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Q /973 0/5uduHeHH.I/1 UHC•u•y• Jldepnrx UCCAed06QHUrl )ly/5HQ 1 
.I 

' .: 

llony'leHH~e B pa6oTe /I/ Teopew~ H we!o~ npzweHHw~ K paanmqa~u 
HHHenH~ H H6HHH6HH~M 3~S'lSM {KaK KOppeKTH~M, TaK It! H6KOppeKTH~M). 

Cm~a OTHOCHTCH HHTerpan~a~e R onepaTopa~e ypasaeama nepBoro po~a H 

pH~ ~H3H'l6CKHX a~a'l, CBO~H~HXCH K HHU: YO~en~HaH a~aqa onpe~en~HHij 

~opu~ aawKHyToro aneKTpOHHoro nyqxa c 6on~mHw TOKow, o6paTHaH aa

~aqa T60pHH paCC6HHHH H T.n. ilo~po6H06 H3H0~6HHe peayn~TSTOB , OTHO

CH~XCH K T60pHH.pSCC6HHHH, MOEHO HanTH B pa60TSX f 2
s
3f. 

I. Mo~en~HaH a~aqa onpe~eneHHH ~opw~ aawKHyToro aneKTpOHHOrO 

ny'lKS C 6on~mHM TOKOwf6s?,S/ YST6MSTH'l6CKH CTSBHTCH CH6.llYD~HY -~6pa-
30M. ~aH~ ~Ba ~ByuepH~ HHTerpan~H~ ypaBH~HHH 

~('Z,Z:) = JJG('Z,l,Z~l 1)~(<:;r')dz'd&'+f(Z,2) (I} 

'l.('t,l!)= 2JjArz,:r,"&:.l')tz("l',~')ch'd~'+ ~r"t;2) , (2) 
J2 . 

r~e a~pa 6(z,~,z','l'), A (z,'l,7.',1') H cBo6Q~H~e 'lnea~f('~,;l), 

j, ('l, i!) onpe~e.JieH~ npH JID6~ "t, l , 't 1 , ]
1 H HBnHDTCH ~OCTSTO'lHO 

rJI~KHYH lj)yHKl.llt1HMH CBO!dX apryueHTOB. KpoueToro, pemeHHH~HHTerpaJI~-. . 
H~ ypil.BH6HHli (I) - (2) Ha rpaHH!{B q 06JISCTH .Q CBH3SH~ cne~yJi-

~M H6JIHHB«H~M COOTHOW6H*6Y: 

¢{o('l,ZJ,'({Z
1
2)}=0, (3) 

r~e _q)(7.,2)-~0CTaTO'lHO rJI~KaH H6JIHHe«HaH ~YHKI.lHH CBOHX apryMeH

TOB. 

B KOHKpeTHO~ a~aqe 06 onpe~eJieHMH lj)opu~ nyqxa aneKTpOHOB 
,n 2 · 

. 'J-'f'Z
1
2) = t 2rz 1 2J -:-~ rz,c) -1. {4) 
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Tpe6yeTca aaaTH o6nacTL S2 c ~ocTaTOqijO rn~Ko! rpaua~eH, llTo6R 

peweHHH HHTerpan.&HbiX ypaBH6HHH t ('t,:i) s e {z, Z) B STOH 06JI8CTI4 

y~OBneTBOpHnH Ba ee rpaHH~e 9 B6JII4H6UHOMY COOTHOW6Hl4D (3). nna 
a6CTp8KTHOrO paCCWOTpeHHH DOCT8BJI6HHOH ~Hme 3~8qJ4 6RJIJ4 B pa60Te/S/ 

BBe~eHR cooTBeTCTBYD~e WYHKUHOHaJILHRe npocTpaaCTBa, a cawa a~aqa 

6RJia CWOPMYJll4POBaHa Ba HSRKe ~YHK~l40H8JILHOrO aH8Jll438 CJie~yD~M oO

paaow. ITycT.& uenHHeHaua onepaTop ~ npeo6paayeT as npocTpaHCTBa 

~ C6M6HCTBO rJI~KHX 38WKBYTRX KpHBbiX 

q: {'t='lC.U 
1 ==.;! 0) 

O~).. ~ 1. 
zro)= 7.(1), z'ro>=-'l'(1) 

