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np~.O~eHKe CKOpOCTH CXOA~MOCTH p83HOCTH~X MeTOAOB peweHHA 

38A84 M8TeM8TH4eCKO~ $H3HKH H8 TOL4Hble peweHHA 3Tir\X 38A8L4 

o6~4HO H8Kn8A~B8~TCA 38B~W
eHH~e Tpe6osaHHA rnaAKOCTH. no3TOMy 

8KTY811bH~M ABnAeTCA AOK838TenbCTB0 CXOAHMOCTH npH ecTeCTBeH

H~X Tpe6osaHHAX rnaAKOCTH HCKOMOfO peWeHHA. TaKHe ~CCJ1eAOB8HHA 

npoBeAeHbl B pa60T8X /1M4/ A.nfl p83Hb1X 38A84 M8TeM8T\.'14eCKOH <l>H3HKH. 

AnA ypaaHeHHH 4erseproro nopAAKa a pa6ore 151 HccneAOB8HHA 

CXOAHMOCTH pa3HOCTHbiX CXeM npOBOAHm1Cb B npeAnOJ10H<eHHH, 4TO 

peweH~r~e HMeer orpaHH4eHHbte npOH3BOAHb1e AO wecroro nopAAKa. 

tlOK838H8 CXOA~ttMOCTb npH6m1)1(eHHb\X peWeH1<1H B CeT04HO~ HOpMe W~ 

CO CKOpOCTbiO 0(\h \2 
), B 141 HCCJ1eAOB8I18Cb p83HOCTH8.R CXeMa BTO

poH Kpaeso~ aaAa4H AnR 6HrapMOHH4ecKoro ypaaHeHHR. AoKa3aHa 

CXOAHMOCTb pa3HOCTHOro peweHHR K 06o6w,eHHOMy pewe~HIO HCXOAHO~ 

3aAa4H H3 Knacca W3t 8, S =0, 1 CO CKOPOCTbiO 0(\h\ s'+-
1

2) 8 CeT04HO~ 

HOpMe L 2 . 

8 HaCTORW.e~ pa6oTe YT04HRIOTCR, paae~eaiOTCR ~ pacnpocTpaHR~T

cR peaynbTaT~ 141 Ha 6onee o6~He 3aAa4H. nony4eH~ O~eHKH B 6o

nee cHnbH~x HOPMax AnR APYrHx Kpaee~x ycnoaH~ H AnR ypaeHeHH~ 

C nepeMeHH~MH K03$¢H~HeHTaMH. 
~OKa3~BaeTCR CXOAHMOCTb pa3HOCT-

1+s-h • 2 

HbtX CXeM CO CKOpOCTblO 0 (\h \ p J 8 CeT04HOH HOpMe W2 , ecnH 

peweHHe npHHaAnemHT npocTpaHCTBY W~8 , S = 0,1, p = 2, oo. 

1. PaccMoTpHM 6HrapMOHH4ecKoe ypaeHeHHe 

C KpaeBbiMH ycnOBHRMH 

u = 0, 

u ~ 0' 
au 
-- =0, 
an 

x~:; r, 

x~ r, 

XE 0, /1/ 

/2/ 

/3/ 

I 



rAe n ~!x ~(x1,x2): O<xa·< ea.,a'~1.2l,r- rpaHH4a o6nacTH n. nBH€WHRR HOpMSJlb K rpaH~~e r. 
,llnR $yHK41-11':1, 3SASHHbiX B 06J1SCH1 fl, BBe,QeM nonyHOpMbt H HOPMbt Co6onesa 

a9 u 2 % lui s(Q)={Jf ~ ( 8 , ) dx 1 dx2 1 ,jul .. ~(n)=llull (!1)' w n s +s =s ax 1 ax 2 
YL2 L2 

