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JleHTO'IHble MaTpHUbI paJHoo6paJHoii cTpyKTYPbI JaHHMaIOT 

Bbl,D,eJieHHOe MeCTO He TOJlbKO B TeopHH IlOJIHOH anre6paH'leCKOH 

npo6neMbl co6cTeeHHblX JHa'leHHii I 17, HO TaK:itce H npH peweHHH 

JIHHeHHblX anre6paH'leCKHX ypaeHeHHH BbICOKOro nopll,D,Ka, BOJHH" 

KaIOIUHX BO MHOrHX npHKJla,IJ,HbIX Ja,D,a'laX. HeKOTOpble THilbl TaKHX 

Janaq npueeneHbI, HanpHMep, e I 2 - 5/. 

Y'IHTblBall cnejHd>HKy peweHHll nono6HbIX Ja.D.a'I Ha 3BM, 

e /6/ H noJ.D.Hee e 7/ 6bm npenno>KeH cnoco6 np11Moro peweHHll 

CHCTeM JIHHeHHbIX anre6paH'leCKHX ypaeHeHHH, OCHOBaHHbIH Ha 

eeKTOPHOH <tiaKTOpH JaUHH Ma TPHU, o6pa THblX K TpeX,D,HaroHaJibHblM. 

0.D.HaKO B npHKJia,IJ,HblX Ja,D,alfax. npHMepbl KOTOpblX yKaJaHbl 

Bblllle. qacTO Heo6XO,IJ,HMOCTb 6oJiee IlOJIHOro y'leTa anpHOpHbIX 

CBe,D,eHHH 06 OilHCbIBaeMblX npoueccax npHBO,IJ,HT K CHCTeMaM 

ypaeHeHHH BblCOKoro nopll,D,Ka c MaTpHuee K03cl>cl>HuHeHTOB JieHTO'IHOH 

nH6o eoo6me npoHJBOJibHOH KBaJHTpexnuaroHaJibHOH cTpyKTypb1 I 4/. 

3TO o6CTOllTeJibCTBO npHeeno K Heo6XO,IJ,HMOCTH o6o6meHHll peJyJib• 

TaTOB, nony'leHHblX B /6/. 
B HacT011meii pa6oTe naeTcll .D.OKaJaTeJibCTBO TeopeM o KBaJH

eeKTopHoH <tiaKTOpH3aUHH MaTpHu, o6paTHblX K Heoco6eHHblM KBaJH

TpexnuaroHaJibHblM; nony'leHbl 3c1>4>eKTHBHble anropHTMbl o6pameHHll 

CHMMeTpH'fHblX JieHTO'IHbIX MaTpHu; npoeeneHO cpaeHeHHe npe,D,JIO• 

>KeHHblX anropHTMOB c npyrHMH HaH6onee WHpOKO HCilOJlbJyeMblMH 

anropHTMaMH, y'IHTbIBaIOIUHMH oco6eHHOCTb 3anonHeHHll MaTpHu. 

JleMMa 1. EcnH A - Heoco6eHHall CHMMeTpH'IHall KBa3HTpex

.D.HaroHaJibHall MaTpHua BH.D.a 

A /1/ 
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r.n.e bl ,b2,b3, .. ,,b .. - KBa.n.paTHhle MaTpHUhl /61>1Tb MO)l(eT pa3· 

HblX nop.11.n.KoB/, a2 'a 3 , ... ,am - HeKOTOphle COOTBeTCTBeHHO np.11-

MoyronbHbJe MaTpHIJ;hl, H ecnH Bee rJiaBHhle MHHOpbl MaTpHUbl A 
oTnH'IHbI oT uyn.11, To A e.n.HHCTBeHHhIM o6pa3oM MO)l(eT 6&1Tb 

npe.n.cTaBneua B BHJJ.e npoH3Be.n.euu.11 

T 
A=R · D·R, /2/ 

r.n.e R - npaBa.11 KBa3HTpeyron&ua.11 c e.n.HHH'IHhlMH KBa.n.paTHbIMH 

MaTpHUaMH COOTBeTCTBYIOIUHX IlOP.11.ll.KOB B)J.OJlb rnaBHOH .ll.HarouanH 

H D - KBa3H)J.Harouan&Ha.11 MaTpHUbl * BH)J.a 

E;, i=j, i =1,2, ... ,m 

(RJ .. =iO, i>j H'. j>i+l, ,, 

- c . , j = i + 1, i = 1, 2, ... , m -1, 
1 

T 
C=-(b +a •C 

i-1 i-l i-l 

-I 
) • a;' 

o, I i-i I > o 

(DJ;;= /3/ 

b T . . . ] 2 
;+ai.ci,i::-1,i~' , ... ,m, 

2,3 ... ,m+l. /4/ 

,D;oxa3aTeJI&CTBO. QqeBH.ll.HO, D - CHMMeTpH'IHa.11 ueoco6euua.11 

MaTpuua, nocxon&xy A - CHMMeTpH'IHa. Onpe.n.enHTeJI& MaTpHUhl 

D --.,TnH'leH OT uyn.11 H paBeH onpe.n.enHTen10MaTpHU1>1 'A . ,D;oxa3a

Ten&CTBO neMMhl He Bbl3hlBaeT 3aTpy.n.ueHHH H aHaJiorH'IHO .ll.OKa3a

TeJibCTBY TeopeMhl 0 KBa3HTpeyrOJibHOH ~aKTOpH3aUHH KJieTO'IHOH 

MaTpHUhl c Hanepe.n. 3aJJ.aHHbIMH JJ.HaroHaJibHhlMH KJieTxaMH. O.n.uaxo 

Mbl npoBe)J.eM ero /MeTOJJ.OM MaTeMaTH'leCKOH HH.lJ.YKUHH/' IlOCKOJlb" 

