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B pa6oTe accneAYeTca aaga~a nonyqeHHH aaMKffYTNX ypaeHeHHA 

gllR MOMSHTOB CTOXaCTH~9CKHX H9~HH9~HNX AH¢¢epeHUHanbH~ ypaBHe

HKA, BCTpe~~KXCR B p~e ¢HaH~eCKHX 38Aa~. B cnyqae nHHeRHNX 

ypaBH€HHR y~aeTCH pacuenHTb ypaBH9HHff ARfi MOMSHTOB npH 6 -

KOpp9HKp0BaHHOCTK ~yKTyaQKA napaMeTpOB HCXOAHOro ypaBHeHHall/. 

B H9HHH9AHOM cnyqae CHTy~HR ropa3~0 cno~ee, TaR KaK B03HHKaeT 

AOITORHHT9HbHaR npo6HeMa pacqenneHHff H9HKH9~HX Cpe~HX. 0AHaKO 

TaROS HCCH9AOBBHM9 He06XOAHMO, TaK KaK C~CTBY9T Uen~ KHaCC 

aaga~, CBOA~RCR K H3yqe~ ienHHeAHNX CTOXSCTHQ9CKKX ypaBH9-

HHR B qaCTHNX DpOH3B0~/2 , 3 . lloaTOyY npeACTaBHH9T HHTepec 

HCCH9AOBaHH8 TO~HO pemaeMHX H9HKH9RHHX CTOXaCT~SCKHX MOAeneR 

H CpaBHeHHe TOQHHX pem9HHR C pemeHKHMH, ITOXJQ9HHHMK C ITOMO~bD 

npH6HKM9HHNX ~9TOAOB - M9TOAa MapKOBCKHX npH6n~eHMA H MSTOAa 

HHHeapHaaqKH/4/. fipKM8Hff~ 3TH npH6nKMeHHHe MeTO~H K H9HHH9AHNM 

CTOXaCT~9CKHM BO~OBNM ypaBH9HHRM, MOMHO TIOnyqHTb ypaBH9HH~ 

An~ Cpe,II.HerO nona, KOTOpHB 6y~ OITHCHBaTb 3BORDqKD npO¢KXR 

BOnHH no~ ~eAcTBHeM cnyqaAHYX B03~eH~A. R nonyqeHHNM ypaeHe

HHHM MOMHO OpmM8HHTb TeopHD BOS~eHHA/6 ,?/ HnH pematb HX Ha 

iJBM. 
B nepBOM paaAene HCCH9AY9TCR MO~enb C K~TwqHoA H9nH

H9AHOCTbD. B paMKSX nepeoro, BTOporo Map&oBCKHX DPH6HHZ9HHH H 

M9TO,D.a nHHeapH3&\HH Ha~eHbl ypaBH9HKR ,IV!.R Cpe,II.H9I'O DOHH. Ha 

pHc.I npHB9~9HH pemeHHR nonyqeHH~ ypaBH9HHA ,IVlH pa3H~HHX 3Ha

~9HHA napaMeTpoe. Bo BTopoM paa~ene TOT ~e Kpyr eonpocoe pac

CMoTpeH ,IVIH Mo,n.enH c Ky6H~ecKoA HenHHeAHocTbiD. Pesyn&TaTH ~c

neHHoro pac~eTa npHee,n.eHH Ha pH.c. 2. B rpeTbeu: pasAene paccv.oT

peHo H3M8H9HH9 SMDnHTY~ COXHTOHa H9JIHH9AHOI'O ypaBH9HHfi illpe,D.KH

repa no~ ~eRcTBHeM cnyqaAHoro e~au:~eHHR. 

I. B aToM paa,n.ene paccu:oTpHM cne~ee xo~en&Hoe ypaeHeHHe 

.d..Ji...Izl = '""'- c (x) 11 2cx! 
dx 2 

(I) 



r~e ~(x)- cnyqa~HNij rayccoBCKH~ rrpoqecc, T.e. 

