. 
e an 

norpeWHOCTb 3TOfO npH6JlJ.1)1{eHIIIfl, KOTOpyJO 0603HS414M l..lepe3 Z~, 

e c"ny /1.12/ pasHa 

z 1 = L 8(s) ·s G r 
k an . ' 

/1. 13/ 

rAe 8(x) onpeAenReTCR "3 /1.11/. O~eH"M <t>yHK~"IO 8(x)" ee Hop

ManbHYJO npOH3BOAHYJ0, 8 CIIIIlY /1.11/ rpaHt.14HOe 3Ha4eHt.1e 8(x), 

X r;;r l, COenaA_SeT CO 3Ha4eHI4eM npH X~ r l rapMOHII14eCKOVi ¢lYHKU,lA.III 

E(x) =--1- r zk(s)lnr-~x,s)ds, xGU, 

2" r 
KOTOpSfl HenpepbiBHa BnilOTb AO rpaHHU,bt r, fAe nplr1HHMaeT 3HSI..IeHHe 

E(x) =- _l_ rz (s) Jnr-1(x,s) ds =- .2__ L (E -rL) kz
0
, xGr.;1.14/ 

2" r k 2" 

Ou,eHvtM C!>YHKU,l-110 /1.14/ B L -HOpMe. B Clr111Y TeopeMbl rHnb6epTa

WMHATa AOCTSTOYHO OU,eHIIITb ~yHKU,IIIIO 

f(A) = A (1 - TA) k 

Ha cneKTPe onepaTopa L, TO ecTb np1-1 0 .::::; A:::; A 0:. TorAa 

IIE(x) II < .2__ max A(1- rA) k II z II , 
L2- 2" O<A<A 0 

xo;re .. /1. 15/ 

- - 0 

BeH 

~k = [r(k + 1)]-1 (1 -1/(k+ 1)) k. /1.16/ 

Am~ OL\eHK111 '\E(x)\ npH .x r:er 1 
Heilb3R np1-1Me!;\o'tTb npvtHLHm MaK-

CYIMYMa, YI60 Ha r ou,eHKa /1.15/ cnpaaeAIWIBa IlYIWb B L2-HOpMe. 

0AHaKO YIM~eT MeCTO 

neMMa 2. nycTb p(r, r 1)~a >0, a <!>YHK~"R U(X) - rapMOH""e-

CKaR e U, u = u 0(x), x<;r. TorAa 

lu(x) I s. c(U. a) lluo II L2' X "'r 1 '., 

Ecnl-1 r - OKpy}I(HOCTb paAYIYCa [ = 1, TO 

c(U, a) =(2/a) 112 '. 

/1. 17/ 
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JloKa3aT-eJlbCTBO. nycTb r- OKPY)f(HQCTb r=l, p(f'_,r 1)·:::::_a, TOrAa AJ1R <W+<KJIHH u(x) = Re(u + iV) BblnonHeHo 
~ • ~ 2 2 u 0 = l: a

0
oosn,P-b,.sinn,P, llu 011~ = l: & 0 +h

0 n=O n=O 
a Hd KOHType ·r 1 HMeeM 

u(x) = i anr":(,P)cosu.p- b0 r 0 (.,1)sinn.,l, X<;; r 1
; n=O 

oc 2 00 28 oc 2 lu(x)J 2 < ( l: r"(,P)(Ia 0 1 +lb.!)) '£. l: r (.,I)· l: <la.l+lb.l) ::; - -n=4 n=O n=O 
00 2n 00 2 2 2 - 2 2 · 2, ::;2 l: (1-u) l: (a 0 +b 0 ) -. __ -u2 fluoll $ -z-fluoll · n=O n=O wu v 

anR AOKd3aTenbCTBa /1. 1]/ paCCMOTpHM KOH~pMHOe O~o6pa)f(eHHe OJ =f(z) 06naCTH !J Ha Kpyr T = l, TaK ~TO p(O>, f(r1)) ~ u 1 ,10>1-1. Toq~a, T .. K. u(z) = u(f-l_(Cd)) - -r-apMOHH4ecKaR no ru, a c-I'!JlY npeAYAy~e~ 04eHKH 

f u 2 (.,)d.,~2u~ 1 lf;l fu 2
{()d(; x.:r 1 ,z.:r' J.,J = 1 r . 