KY B pa3JIO)l(eHHH /2/ Hanepe.n. 3a.n.a10Tc.11 ue TOJibKO .n.uaroHaJibHbJe 

MaTpHUbI E; ,Ho H BH.ll. /4/ Ha.n..n.HaroHaJI&HbIX MaTpHu. 

T 
,D;n.11 m = 1 yTBep)l(JJ.eHHe neMMbI ol.feBH.ll.HO: (A) lI = b 1 + a 1 • c 1 = b 

1 
B CHJIY BbI6opa c J . IlyCTb OHO BepHO .ll.Jl.11 KBa3HTpeXJJ.HaroHaJibHOH 

Ma TPHUbl Am-I· IloKa)l(eM' '!TO OHO BepHO H )J.Jl.11 Ma TPHU m - ro 

nop.11.n.xa. Pa3o6&eM MaTpHUY A m ua KJieTKH 

* 3.n.ecb H BCJOJJ.Y ,11;anee El' E 2 , ... ,E., ,a l'am+l e,11;HHH'IHb1e, a c 1 -
HyJieBa.ll KBa.u.paTHbJe MaTpHUbl COOTBeTCTBylOllJ;HX pa3MepHOCTeH, 
c2 ,cJ'"'''Cm+l - MaTpHUbl /4/, HMelOllJ;He pa3MepHOC.1:H MaTpHIJ; 
a 2 ,a 3 , ... , a m+l H (R);;, (D} ;; COOTBeTCTBeHHO L/ ·xneTKH 
MaTpHU R H D ; T - 3Hax TpaHcnoHHPOB!lHH.11. 
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t
A.,_ 1 l U l 

A ~ - - I m T -,- - -
U I b , 

I "' 
r.n.e 

T 
A =·R ·D ·R m-J m-I m-1 m.-1' 

T T 
U = [ 0, 0, .•. , 0, a"' ] . 

IlocKOJlbKY det (A m-1) /. 0 ,TO det (R.,.1NO' H det(D-1J/.O .. Haif.n.eM .n.a

Jiee KBa3HTpeyroJI&Hyro Ma TPHUY R .. H KBa3HJJ.HaroHaJI&HyJO D "' 

t Ttl[ I l R I 0 D I 0 
T m-1 1 m-JI 

A = R • D • R = - - - -
1 

- - - -
1

- -m "' m "' I I 
I I . 

y I B 0 I l 

o6e TaKHe. '!TO 

t 
I 1 I ' T 

Rm-11 y 

- - ~ - : /5/ 

0 I R 
I 

BhlDOJIHHM yMHO)l(eHHe B /5/. DOJlb3YllCb npaBHJiaMH YMHO)l(eHHll 

6JIO'IHblX MaTpHu. 
B pe3yJI&TaTe nonyqaeM cne.n.y1011J;y10 CHCTeMy MaTpH'IHblX pa· 

eeHCTB: 

T 

R·,,.-1 • IJ-1 · R,,.-1 "' A m-1 

T 
Y • n .. _1 • R _, = U /5 '/ 

T T 
R m-l • D .,_1 • Y = U 

T T 
Y·D ·Y +B·l·B =b. 

m-l "' 

Ilepeoe H3 :JTHX MaTpH'IHblX paseHCTB BhlilOJIHlleTCll B CHJIY npe.n.

IlOJlo:>KeHHll. lb eToporo cne.n.yeT 

2 3 m-f 

E, n cµ. n cµ. ... n cµ. V6/ 
µ.= 2 µ.=2 µ. =2 

T . T 
-l -1 Y = U • R,,,_1 • D,,,_1=(0,0, ... ,o,a .. J. 

3 •-1 

E2 n c ... n c µ. \. v-1 
µ=3 µ 

µ=3 m-i 

m-1 

E3 ... n c 
µ=4 µ 

m-1 
0 E m-2 11 c µ 

µ=m-1 

E-1 5 
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r.ne J.necb H sc10.ny .nanee 

p 

n 
/F0 q+l 

{" 

µ 

~ Eq' P :; q 

~ c • c 
lltl q+2 

/7/ 

... cp,p>q. 

YMHO)KeHHe B /6/, DOJ1b3Y.11Cb npaBBJlaMH YMHO)KeHH.11 6JlO'iHblX 
MaTpRU, MO)KHO BblDOJlHBTb B CHJlY onpe.neneHH.11 /4/ MaTpRU c i 

B peJyJlbTaTe nonyqaeM BJ BToporo paeeHcTea e /5' / 

T T -1 
Y = [0,0,. . .,0, am. (bm-1+ am-1 •cm-I) j. 