I lull 

2 1 2 1 2 

w s (!1) 
2 

Cy~eCTBeHHY~ P011b B HCCJ1€,QOBSHHRX CXOAHMOCTH pa3HOCTH~X CXeM 6y,QeT HrpaTb 1l€MMa, KOTOpaR H38€CTHa 8 MST€MSTH4eCKO~ JlHTepaType KaK neMMa 6paM6na-rHnb6epTa. 
neMMa 5p3M6na-rHilb6epTa /eM. 19•101 I. nycTb E(u) - JlJ.1Hea:1Hbli1 OrpaHI-14eHHbll1 (J>yHK4r.10HaJl 8 W s + ~ T. e. VI MeeT M€CTO 04eHKS lf(u) I ~M I lull s+1 • nycTb f(u~ o6pa[4aeTCR 8 HYnb Ha nonHHOMax w2 

cTeneHH s. TorAa 6y,QeT BbtnonHeHo HepaaeHCTBO 
I f(u) I ,; M lui s+ 1 

w2 
2. nnoCKOCTb (x1, x2 ) noKpOeM CeTKOi:1 

Qh =fx=(x
1 ,x

2 ): xa,=ia .. ha"• ia,=0,±1, ... ,ha .. =Ea,/Na' ,a'=1.2!. 
0603HS4VIM Yepe3 _"W= finflh MHO>KeCTBO Y3110B C€TKH Qh, Jl€}1{SlJ.IHX 8 3SMKHyTOJ1 o6JlaCTVI il==flur;w,flrtQJi- Y3J1bJ CeTKVIflh,.ne>Kall.IVIe BHyTpYI OTKPbJTO+Vt o6.nacTYI SJ; Y=~'-<.u - rpaHYI4Hble y3Jlbl; Y+ . .,f~,;;y, cos(xa,.,n)= =±'1-f ;. y- ""'f.xrt;Qh ,- Jle>Kdll.IY!e BHe /BHYTPYI/ 06J1SCTYI 1'f VI Y!MeiOil.IVIe XOTR 6bl OAHH coceAHHVi yae.n no wa6nOHY ''KpecT'' H3 y 1. ,ll.nR ¢yHt<-4Ht1 y(X), 3dAaHHbiX Ha W, 6yAeM HCnOJ1b308dTb CJleAYIOil.IVIe 0603Ha-4eHHR /S,S/; 

2 

Yo ., 



( (+1;) 2y (-1i))/h2 
=Y - +Y i' i = 1,2 ' 

(y,v)~ l: v(x)y(x)h1h 2• 
x<=w 

'h 
IIYII"' IIYII o~ (y,y) ' 

/4/ 

/5/ 

2 
II v_ II 0 

11-h1 1z-h2 

}; l v! (x) h 
1
h 

2
, II v vll 2 ~ llv _ 11 2

+ llv_ II~ 

X 2 X 1=hl x2=h 2 :l2 

max ly(x) I, 
x~<TI 

x 1 x2 

/6/ 

171 

B A8DbHei:1weM 4epea M 6yAeM o6oaHa4aTb nonmtHHeilbHble nocTO.RH-

1 12 2 2 · 1 l 
Hble, He 388\.IICAU\Yie OT hl 111 h 2 , h = h 1 +h 2 , h = IDlD hl'h 2 • 

PaccMOTPYIM onepaTOpbl T04HbiX paaHoCTHbiX cxeM T1 14 T 2,onpeAe

Il.ReMble COOTHOWeHH.RMI-1 /4,6/ 

1 
f (1-s)n(x +Sh 

1
,x )ds, 

0 1 2 
/9/ 

0 1 

T n(x) ~ f (1+s)n(x ,x +'sh )ds + f (1- s)n(x ,x +Sh )ds. 

2 -1 1 2 2 0 1 2 2 

HeTPYAHO npoeepli!Tb, 4TO T a
2
u(X)=U- 'x~W.a =1,2. npi4MeH.R.R 

a ax 2 X X 
a a a 

onepaTOp T
1
T

2 
K ypaeHeHI-110 /1/, Ailfl X ~w, ,nOI1Y4YIM TO>t<AeCTBO 

a2u a2 u 
(T2 --)- +2U- - ,(T 1--)- ~T 1T2 f, x.<;. w. /10/ 

ax2 xlxl xlxlx2x2 ax2 x2x2 

1 2 

np111 IIICCileAOB8H14111 p83HOCTHbiX CXeM H8M 6YAYT He06XOAV1Mbl HeKOTO-

Pble HepaBeHCTBa, CB.R3biB81011\\11e CeTOI.IHble HOpMbl /4/, /5/, /8/. 
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fleMMa 1. Afl~ n~6oH CeT04HOH ¢yHK~HH, 3aAaHHOH Ha ceTKe w H o6pa~a~~eHcR a Hynb Ha rpaHH~e y, cnpaseAnHB~ HepaeeHcTea 