<sc:xJ > "o, < ccxJE Cif> > ~ B, [e:' c:>:-rJl, 

< e (:X1) .•. C(::Cen)>= L <e.1t;2>···<Czn-1 Cell>. p 

3~ecb CyYNa pacnpocTpBHRSTCR Ha ace B03MO~HHe pa36HeHHH HHAeKcoa 1,2, ... 2n. Ha nap&, f.E- KoppeJUI~OHHaSI ,IJ,JIHHa. ):VIR CW,IJ,H6!'0 IIOJIR < l.J. (.X);:> TOttHOe pemeHHe yp8BH6HKA: (!) 
~eeT BH~ 

- -t- ctz 
< u (.>o) > = f clt f_ ' 

(2) Q 

2. t Z X X 
C (x) = K <><

8 
U, s j dt, dt2 B, (t, t, ). 

' 0 (3) 

Tenepb pemeHHe ypaBHeHHll (I) IJ,JIH cpe)1Hero noJIH < U (-"'>> noJiy-qHM IlpH6JIKM6~HMH M9TO~aMH. BHa~ane IIpKMeHKN MSTO~ MapKOBCKHX npH6JIIIJI<8HHA/I/. Y cpe,J1H!IH (I) H IJ,JIH esqHCJI8HHH t1Jl8HOB THna ( e U. > HCITOJ!b3YH lj>opMyJiy \l!ypyrzy-HOBHROBa, MOJ<HO ITOJly<iHTb 6eCKOHe~HJD qeno~KY ypaBHeHHA; 
X 

zLKd<lLr.x)> + loejd.'l:'<CC:x:)£C:l:.')> ( ~2c~.>)> -o d.:;e o e c~· - , 
z (4) 

2iK d~ < 1~~"';,,) + K
2
c< J dx"<E!::>) c (::>c") >< ferx") $$u;~;.J) = 0 

0 

. . . . . . . . . . . . . . ' ' .. 
HcrrOJib3YR rrpeAIIOJio~eHHe o 0 - KOppenHpoBaHHOCTH cnyqaMHoro rrpo:qecca 

BE (:t. -x.') =A' t (X -::t') 

B rrepBOM ypaBHeHHH (4) H yqHT&BaR 

< ou2
{x) >' = iK o( < u'cx> > set~) 2 , 

2 

(5) 



UOnyqaeM ypaBHeHHe B nepBOM M8pKOBCKOM npH6HHMeHHH 

J • ' 
~L.U(oeJ>:::: -~A <u 3 C:k)) 

dJ:. .., 0 • 
(6) 

)J,llll ll<>JIY'IeHM 38Ml<JIY'I'Oro ypaBHeHJUI He06XO,IlHMO peC!1<'11HTb 

Cpe,llllee < U 3
{x.) > • Bo3110m!!i ,ll,B8. B8.PIIliHTa: 

a) < u.:'Cx> > z < ut:x:.J >3 

6) <U.~(x>> ~ <u.t.lx>'>< U.(.x)> ~ cr;< utx>>. 

Tor)l,a pellleHHe ypaBHeHM ( 6} 1111eeT Bll,ll, : 

B CJIY'Ia" a) 

(?) 

B CJIY'Iae 6) 

[ K'o<'u: J 
<. u cxn = u. e:;cp - 8 A."' . (SJ 

JICIIOU3Jll npe)UlOXOXOIIHO 0 /) -ltOppOAIIPOB8HIIOCTM CJIY'!ali-

BOrO npoqecca DO BrOpoK ypaBBOHIIH (4), noxyqHK YpaBHOHHO 

,ll,Jill < u "> so BTOPGK .apKOBCKOM npa6m!ll<eHHH. YQHTHBaJI (5) H 

Ha OCHOB8 paC~8nn8HH8 

<u'rx') 8ucx'J >:::: < u'-(a;') > < turx') 
flccx> ~ >' 