TpeTbe paeeHcTeo aHanorH'l.HO .naeT xeaJecTon6eu 
Y'ieCTb CHMMeTpBJO (bm-1 +a~-1 • Cm-1r1 e 0603Ha'iBTb 
= - ( bm-I + a mT-I • c m-l )-I· am , TO nonyqaeM 

y T (0,0, .. .,0,-cm)· 

T 
Y . Ecne 

cm 

/8/ 

BocnonhJosaewec1> /8/, B3 nocne.nHero paeeHCTBa e /5 '/ nony'iHM 
b m +a~. cm= B • z . B .ECJlB Hanepe.n onpe.neJlHTb MaTpeuy B ' 

xaK e.nHHH'iHYIO KBa.npaTHYIO paJMepHOCTB Taxoii )Ke, xax H ( b m + 
+ a T. c ) , To MaTpeua Z onpe.nen.11eTc.11 .nanee O.llH03Ha'iHo m m ..... 

T 
l=bm+am•Cm• /9/ 

11TaK, Bb16paB B /5/ MaTpHUbl y H 
/8/ H /9/, nonyqaeM paJJlO)KeHee 

z COOTBeTCTBeHHO B BR,!l.e 
/2/. JleMMa 1 .noxaJaHa. 

JleMMa 2. ECJlH ·A - Heoco6eHHa.ll CBMMeTpB'iHa.11 JCBa3HTpex
.llHaroHaJlbHa.ll MaTpRua BR.Ila /1/ c OTJlR'iHblMR OT HYJl.11 rJlaBHblMR 
MRHopaMR, TO .nm1 ee o6paTHblX 3JleMeHTOB - 6JlOJCOB cnpaBe.llJlRBbl 
cne.nyiowRe Bblpa)KeHR.11: 

-1 
(A ) .. ,, 

6 

m Ii T -1 Ii 
I ( _fl. c )·(b._+a,.·c._) • ( n 

li=max(i,j) µ·-•+l µ µ=i+l 

T 
c ) . /10/ µ 

... 

)J;oxaJaTen1>cTBO. IlpeMeHRM pe3yn1>TaTbl npe.nbl.nyweii neMMbI. 
TpRaHryn.11uR.11 M\]PRUbI A B BR.Ile /2/ DOJBon.11eT nerxo HaHTR 
R -I. D-1 R (R-I ) : 

(R-1) 
ij -l 

O,i>j, j=l,2 .. ., m 

(D-1) .. ,, 
j . . 
TI c,. ,ISJ, 

Ii= i+I j=l, 2,. . ., m, 

o. i =Ii O,j>i, i=l. 2, .•. ,m 

I -I T I = (R )if = . 

T ' T 
(b. +a .• c.},-1 ( 11 c ), i>j, 

I 1 1 -. -· 
i,,.. j' 

j=l,2, .. .,m .• 
- i+l 

BocnoJlbJOBaBWRCb npaBRJlaMR yMHo>KeHHll 6JlO'IHblX MaTpRU, a Tax
)Ke y'iRTb!Ba.11, 'iTO ( R-1 ) 

11 
= O, ecne i > k , .nn11 (A-1 ) ii nonyqa -

eM/10/.JleMMa 2 .noxaJaHa. 
PeJyJlbTaT JleMMbl 2 DOJleJeH npH xpaHeHHH B naMJITH 3BM 

MaTpHU BblCOKoro nop11.nxa, o6paTHbl~ K /1/, DOCK<HlbKY npH 3TOM 

T 
He06XO.llHMO DOMHHTb TOJlbKO JCBa3HBeKTOpbl c • H ( b + a • c /l .. i " " . .llJlll BCex k 0 1,2,. ... m, no JCOTOpblM ,!l.OBOJlbHO nerxo 10/ BOCCTa- 1 

HaBnneaeTcll n106oii JJleMeHT o6paTHOH MaTpHUbl. KpoMe Toro, 
HCDOJ1b3Yll /10/, .llOBOJlbHO npoCTO opraHH3YIOTCll peweHHll JlHHeii
HblX CHCTeM, Kor.na A RMeeT BR.ll /1/ Hy CHCTeMbl MHOro npaBblX 
qacTeft. 

YcTauoeneHHbie BbIWe pe3yJ11>TaTbl noJBOJlllJOT .noxaJaTb p11.n 
TeopeM' urpa!OIUHX ea>KHYIO poJlb He TOJlbKO npH opraHHJaURH Bbl" 
'iHCJlHTeJlbHblX npoue.nyp Ha 3BM npe peweHHH npHKJla.llHblX Ja.na'i, 
npHMepw xoTopblx npeee.neHbl e I 2- s/ , HO TaK>Ke H npR nonbITKe 
xBaJHaHanHTil'iecxoro no.nxo.na B Ja.na'iax RHTepnpeTaURR JxcnepR
MeHTan1>HblX ,!l.aHHbIX I J/. 