OTKYAa nony~aeTCR /1.17/ npl< c =u~* I2C.' I%. neMMa AOKa3aHa. B ~anbHe~weM noHa~o6HTCR TaKme 04eHKazHOPMallbHOH npoH3BOA-HoM rapMOHI-14ecKm1 a nonoce 0 1 IPYHKU.HH. HMeer MeCTO 
neMMa 3. nyCTb B 06JlaCTJ.1 0 1 3aAaHa ¢IYHK4J.IIR U(X) , TdK 4TO 

t>u =0, x<: !l1 ; U=0, X <:r; U= 1, x.:r1, 
Torp,a 

a 1- u(sJ I < c 1 <o. ul, ·s .: r .. au - I 1. 18/ 
fcflH {l - BblnYKJlbla1 MHOrOy10JlbHJ.1K HflH Kpyr, TO c

1 
= a-1: . 

.QoKa3aTenbCTBO. PaccMoTpHM KOH¢lopMHoe oTo6pa>KeHHe cu == C(z) • nepeBOARtqee 06JlaCTb {} 1 B KOflb~O r{a).<jcu-j .< 1. 0pt.1 3TOM OT06pa-)l{e.HHe f(z) H 4Hcno r(a) onpeAeneHbl eAV'IHCTBeHHbiM o6pa3oM ·181~. OpH 3TOM -u(cu) - rapMOHH4ecKaR H 

u(.,)=l, IO>I=r(u); u(cu)=O, 1"'1=1. 

,8 paCCMaT_pHeaeMOM KOilb~e All.A U((i)) 
~HR 

U{r) = (1-r)(l- r(u))-1 , 

6 



AI1R KOTOPOill 

_a_U = (1- r(a)) - 1 , [w[ = 1. 

an"' 
TaK KaK HanpaeneHvte HOpMa!lV~ n z nepexOAHT s nw, TO 

au au ar --=-- --, z~r. 
an z an QJ an z 

OTKYAa CJleAYeT /1.18/ C KOHCTaHTO~ 

c 1 (U,a)=(1 -r(a))-1[f;[, z<;L 

neMMa AOKa3aHa. 

Tenepb eepHeMcR K o~eHKe C!>YHK~vtH O(x), 4epe3 KOT6pyl0 Bblpa

}t(aeTCA z ~ cor nacHo /1. 13/. B cvtny JleMMbl 2 VIMeeM 

l8(x)l $ c(U,a)[IE(s)l[. x<;f 1 , s<;f, 

OTKyAa c y"eToM 11.151, 11.161 nony"aeM 

[8(xl 1 ,;;(2rr)-1c(n, al~k liz 0 [1, xG r 1 
. 

Tenepb Vl3 neMMbl 3 cneAyeT 

[zk1 [ = [~8(x)l r:0(2rr)-1c (U,a)c(U,a)~ llz
0

[1. 
Qn X~ 1 k 

I 1 . 191 

nycTb AJlVIHa KOHTypa r pasHa p, TOrAa npVI $VIKCVIPOBaHHOM a> 0 

Bbl6epeM 4!11CJ10 k BHyTpeHHVIX V~Tepa~H~ Ha r TaK, 4T06bl 6b1Jl0 

-1 
% 

(2rr) c 1 ((!,a) c((l, a) 1 . (1- _1_) k = q < 1. 
r(k+1) k+1 

11. ZOI 

nosTOPI-1M yKa3aHHbl~ U,VIKJl p pa3 •, TOrAa nOJlYI..IVIM OU,eHKy 

llzP II < qP liz II, 
k - 0 

C nOMO~biO kOTOpO~ AOKa3biBaeTCR CJleAYtoW,aR' 

TeopeMa l.,nycTb y\llcno k sbl6paHo cornacHo /1.20/. TorAa 

U,VIKJl 1-13 k ~r~Tepau,VI~ no ¢opMyne /1.7/ c Ha4aJlbHO~ norpewHOCTbto 

z 0 VI OAHOKpaTHOrO peweHVIR 3aAa4vt /1.10/ AaeT ¢YHKU,VIIO 

V: = a~ 'P(s) , S ~ r, C norpeWHOCTbiO 

1 
[lv(s)-vk II :Oq[lz 0 11. q<1, 11.21 I 

rAe q onpeAeJleHO B /1.20/ VI 3aBir!C~1T JlVIWb OT 06JlaCT\o1 fl VI W\.IIP\.11-

Hbl a npV1rpaHVI4HO~ noJlOCbl Q 1 ~. 
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2. 4HCnEHHAR PEAnH3AUHR METOAA 
C HCnonb30BAHHEM nocnEAOBATEnbHOCTH CETOK 

nycTb KOHTYP r pa36HT D T04K8Mio1 H8 D OTpe3KOB AllHHOti h=€n -~ rAe e - AllHHa KOHTypa. T04KH paa6HeHHR o6paay~T pasHOMePHYID CeTKY (() h = {t i, i = 0,1 •••• , n; to= t ¥ }'.. npH6llH>KeHHOe peweHHe V h (X), X E Ct.l b , vt~eM cor naCHO I I KBK peweHHe ypaaHeHHR 

i = 0,1, ••• , n- 1, 

rAe Q n- onepaTOP KyC04Ho- J11o1Hei1Horo aocnonHeHHR. YpaeHeHHe /2.1/ aanHweM s BHAe 