(9) 

C I'pS.HHtUiYM ycnOBHeM ( :X "" X' ) 

< out:r.J > = .iJS..o<. < u'c<>-J> 
o e c"'' If 

PemeHHe ypasHeHHll (9) ecTb 
X 

QU(OCl 00 cK~ <.U'{a;'))e:xp{-i.ot'K'A,f<!/(f))c{"f] 
0 UX') 'I 

8 x' · (10) 
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flo~cTaBRRR (IO) B nepeoe ypaBHeHHe (4) H HCDO~b3JR pacqenneHH9 <.UJ.> ~ <U>2~ nonyqaM ypaeHeHHe ,IVIR cpeAHero nom:r 
X 

ZiK ~~> + i.~ 3c<'<C/rxJ>fdx's,cx-z')(ur:r'J>". 
0 

(II) 

3 ' " 3" K 4 • J <um>'dJ «i 3TO ypaeHeHHe B npe,n;e~bHOM CJiyqae 8 x' 
H ""»f., nepeXOI\IIT 8 CJ!y<iaH (a) H (6). 

Tenepb pemeHHe ypaeHeHHj (I) ,IVIR cpe,n;Hero no~R < urx>> TIOJlytiHM MeTO.D;OM JIHHeapeaaqHH 4/. PemeHH9 U(X) 6y.n;eM HCKaTb B B~e 

U{xJ~<U>+'f <<l'>~o, 'f« <U>. 
~KQHK < U> H tf Y!10BJ!eTBopFOOT ypa8HeHH!!M 

(12) 

(13) 
-fl. < £ (.x.) cf'(.x) > < U("'J >- <c {x) 'f"'r.:xJ >] . 

1IpeHe6pera.R e (!3) qJieHaMH eHcme:ro nopRP,Ka MBJJOCTH no tf. HN:eeM 
"' 'f(.x.) = ii.> Jc(x')(U(x'J>"-d:<:', <f(o)=O. 

' (14) 

X 

<EC-")<fCxJ>~ i~" j B,c:x:.-"'-'J<-u.c:x:'J> dx' (I5) 
0 

ITo,11cTaBJlRR (15) 8 (12) K npeHe6perRR 8 (12) noCJie,l\HHM q;reHoM, HMeew 

cl < t/ (JC)') 

d.:x. 

.t 2.. ::t .t I =- K; (IJixJ>[&,Ix-x')<U(:>:'))dx 
0 

4 
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)J.nH cpaeHeHHH npH6Jil!llteHHbiX if!op><yJI (?) , ( 8) , (II) H ( I6) c ro•

HHK pemeHHeY (2) npoBeAeHY ~cJieHHHO padqeTH Ha 3BM. PaccMaTpH

EB.JIHCh ,n_Be MO,D,eJI-K KoppeJIR:TOpa Be - 3RcnoH€HQH8JlbHa.H H rayccoa

cKaa 

H/6ijnH sae~eHH cneAYD~He OeapaaMepHHe nepeMeHHNe no aaanorHH 

c I~. 

0 w <tO 
0 =d.. Uo T ::. -- ' 

, L(. 

TorAa BO BCe if!op><YJIH (?),(8),(II),(I6) H (2) BXOAHT TOJibKO 

deapaau.epHaa KOHCTa.HTa ~ ·,P . PeayJI&TaTH pact~eTa c aKcno-

HeH1.111aJibHHM KoppeJIRTOpOM AJIR pa3JI""HbiX 3HaqeHH1! napa><eTpa ~ 

npHB€,D,€Hbl Ha pHC.l, np~eM 

a) /;)' = O,OI, 6) t)' = O,I, e) -C,)' = I, r) -o/ = 10. 