TeopeMa 1. Ecne A - Heoco6eHHa• CHMMeTpH'iHall KBaJBTpex
.nearoHaJlbHall MaTpeua BR.Ila /I/ c OTJlH'iHblMH oT HYJl• rnaBHblMH 
MHHopaMH, y KOTOpOH MaTpHUbl b

1
, b , ... , b m - KBa.npaTHble, a 

a2 , a 3 • .... a m - xea.npaTHble H Heoco6eHHble, TO .nn.11 JJleMeHTOB 
- 6noKoB A-I cnpaee.nneebl cne.ny10iuee Bblpa)KeHB.11: 

l V. • I . • i .< i . I - 1,2, ...• m 
(A-'J.. = ' 1 -

/II/ ,, 
T T 

Ir . v , j .< i, i = 1, 2, .•• , m , 

' I -

7 



r.D;e 

vi 
m 

II c 
µ= i+I µ 

"' T -I -I -I T [l ( v ( -C ' a L ) ' v ) ] ' v • 
lr.=i A H l ,.+z Ir. i 

WI /l l' I 

,lloKaJaTeJibCTBO. ,llm1 MaTpHU b1, b2 , ... , b m H a 2, a 3 , .. .,a ,,, , 
yKaJaHHbIX s ycnOBHJIX TeopeMbl, cnpaBe.D;JIHBa 4>opMyna /10/ neM· 
Mb! 2. lionee TOrO, MaTpHUbl c2 ,c3 , ••• ,Cm 6y.D;yT KBa,D;paTHblMH 

Heoco6eHHbIMH H (bµ + a T • cµ )-I= -c +I • aµi 1 , µ = 1,2, ... ,m. 
BocnoJibJOBaBWHCb ~eoco6eHHOC~blo MaTpHU c 1r. , npHBe.D;eM 

A 
IlOJie3HOe 3.D;eCb H BCIO.D;Y ,D;anee pa3JIO>KeHHe .D;mI fl 

A 
n 

ri=i+ l 

-J 
c T/ = v, .. v. , r.D;e 

ir'i+l 

m 

v. = n c . 
' ri·=i+l T/ 

c : 
T/ 

/12/ 

Ecnn no.D;cTaBHTb /12/_p /10/, TO.D;m1 :rneMeHTos-6noKOBBepxHero 
KBaJHTpeyronbHHKa A nonyqaeM 

-I = T 
(A )ii = vi (Wi. vi J = v;. wi, i .$ i , -. 

r.D;e o6o3HaqHJIH w i - CHMM_eTpHqHylO MaTpHuy 

W. 
1 

"' T -1 -1 -1 . l [V (-c •a ) •V ] , 1=1,2, ... ,m. 
Ir. lr.+l lr.+l Ir. 

lr.=i 

AHanoruqHo .D;ml HH>KHero KBa3HTpeyrOJibHHKa 6y.D;eM HMeTb 

-l "' T 
(A ) .. = (V. • W. )· V. 

I/ Z I J 
WT· VT . . ' 

I J 
j 5: i . 

TeopeMa 1 .D;OKaJaHa. 
E.D;HHCTBeHHOCTb pa3JIO>KeHHJI /2/ MaTPHUbl /1/ o6ycnosneHa 

Bb16opoM :rneMeHTOB MaTpHUbl R /3/, /4/. Cne.D;oBaTenbHofpe.D;· 
cTaBneHHe /11' /MR A - 1 He J1Bm1eTcJ1 e.D;HHCTBeHHblM. B Is ,Ha
npHMep, nonyqeHO .D;pyroe npe.D;CTaBneHHe .D;nJI KBa3HBeKTOPOB 
V H W. 

8 

~f' i' .c I 

~ 

0.D;HaKo Bb16paHHoe B /3/, /4/ npe.D;cTaBneHHe .D;nJI KBaJH.D;liaro
HanbHblX :rneMeHTOB MaTpHUbl R noJBOnJleT nerKo o6o6mHTb pe
JynbTaT TeopeMbl l, a, cne.D;oBaTenbHO, H Isl. 

qaCTO B npuno>KeHHJIX, KaK 6y.D;eT JICHO H3 .D;anbHeii:wero, B03" 
HHKaeT Heo6XO.D;HMOCTb o6pameHHJI MaTpuu, yJCaJaHHblX B TeopeMe 
1, KOr.D;a "nocne,D;HJIJI Ha.D;.D;HaroHanbHaJI"' T .e. MaTpuua am JIBnJieTCJI 
npJIMOyronbHOH H COOTBeTCTBeHHO KBa.D;paTHaJI MaTpHUa b m HMeeT 
pa3MepHOCTb, oTnHqHylO OT paJMepHOCTeii: Bcex OCTaJibHblX MaTPHll 
bl, b 2, ... , b m-I . Cne,D;yiomaJI TeopeMa OTBeqaeT Ha Bonpoc 0 

npe.D;cTaBneHHH 3neMeHTOB·6no1CoB o6paTHoii: MaTpHUbI A-1 B no.D;o6-
HOM cnyqae. 