/2.2/ 
8 pa6oTeji/yCT8HOBJ1eHbl CJleAYIO~Me CBOeiCTBa peweHHR Vh H MaTpH~bl Lh': 

/2.3/ 
[IQ vh- vii L < chv, n 2-

npH v(s).;; G 4(r)'. KpoMe Toro, 

{3bE ~B :;aE, /3> 0, /2.4/ 
rAe a,~ He aasHCRT oT h. HH>KHRR o~eHKa AllR B ycTaHosneHa 4HCJleHHb!MH 3KCnepHMeHT8MJ.1. 

HTaK, c y4eTOM /2.3/ Tpe6yeTcR pewHTb ypaaHeHHe /2.2/ c norpewHOCTb~ O(hv). O~eHKa /1.21/ AflR HTepa4HOHHoro MeToAa /14]/, /1.10/ YK83biBaeT H8 TO, 4TO H npH KOHe4HO-pa3HOCTH~ AHCKpeTH38~HH /2.2/ 4HCJ10 HTepa~HH 6yAeT onpeAeflRTbCR n~Wb sem14HHoH norpewHoCTH O(hv), To ecTb nponopL4J''IOHanbHO lnh - 2• Or nocneAHero MHO>KJ.1TenR -MO>KHO H36aBJ.1TbCR, Hcnonb3YR no.cneAQsarenbHOCTb ceTOK. nepeHAeM K AOKaaarenbCTBY 3THX YTBeP>KAeHJ.1~. PaccMOTpHM ~Tepa~J.10HH~H npo~ecc /HHAeKe h onycKaeM/: 

/2.5/ 
-npH 3TOM AflR norpeWHOCTH zk=. Vk- Vh cnpaBeAnHBB 4><J.pMyna 

2 k k . 2 zk~(E-rB-rh C) z 0 ={E-rB) •o+ b Dz 0 •o = Vo - Vh , f!Dfl :S: c(U)' .• /2.6/ 

a 

.. ;• 



Hs /2.6/ cneAyeT, 4To np~ yMeHbWeHHH norpewHocn1- AO O(h v) ~o-ITe

PaU.HIII /2,5/ 6btCTPO yMeHbWaiOT COCTaBilfiiOiqYIO n0rpeWHOCTH, COOT

BeTCTBYIOW.YIO 6onbWHM no MOAYiltO co6cTaeHHbiM 4HcnaM MaTPHU.bl B, 

8 TO apeMFI KaK npol.leCC B u.enoM CXO,QIIITCR CO CKOPOCTbiO q k, f,Qe 

q ~ 1-flh. 
PaccMOTPHM, KaK H a paa,Qene 1, scnoMoraTeilbHytO 3aAa4y e 

npHrpaHH4HO~ nonoce n 1 ctL C nOMOW.btO serwi4HHbl Q n vk nocTpo

""' <!>YHK~HIO U(x) Ha KOHType r l: 

U(x) ~ -1- ([g(s)-a-lnr-\x,s) -Q vk(s)lnr-\x;s)]ds; x«r 1, 12 71 
2rr r an n • 

nocne 1.1ero Ha~AeM W(~ cornacHO /1.10/ H 04epe,QHoe npH6nH-

meHHe V l = _?_'P(t.) , t. G- W , AM KOTOPOfO 
k an l 1 b 

v 1-v ~v 1 -v+v-v ~.i..o(s)+O(hv). 
k h k h an 

3AeCb o(s) ' s'" r' onpeAeJleHO H3 ypaBHeHHA I 1 • 11 I. 4To6bl nony-

4HTb HepaeeHCTBO, aHailOfH4HOe /1.19/, Heo6XO,QHMO OU.eHHTb $yHK

~HIO 

y(x) ~ - -
1- fln r -l(x, s)(Q vk - v(s)) ds, x « r · .. 

