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C TpexanarouanbHb!MH MaTpHU8MH rrpHXOAHTCR pa60T8Tb He TOnbKO 
~ . . ' 

a cnyttae rrpnMeHeHnH MeToaa KoHe'IHbJX paauocTeti: K KpaeBbiM aaaattaM ' 

. .u . • . Ill ami an'l"t'epeuunanhHbiX ypaaueunn BToporo nopHaKa , no n npn peme,unn 

• .J.. /2/ 
aaaa'l HaepHOH ~H3HKH • 

noaTOMY 6onbWOH HHTepeC Bb!3b!B810T 9KOH0,2 

MH'IHbJe M9T0Abl 
o6pameHHH . Ha 3BM IIeHTO'IHhiX MaTpHU 6onbruOrO ITOPHfl-

Ka.· · 
B pa6oTe nonytteHbi a#eKTHBHbJe anropllTMbi C!opamenHR cnMMeTpH'IHhJX 

TpexanarouanhHbJX MliTpnu. lloKa3aHa ~eope~a o6 oanoM caoficTae MaTpn-
, . . . . . . 

Ubi, o6paTHOl!: K TpexanaroHanbHOl!:o npnaoaHTCSI cpaBHeHne rronytteHHb!X 
( 

·. MeTonos o6paiueHHH c apyrnMn MeToaaMn. lloKa3aHHaH TeopeMa rroneana 

'_,' 

' . . . . . " . . 
rrpn peruennn B anannTn'leCKOM anae rrpo6neM!>I o6pa6oTKH ljlnanqeCKOfi nn-

·il' 

. . /3/. ~-

·. lflopMaUHH 0 aan:>KeHHH 38pS!:>K9HHb!X '18CTHU' B ITY3b!pbKOBbiX KaMepax ,· • 

nycTb A. - Heoco6eHH8R CHMM9Tpll'IH8Sl TpexanarolianbHaH MaTpHU8 . 

• b a 
I 2 

·a. b a 
2 2 3 

: 

a 
3 b3 a 

4' 
( 1.0) 

A= 

an 

a n b .n 

,• 

'' 

3 

' 



, . 
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. . · ' ~ . 

~n~'. ~Bee a 1 • •. II ) i. oTiiil'IHhi OT HY:mi •. HattneM MaTplluy 1 o6paTHyio · K A· 

nm(~Toro ilocrionbsyeMCH pasno:lKeH!leM A B BIIJJ./
41 

rne• 

hj 1 

h2+C2 a2 0 

b 3 + c~ a a· 

0 0 

b +C a n n n 

., 

0 

~-.1· 
b +C a n n n 

.. 
.. c= 

0 

•• 

( 1, 1) 

·. . ( 1,2) 

1-C 
n 

1 

I13 ycnoBHH cHMMeTpnn MaTpHUhi. A nonyqaeM peKypcllBHYJO saBHCHMOCTb 

. JJ.nH K08ql¢11UlleHTOB C I 

a 
(2< <n). 

b + C • a 
i-1 1..:.1 1-1 

(1.3). 

. MaTpnuy 1 o6paTHyJO K A nony'IHM 1 Bocnonbsor.aBlliHCb ( 1.1) Ii ( 1.2): 

-1. ..:. 1 -1 -1 
A =C .Q ·D 

·,.; (Q6palll~lliH? Ka>l(TJ.OrO li3 COMIIO:llillTe,1eil. B ( 1.4) He npeJJ.CTaBnHeT TpyJJ.HOCTeH, 

. • BBeJl~M o6o3Ha'leHIHI: A- 1 
= II~ 1 lln 1 D- 1 =lid"' 111 °1 C -;,II c-

1 lin 1 . . . . .. .· lj l lj t . .. lj i 

,:Q..:.
1=llq'- 1 1! 0

, Torna 1\IO:lKCM 3anucaTb KoscpqlHUI!eHTLI o6pnTHJ.IX MnTpnu 
·, t"~ : ~ • '. lj 1 ' 
;_':.· B; HBHOM nnne: 

'4 



'b- 1 •. , i = j = l ' 
1 

l ------, i=j =n ,. 
b +c a. 

n ·." n n. 