1(oJ=:l(1), :r'ro)==:;r.'(-1), 
f 2 · I Z 

Y.llOBJieT.sopaiOUU1X ycno.BHIO ~" + zA f.o , B npocTpaHcuo C [O,I] • 

Tpe6yeTca aai-iTH TaKyiO KpHBylli q , npHa~nexaeyD D c Q , llTo6u 

lfJ (,A) =0. (5) 

nanee B aTo~ pa6oTe noKaaaao, liTo onepaTop ~ ~H~epea~apyew no 

faTO /Sf. 3~ec.& MH npHM6HHeM K npl46~Jl6HHOIIY pemeHHlO aa~allH (I)
(3) 116TO~, paaBHTHlt H8Ml4 B /If,· B KOTOpOII Ha OCHOB6 H~e~ UOCTpOeBHH 

peryJIHpli3YDlltl4X onepaTOpOB CTpOHTCH 0606~6HHRlt HenpepHBHR~ aHaJIOr 

MeTo~a H.&IOTOHa ~JIH pemeaHa HeKoppeKTHNX a~all. 

CorJiaCHO STOIIY 116TO.l{y, JUIHeapHaya ypaBHeHHe (Sf C DOIIOIIILD Be -

npepHBHOrO aHaJJOra UeTO,lla H.&DTOHafB/ B OKpeCTHOCTH HCKOIIOrO pemeHHll
1 

npHXO~HW K ypaBH6Hl4lO 
I ~ ~ 

J K ('Z (E.), 1. (E.), l (;.,) 1 t(A))J{:\,t.) d A = -lf'(z(£,~),2rc,t>)( 6) 
o o~e~i · 

r~e 

K ( Ut), 1Jc >, 'l.(A), l{>.)) == 2% ('Z(c),:t(t:J) J'(ZCA),.t(A)) 

f ('l, ;c, 7..0.), ]0.)) - Z?("l(EJ,:UE)) ?(Uti),~(;.,)) ·F(z,:t, zM,z<'A>), 

4 

, •. 

-I 
) 

1 

npneM r("t,'J/zJ;.),:l:(>.)) s f(''t,~ 1 Z(~),'];(A)) HBJIHDTCH pe50JILB6HT8MH 

ypaBH6HHit 
. i 

dU?..'il) ==Jfr;.rz :l z' :t'J dtrt~il'> dt'd~ '+ rrr(z 1 z(A> .lOJ)· 
d ;r Q I J I . • dt: ' t I > I • ( 7) 

• U·lJA)~;r(;..J):fO..)d}., 

dj~·~ J =!/ A(~,if,z:]') de~'l?'>dz'c/11 + ~~ ('G,.'l, zCtJ,:z(;.J)f(UAJ,x(.>J)}O.)cb.. 

Kpolle 'fOro, aaMeTHM,llTO. f(t11:1 t(A),'z(A)) 'rrz,:I, 'l.(A)?.(!(A)) 

y~OBJI6TBOPH6T CJie~yD~II ~ByM HHTerpaJILHRM ypaBH6Hl4RM: 

rc, ,i!., z (A), .2- (>.)) = G(z,J 1 'l.(lt),f(>.>)+I!G(z;z: UA),e().J)/'(zre)i~},z;z')dz'd~' ( 8) 

· 'f("&,I,z.(),J,-e(;.)) =A(~,l, z(.>.J,:u:~>)+-J!Arz;~: z().),~(;.>)f'(zrsJ,:tceJ, t;2' )d'l.'d3: '. 

B ypaBHeHHHX ( 6) - ( 7) · 

,.,_'d'l:O.,t>_z'd"l(A,-tJ== "CA t:l. ,, >··· 
>. c/.t >. clt 1' . ' - . 9 . 

By~ew ~ewopuapoBaTL rpaua~.o6nacTH ~ , cwe~aa ee TO'IKH no Hop
waJII4 K KPHBOA nJill onpeweJieHHll d.'t (A,-t) H d 2 ().,t) B "8BHOA TOll 

•• 1.1, . .... dt. d-t .... -
Ke rpaHJ4~R 06JiaCT~ Q MR HII66M Cl4CTelly ]f.Byx JIHHeltHbiX ypaBH6HHlt 

4 

f K ('Z. w,rr~>, c.CA) 2(>.)) .f (A,i)d.A =- 'f'CHE,t), :t(e, £> > 
. , . ( IO), 

0 

"t' ch,<>.,-t> + l' d10.,t) ::o· 
).. d.t ).. cLt . 