2" n 
12.81 

r 
CornaCHO OCHOBHOMy ypaBHeHHIO /2.1/ ,QilFI T04eK KOHTypa Xi ~ Cl.lh 

~- ~ J Inr-1(x1 ,s)Qn (vk-vh)ds, 

r 

12.91 

TaK KaK H3 12.11 CJleAyeT 

J!nr-1(xi,s)(Qnvh- v(s))ds~ 0, x 1«wh:. 

r 
noaTOMy /2.9/ 3KB~saneHTHO TOMY, 4TO CeTO~HaR ~YHK~~R -yh 

~ly(xi),i=l),1,. .. ,n-1J HMeeT BHA 

1 k 
yh = 2,;"Lh (E -rL h) "o' 

H cornacHo /2.6/ MomeT 6~Tb 04eHeHa Ha cneKTpe onepaTopa B 

B ceTo4HOH HOpMe: 

llrh nL25 2: fiB(E -rB)k •o II+ ch
2.11•oll < 

< [(2m{k+I))- 1 (1- -
1->l< +ch 2l!lz 11n:. /2. 1 Ol 

- k+l 

9 



0AHaKO AnR HepaseHCTBa /1.19/ Tpe6yeTCR O~eHKa THna /2.10/ AnR <I>YHK~HH y(x) a HOpMe L 2 (r). 4T06bl nepei<TH OT /2. 10/ K O~€HK€ B HOpMe L 2 (r), HCn011b3yeM rna,QKOCTb ¢JyHK~HJ.1 -y(X), KOTOpaR npeACTaBnReTCR B BH,Q€ HHTerpana C R,QpOM, HMe~~HM cna6y~ OC06eHHOCTb. npe,Qn0110>1H1M CHS4a!la, 4TO $YHK~..tl-1fl Qn Vk TSK }!{€, KaK H v(s) , OpTOfOHSJlbHS €,QHHI"Il~€, TO €CTb (Qn Vk, 1) = 'Q. noKa}KeM, 4TO cnpaB€AnHBa OL.t€HKS 

/2. 11 I 
r,Qe C paBHOMePHO OrpaHJ.14€Ha no h. 6 HaUJeM Clly4ae B CH!lY /1.5/ I-1M€€M 

[(Qn vk - \{s))ds = 0. 
r 

no3TOMy, npHM€HRR K /2.8/ $0PMY11Y HHTerpHpoBaHHR no 4aCTRMI 9( nony4J.1M 

y(x) _1_ r y(s) ~(x~~; 
217 r r(x. s) 

s 
y(s) = [(Qn vk- v(s))ds. 

•o 
OTKy,Qa B Clo111y H3B€CTHbiX CBO~CTB HHTerpana nma HHTerpana KOWio1 CI1€.QY€T 

llr(x) II Ha :_ c II y(s)ll Ha O<a<l. 

06o3HayaH 7Jk = Qn v k- v., ,Qa)lee 1-lMeeM 

IY ( s) - Y (,)I 1> IIYII < IYI + max ------ < P · Ha- s,,<er 1•-'la -

OTKy,Qa npH a= 1/2 nOI1Y4aeM OU,eHKy 

IIYIIH ::: c ll~k II L • 
% 2 

J.13 KOTOPOH CJle,QyeT 

~ ~ ' lr(xn+8)-y(xn)1 ::0 c8 · llriiHy, ~c8 · ll~k IILJ! xn"'"'h. /2.12/ 
nepeHAeM K 04eHKe L 2 -HoPMbl y(x) 4epe3 ee ceTo4HYIO HopMy. 8 CHnY /2.12/ 

h2 h I> 2. r r <xn + t)dt s I <r<xn) + ct ll~k Ill dt = 0 0 
=r 2 (xn)h+ c 1 11~klllr(x0 )lh 312 +C2 II~k ll 2

·h
2 

10 



CyMMHpyJI 3To HepaaeHCTBO no X0 ~rub, n011y'-UotM 

\\y(x)![j 2 _::o!jjybj\ 2 +Cfl~k'l!h ~ l: \y(X0 }\b+ ch'l\'lk f\ 2 ·:0: 
Xn .f: (t)h 

.:; riY b\1 2 + ch II~. 11 2 
+ <i\l1ftll J\yb'llh ~ :::

.:; <ilrb II + ch~ n,.lll 2
• 

oTKYAa cneAyeT /2.11/ a c~ny rnaAKOCT~ \{s).TeneJ)b, ~cnonbayR 

o~eHKy /2.10/, nony~M 

rJy(xlll <(_!_~~ +ch 2 +Ch~ )'jjz II =v t\.z0 11-
- 2u • 0 k 

np111 BCeX b_::: b O MO>KHO Bb16paTb 4-HCilO t Tat<, 4To6bl aHai10rH4HO 

I 1 . 20/ 6blno 

(2")- 1 c 1 (0,u)c(ll,ult 11 "t =q 0 < 1, /2.13/ 

noc.ne 4ero AJlR o4epe,AHoro nplo16J1!11)t(eHH:f1 v: c noMOIQ.biO /2.71 no

.ny4HM 

flv 1 -v II< 111:...8(s)\l + O(h") < q
0

Jiz 0
'll + 0(1{). 