TeopeMa 2. IIycTb A - Heoco6eHHaJI CHMMeTpHqHaJI JCBaJH· 
TpeX.D;HarmianbHaJI MaTpKua BH.D;a /1/ c OTnHqHblMH OT HynJI rnaB
HblMH MHHOpaMH TaJCaJI, qTQ bl• b2 , ... , b,,,-I, a2 ,a3, ... ,a,,,-1· KBa.npaT
Hble O.D;HHalCOBblX pa3MepHOCTeii H a, (i = 2, ... , m-1)- Heoco6eHHble 
MaTpHUbl, am • IlpJIMOyronbHaJI H b m • ICBa.D;paTHaJI MaTpHUbl 
cooTBeTCTsyiomux paJMepuocTeii:. Tor.na .nn11 3neMeHTOB - 6noJCoB 
A - 1 cnpaBe.nnuso cne.nyiomee npe.D;cTaBneHHe: 

I v, . ,; . i ._$ j ' j = 1,2, .. .,"' 
-I 

tA )ii = /13/ 
T T 

j ::; i , i = 1, 2, . •. , m , w; • vi , 

r.ne 

m-1 
v. 

I 
n c µ , 

T -l T 
V,,, = (c,,,• cm) •cm, 

µ=, i+I 

/13 '/ 

w. 
m-l T T T T T 

l [V (b. +a.• c.)· V. ]- 1 +c (b +a ·c ;-1.c l·V .. 1 l"' "'"'"' mm mm m 1 .l= i 

,lloKa3aTenbCTBO. 3.necb H BCIO.D;Y .nanee B .D;OnonHeHHe IC /7/ 
ycnoeHMCJI cquTaTb 

q 

l ( ). 
lr.=[1 I 

0, q < p 
/14/ 

( ) + ( ) + ... + ( ) ' p < q . 
f1 p+I q -

9 



I 

CHoea eocnonb3yeMCJI neMMOH 2 H pa3o6beM cyMMY e/10/ Ha ,11,ea I . 
cnaraeMbJX. B pe3yJJbTaTe ,IJ,JJJI (A- );; nonyqaeM 

-I m-1 l T -1 
(A );.=I (TI cµ)(b,+a 4 ·c1 ) 

1 l=max(i,j) µ=i+J 

l 
( Il T 
µ=/+leµ) 

+ 

m T -I m. T 
+ ( I~ 1·11 ) • ( b ,,. + a m • cm ) • ( II_ c µ ) 

µ=cr+J µ=1+1 

-J _, 
llJJH B 6no'iHO. Ma TPH'IHOM DH.Ile ,IJ,JJJI A =A m c yqeTOM/7 I H I 14/ 

Ha XO.II.HM 

A-1= 

"' 

-I "' -1 m T m . T -J 
A ,+( n c )·(b"'+a,,,·c,,,) ·( 11 c) ,( n c )·(b +a •C) 

m- µ=i+J µ µ=i+J µ \µ= i+l "' "' "' 

T J m T 
(b,,,+a,,.·c,,,r ·( II c ) 

µ=;+1µ 

T 
( b ,,,+a,,,• c,,,)-1 

/15/ 

Ilo ycJJoBHtO TeopeMbI MaTpHUbl r 2 • c 3 •· ... "m-1 6y.11.yT Heoco-
6eHHbIMH, IlOJTOMY .llJIJI A m-1 cnpaee,IJ,JJHBa TeopeMa 1. CJJe,IJ,OBa
TeJJbHO, ,IJ,JJJI JJJeMeHTOB eepxHero KBaJHTpeyroJJbHHKa MaTpHUbl, 
cTouueii e neeoM eepxHeM yrny A -.1 

/ 15/, HMeeM 
"' ..... 

-J m-1 T T -J -l T -l T T 
(A )=V. [I [V, (b 1 +a,·c4 ) .V 4 ] +c ·(b +a •C) • c ]·V., 

if r l=i "' "' "' "' "' 1 

< j 

3,IJ,eCb 

1,2, ... ,m -1. 

V 
"'-1 

i = n c µ=i+l µ. 

/16/ 

-1 ... 
Haii,IJ,eM ,IJ,JJJI nocne,IJ,Hero KBa3HCTon6ua (A ) im = ( ~ c µ ) x 

µ= •+1 
T -1 

x (b,,.+a,,,. c,,.) e /15/ aHanorB'iHoe /16/ npe)lcTaeneHHe. IlycTb 

cyIUeCTBYtOT TaKHe Ma TPHUlal v 1 .• v 2 .... , v "' ' 'iTO ,IJ,JJJI nocJJe,IJ,He. 
ro KBa3HCTOJJ6ua B /15/ nonyqaeM CHCTeMy m ·MaTpH'iHbIX ypae-
HeHHB c m + 1 HeB3BeCTHOA MaTpeueA JiJ 'v 2 , ... v... H If"' 

10 

T.e. 

"' b T -1 
V1 • W,,.= ( Il cµ)·( ,,.+a,,,· c,,.) 

µ=2 

= 
v2 "' T I If' =( n c ) • (b +a • c r 

"' µ=3 µ "' "' "' 

= ~ T -I 
V ·If'=( lJ C )-(b+a •C) 
m-1 *' µ=m µ m m m 

v . w 
"' "' 

( b + a T • c )-J 
"' Ill Ill 

/17/ 

QqeBH,IJ,HO, 'ITO eCJJH Bb16paTb 0,IJ,HY HJ HeHJBeCTHblX MaTpHU, HanpH
Mep, V m , TO OCTaJJbHble VI , V 2 , ... , V m-1 H If "' onpe.11.eJJJitOTCJI 
HJ cHcTeMbl /17 I 0,11,HOJHa'iHO. HTaK, uycTb 

~ T -J T 
V,. = ( C "' • C ,.) • C m 

= 
Tor.11.a, IlO,IJ,CTaBJlJ!jJ v m B IlOCJle,IJ,Hee ypaeHeHHe CHCTeMbl /17/, 
nonyqaeM 

T -l T T -I 
(cm·cm) •Cm•lf,,.=(b,,.+a,,.·cm). 

