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HSB~9THO, liTO O~HHU HS OCHOBHHX MO'l!O~OB npH6XH~OHHOro peWOHHil 

HOJUIHOllHhiX onepaTOpHHX ypaBHCHHil: Blil;&8 tf (,-) ~ 0 i!BJli!C'rCSI Henpe-

. /4-:5/. 
pb!BH!:dl 8H8JIOr JIOTO~a H:&DTOHB 9TOT LICTO;It OCHOBSH HB 

pemeHHH ;ltH<Ix})epeHI\lii8Jll>HOrO yp8BII6Hlill1 

X(O}=Xo (I) 

PemeHHe X (t) ypal3HOHI4.'1 (I) npH t-oe H npH HCKOTOpax npe;ztTIOJIO

.litCHHHX o6 onepaTope tp (x) cxo;ztHTCfl K pemeaHIO onepaTopaoro ypaBBElHHll 

tf' ( x J = o ~ .O;!U!arto npol\ecc, onHcuBaewl ypallHeHite!l (I), He Ecer:zta npx-
. ,· -1 

:ao~HT K 1:\0XH. Hac 6y1l.eT HHTepeco:aan cxyt~ait, KOr;zta onepaT.op lf (x); . 

He !lBJIHCTCH orpaHWlOHllhlll llpH HOKOTOPLIX X HS OCiJISCTH. onpe~eJleHHH 

oneparopa tf (x) • 9To THnliit~HLII cJiyt~ait HEIKoppeKTHOit sa;ztat~a. 3;zteci> 

I\OJiecoo6paSHO TIPHliOHHTl> !!SBOCTHLII WOT01l.:A.H.THXOHOB8 peryJI!lpltiSSI\HH 

pemeHHll H6KOppeKTH1iX 38;1t8ll /I-3/ • . 
B ;IIBHHOI pa6o!re HB STOll nyTH f(OK838H8 TOOpewa CXO;ltiUIOCTI'I. 

I. Ilyc'l!I> Br H B2 - 6aHaxOBhl npo~:rpaHct:aa, lf(x)- HenpepHBHHI · 

oneparop Br ~ B2 111 <f'(x) npH KSlE,llOII X c Bi- HenpepHBHLII JIHHeit

HHit onepa!rop, nepe:ao:ztBlllHll :ace npocorpaacno Br :a B2• 3;zteoi> tf' (x)·

npoHSBO;!Uiafl ~pema onepaoropa lf (x) 11 !Ot~Ke X 

PaccwOTpnw·ypaBHeHHe 

tf (X) =0. (2) 



) .· 

flpe~IlOJIOliHII 1 ti!O . X If- pemeHH6 ypaBHElHHH (2) l4 ti!O B O!Kpli!OI 

o6nac!H D ~pyrxx pemeHHI ypaBHeHHfl He!. Haps~ c (2) paccwaTpHBa

D!CH onepa!OpHSe ypaBH6HHH 
I of I -.. rx) • xt = -If (x) (3) 

H ypaBH6Hil6 

lf'(x) ·X~ = lJ. (4) 
. I B aTHX ypaBH6HHax x~ aBnaeTca BenHtrHHOM HeHaBecTHoR,KoTopym HyxHo 

HallTH npH npoHaBOJI:bHOM X c 1J .nocne,~~Hee ypaBH6HHe oTJIHtiaeTca oT 

ypaBH6HHH (3) JIHW:b T611, tiTO ero npaBaH tl60!:b IIOX6! npo6eraT:b BC6 

npocTpaHc!BO B2· B ypaBH6HHH (3) npaBaa tracT:b orpa~mtreHa o6JiaC!:bD 

3Hatr6HHI.Onepa!Opa ~(X). llyCT:b ypaBH6HH6 (4) p6BHOII6pHO peryJIH-

pHay~liO B .D no A.H.THXOHOBY 12,71. 

flOO:li6ltH66 03Hatra6T 1 "11!0 

I. nna JID6oro XeD c: Br cy~eOTBY6T e~HHCTB6HH06 pemeHH6 X~ 

ypaBH6HHfi (4) npK JID6011 ~ C-B2• 

2. Cy111ecnyet onepaTop ~ ( lf, c<. ), aal!HCRIIIHI OT noJiouTenHoro 

napawe!pa o<, ( o ~ c<. < c<. a ), ~elcTllYDiliHil Ha B2 B B1 H pal!HowepHo 

perymtpHayD!llHL1 pemeHHR ypal!H6HHR (4) aa wi:ioxecTBe lJ npoc!paHcT

Ba Br· STo oaHat~aeT BSnoJIHeHHe cne~yD!llHX ycJIOBHL1: 