k b - . an - 12. 14/ 

EcnH ycnoa111e (Qnvk,l)=O He BblnonHeHo, To aHanorH~HaR o~eHKa 

nony4aeTcR noc.ne He3Ha~HTei1bHbiX H3MeHeHH~. OyCTb 3aAa4a /1.10/ 

B nonoce {l 1 pewaeTCR KaKHM-.JlM60 pa3HOCTHbiM MeTOAOM TaK, '-ITO 

~ 'I'(X.l- :. 'l'h(x 0) = O(h"). x•""'b, 

TorAa o~eHKa /2. 14/ ablnOnHReTCR " AI1R vk1 = _g_'l'h (x ) • TaK KaK an n. 

QO 1113 /2, 13/ He 3aBr-tCHT OT b, TO 4JIICI10 HTepa~t~~iif, He06XOAHMOe 

A.Ofl YMeHbWeHHR norpewHoCn'l AO aenH414Hbl O(hv) ,,nponop4HOHa.nbHO 

lnh-1 • npeAilO>KeHHbliif a.nrOpHTM opraHJII3yeM Ha noc.neAOBaTeJlbHOCTH 

ceToK <Llh, cu
2

_ 1 tt ... , ca 
2
-mh c waroM h Ha nepaoH ceTKe cub· .• 

KaK ~~t3aeCTHo ,/10;1.1/, ecn~~t pewaTb HCXOAHYIO 3aAa4y c T04HOCTbiO 

c(24 b)v Ha CeTKe C HOMepOM i lo1 6paTb 3TO peWeHH~ B Ka4eCTBe 

Ha4allbHO.ro npt~~6.nH>KeHHfl AI1R cerKH c wa.rOM hi+t =·2_1
_

1 h, mot

He~Ho era HHTepno.nHpyR, TO Ha KamAO~ CeTKe Tpe6yeTCfl yMeHb

WHTb no.rpewHOCTb Ha HeKOTOPY~ Bellli\411\HY !O' He 3aBHCR~~ OT h. 

nocKOJlbKY npH nepeXOAe K 6onee Me.OKO~ CeTKe 8~4HCI1HTe.nbHafl pa-

6oTa Ha OAHY HTepa4111~ yaenH4HaaeTCR s 4eTblpe pa3a, TO o6~ee 

4HCJ10 11\Tepa~HH o~eH~~tBaeTCfl Bei1H4HHOH 

Q = ~n'.2... :' (..!.)! 3 I /In 
"' .<- 8 'o qo 

lnq
0 

!=O 4 2 

ll 



~ He aaa~c~r or h. Ecn~ Ail~ peweH~~ paaHocrHo~ aaAa4~ s np~rpaH~4Hoi:1 nonoce U 1 ~cnonbayeTCFI onT~ManbHbiPI no nopfiA'Ky 4~c
na ap~¢MeT~4eCK~x ,(letfcTa~H MeTo,c( 2• 4~ TO cnpase,qn~sa 

TeopeMa 2. nycrb 41-1CJlo k ab16paHo cor nacHO /2. 13/. Tor,qa 
~~KJl 1-13 k l-1Tepa~l-1i:1 /2o5/ C H848JlbH0£1 norpeWHOCTb~ ZQ ~ 
o,qHoKpaTHOro peweHYIFI aaAa4~ /1 o 10/ c T04HOCTbiO O(hv) AaeT , a cpyHK~~IO vk = an-'~'h (xn)' xn Gwh, c norpeWHOCTbiO 

llvk'- vh[l ~qo[izoll + O(h"). Qo<l, 
rAe qO 1-13 /2.13/ He 38BYICI-1T OT h. ECilYI p8C4eTbl npOBOAI-1Tb 'H8 
nocne,qoaaTe!lbHOCTI-1 ceToK w

2
-p h , p =1,2, ••• *m, a np~ peweHI-1YI ceT04Hotf aaAa4YI /lo 10/ a np~rpaHI-14Hoi1 nonoceU 1 HCnonbaosaTb 

onT~M8JlbHbli:1 

o6111ee 41-1cno 
norpeWHOCT~ 

no nopRAKY 4YICJ18 apH$MeTYI4eCKI-1X ,qei1CTBYI.i1 MeTOA, TO 
ap!-1$MeTYI4eCKYIX Aei1cTB~i1,He06x6A~ttMblx AilFI yMeHbWeH~FI 
AO 8em"'4MHbl O(hv). 6yAeT pa8HO ch-2 • · 