£ > 0 ' I 11 I 

1121 

AoKa3aTellbCTBO. AoKa>KeM cHa4ana HepaeeHCT~O /11/. npH ¢HKCHpoBaHHOM X3 _a' a -1 ,2 paCCMOTpHM v(x 1, x 2 ) KaK CeT04HYIO ¢1YHKLIHIO OT apryMeHTa X a • 3Ta ¢YHK4H~ o6palltaeTCR B HY!lb npH X a =0, fa H AilR Hee cnpaBeAnHBO HepaBeHCTBO /CM./S/ CTp. 292/: 
ea 
l: y2 h 

x =h X a a a a 

ea-ha 
+ _1_ l: y2 h 

4£ x =h a a a 

Ha 3Toro HepaseHcTsa nocne cyMMHposaHHR no x~H a =1,2 nony-4~M 1111. AoKameM HepaeeHcTeo 1121. AnR ~YHK4~~. o6pa~a~~~XcR 8 Hy.nb Ha rpaHHLie y, BblnOnHeHbl HepaseHCTBa /CM. I 8/ CTp. 301, 3091: 

Ha HepaseHcTea /11/ H 3THX ABYX HepaaeHCTB cneAyeT 

ll~vll 2 ~ ..1.11 
- ' 

1 8 8 1 128 2 >[-(-+-l--+--lllvll · ~' f2 f2 2,2 f2f2 1 2 1 2 

8bi6HpaR ( TaK, 4T06bl K03$¢HLIJ.1eHT B CK06Kax 6blll MaKCHMa!leH, nony4~M 1121. 
CneAcTe~e. 8blpameH~e II~YII 3KB~BaneHTHO HOpMe II Yll 2 , T. e. CYilteCTByeT He 3aBHCRiltaR OT h nonomHTe!lbHaR nOCTORHHa~ C2 TaKaR, 4TO 

112 'I 
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neMMa 2. I 181, cTp. 2961. AnA nKJ6oii ceT04Hoii <I>YHK~~~ v, a a-

ASHHOi1 

2 
l: 

a= 1 

Ha cerKe W, cnpaBeAflHBO HepaBeHCTBO 

< C \\v\\ 2 
~ 3 1 

C nocTOAHHO~ C3,38BHCR~eH TOJlbKO OT f1 H f2 o 

3. 3aAa4y 111, 121 annpOKC~M~pyeM pa3HOCTHOii CXeMOH 14•121 : 

y_ ~ 0, 
• • a a 

+y_ ~ T T f, 
1 2 

X(; y 
±a 

X X X X 
2 2 2 2 

a ~ 1, 2. 

xtcu, 

0rMeTHM, 4TO CeT04HSfl ¢YHK~HA y onpeAeneHa Ha MHOmeCTBe 

Wuy+, a rpaH11!4Hble yc.nOBHA CBA3biBSIOT ee 3H84eHHR B Y3J18X 

Y-uYuY+ • 
HerpyAHO noKaaarb, 4TO pa3HOCTHSA aaAa4a /13/, /14/ 

3H84HO paapeWHMS, HccneAyeM ee CKOPOCTb CXOAHMOCTH. 