T T 
MaTPHllbl (cm·cm) H (bm+a ,,.· c,,. ). • Heoco6eHHbie Kea.11.paT· 
Hble Ma TPHUbl. IlepeaJI HJ HHX Heoco6eHHaJI 8 CHJJY TeopeMbl 0 CKe -
JJeTHOM pa3JJO>KeHHH IlpJIMOyrOJJbHOH MaTpHUbl cm /CM., HanpH· 
Mep, /9/ /, BTOpaJI - B CHJJY YCJlOBHJI TeopeMbl 2. CJJe,IJ,OBaTeJlbHO, 
nonyi1aeM 

T T 
c,,.(Wm-cm(bm+a,,. c mF1 J o. 

T 
MaTpHUa Cm OTJJH'iHa OT HyJJeeoi MaTpHUbl. 0TCtO,IJ,a If m .llOJl>KHa 
6b1Tb BH,IJ,a 

T -1 T 
lfm~ cm(bm+ a,,.·c,,.) = c.m(bm+ am cm)-1. c 

T 

m 

= T 
vm 

II 



I 

IJO.llCTaBnJUI If' m B .llPYrHe ypaBHeHHJI CHCTeMbl /17/, HaXO.llHM, 
•no nnJI ecex (i=l,2,. .. ,m-l)P; = V;, onpeneneHHLIM paHee e 
/ 16/. ,nnJI HR>KHero xea3RTpeyronbHRKa A - 1 paccy>K.lleHHJI npo -
BO.llJITCJI coeepweaao aHanorH'IHO. TeopeMa 2 noxa3aHa. 

JleH111.0'IHble MU111.PU11bl 

lfTax, nycTb Tenepb a =Ila;; 11;ra;; =0, ecnH li-il>h R h«n). 
3necb H BCIO.llY nanee h - napaMeTp wupRHbI neHTbI. QqeeR.llHO, 
BCHKaH KBanpaTHaJI MaTpHua JIBnJleTCH neHTO'IHOH c napaMeTpOM 

n-1 
wHpHHbI h ~ -

2
- . CHMMeTpH'IHYIO neHTO'IHYIO MaTpuuy c napa-

MeTpOM WHPHHbl h MO>KHO paccMaTpRBaTb KaK CHMMeTpH'IHYIO 
KBa3HTpexnuaroHanbHYIO c KeanpaTHblMH 6noKaMH pa3MepHOCTH 
h" h . ecnH n nenHTCJI Haueno Ha h · B npoTHBHOM cnyqae MaT
pHua b m 6y,lleT KBa,llpaTHOA pa3MepHOCTH k x k (k < h) · H 
a m - IlpHMOyrOJlbHOA p&3MepHOCTH h x k· . 

OnpenenHM BCIO.llY ,llanee 'IRcno m xax 

m = l [ --.'.:..1 
h ' 

[T] + I ' 

..... 

ecnu n h • l~l 
h 

ecnH n > h. [~] h , 

r,lle [ T] -uenas qacTb OT ,lleneHHJI n Ha h • 

OTMeTHM 1-ax>Ke, 'ITO oTJlH'IHble OT HYJ1JI 3neMeHTbI mo6oA 
CHMMeTpH'IROI neHTO'IHOA M&TpHUbl Y.ll06HO xpaHHTb B naMJITR 3BM 
B BH,lle BeKTOpoe-cTpOK: 

f ( ~) = 
i 

aii 
2 

f (. 1) i+ a 11+1 
«>rh+IJ-a , ••• , J.. - ll+b 

i+ h 

T. e. 3TO M&CCHB f pa3MepHOCTH ( h + 1) x n ' DPR'leM ' CO,llep>KH -
Moe nepeLix k Jl'leex e cTpoxax Maccaea ff/'+!IJ,(k=0,1,2, ... h; l~k+i$.n) 
npennonaraeTcJI aecyIQeCTBeHHblM. B qacTHOCTH, e HHX MoryT 
6b1Tb nyna. Qqeee,llHO, nony'leRHble ewwe pe3y'.11bTaTbl npaMeHHMbl 
H x neHTO'IHLIM MaTpauaM. B 'lacTHOCTH, cnpaee.llnHBbl cne,lly10mae 
TeopeMbl /cne,llcTBHJI/. 

TeopeMa 3. Bena _a - Heoco6eHHaJ1 CHMMeTpH'IHaJI neHTO'IHaJI 
MaTpHua c napaMeTpOM h H nopJl,llKa n xpaTHOro h c OTnR'IHblMH 

12 

OT HynJI rnaBHbIMH MRHopaMH, y KOTOpoA Bee 3neMeHTbl h + 1 
no60'IHOH ,llHaroHanH OTnH'IHbl OT HYJIJI, TO ,llJIJI a -l cnpaee,llJIHBO 
npencTaenenae /11/, /11 '/. 