3. 4HCnEHHbl~ nPHMEP 

npYI8eAeM peay!lbTaTbl 414CileHHbiX 3Kcnepi-1MeHTOB no peweHHIO aaAa4M /1.3/ npeAnD)I(eHHbiM MeTOADM AnR <I>YHK~MM u(x, y) ~expey s!n.ILx, rapMoH~4ecKoi1 8 npf!MoyronbHYIKe Q = IO.-s_x·.~2: 0::S_Y.-s_1f.o Pac4e,t 
nPOBOAYIIlYICb H8 nocneA088Te!1bH0CTH 143 Tpex· CeTOK !iJh , W h/2 , 
W b/ 4 C H848IlbHbiM WarOM H8 KOHType h = 0,2 H .4Y1Cl10M pac4eTHbiX 
T04eK H8 r 2.6, 56, 116 COOT8eTCTBeHHO. np~ 3TOM BCnOMOr8TeJ1b
H8R c;eT04H8R 06naCTb 0~ 8bi6Yipa118Cb C nepeMeHHOi1 WYIPHHOi1 cr=2h, 4TO, 8006111e r080pR, Aame He rapaHT~pyeT CXOA~MOCTYI MeTOA8o 
0AH8KO Yl B 3TOM C!1y4ae H86J110A8J18Cb CXOAYIM0CTb npo~ecca C 4HC
J10M YITepa~Mi:1, He 38BYICRIJ.IHM OT h, npH yMeHbWeHYIYI He8R3KYI AO 0~38h ~. H8 K8>KAOi1 ceTKeo npYI 3TOM 8 o6naCTYI Ql pewailaCb paa-
HOCTHSR a·a,qa48 A11R AeBRT~T04e4HOi1 CXeMbl 11RIJ.II-1Kll. T04HOCTH Q(h4 ) 
MeTOAOM 3e£1,qe11R. 

B Ta6rL 1 AJ1R HeeiR3KH ( = 0,75h 2 14 r = 1,5A'~~:z: np~BOARTCR 
OCHOBHble xapaKTepYICTYIKH I-1Tepa~~tt Ha Tpex ceTKSX AilR P83I1H4HO-
ro 4YICI1a kl BHyTpe'HH14X HTepa~YII::i Ha CeTKe Q ~··o npaKTYI4eCKI-1 
OAYIHSKbBbl pe3yJ1bT8Tbl npl-1 kl =10 Yl kl = 5, HeCKOJlbKO XY>Ke npl-1 
k! ~ 3. 4epea kr o503Ha4eHO 4Mcno MTepa~M'i /2.5/ AnR rHY, 
PeweHYte Ha rpy6ot1 cerKe n~Hei1Ho HHrepnonYtposanocb Ha 6onee MenKyiO, r,qe 14 8bl61-1panocb 8 K84eCT8e Ha48IlbHoro np1-16n1-1meHI-1Ro He
BR3Ka 3TOro npl46nH>KeHHR Ha COOTBeTCT8YIO~eH CeTKe 0603Ha4eHa 
4epe3 £ O ·' a OKOH4aTe!lbHaR He8R3K8 Ha 3TOH >Ke cerKe - 4epe3 
Ef ·.0 .&.riR YK838HH'OrO Ha4811bHOro npi46JlYI>KeHYIR cHa4aJ1a CTPOHJlaCb 
<I>YHK4HR U(x) no <l>opMyne /2.7/ M pewanacb aaAa4a .QMpHxne /1.10/ 80 BCnOMOraTeilbHO~ 06JlaCTH fl!, nOCile 4ero Bbi4YICilRJlaCb du/an 
H npoAeilbi88IlOCb kr YITepa~l-1i1 no $OPMYile /2.5/ o HeBR3Ka 3TOrO 
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... 
w 