,(l.nR ¢YHKU,1<11-1 Z = y-u noJ1y4HM 3SAS4Y 

z = 0, xty , a =1,2, 
±a 

1131 

I 141 

yanoa 

1151 

!161 

rAe~ H ~a- ecTb norpeWHOCTb annpOKCHMSU,HH p83HOCTHOH CXeM~ 

1131 Ha peweH~~ ypasHeH~A 111 ~ ~MeeT B~A 

X~ w, Tla(x)=-U- , x~y±a, a=1,2. 
xaxa 

PaccMOTPli1M yc.noa111e /16/ np\.1 xa =0 1r1.m1 xa=t· Y4HTbiBaA rpaHH4HOe 

yc.nOBHe /2/, nony4HM 

117/ 

3aMeHHM Tt T 2f B Bblpa>KeHir!H AI1R 'II, HCnOilb3YA I 1 0/. nony4!riM 

1181 

0603Ha4\riM 4epe3 0(5:J0, 8=max{~,h2_lo6nacTb, rpaH\riU,a KOTOpOVt ne

~\riT Ha paCCTO~H\rl\rl 8 OT 06naCT\rl 12. npeAnOilO~IriM, 4TO peweH\rle u 

np~r~HaAne~a.n npocTpaHCTBY. W :+s(n), s =0, 1, p = 2, oo "' ero MO>t<HO 

npOAOil~lriTb B 06JlaCTb 0° C COXpaHeHirleM HOpM~. 
5 



TeopeMa 1. nycTb peweH"e u(x) 3aAa4" /1/' /2/ np"HaAnelK"T 
npocTpaHCTBY w~+s(n8 ), s =0, 1' p=2, oo, Tor,Qa AJIR norpewHOCTIII annpoKC!-1Ma~J..·H17Ja• a =1 ,2 143 /17/, /18/ cnpaee,QJlHBbl HepaseHCTaa 

1+ s _.!. h (x)I5Mihl (h
1
h

2 ) P !lull S+ , s~O,l,p~2,~,. a~1,2, /19/ a - '< ) wp e 

c nocTORHHOH M, He aaeHcR~.qe~ oT h 1-1 • peweHI-1ff u, a 

AoKaaaTeJlbCTao. lli-1HeHHo oTo6paaHM npRMoyroiJbHI-IK e Ha KBa.QpaT E~fs~(s1 ,s 2):-1~ sa"!, a~1,2l" o6oaHa4"M ii(s)~ 
a2u ~ u("' (s) ·"2(s)). Bblpa>KeH"e ~ (x)~T3 ~x)--u.- (x) RBnReTCR n"He'1-a -a Ox5 xaxa 

HbiM orpaHHI./eHHb/M ¢JYHK4HOH8JlOM 8 npOCTpaHCTBe W: (E) /Yt TeM 6onee B ws+s (E), s > 0 I. 
AeHcTBI-1~enbHO, no TeopeMaM anomeHI-1R 171 

IT ~I 
3-a Ox2 

a 

max 
sf' E 

< _!_IT a2u I < 
h2 3-<l as2 a a 

Iii (s) I < ..l!LIIull 
h2 w2 (E) a 2 

KpoMe Taro, 3TOT ¢YHK41-10Han o6pa~aeTcR a HYilb Ha noJliiiHOMax BTopoH "" TpeTbeH CTeneHH. Tor.Qa no neMMe 6p3M6na-rHnb6epTa w<1eeM 

I~ a (x) I :S ~ luI S+s • - ha W 2 (E) 

I./TO B nepeMeHHbiX X ,QaCT HepaBeHCTBO /19/, npt-t S =0, 1 H p =2. 0TCIO,Q8 cpaay C!le,QyeT Clly4ai:1 p = oc, npH BblBOAe MSKCJ.1MyMa npOI-13-BOAHbiX 3S J.1HTerpal1. 
nony4"M anp"OPHY~ o~eHKy AnR peweH"R 3aAa4" /15/, /16/. 
TeopeMa 2. AllR peweHMR z 3aAa411 /15/, /16/ c npaao~ 4aCTb~ W, KOTOpaR npeACTaBnReTCR 8 B11Ae /17/, CnpaBeAI1J.1Ba O~eHKa 

2 ll6zll :SMfllry II +II~ II+< ~ - 1 2 a:=l 

c nocTORHHO~ M, He aaaMCRuteM OT z 11 war a h. 

6 
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~OK838TenbCTBO. YMHO~~M ypaaHeH~e 
/15/ CKanflPHO H8 Z ~ 

Y4TeM npeACTasneH~e npaaoH 4aCTH no ¢opMyne /17/ 

(A 2 z, z) ~('I', z) ~ ( ~ _ , z) + (~ _ , z ) . 
1x

1 
x

1 
2x

2
x

2 

/21/ 

npeo6paayeM neeylO 4aCTb 3TOro TO>t<AeCTBa. nycTb x
13
, {3~, a ... 1,2 

¢HKc~poaaHo. TorAa 

X =0 a 

YMHO>t<HM 3TO HepaaeHCTBO Ha hB H npOCYMM~pyeM no X~, a nOTOM 

H no a =1,2. npH6aBHM e~e TO~AeCTBO 

(z_ - ,z)~llz...- 11 2 

xlx1x2x2 xlx2 

H nony4HM 

2 2 
2 

(A z, z) ~ llt<zll - L ( L ~ z h - L ~ z_ h ) . 