C BallanLHR»i ycJIOBI4RMH 

'Z.(A.,o)-='l.oLJ.) 

~ (>.,o): ;!o 0. ). 

O~E.::fd. 

(II) 

B CHC'f611e (IQ) . nepBae ypaBH6HHe liBnReTCH H6KOppeKtBRM 1 HO 

OHO paBHOMepHO perynapaaye110 DO A.H.THXOHOBY /G/ ,/!2/. 9TO rOBOpHT 

·o 'fOil, liTo Bcxo]f.aali paccMaTpnaeuaa s~a11a (I) - (3), :soo6~e ro- · 

5 



il 

' ~ 

I 

BOpH, B Hame~ OOC1'aHOBKe HB:Jlfi61'CH H6KOppelt1'HOJ.t. Tor.zta, cor_naCHO Ye

TO.ztY /G/, qJYHKIU!H fol (). , t. ) ~ onpe}.{eJIHeTCfl ypaBHeHHeu SJ.tnepa .ztJifl 

\[lyHKUHOHaJia 
. 4 1 . 

M<><[s lf(HB,t), Uc,tJ)]= f{ f K(zrc.J,zfcJ,zu>,zrA))f C>.)dA + · 
'~· 0 0 . l 

., .• { + lf{Z(E,t.), 2re;t>J}
2
dB +-ot.j{f'~f7d;.: (I

2
) 

1-o(.{f}J = jK(A,g)fot(J,t)dy +Ol{t_ [dfJ-S}-l (A,t) ~o 
0 ~ 

npH O,ZtHOY IllS ;ztByx THOOB rpaHHilHHX yc:nOBHJ.t 

f (o) = f U) (I3) 

f' (o) = f' (1.) (I4) 
~ ' BH60p KOTOpHX saBHCHT OT XapaKTepa ,l{OllOJIHHTeXDHOU HH~Op»aUHH OTBO-

CHTe:UDHO peweaza sa,JtallH {I) - (3). 

B ypaBHeHHH (12) . 
•' . 

K ( >., ?) = Jl< (7. wJ:Ue), z (>.), :tCA)) K ('G(E) ,z(eJ, 'l.(f),:f(J)) de 
0 

! 
£ (tl,t)= S~<C~Ct:),l:(E),Z.(>.) a-Cr.>) 'f(uc,t),'1:(e,i)) dE. 

0 ~ , 

TaKH» oc>pasou,aeKoppeKTHaa sa;ztaqa (IO) - (II) npHBO;ztHTca K pery

:napHsoBaHao~ Ba;ztaqe 0 pemeHHH npH K8J:~OY ~HKCHpoBaHHOM b AHHeJ.t

HOrO IIIHTerpo-;ztH~epeHUHB:JliHOrO ypaBH6HHJi C ~OUOJIHHTe:UDHHM YCJIOBHeM 

;zt6qJOpYaUHH ITO HOpY8XM npH onpe.zte:neHHHX rpaHHilHUX~YCXOBHaX. llyCTi 
et o(.[- ] f ()..,t): B € ( A,t) - onepa!rop oc>paJiieHHa sa,JtallH (I2) npz 

COOTBeTCTBYDlliHX rpaHI/IIlHHX yc:nOBHHX THna (I3) H (I4). 

Tor.zta, corxacao »eTo.zty /I/,. qJYHKUHH z,ot(;.:t) J:'t.a~ 
' ' , 

Onpe.zt6:Jlll~TCH HB c:ne;ztymJiieJ.t CHCTewa: 

6 

\ 

r 

-:t' d'l(;.t) +t' cl~O..i> = B~[i, (At)l 
.l cl:t ). dt ' ~ (I5) 

'?.J', d'r.(A,t) +-~' d"J: O,t)~ =O 
1\ ci;t if..). I dt 

'l. (.A,o) = ~o (.U J:(A,o)= lo(A) o:ft~T 
' 

r.zte T ,ZtOCTaTOilHO BeJIHKO. llpH BTOY ,ZtOKaSaH0 1 1l1'0 eC:nH cy~eCTByeT 
,paBHOY6pHO f 0) = firfL :fo( (A , t) 1 ~ TO pemeHHe '{, o( (.A, t) 