~ ; < 

l' i= i ' 

0, i > j q 

l · .n c k,i<i 
k=l+1 

-1 

II 

•. ,1 

l, i ·= i 

0. , i > i. 
1+1' 

-
al+1.· n c < < l k ,j i _n- , 

ai+Lk=l+2 . 
n 

a 1+1 n c . l<' < " . - --- k• t=n, J n-... , 
bn +Cn an k:=l+2 

''• 

a;. .. l 
, i=n, j,;n- • 

b +c a n n n 

( 1.5) 

' -1 -1 'n · · 

nepeMHO>KllM CHa'lana MaTpllUbi Q- . D ='=II full .B peaynbTaTe nony'laeM . ~ ' 

. -1' 
b 1 

0! i < j ' 

1+1 

- k·=~+1 ck, 

. a 1+1 

j ~ i , i = 2,3, ... , n -1· 
( 1.6) ' 

l 
' •. -'--- i =· j = n • 

h .+C 
n n 

a n 

5 



6 A -1 
nnn onpeJleneHHSI aneMeHTOB 0 paTHOH MaTpHUbi nepeM!IO)KHM 

C - 1 n F TaKHM o6paaoivt, 'IT06bi . y A-~ aneMeHThi npetlbiJlYIUero 

cTon6ua 6bxnn 6bi ¢YHKUHSIMH aneMeHTOB nociiei:tyromero · cTon6ua. ITocKonh­

Ky A - cnMMeTpnqnan, .To HH)Ke npnBOJlSITCSI peKypcnBHhie ljlopMynhx TonhKO 

A-1 
Jlnn aneMeHTOB aepxnero TpeyronhHHKa 

l + 1 

n c k 
,__,_,_1 ' i'< . 

--~-.- -·''· 

n 

j=n:_l, n-2, ... , 1··, 

-1 
A. =a 

In .. n c~ = n- l , n-2, ... , l •, 
k =1+1 

A -1 = ___ 1 __ _ 
I= j = n • 

nn 

B 9THX ljlopMynax C 
1 

nanniOTCSI aneMeHTaMH uennolt Jlpo6n ( 1.3). ITpn' 

'Bhi'IHCnennn aneMeHTOB MaTpliUhi A -
1 

itoneauo aocnonh30BaThCSI -cnetlyiO-

IUHMH peKOM9HJlllUHSIMU: 

a) aanonneline o6paTnolt MaTpHUbi cneJlyeT uaqnnaTh OT. JlHaronann 

BBepx H K TOMY )1{9 c· riOcneJlHero CTOn6ua, TllK. KllK. OH Bbi'IUCnSieTC~ 
oco6e~HO npOCT0 1 . 

·A- 1 . -- C • A- 1 l 2 , i= n ,n.:.. , ... · 
1-1 n I In 

n.s> 

6) Bhi'IHCnenne ripeJlbiJlYIUHX cTon6uoa qepea nocneJlyiOIUne ( HMeeTCH 

B BUllY: eCT9CTB9HHblft ITOpS!JlOK HyMepaun~ CTOnfiUOB B MllTpUue) ITpOU3BO-
, ' , .. 