a=l x~y a xa 3-a x~y a xa 3-a 
+a -a 

npHMeHHM K npaaoH 4aCTH HepaeeHCTBO KowH-5YHflKOBCKOrO H oueHKH 

(A
2 z. z) 

/22/ 

npeo6paayeM npaeylO 48CTb TO>t<AeCTBa /21/, npHMeHflfl ¢OPMYI1Y CyM

MHpoaaHHfl no 4aCTflM 

7 



/23/ 

noACTaBHM /22/ H /23/ B /21/ H paaAeilHM Ha jj6.zjj.noJly4HM HCKOMY~ 04eHKY /20/. TeopeMa AOKaaaHa. 
Ha O~eHK~ /20/ cneAyeT O~eHKS CKOpOCTH CXOAHMOCTH. 
TeopeMa 3. nycTb peweHHe u HCXOAHOH aaAa4H /1/, /2/ npHHaA-.ne>KHT npoCTpSHCTBy w~+s(o6 )., s =0, 1' p =2. oo, TorAa pa3HOCTHaR CXeMa /13/, /14/ CXOAHTCR B CeT04HO~ HOpMe W~ CO CKOpOCTb~ 1 +s- .1.. 0 (jh I P ), TaK 4To BblnoJlHeHa 04eHKa 

1+ s- .L ll6.(y-u)ll ~ Mlhl PI lull S+ , s ~ 0.1. p ~2. ~. /24/ - w s (!l 8) 
p 

,[loKaaaTeflbCTBO. Ha 04eHOK I 19/ TeopeMbJ 1 cneAyeT 

ll ull 2 
) v, 

3+ s ~ 
wp (e(x)) 

noACTSBHM 3TH 04eHKH 8 /20/ H no.ny4HM HCKOMY~ 04eHKY /24/. 
3aMe4SHHe 2. J.i3 04eHKH /24/ BTOpoH nOPRAOK CXOAHMOCTH no-

11y4aeTCR TOilbKO B C11Y4Se U~ W!,(00 ), T.e. KOr,Qa peWeHHe ~-'!MeeT 
orpaHH4eHHble 4eTaepTbte npOH3BOAHble. Mm+<HO noKaaaTb, 4TO 
BTOpOti nopR.QOK CXOAHMOCTI-1 no.ny4aeTCR H 8 CJly4ae U ~ w;(o/>), 

3aMe4aHHe 3. Ha 04eHKH a ceT04HOH HOpMe W~(w)c Hcno.nb3oea
Hio1eM CeT04HbiX TeOpeM BJlO>KeHIIIR CJle,qyeT CXO,qiiiMOCTb pa3H0CTHOi1 CXeMbl B HOpMe C(w) /eM .fBI CTp. 297/. 

4. YKa>KeM Ha OCHOBHble MOMeHTbl IIICC!leAOBaHHR pa3H0CTHOH Cxe
Mbl, annpoKCHMHpyiO~qeH aa,qa1..1y /1/, /3/: 

8 

Y=O, yo =0, xG-y±a, a=1.2. 
'a 

/25/ 

/26/ 



HeKoTopoe OTn~4~e ~MeeTCR TOnbKO np~ o~eHKe norpewHOCT~ an

npoKC~Ma~~~ Kpaeaoro ycnos~A /3/. AnA Z=y-unony4HM 3aAa4y 

xE w, /27/ 

z = 0, 
au 

~ -- - u o ~ ~0 (x), 
a X a xa 

a ~ 1,2. 

/28/ 

Bblpa)l(eH~e 11 0 eCTb n~HeiiiHblill orpaH~4eHHblill ¢YHKL-'~OHa.n a npocTpaH

cTse W ~, KOTOPblill o6pa~aeTCA B HY11b Ha n011V1HOMaX BTOpOill CTene

HV1. TorAa no neMMe 5p3M6.na-rH.nb6epTa ~MeeM 

\ry
0

(x)I:SMihi 2 (h
1
h)-Y'Iul x<;y. /29/ 

~ 2 W~(e) 