,noxa3aTeJibcTeo TeopeMbl 3 coeepwenno ananorH'IHO noxa3a
, TenbCTBY TeopeMbl 1. IlpH 3TOM m = [ +]. IlpH opraHH3aUBH BbI
'IHCJIHTeJibHOH npouenypbl aa 3BM MO>KHO eocnonb30BaTbCJI cne
.llYIOLUHMH $opMyJiaMR ,llJIJI IlOHCKa 3neMeHTOB HBlKHeTpeyrOJibHbIX 
MaTpHu a2,aJ, ... ,a[...!!.] HCHMMeTpH'IHblX b,,b2, ... ,b[.JL] B 
MaCCHBe b b 

( a,.._1)11µ = 

.£[h+l,n]: 

o. 11<µ=1,2, ... ,h, 

"=l,2 "" [ ~ ]-1 

f ((b+l J- <ri-µi\' 
•· b +µ J 

µ::: 11=1,2, ... , h. 

(b,,)11µ = 

£ 
(

µ-11+ I )' 11~µ=1,2, ... ,h 

(11-J)•b+µ 

"= 1,2, ... , [2:]. 
h 

/18/ 

£(11-µ+1 \ 
(11-1)• b+ri} 

µ :s. T/ = 1,2, ... ,h 

Kax cnenyeT H3 cpaeneHHJI, pe3yJibTaTbI, nonyqennble panee 
B /6/ H hi ,llJIJI TpeX,llHaronanbHblX M&TPHU ( h = 1), JIBJIJllOTCJI qacT
HbIM cnyqaeM TeopeMbl 3. 

TeopeMa 4. Bene a - Heoco6eHHaJ1 CHMMeTpH'IHaJI neHTO'IH&JI 
MaTpuua c napaMeTpOM h H IlOPJl.llKa n He xpaTHOrO h c OTJIH'l
HblMH OT nynH rnaeHblMH MHHopaMH, y xoTopoe ece 3ne·MeHTbl 
h + 1 no6o'IHOH ,llHaronana oTnH'l,bl OT HYJIJI, TO ,llJIJI a - 1 cnpa
eennueo npe,llcTaenenue /13/, /13 /. 

,noKa3aTenbCTBO coeepweHHO aHanorH'IHO .llOKa3aTeJibCTBY Teo
peMbI 2. IlpH 3TOM m = [ __!!__] + I . Ilpa opraHHJaUHH Bbl'IHCJieHHH 

h 

nnJI a 2 ,a 3 , ••• a[i!-] 
b 

H 

, n 
0, 11<µ= 1, 2m ... , n-h [ -;;-1 

b 1 , b 2 , ••. , b[-IL] eocnonbJyeMcH/18/,a 
I~ 

( µ-11+1 \ ' 11~µ' 
\..£: ]•b+µ~=l,2, ... ,n-h[fl 

(am)11µ~ (bm)T/µ · µ<71=1,2, ... ,n-h[~ 
- h 

-~.µ<71' f(' b+ JJ-<r;µ. J µ=l, 2, ... ,n-h[ T] 
[
...!!.].b+µ -1 2, ... ,h 

b 11- ' 

lf(11-µ+1 \ 
[ :~· b+11,J 

13 
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IlpHBe.D,eM rrpHMep, HJJnJOCTpHpyromHii: CO.D,ep)KaHHe ,!1,0Ka3aHHblX BLIWe 

TeopeM. IIycTL MaTpHua a HMeeT BH,!l, 

1 IO-JOO• ··01 I I 0 _, 
0 1 10-10···0 0 1 0 -1 

-1 0 1 0 1 0-l ••• 0 -1 0 2 0 -1 0 

0 -101 1 0 ... 0 -1 0 2 0 -1 

0 0-1 0 1 1 • •• 0 
I I 

-1 
0 

• -1 I I 0 • 0 0 
-1 0 2 

o O o O o .. -J O 1 I I 1 

BocIIOJJL3yeMCJI T.enepL anropHTMaMH TeopeM 3 H 4 ,!l,JJ.11 IIOJJY" 

'leHH.11 KBa3HBeKTopoe v H w ' qepe 3 3JJeMeHTLI KOTOPLIX orrpe.D,e. 

JJJllOTC.11 3JJeMeHTLl·6JJOKH a-i . 

IlycTL n=h • m = 2 • [ ~], TaK KaK h = 2. Ilo anropHTMY Teo· 

peMLI 3 IIOJJy'laeM 

V=I 1 0 
0 I 0 

0 

0 

0 ol; ·=Imo 
0 I 0 m 

H, CJJe.D,OBaTeJJLHO, MaTpHua a -I HMeeT BH,!l, 

I 
o-1 

14 

m 0 m-1 0 m-2 0 1 0 

Om 

r'n-1 0 

0 m-1 

m-2 0 

0 m-2 

1 0 

1 

0 m-1 

m-1 0 

0 m-1 

m-2 0 

0 m-2 

1 0 

0 1 

0 m-2 

m-2 0 

0 m-2 

m-2 0 

0 m-2 

1 0 

0 1 

... 

... 