JlHTCSI B 4 onepaUUH Jill 'K8)1(Jlblfi aneMeHT CTOn6ua 'o6p~TUOlt M8TpHUbl ( 2 yM-

H.0)1{9HHSI1 Bbi'IHT8UH9 H ]leneHHe) ~ 

MeTOJl noaaomteT nony'IHTh o6paTHYIO MaTpnuy cpaay B yn_aKoaanHoM 

. BHJl9
1 

'ITO cico6eRHO none3HO IT pH oprllHH38UHH Bbl'IIICneHHfi Hll . anropHTMH-

. qecKHX SI3biK8Xo 

... 6 



• /3/ . 
t:facTo (eM., aanpRMep, ·) 6biBaeT none3tio 3ilaTb · S!Bllbtii BI:IA sne- ; 

. . . -1 
MeHTOB o6paTHOH MaTpRUbl A ·, HD. npl:l 9TOM ~on~qaiDTCSI AOBDnbiiO • ' 

rpOM03AKRe BbipmKeHRSI, C KOTOpbiMR. TpyAHO. pa6oTaTb !Ia ripaKTI:IKe. 0AHa­

KO,• ecn~ ·B · ( 1: 7) nepeiiTH OT nocneAOBaTenbllbiX peKypCRH K 3aBRCI:IMOCTR 

oT nocneAnero cTon6ua, TO Mo:m:Ho nony"'RTb ,qlOpMyny AnSI_ o6paTl!hiX siie­

MeHTOB qepe3 • C k ( l.3), KOTOpy~ MOJKHO RCn~nb30BaTb, ec~IH MaTpi:IUa, 

o6paTHaSI K TpeXARaroaa·nbHOH, m3nSieTCSI npoMe:m:yTO"'IIOH B uenl:l rpoMO~A-
_/3/ . . . 

KI:IX MaTpR"'HbiX Bbip~:m:eHRI:I • H1:1:m:e npRBDARTCSI BRA sToii GaBI:ICI:IMOCTI:I DT 

KosclJcl>I:IUI:Iei!TOB CJ'· 

-1 

A In 

( 1~9) 
l<i<n-1. 

q Q. 

B ( 1.9) R Aanee '£ ( )=0 • n c k= 1, ecnl:l q< p • TipeA?TaBRM BepXf-l~ll 
/l=P k=P· ,. 

MaTpi:IUhi A - 1 B BI:IA"e cyM~hi ABYX BepxneTpeyronh- . 

A~1 
ll 

1:1 sneMeHT B 11 I:! MeeT BRA 

R ecn1:1 i ~i 
lj 

1 ') 
(ll ck )(a. n c,.,.- ----- ' i~ i. 1~ j :_n-1. 
k=l+1 P.=l +'1 a·· ft C · 

n n 

n 

a • n 
k=l+l 

a 

c k 

l +1 . ,.,. . 
. ' ,.,. =l+2 

1 <_i 5. n..:.l, = n • 

= i n ' 

7 

. ( 2.0) 

( 2.1) 
,.', 



HTaK, B npeJlCTaBneHHII ( 2.1) Ka)I(Jlbiii aneMeHT MaTpHUbi B · .sanH­

caH B BHJle · npoH.sBeJleHHH JlByx coMHO)I{HTeneii. 0Jlmi H3 coMHO)I{HTem3tt 

:3aBHCHT OT 

ITyTeM JlOBonbHO rpoMo.SJlKHx npeo6paaonaHHii TpeTbero cnaraeMoro 

.B ( 1.9) . aneMeHTbi MaTpiiUbi · R MQ)I{HQ npe]lCTaBHTb B BH]le1 . aHa-

. ·norH'IHOM ( 2.1): 

n 

< n 
k=l+1 

n n- 1 

ck.>· <. · n .cTJ· >· <_!_. + I ~!:.. ----),i<J, I<i<n-2, 
.. TJ=J+1 an·Cn r=,l+2. Rr ( cflf -· . -:-·"- . 

. /l':; T 

n ( 2.2) 
o. n .c~ 

k=l+1 
l:;;i~n-1, j =n-1, 

n 

o. n ·c" l<i< n, i=n. 
k=l+1 

floCKOnbKY B . ( 2.1) H ( 2.2) · COMHO)I{HTenH1 3aDHCSIIUHe OT I . 0JlHHaKOBL!1 

... TO Ka)I(Jlblii aneMeHT aepxHero · Tpeyr~nbHIIKa MaTpliUbi; o6paTHoit K A 

Mo)KeT 6biTb .sanHcall KaK npoH3Be]leHHe JlBYX aneMeHTOB1 OJli!II H3 KOTOpblX 

. .SaBHCHT TOnbKO OT 1 a Jlpyroii TOnbKO OT 
-1 . 