~ ~-o ~ 
J:. (>..,t), no:nyqeaaoe B npouecce (I5), npH t = T fiBnfleTCH npH6:nH-

zeaHeu K t: (A) , ~ ().) - IIICKOYOYy pemeHHil sa;~tallH (I) - (3) c 

C T01lHOCT:bll 1 Ba.JIICH!Ilel.t OT b . ( OU6KH Sa,JtaHHH lp ().) ) 14 BH6opa T. - ... 
1l14cneHHOe pemeHHe aa.ztallH (I5) MeTO,ZtOY Slinepa npoBO;ztHTCH B .ztBa aTana: 

,. I. llpe;~tUO:UOZHY, llTO~Sa,ZtaHO Halla:UDH06 npi46:UHXeHHe HCKOYO~ 06-

:naCTH. Q 0 • By,l{eY CllHTaT:&, llTO OHO COOTB61'CTByeT f; =0; 

Q
0
= { 'l.(;\,o) = Zo (,>,) , :t ().,o) == :i o ().) } • Tor;zta ypaBHeHHH (I)-

(2) H (8), paspemeHH!le KaKHY-AH6o cnoco6ou ~:na oc>:nacTIII §2 0 , nos

Bo:naoT onpe;zte:UI4TD H,l{pO Ill CBo60,l{Hllli 1lll6H nepBOrO ypaBHeHHH CI4CTeWH 

(IQ). 9TO ll03BO:UH6T B~ KaJ:.ztOA T01lK6 rpaHHUH o6:naCTH Si? 0 HaltU 

.:ff.f ,t) 143 nepBoro ypaBHeHHH (IO) npH qJHKCHpoBaHHOM -&. =0. PaccwoT

pHM weTo.zt KoHellHHX pasaocTeli 141~ BosDueu ceTKY aa (O,I): 0 =~ ;· 

f,"'.fo'+h..; 

5>'l. = §l.c +At,; • • • , fn ==fn-l +h. = 1 14 Ha (D_I): O=eoj c1 =eo +lt1 

f.,_" .E1 + hf; · ... , em =em_,+h =-1' r.zte 
, __ J_. 1._.1. 
n - n ' H /1-1 - m.. • 

Oc>osaallHw fj =J (fi) B annpoKcHwBpyeu ~yHKUHoaax K [ cJ] 
no ~opuy:ne np~woyro:niHHKoB: 
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t K,_jfj h = jk (ZCE),i!(E)~ Z{Jf}
1 
:l.(.J>J))f(~., t)dj ~od {c,h,) 

J•1 o 7 · (I6) 

r.~te d. (c,h) - norpemsocn annpoKcuuaiUU1. PaccwoTpHY. paaaoCTHbll.t 

crna~HBaD~J.t ~YHK~HOHaH 

c(_ A A m { ~ A · A 2 - fL { 1 (. J\ A 2 "2 J 
M1 {:f_,tf}= 'f £;Kijfjh-lf[j.lt, 4ol~ n: 4.,-~)+~-h, , (I7) 

1\ 1\ " " 
r,lte !pi..: { 'f'd - aa,ltaHHaH Ce~naTaH qJyHK~H Ha {ci.} 1 {j={hJ 
CeT'laTaft !lJyHK~HH Ha { .fJJ • Tor,11a cenaTaH !lJYHK~H J; onpe;s;enH-

6TCH H3 ypaBH6HHH 9J.tnepa ,liHH annpOKCHIIHpyv~erO_qJYHK~OHana· (!7): 

r,Ite 

n.'_ A ct. A A • A - .11 II A A 

LKi.j fj. h. - ""ITii [fd + !L•f -2 J.] = f,i.. :!., = f, j !,., := fn. J 
j=i ' . 

m. - 111 

Ri.! = ?: l<i.j l<u ~1 
t..=.f 

g. "' ~ l<ji. ~ h.1 . 
~ L•1 

2. Bb1nOHH6HH6 O,ltHOro mara HHTerpHpOBBH14H ~ no_ nepelieHHOJ.t 

no wopwynall . 