N 

26 
56 
t 16 

N 

26 
56 

116 

XapaKTepHCTHKH HTepaJ..UiH npH r = 1,5 

kl = 10 kl = 5 

'o 'N 'r 'rHY kr 'o ' f kr 

0,49 0,49 0,027 17.10-4 5 0,49 0,027 5 

0,026 0, II 0,007 45· 10-5 5 0,026 0,007 5 

0,006 0,028 o,OOI6 11 o~o-s 5 0,006 0,0017 5 

3aBHCHMOC.Tb OT r npH kl = 10 

r = 1~3 r = 1,7 

'o ' r kr 'o ' r 

0,49 0,023 6 0,49 0,021 
0,025 0,0066 6 0,026 0,007 

0,006 0,0018 5 0,006 0,0018 

TaGnHu;a l 

kl = 3 

'o 'rHY kr 

0,49 0,027 5 
0,026 0,007 8 
0,006 0,005 II 

--~-~~-
--

Ta6nH11a 2 

T = 1,0 

kr 'o 'r kr 

6 0,49 0,027 7 
6 0,027 0,0071 7 
7 0,007 0,0018 6 

- --- ----



npoMemYT04Horo 3Ha4eH~t~.A o6oaHa4eHa 4epea eN'.. B nepaoti KO.noHKe 
Ta6.n. 1 np~t~BO,Q~t~TC.R TaK>Ke aen~t~4~t~l-!a ( rHY= max '!u-U(x) I~ ~t~.n.nrocTp~t~-pyro~a.A B~COKYJO T04HOCTb MeTo,Qa rHY. x~r1 

ToT $aKT, 4To ae.n~t~4~t~Ha (N npeaocxo,Q~t~T Ha4ai1bHYJO HeBR3KY 
fo CBR3aH C TeM, 4TO WIIIPII!Ha a np~t~rpaH~4HOi:1 no.nOC~ 3a8~t~C~T 
oT h , u = 2h 4 0. B 3TOM c.ny4ae .neMMa 2 He rapaHnfpyeT o~eHK~t~ 
fN "S_ € O , O,QHSKO BCe 6~CTPO OC~~J1J1~PYIO~~e KOMnOHeHTbl norpewHOCT~ no,QS8ll€Hbl ,QI-1$$epeH4~aJ1bHbiM onepSTOPOM, a rna,QKS.A KQM
noHeHTS, KOTOpa.A 8 ,QSHHOM CllY4Se BoapacTaeT, 6biCTPO no,Qa8-
J1.AeTCR npOCTb!Mitl II!Tepa~~.RM~ 12. 51. 

8 Ta6.n.2 np~t~80,Q.ATCR ,QSHH~e ,QllR He8.A3KIII 0,38h2 
Ha KS)f(,Q0i:1 

ceTKe, a a Ta6n.3 ,QSHbl peay.nbTaTbl np~t~ pa3.n~t~4H~X napaMeTpax r 
so BHeWHHX ~t~Tepa~HRX. B11AHO, 4TO aHa4~t~TeJ1b.Hbre OTKJ1oHeH~t~R OT 
TonT.= 1,5A;;1~x CYUl€CTB€HHO H€ BJ1111RIOT Ha CKOPOCTb CXO,Qio1MOCTIII 

HT€PS4Hi1, 4TO C811,Q€T€J1bCT8yeT 06 yCTOi14HBOCTH M€TO,Qa OTHOCH
T€J1bHO T04HOCTH Bbi4HCll€HHR MSKCHMa!lbHOrO C06CT8€HHOrO 4HCJ1S 
MaTPio14~ B. 

. 1 0TM€TII!M 1 4TO €CJ1H WHpHHa nO.nOC~ fi 803PSCTS€T 1 TO 41o1CJ10 
8H€WH1o1X HTepa~Hti k f yMeHbwaeTCR, 0,QHSKO npH 3TOM 803paCTa
€T Bb14HCJ11-1TellbHSR pa6oTa A11R peWeHHR ypaBHeH~t~R Ha CeTKe n ~-· 8 3SBHCHMOCTio1 OT CKOpOCTIII cXO,QHMOCTH lo1T€PS4Hi1 Ha C€T04HO~ 
06J1aCTio1 {l~ MOmHO onT~t~MH31o1POBSTb CYMMapHyJO 8~4HCJ11o1T€J1bHyJO pa60TY nyTeM Bbr6opa WY'IpHHbl u npHrpa·HH4H0'1 nOJlOCbl. nycl'b KOH
CTSHTa c 8 .neMMe 2 6y,QeT pasHa a-~, KaK a c.ny4ae Kpyra, a 
B ll€MM€ 3 - C

1
= a-1, KaK ,QJ1R BbrnyK.noro MHoroyro.nbH~t~Ka ~111.1 kpy

ra. nyCTb WHPIIIHS nOJlOCbl u = mh, Tor,qa 38 Q,QHH: HT€Pat.ti10HHbli:1 ~HKJl H€8.A3Ka y6~aaeT Ha B€!1J.14HHY nOPRAKS ·q = (k+ 1)-1 (mh)-3/2 • OTKY,QS k = c(mh )-3/ 2 • ,ll.nR KBa,QpaTa CO CTOPQHOti I CYMMapHa.A 
Bbi4HCllHT€J1bHaR pa6oTa nponOP41110HSJlbHa _B€J1H;41o1H€ 