,OKOH'IaTenbHO nonyqaeM: A 11 = V 1 • W 
1 

· , ecnn i:;;j ITpn'leM nocne 

HeKoTopbiX ynpomeHnii ( 2.1) H ( 2.2) Jlnst KOMnoHenT neKTopa-:-cTon6ua V 

H BeKTOpa-CTpOKH W. nonyqaeM cne]lyiOIUHe . Bblpa)l{el!HSI: 

VI 

w 
I 

n 

ll C I:;;i::;n, 
k=l+1 k. 

n_. C : 
= V • (a - I -· _k_ • 

I ·k=f+l ak ·· 

v -2 ), 
k-1 

8 

I< < n ' 

·( 2.3) 



\- \l.-' ' 

,, 

rJle 

a= 

q q 

~ )=o, q<p. n ck=l. q<p. 
k=P k = P 

Qpn nocTpoeann •mcnemwli npouenypht cnenyeT nocnonbaonaTbCSI 

. p.eKypcnnnoli !flopMynoil AllSI. W 1 

w =v- 1
·(V .w - 1 

J J + 1 . J J+1 
). W =a n . 

,( 2.3). 
= n -1 , n-2, ..• , 1 ; 

aJ+1 

Bhtrne no cy~ecTBY AOKaaana nepnaH qacTb cneAYIOillefi TeopeMht • 

. Teo p eM a: Ecnn. A - ueoco5eaaaSI TpeX!lnaroaanbHaSI MaTpnua, nee 

3lleMeHTbl KOTOpOfi =fQ, TO sneMeUTbl o5paTHOfi M8Tpl1Ubl MOryT 5b!Tb npeA-

, cTarineHbt B miAe: 

\ 
v, . w J < .i ' 

A-1 = 
( 2.4) 

II 

w, . v j 'S.. i . 
. J 

Bepuo, n o5paTaoe, T.e. MaTpnua, o6pa~uaH K ( 2.4), SIBnSieTCSI Tp~X!lnaroaanb­

noli. 

B'ropaSI ~acTb TeopeMht .i:terKo AOK83hU~aeTCSI MeTOAOM I!HAYKUllll, npn. 

3TOM noneauo AllSI b5pameiUw MaTpnilbi, npencTami·M~li B snne ( 204) 1 so~-' 
/5/ ' .' 

nonbaosaTbCSI !flopMynaMn MeToAa oKaliMneunSI . • He npn5_eraSI K no]lpo5-

uoMy AOK838T9llbCTBY BTOpO!i 'taCTll TeopeMbl, Mbl llpllBCAeM o5IUllli BllA .. 

MeMeHTOB o5paTHOH MaTp11Ubl1 KOTOpbtli IIOlly'leH yKa38HHhl.M Bb!llle CUOCO-. . . . . 

5oM. npn aToM cnpasennnsocTb BTopoii qacTn TeopeMbt nerKo nposepSieTcst 

uenocpeACTBeHHbiM nepeMao:m:eaneM npSIMoli n o5paTaoli MaTpnu. 

9 . 



!H'I' MaTpHUbi B sanH.., 

anu: n:s cotvuiomn:Tenett 

peacTaBHTb B BHae, .aHa-

!:..'. 1 ),i<j,1<j<n-2, 
· < Ji cllf -· -:~-

. /l=; T 

( 2.2) 

_·.,: 

'•: ·" .. ,. 
.. ' .~' 

~aBHCSI!UHe OT I . , oanHaKOBLI 1 

3~priuw; o5priTuoti ~ A 
!MeHTDB, · oanH H3 KDTOpbtX 

:nn:. ·I ~ j . • npli"'eM nocne 

:eHT neKTopa-:-cTon5ua V ' 

:pameHnSI: 

·( 2.3) 

r 
\.· 

·~·· .;1 
-~ 

' - . ' 
' . . 