HpoMe 3TOro, KpHBNe 1,2,3,4,5 CBll3aHH C pac~eTaMH,C,IJ,€JlaHHNMK 

coOTBeTCTBeHHo no if!opoyJia>< (2),(8),(II),(I6) H (?). PacqeTH c 

rayCCOBCKHM KoppeJIH.TOpoM H€ H3M€HSDT Kat:~eCTBeHHOro XO,D,a KPHBHX, 

noaToMy a,D,eCb He npHse,D,eHH. Ha pHc~I BHAHO, qTO o6nacTK npHMe

HHMOCTH K~oro npH6JIHM€HHH CHnbHO 3aBHCST OT 3HaqeHMR napSMeT-

pa ~ • 
2. RHTepecHo npocne,D,HTb, KaR peayn&TaTH saBHCRT aT CTeneHH 

H€JIHH€RHOCTH. ll03TOMy B 3TOM p83,D,€Jl€ p8CCMOTpKM ~yroe MO,I1,8Jlb

HO€ ypaBH€HH€ 

d. 7J(XJ • , .. 
ZcK dx +C{x)l( o< /tiC>') U(:r.)~o 

11.(.>:) lx.o : 1.(,, 
(I?) 

8TO ypaBHeHHe HHTSpeCHO TaK~e B CBH3H C T8M 1 qTO OHO MO&ST 

CJiy&HTb MOAeJib~ pacnpoCTpaHeHHR BOJIHN B Cpe~e C ~yKTyKp~eR 

H8JIHH8~HOCTbH). 

)J.nH Cpe.IJ,Hei'O nOJlR ( 'U (.:X:.) ) TOqHQS pemeHH€ ypaBHeHHR 

(17) 1!14eeT BHA 
t .t y ~ :{: 

< 11lxl > = u. expf- ""'s u. JScit,clt, f\ (t,t.)}. . . (18) 
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Tenep• pemeHHe ypaaHel!R!I (I?) .IVI!I cpe)IHero noJI!I < l){xJ> noJiytlm& npH6mutelffii:D4H M€TO~ • ilOBTOpRR pa.CC)'l!.U,€HHH, aHSJIO!'HtlH!le TeM, ~KOTOp!Xe npo:tee,qeHI:l B flp9,[\WJY!l\€M pa3AeJie, H ytlHTiiBa.R I U ( .::c) I = con.st = U .. , noJIYQaeu 
I) e nepeoM MapKOBCKOM npH6JIKMeHHH 

< Ucx) > = u., exp [- K~cA, u; ::c} 
(I9) 

2) BO BTOpOM MapKOBCKOM ITpH6JIKM€HHH 

1 < u > 

<U> 

o~--------~3~s~xoL---~----3~o'x a 1 <U> 6 

o~~~--~--~x o~~~--~--x b z 
l'l!c. I 
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"' 
cUuc:.o>> t <'oi' u' jdx' B/n'J<IJI:Jc?> eX{Jf_K'~/t,ll.'l.:r:-.:r:'J} 

d:x. 4 '' c o/ ' (20) 

~ 

d.<U(x)) + K'"''<IJixJ/]B (::o:'J<U(x'J/d.x'=o (21) 
dx. l( ., E ' . 

PesynbTaTH pac~eTa c 3KcnoHeHQHaHbHhlM KoppenHTOpOM ~R 
() o~;~t " t. .t. 

pa3JIHQHHX 3Ha'ti8HH:A Tiapa.MeTpa fjk= yi/.,U~% {E. npHB9,ll;8Hbl 

Ha pHCyHK€ 2, np~eM 
a) ~}'! =0,01, 6) $,}' = O,I, B) $,}'=I, r) .(,}I = IO. 
KpHBHe !,2,3,4 CBR38HH C paCt~STBMM,C~eJiaHHHMH COOTB9TCTB8HHO 

rro iP<>JlMY'"'" (IS), (19), (20), (21). 