AnpHopHaR o~eHKa AnR peweHHA aaAa4H /27/, /28/ HMeeM BHA 

~ (i~ 0(x)l
2 +1~ (x)i 2

h )l./30/ 
xl;y a 3--a 

±a 

O~eH~M CKOpOCTb CXOAV1MOCTV1 pa3HOCTHOti CXeMbl /25/, /26/. no 

cpaBHeHH~ C 04eHKOVJ /20/ V1MeeTCA T011bKO e~e 0AV1H 4IleH, COAep

ma~~W .,.,0 (x).C HcnonbaosaHHeM /29/ ero oueHKa AOBOilbHO sneMeH

TapHa: 

~ I~ (x)l 2 :SMihl 2 ~ lul 2 • 
xGy 0 - xGy wg(e) 

npaaaA 48CTb 3TOrO HepaaeHCTBa eCTb W~- no.nyHOpMa OT ¢yHK4V1~ 

u B o6.naCTV1 C WH,?gV1HO~ 2h, COAep>Ka~e~ rpaHHU.Y r. HcnOnb3YR 

HepaBeHCTBO /CM,. 91 , CTp. 24/ 

nony4~M ou,eHKY 

TeopeMa 4. nycTb AI1R peweHV1fl u 3aAa4V1 /1/' /31 BblnOnHeHbl 

ycnoBHfl TeopeMbl 2. TorAa AnA peweHHR y pa3HOCTHOVI cxeMbl /25/, 

/26/ BblnOllHet-ibl OUeHKH 

1-!.. 
ll~'>(y-u)ii;<;Mihl P llullw3 (!.l8) P~2,~, /31/ 

p 

9 



3/2 . llt'!(y-u)ll $ Mlhl llull 4 5 
- wP (0 ) 

, p=2,oo, 

3aMe4aHHe 4. Ecm1 Ha pa3HbtX 4aCTRX rpaHJ.1~bl r 3aAaHbl Kpaeable 
YCllOB-~ /2/ " /3/, TO, KOM6"H"PY~ pe3yJlbTaTbl TeopeM 3 " 4, 
nony4HM COOTBeTCTBY~~He O~eHKH H B 3TOM Cny4ae. 

5. He npe,QcTaBnReT npHH~HnHarlbHbiX aaTPYAHeHH~ HccneAoaa
HHe CXO,QI-!MOCTYI pa3HOCTHbiX cxeM A11R ypaBHeHio1C1 4eTBepTOro no
PRAKa c nepeMeHHbtMI-1 K03$1lH1U,HeHTaMH .• PaccMOTPHM ypaaHeHHe 

f L(a .. (x)a
2
u)=f(x), a.J=a .. >const>O, x<;O ij =l a 2 lJ a 2 1 Jl = Xi X j 

c KpaeabiMH ycnoaHRMH /3/. 3Ty 3aAa4y annpoKCHMHPYeM cxeMoC1 

2 
~ (a;.(x)y_ )_ =T1T 2 f, xEw /32/ ij=l 1 xjxj x1 x 1 

C rpaHH4HbiMH YCriOBHRMH /26/. 
norpeWHOCTb annpOKCHMS4HH 8 3TOM cny4ae HMeeT BHA 

X~ W, 

+ a (x) [ T a 2 u 
11 2 ax2 

1 

10 



!lull 
W ~(e) 

nocneAHee cnaraeMoe paaHReTCR 4IleHy ry1 H3 /10/. 0Tc~ga cne

gyeT, 4TO np~r~ norpewHOCTH annpOKCHMa~~t~H H AD~ ypaaHeH~t~H c ne

peMeHHbiMYI K03¢¢YIU,VI€HTSMl4 \.13 W~8(U), cnpaseAilHBbl ou,eHKVI I 19/ 

TeopeM~ 1. TaK~t~M o6paaoM, AnR paaHocTH~x cxeM /32/, /14/ VI 

/32/, /26/ 6YAYT cnpaBeAJl~Bbl peSyilbTaTbl TeOpeM 3 H 4 COOTBeT

CTBeHHO. 

nonb3yi0Cb Cily4aeM, 4T06bl BbiPS31r!Tb l4CKpeHHIOJO 6narOASPHOCTb 

aKaA. A.A.CaMapcKoMy aa noneaH~e o6cymAeHHR H npo¢. E.n.*HAKo
ey aa nOAA€P)I(Ky. 
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