/3.1/ 
r,Qe·y xapaKT€pa.-t3yeT CKOPOCTb CXO,QHMOCTH I-1TePS4HOHHOrO M€TO,Qa 
,Qll.R pa3HOCTHOait 3a,Qa4a.-t. 3HS4€Hlo1€ m,: npH KOTOPOM ,QOCTio1·raeTCR min Q(m) H3 13. 1 I,· npHBe,QeHo- B -r:a6n. 4 A!lR paa.nH4Hbrx y .. TaM 
>K€ YKa3aHa H COOTB€TCTByro~a.A WJ.1pJ.1HS a noilOC~ fl~'., HanOM!1HM, 
4TO y = 1 COOT8eTCTByeT MeTO,Qy···nBP; y = 2 - M€TOAY 3eait,QeJ1.R ~ .. ·y = 1/2 - nonepeM.eHHO TpeyrOJlbHciMy M€TO,QY /2/ H y=0 - OnTHMSJlbHbiM- M€TO,QSM /2-41-.• 
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Ta6J1H!1a 3 

N 

26 
56 

116 

Cxop;HMOCTb IIPH HeBRSKe 0,38h2
• r = 1,5 

'o 

0,49 
0,021 
0,004 

' f 

0,013 
0,0035 
0,0009 

7 
9 

10 

TauJ1H11a 4 

0IITHMaJihHbie 3HaqeHHJI m(h) H a(h) ~ mh 

y ~ 2 y ~ 1 y ~ 0,5 r ~.o 

m(h) h -1/5 h -815 h ~SilO h -1 

a(h) h 4/5 h 2/5 h 1/5 const 

4. HEKOTOPbiE 3AME4AHHH 

1. B CJ1y4ae BHewHe~ aa.Qa'-1~ Ailfl o6naCT~ n ~3MeH~TCfl Jl~Wb 

npaeafl '-laCTb B ypaeHeH~~ /1.3/. 0Ha B~pa3HTCfl $OPMYI10~ 

f~rrg+Gg, 

a onepaTop L ocTaHeTCfl npe>KHHM. <!lopMyna /1.9/ .QJlfl $yHKU.HH U(x) 

npHMeT BillA 

U(x) 1 ([-g(s) ..i_ln.r-'\x,.s) +Vk(s)lnr-1(x,s)]ds, x<:=r 1 , 

2rr r an 
r.Qe HanpaeneHHe HOpMaJl'-1 He H3MeH'-1JlOCb. TaKHM o6pa30M, TeopeMbl 

1,2 lt1Me~T MeCTO C TO'-IHOCTbiD .QO KOHCTaHT C '-1 c 1 B Jl€MMaX 2,3. 

2. B CJly'-lae .QBYCBfi3HO~ o6JlaCT'-1 n see pe3YJlbTaTbl OCTaiOTCfl 

e cHne. Anfl MHorocefi3HO~ o6nacTH neMMa 3 '-1MeeT MecTo, O.QHaKo 

Ba>KHafl .QJlfl paCCMOTpeHHfl IleMMa 2 Tpe6yeT HHOrO .QOKa3aTeJlbCTBa. 

3. Coo6pa>KeHHfl, Ha KOTOpbiX OCHOBaHO .QOKa3aTeJlbCTBO CXO.Q'-1MQ

CTH MeTO.Qa, yKa3bl8aiOT Ha 803MO>KHOCTH ero 0606W,eHHfl Ha .Qpyn1e 

KJlaCCbl rpaH'-1'-IHbiX YCI10BHI4, Ha TpexMepHbl~ CJly'-la~, a TaK)f(€ Ha 

APYrHe THnbl n1Y. IHY .QJlfl Pfi.Qa Ba>KHbiX 3a.Qa'-l MaTeMaTH'-IeCKO~ 

$J.13J.1KJ.1 np~BO.Q.ATCfl 8 ./l~l .. 

4. npe.QJlO>K€HHbl~ M€TO.Q .ABJ1fleTCR no cyw,eCTBy '-1 perYI1RPI-13YIOW,J.1M 

anrop~t~TMOM Ailfl peweHHfl HHTerpanbHoro ypaeHeHHR nepeoro po.Qa 

/1.3/ H .Qpyr'-1X nO.Q06HbiX ypaBHeHHH. 
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