a. RcL ( ~ , oc.) onpe;lle.uea Ha Bcew B2 • 

B. Rd.. ( ~ ,otJ HenpepliBeH QTHOCHTeJI:&Ho '/ npH cplllKOHPOllaHHOM 

·a"aat~eHu oL. > · o • 
c. Cy!llecnyeT TaKall aal!HCHIIOCT:b eX.="' ( J', ifs) , trTO ec11w 

x.: = R ( g J w qs · -npw6JIIia:eHHoe aHatreHHe q r f (rs; yJ1: S > , ·· 
!0 peryJIRpH30B8HH06 C6116ICTl!O npH6JIHX6HH!ii pe~6HHL1 . X~d.. = 
·R"'(IJs ,ol(S)) paBHouepHo cxo~KTCR K Xt npK S-o . Raj)
onepa!op, Il03BOJIRD!llHI TO"IJHO pema!:b ypal!H6HHR ·(4) npH TO"IJH!iX DXO~-
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HliX ;ll8HH!iX •. HaBeCTHO 12•6 •7/ , tiTO Rot-Cij,ol) , r;lle ~ - T0ti-

Hii6 l!XO~Hii6 ~aHHSe· 38;ll8"1JK (4) 1P8BH0116PHO CXO~KTCH npH ol .:_0 K 

TOt~Howy pemeaim aa~aqa ( 4), T. e. 

Ro{.. r iJ ,ot J- x~ npw ~-q. 
(5) 

B qacTHOCTH, peryJiapHao:BaHHOe pemeHHe ypal!HeHHR (3) npH TO"IJHOII 

sa;llaHHH x = x H TO"IJHOII Haxollt;!teHHH tf ( x ) cxo~HTCR npH 
-, 

cl ~o pa:BHowepHo K e;llHHCTBeHHowy TOt~Howy pemeHHD Xt; 

HlUI (3), .r~e 

x: =.::..[c.p'(xJT1
i.f(x), X(oJ'=Xo 

llpH H6KOTOp!iX ~pe;llilOJ10E6HHHX, paCCIIOTp6HH!iX B pa60T6 

ypa11ae-

(6) 

/4-5/ 
t 

noWHIIO cy!lleCTl!Ol!BHHR H.e:zlHHCTl!eHHOCTH pemeHHR (6), ~oxaaaHo T8K~e, 

~!0 npH IlO;llXO;llRmew l!li60pe H8"116Jl:bHOro npa6JIHZ6HHR.ll ]) Cy!ll6C!l!Y~ 

eT npe;lleJI 
P. - . 1f' 
um X (tJ ==X, (7) 
t-.,o 

* r;ae X ecT:b pemeHwe <f (xf)= 0 ... 3~ec:& w 6y~e11 npe;llnoJiarau, 

t~To·pemeHHe sa;llat~H (6) cyll(eCTl!yeor H y;llo:Bnenopaeor ycJIOl!HD {7). 

PaccwoorpH:W B6;ll8"11Y (6) Ha npOII6licyTK6 0 ~ t !i T. r;lle T }.(OCT8TO"IJHO 
' .· 

li6JIHROo Tor;lla OCHOBHOtt pesy1l:&T8T ;ll8HHOi pa60TI>I IIOJK6T 6!i'rl> Ccp0plly-

JIHpOB8H ll l!HAe cJie~D!lleL1 Teopew. 

TEOPEMA I. 

Tiy_cT:& Rot.. .. PaBHowepHo ll o611acTH D peryJiapHSYDIIIHL1 onepa!op 

(3) . nplrt 0 ~ oC < oCo H nycT:&, Kpowe !Oro, Rot. npH · 

o ~ ~ < Dto , y~ol!JienopaeT ll o6JiacTH D ycJIOl!HRII< 

'If R 0(. ( tp (X) , ot!! ~ M ' ' (8) 

If Rot. (<I' (X~)' ol) -Rot. (<f (X2) ,c(,)// £: L /lX ~ - X:t./1 • 
(9) 

.·.· 
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Koac~am.·u M n ~ ae aaBncHT oT ot I x, I x J. ~~ X • sa.na.nlnJcH 

npou3B01II>Hl.U.I E :> o . 
Tor.na: 

!. Hatl.l{6~CH TaKOe cX. 1 < ~o U T8K8H OKp6CTHOCTb 

oroqKU x* 1' qoro .l{1IH 1I!Jc5oro 0 ~ oG ~ct1 ypaBHeHHe 

x:"" = Rol (<rex> , ot ) 

sd. ( x" JeD 

(IO) . 

c aaqa1II>Hhlll ycJIOBHell Xot. (t =O)= X0 c.Sd (X*) HMeeor e.nuH:::orneHHoe 

peUitlHHe xol (t) ll.IIP0116J!Y'rK6 0 ,f t ::,; T I C011:6Plltall166CH ll .JJ. 