"l-1 o.., t +-'1: )= z"(Oi. ,t> +-~'C 1(>- f.."" c A~, t.) /t:~. 
A 

:t~ ( >.;_, i +7:) = c;'O.i.,t) +-'1: · (- '(,~,() ·fZC ( Ai., t )/t:~, 

·C Ha'laH:&HbiiiH ycnOBHHIIII 

'L't' (AL,o) = 'l.i..oO.d , :1:~ ( Ai.,o>= ·li.o (A;.) . i.=:-1,2, ... m, 

r,Ite {"ti.0 (A<),l:;_0(..\i..)j -IIHOJCeCTBO rpaHirl'lHbiX 'fO'l6K aa.,i{aHHOl.t 

06llaCTH Qo H L\1. =-('l.i~ +,t~~) • 

TaKHY o6paa011 On.P6.lt6HH6TCH HOBBH 06nacu Q
1 

B Ba S'fOJ.t 06-

naC'fH Bee:& ~Kn BbltlHcneHirll.t noBTOpHetcH. Ec~ npz t--r o6nacT:& 

~(i) CXO,liHTCH K np6,lt6H:&HOJ.t 06HaCTH ~ 1 TO STa npe,JteH:&HaH 

o6naCT:& M 6y.~tet pemenuew aa.~ta'lH (I) - (3). 

rr. HanozeHHbll.t BllrOplriTII 6blll npHYeHeH ,ltHH Haxo~eHHH pemeHBH 

Cll6.ltYD~eJ.t 116'fO,ltH'l6CKOI 38,ltB'lH: 

8 

'l' 
.' 
I 

i 

I 
\ 

'{ J j'ff1-z'-l~to:...:;<!lso) - • 
o(z,:;J=6oo; J~ ,

2 
,jrz::;')ch'd:J.'+V.fo+z"-+J:.+Z-~1~~ -

52. SO+Z'2+!i'
2 

+ ::t -/9 
-(i- Z/Jto- rt.Y.;o) /1oo. 

liB) 

'(( Z,:l)= c:O:Ti If l-'2<7'o/o -~~/so) rrz:::t'Jdr/dl.t '.,. tf5TJ .. r/-•:t"--Z-'-1./ -
~ so+ 2: 1~ ::t' - :l'~/9 - (1 7;-l/. <Y.t./ • '/_ 

- ;Lfo- iiC /StJ/;1oo. 

YpaBHeHHH (18) H (!9) H~6DT CH6.liYD~e pemeHMH: . 

(19) 

~ ( z, ~) = jlso + 'l.~-+--¥.z + t.z/'1 ; . '( ("l, ::t) = tf.;-o .. r/·+:t~-:cz;9 '~ 
r.~te o6nacT:& ~ orpaHH~Ha Kp!r!BoH 

m /. z.t . :l.z . 
't-'<"l,~)= 7T + 9-1 =0. ~ (20) 

9KcnepHII6HT npoBO,liHHCH ,ltHH o60HX TlrlnOB rpaHirl'lHNX YCHOBH~ (4), (5). 

06paTMIICH K 'lHCHeHHOMy aaaHKay ~eTo,Ita. B Ta6n. I-5 npe.JtCTBBneHa 
. ot 

nocne.ztoBaTeH:&HOCT:& o6nacT·e~ Q (.-\) . np1-1. paanHliHbiX Haqan:&HbiX .ltBHHbiX. 

,ltHH KpaeBbiX yCHOBH~ THfiB·-(4) H (5) 1 COOTB6TCTB6HHO. 

B Ta6n. I-5 npHBe,IteHbl, B qacTHOCTI-1; aHatleHMH 

l).ol- max. 
0 o:>.:=i 

cp (q,"- (}..)) ' 

npnew no.~tcTaHOBKa TO'lHOr.o pemeHHa (IB) H (19) B ypuaeHHe (20) 

o6pa~aBf HX B !OX,li6CTBO ·'c TO~OCT:&D ,ItO !0-5. 0tCD,lt8 Cll6.ltY6T 1 'l!O 

npH ~ = 5•Iq-4 + 7.5•!0-4 fO'lH06 pemeHH6 BOCC'fBHBBHHBae!CH c'~oq
HOC!:&D He 116H:&III6 l0-3, K npi!OY B63aBHCHIIO OT !Hna rpaHH'lHYX ycno

BIA. C ~pyroA C!Op0Hb1 1 H3 !a6n. 1~5 B~H01 'l'fO ,ltllH HBXOK~eHHH BCK0-

1101 06HBC!H C yKaaaHHOI Bblme 'fO'lHOC'f:&D He 'fpe6yeTCH 60H:&IIIOrO 'lHCHB 

nepaiUIA no 1: 
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