3. B aTOM pas~ene paccMoTpKM HeJIHHe«Hoe ypaaHeRKe illpeAHH
repa no,n; ,n;e~cTBHeM cnyqa:AHHX aosM~eHH« 

(22) 

YpaBH8HH9 (22) OTIHCbiBaeT paCTipOCTpaH8HH8 CORHTOHa B Hanpaane

HHH OCH JC B cpe~e C ¢wyKTyHpym~eR HORHHOAHOA BOCllpH~BOC

TbiO. 

BN6epeM HaqanbH09 COCTOHHH€ B B~e O,ll;HHOQHOrO COJIHTOHa 

(23) 

r~e ~ •:!.'< C~-P-
ilo-BHAHMOMY o~aqa (22)-(23) He ~onycKaeT ToqHoro aHaRHT~ecKoro 

pemeHHR. ITosToM~ ITpHMeHR.a cxeyY uapKOBCKHX npH6JIKEeHK:A H yqHTH-
~ 

B8Ji, qTo I U I MeH.aeTc.a nnaaHo no cpa.BHSHHD c U (x, ~) no,q 

geRcTBHeM cnyqaAHWX B03M~8HHA, AnH cpe~ero no~H no~yqaew cne
AYID~ee ypaBHeHKe: 

(24) 

7 



<U> <U > 

QL------------3~5~XOL-------~~~x 
1 < u > 6 <U> a 

QL---""""---::-1 - X 
e 

PHc, 2 
)VJ:R. HCCJI9AO~.ff .JPB..BHSHHR (24) IlpMM9HHN IlpH6JIU9HH!iA M8TOA,p8.3-BKT!iA B pa6oTel61. B ~Ha6aTH~ecxoM npa6JIKMeHHH HaMeHeHHe aMn
JIHTYA& CO BpeMeHSN HaxO~HTC.ff H3 ypaBHSHHH 

Fema.ff aTO ypaBH8HH8,H8XO~HM 

(26) 
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3a.KJI10q9HH9 

4HCAeHHHA aHaJIH3 (eM. pHC.l,2) ypaBHeHKA ~H cpe~Hero TIO~H, 

no~yqeHHHX c noMombn npH6~~eHHHX MeTo~oa,noxaaHsaeT, qTo npH 

l,fl ((:f. CIOJiee Ollpa.B,llaHHO DOJib30BaTbCH. MSTO~OM JIH.HeapH3aqHH. 

flpH (,)A ~ i HaKJiyqmee npH6JUut9HH9 K TOtiHOMJ ~aeT BTOpOe Map

KOBCKO€ npH6JUii'!t9HHe • IlpH -/;,)A ">''> :f. H M9TO,Il, JIHHeapH3ruzyiH, 1-i M9TO,IJ. 

BTOporo MapRoacKoro npH6JIH&€HHH TIJioxo pa6oTaeT. KpoMe aToro, pe-

3YJibTaT aaeH.cH:r aT· .cTenemt: HeJIHHefuioCTH. Tax'H.M o6paaoM, o6JiaCTb 

npHMeHHMOCTH K~Oro npH6JIH.m9HHOrO MSTO,II,a C*JibHO aaBKCHT OT 6ea

p8.3M8pHoro napa:MeTpa i, _? , H OT CTeneffit H~JIHHetiHOCTHo il03TOMY 

npH HCCJI9,IJ.OB8HHH peanbHHX.¢H3HqeCKM HHTepecHHX H9JIHH9~HHX aagaq 

ITO,Il, ,Il,S~CTBHeM CJiyqa~HHX B03M~9HM~ CJI9AY9T TIOMHHTb 3TO 06CTOH

T9JibCTBO. 

AI!TOp>l TijJH3H8TenLH>I npo<j>eCCOpall E.ll,l!JI,llKOBY' E. r. MaxaHL

KOEy, B.K.~AHHHHY 3a EHHMaHMe ,K paCiote H ITOJle3HH9 

06CYi!,I1.9HHR. 
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