2. II xol. (7')- x"# < E .l{JIH Bcex 0 ~ o{. <. ol1 

1IOK838'r6JibCTBO: 

lla (8) cne.nye:r_ qorol aa.naBmHci> rrpoHSBOJII>HblM E >O , Hatl.neM oraKoe 

T 1'1 'r8KYIO OKpec'rHOC'rb Sd (X*) 'rOqKH X* , q~o 6CJIH X(t:o)-=Xoc 

sd (X*) ' ~o- pemeHHe ypaBH6HHH (6) c aaqaJiblmM yCJIOllH614 Xo c Sd(x*) 

y.l{OllJ16TllOpHer yc1IOBHIO 

/ft(7')- x¥/1 < Ef2 • (II) 
Tenepb paccwo:rpHw pemeHue ypaBHeHHfi (IO) c orew xe aaqani>HhiM ycJIOBH

ew, q:ro H ypaBHeHHe (6). Tor.na aan.ne:rcH :raKoe oL4 (o ~ oc
1
< ol

0 
)I 

q!fo npH Bcex o ~ o<. < o<.~ ypaBaeaue (10) c aaqaJII>HhiW yciioBHe!l 

X=X~ Huee:r e.nHacneaaoe pemeaHe Xoe =X"'(tJ, npHHa.l{JieEalllee o6-

Jiac~H :D npH Bcex o;;. t ;;, r . Kpowe ororo 1 aaye:rHII 1 q!fo npH paB

aowepaon pery1IHpH38nHH pemeHHH ypaBH6HHH {4) H,B qaC'rHOCTH,(3) .l{JIH 

JIIJ6oro c >o cyllleC:rBye:r TaKoe ol1 lc)<oto J 11!'0 
II I -, n . u xtcL - x t < e 

.l{JIH BCCX o(. < ol1 (C.) H XcJ) • 0TCIO,A8 CJ16JQ'6! 1 11!'0 

6 

'1 
J r 

~ 
' 

.q 
J 
I 

If X (tJ .- xol (tJff ~ J1 r:a_ (rc) - x; (-r:J/1 .dec ~ c T 
0 

~~ 

lirii.l i rtJ - xo(. r-tJ 11- o . 
£-o 

TamtM o6paaoM; B qac:raoc:rH, .l{JI!I JII06oro £ >0 Hllee11: 

If X (7) - Xoe. (7')/1 < 8/2· . 

0TCIO.l{8 H8 OCHOB8HI4H (II) H (!2) B!iT6K8e!,q:ro 

ff x« (7'/- x~# <c. 
,AJIH llCCX 0 . ~ o( < o(_ 1 , 

{!2) 

Ha TeopeMH I llH.l{H0 1 q:ro ecxH HaY y.nae:rca yc:raHOBH'rb cxo.nH

woaorL pemeHHH ypaBHCHHti (IQ) K HCKOWOIIY pemeHHIO {2) ll HerrpepbiBHOY 
' . . 

C1IYII86 1 TO B .l{8JILHetimeM HyEHO JIHUIL pemHTb npH61IHX6HHO .l{8HHYIO 38.1{8~. 

B Kaqec:rBe npn6JIHEeaaoro weoroia pemeiiHH aa,AaiiH KomH paccMa!Ill'IBae:r-

CH 116!0.1{ 8tiJiepa 1 npU ero peaJIH38~Hl! Ha K8X.l{OII mare HH:rerpl!pOBSHHH 

HyEHO pemHTb H6KOTOpyiO JIHHettHyiO 38.l{aqy. Ilpe.l{l38pH!CJILHO IIPHll6.l{611 

cxeyy ue:ro.na Stlxepa npH6JIHxeaaoro pemeHHH ypal3H6HHl1 THna {6) ll 

npoc:rpaac:rBe Baliaxa / 4/ • Ilycu X - npoc:rpaHCTllO Baaaxa, a 'I'd. (x)

orrepa:rop,nepellO.l{H~li X ll ce6a npm R~ow ~KcHpollaHHOW ~ H3 

npowexy!Ka o ~ o{. < olo • IIycTL ,:ztaxee ,ll H6K_9!0poli o6xac:rm :D C: x 
l/lf1o( c~J II {; M (a) .. 

ra,ttpowe !'Oro, lp"' (x) B D y.no:BJieuopae! ycJIOBHIO J!HrriiiH~a, :r.e. 