0 1 

1 0 

0 1 

1 0 

01 

1 0 

0 1 

; a-' 

m - I O , "· 2 0 

0 m-1 ... 0 2 

m 0 m-1 0 

0 m
1 

0 m
1
-J 

m-1 0 m-1 0 ... 
0 m -1 0 m -1 

l l 

m-2 n m-2 0 

1 o] 
0 1 

1 
0 

1 

0 
/19/ 

1 ... 
0 m

1
-2 0 m1-2 0 

1 0 l 0 1 

EcJJH )Ke n= 2 [!!..] + 1 , T.e. n He KpaTHO h = 2,Tonoanro· 
2 

pHTMy, CJJe.D,yromeMy H3 TeopeMLI 4, DOJJy'laeM 

[ 

1 0 

V= 0; 1 0 1 0 

0 l 0 1 

l} W= [ [; J+l o 
0 0 [.!.] 

2 

[~] 0 
2 

0 [ .!.]-J 
2 

... ~ . 

= n 
T.e. 0-I HMeeT BH,!l, /5.1/, r.D,e m1 = (7], m = m1 + J • 

; J ' 
2 0 

OJ 

H B 3aKJJIO'leHHe OTMeTHM, HaicoHeu, HeKOTOphle CBOBCTBa anro· 

pHTMOB, IIOJJy'leHHblX B .D,aHHOB pa6oTe. ;ZJ;n.11 xpaHeHH.11 o6paTHOB 

MaTpHUbl B rraM.llTH 3BM Tpe6yeTCJI He 6onee 2h 2( 1 + lf)J Jl'leex, 

n2 
'ITO JHa'IHTeJJLHo MeHa.we T /.D,n.11 h «n I .ll'leex, Heo6xo.D,HMLix 

,!1,JJ.11 xpaHeHH.11 TOH )Ke MaTPHUbl, eCJJH ,!1,JJ.11 o6pameHHJI neHTO'IHOB 

Ma TPHULI HCIIOJJL30BaJJH 0,!1,HH H3 uau6onee pacnpocTpaHeHHLIX Me. 

TO,!l,OB /uanpHMep, MeTo.D, xaa.D,paTeoro xopu.11 /2/ ; LU, QR anro· 

PHTMLI /I/ HJJH MeT0,!1, ho/ /. 

llerxo IIO,!l,C'IHTaTL, '!TO ,!l,JJ.11 nony'leHH.11 KBa3HBeKTOpOB 'V H 

" ueo6X0,!1,HMO BLIDOJJHHTL He 6onee, 'leM n(6 h 2 + h) YMHO" 

)KeHHii:, n ( 5 h 2 + h) CJIO)KeHHB H 2n .D,eJieHHB. Ilpu 3TOM o6mee 

'IHCJIO MYJILTHIIJJHKaTHBHLIX orrepauuii, ueo6XO,!l,HMbIX ,!l,Jl.11 IIOJIY'leHH.11 

a -l rrop.11.D,Ka (n
2
·h + ll ·n·h 2 +n• h},qTO He3Ha'IHTeJILHO OTJIH'la" 

' 2 
eTC.11 OT (n • h +8 n. h) orrepauuA, npu6JIH3HTeJILHO ueo6XO,!l,HMLIX 

',!1,Jl.11 o6pameHHJI JieHTO'IHOH Ma TPHUbl c rrapaMeTpOM h no MeTO.D,Y 

KBa.D,pa THoro KOPH.11. Hau6onee 34K1>eKTHBHbl anropHTMbl' O'leBH,!l,HO, 

,!1,Jl.11 MaTpHu c h = l HJIH h= 2. Pa3BHTLie B pa6oTe MeT0,!1,bl MOryT 

6blTL HCIIOJJL30BaHLI TaK)Ke ,!l,Jl.11 peweHH.11 JJHHeBHblX CHCTeM 

A· X = B /20/ 

w A -l B <iJ h 1 rrp.11Mb1M crroco6oM, T.e. X =' • . Ecnu > u B ·MaT· 

puua, TO TaKoA crroco6 peweHH.11 CHCTeM JIHHeBHblX ypaeHeHHA He 

MeHee 34K1>eKTHBeH, 'leM MeTO,!l,bl, HCDOJIL3Y10ll.1He TpeyroJILHYIO 

~KTopu3auu10 MaTpHULI A. Ilpu :noM B .D,aeeoM crroco6e peweeH.11, 

a oTJJH'IHe oT rrporoHKH I 11/ H yxa3auuwx awwe MeTo.D,oB .D,JI.11 Bbl· 

'IHCJJeHH.11 TOJILKO O,!l,HOH KOMIIOHeHTbl peweHH.11 x (j) ~ x (j) , ue 

Tpe6yeTCJI Bbl'IHCJIJITL Bee 3JieMeHTLI o6paTHOH M~TpHULI, a TaK)Ke 

.D,pyrue KOMIIOHeHTLI peweHH.11. 

ABTopy npu.11Teo BL1pa3HTL caoro rrpHJHa TeJILHOCTL '!JI.· xopp. 

AH CCCP H.H. roaopyHy, a TaK)Ke H.H.CHJJHHY 3a IIOJie3HLie 

,!1,HCKYCCHH. 
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