.l{JIH JII06b1X . X 1 , X 2. c ]) .. 
II "Po( (x,J'- '-Po(. cxl.)/1:!:: LJ!x1-x:z.lf (Ji) 

.l{JIH llCCX 0 £. ol.. < ol.
0 

, 

Paccwo!pHM .AH~pea~HJILHOe yp~»HeHHe 
dX.t . 
~='foe (x) , Xa< (o) =Xcr· (!3) 

7 
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r;zte -{; - tUICJIOBOI napaweTp. PemeHHe Xa. {-e) cymecTByeT H e;zu~HcT-

.. :BeHHO fiO~ llpe;ztnoJiouw, 'liTO • X"' {-tJ c.JJ npe: o ~ i ~ r H 

o <f ot, < ot. 
0 

• Paao6beW [ ·o, r] aa n t~acTeit yaJioBuwa TOtJKaiiH 

~ , v. , . . . 1 6'"n , r;zJ.e 

060SHS'IIHII 1:, (ol. ):maX'C·{ol) • 

u;, = o, u:, =0. .,. Z1 fXJ, o;_ =6; ---c.~.(o(.J ... o;, ;.u,,·~r. 

, -ui-~n. c 
HaaoBeM IIOCJIB,llOBaTeJibHOCTb 3116MBHTOB 

novompD COOTHOID6HHA .. 
x"'< , noJiy-qaewx c 

~. == Xo +If« (x.).'C. (o<.}_, 

c., c..,. c., n-
Xot. =:Xol +l.fl~(X'"')·C:.z(Q{J, 

• .2. 1_ -.. """1 (14) ' 
c., c.., . Co? 

Xc~. = X_, + 4' ( XoL n-1 )·'C n (ol.) ' 
n ~n-1 ' 

npH6JIHXeHHUM pemeaHew ypaBHeHHB (13), honyt~aeMNw no weTO;z!.Y Slxepa. 

TEOPEMA' 2. llycT».pemeaHe ypa:BHeHHB (6) IIPH 0 ~t ~r 

JielKHT :BHYTPH D c X H ;ztJIB npaBola '!lacTH ypa:BHeHHH. (13) np111 · 

0 .::<X. <do B 1l :BNIIOJIHBHU ycJI_OBHII (a) - (:s). Tor;zta ;ztJifl JIIl6oro 

C "70 HSft;zJ.e!CH TSK'06 olo (c) 
7 

'111'0 ;ztJIH BCBX o(. <: o(.o (E.) HSt!;zJ.aT.

CH .. '(; (c£) !aKoe, li!O pemea11e (!3) lr!e!o;ztow SlaJiepa o marou, He npe

BUmalOlJUl!l 'C (ot- ) •. o!JIHt.taeTcH oT pemeHHB (6) He 6oxee tlelr! aa E 
'1IoKasaTeJI»cno: nycn x rt) 11 Xo~Jt) npz t =oo, G1 , ... ,o,. 

COOTB6TCTB6HHO eon X 0 . x1 •... ' X, H ~0. x~1 .... ' Xo(n. • 

3;ztec» X (t) B ><ct_(t)- cooueTcneHHO pemeHH!l ypaBHaHIIA (6) 11. 

(13). llpi! S!OJ.I ,no ynepllt;lteHHIO 'Taopelr!U l 1;ztJI!l BCIIKOrO C >0 HSla

;ztB!Cfl TSKOe olo (E) , tJ!O ;ztJIH BC6X oC < c<o (E) npl! X C.]) 

pemeHH6 ypaBHBHHfl (!4) y;ztOBJ16T:BOp!leT ycJIOlllUl 

u xo{~ - x ttl < E /2 (IS), 

C ;ztpyroA C!OpOHU,;ztJIII:BCBX ~ (O~cX..<olo(,E))Ha~ell TSK06 1:(0t) 1 

'IT00l>l ypaBH6HI!a(I3) pemaJIOCb C · TO'IIHOC!l>D ;ItO £j2 11~!0;!1011 Si!Jiepa 

a· 

c marow, ae npeBUmSDJJ!HW 7: (at.) , T. e. 

11 xO{i_ - xo(J < c. 12. ~ (I6) 

Ha (16)- (!7) CJI6;zJ.y6T 1 11:rO .pemeHHe 3P8BH6HH!l (I3) OTJIHt.!86TCII o:r 

pemaHHII (6) He 6onee 11611 HS e T.e. 

II xi.- xolc./1 < e 
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