.rae 

1 . a k 
C

1
=0,Ck=- ---, 2< k< n a= 

b'~-1+ c~~n~-~ b + C · n 
n n n 

q q 

·~ )= 0, q < p n ck=1, q<p •· 
k=p k = p. 

I)pn: nocTpoeunH qncneuuoti npoueaypbi cneayeT nocnonhsonaTbCSI 

p.eKypcnnuoti cjlopMynoti anSI W 1 

-1 . 1 ) w. = v . ( v • w - _.;;;-J, 
l l + 1. . l . J+1 . 

= n-1,n-2, ... , l; W =a n . 
.(2.3)' 

al+l 
. ' 

BLrwe no cy~ecTBY aoKaaaua nepBaSI "'aCTh cneayrowefi TeopeMbi. 

'T e 0 p eM a: Ecnn:. A - ueoco6eHHaSI Tpexanaro.uanbHaSI MaTpnua, nee 

::meMeHTbl KDTOpOfi =10, TO sneMeHTbl o6paTUOfi MaTpHUbl MoryT 6btTb npea­

. . CTaDneHbl B Bnae: 

. -1 

\ 
VI • w l $ (2;4) 

A. = 
ll 

WI' v l i 'S.. i 

·-,:. 
'1::, 

Bcpuo 11 o5paTuoe, T.c. MaTpnua, o6pa~JiaSI K ( 2.4), SIBnSieTCSI Tp~xan:arouaJth­

uofi. 

B'ropaSI ~aCTb' TeopeMbi nerKo aoK03biBOeTCSI MeToaoM xmayKunn:, npn: 

3TOM nonesJIO anSI b5paweHIISI Mll.TpliUb10 np~aCTllDIIM~fi D B~ae ( 2.4), B0~-
/5/ ' 

nonb30BllThCSI cjlopMynaMn MeToaa oKafiMn.eJmH . • He npn6_eraH K noapo6-

HDMY aDK838TenbCTBY BTOpOti "18CTII TeOpCMb1 1 Mbl npnneaeM . o6WHfi BHa .. 

sneMeHTOB o5paTHOfi M8Tp11Ubl1 . KDTOpbifi nony"'eH yKa38HHb!M BbiWe CUOCO-:, 

6oM. npn .STOM cnpaneannBDCTb BTOpOfi "'aCTH TeopeMbl nel'ICO nponepHeTCSI 

uenocpeacTBeHHbiM nepeMHO)K9HHeM npSIMOtl: H o6paTHOfi M8Tpnu: 

9 

,;; ; 
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·. · 1 1 n 
MTaK, nycTb M=IIM

1
·1Ln, M- =liM- II ·n 
l • . lj 1 

'2~ 

Mil==!· a 
. {3 I 

• {3 l i < j ' 

• a 
l 

j < 

Tor ):Ia sneMe!ITbi o6paTnofi MaTpHUbi M ,... 1 
nMe!OT BIIJ:I: · 

· 1 ( a 1 · ) -1. . 
a- • {3 1 ---·~ 2 . , i=j=l, 

1 . a-2 . . . . . 

I 

-2( a )-1 1( a2·f3)-1 2 a •a•f3 -..:::...1•{3 +a-. {3 ---· , i=j = , 
12 1 a·2 2 2 a 8 · 

. 2 ' 8 

( 2.5) 

1 · 1 . 2 ( a 2 )-1 1 {34.' a a . )- i 
a- ·f3- +a ·a- • {3 --·f3 +a- ·---({3 ---·{3 ,i=j=3, 

a 3 23 2 a 3 4 {3 3 a 4 

M -1_•·' 
lj 

3 3 4 

-1· /31-1 ({3 _.a, __ !...(3 )-\~- 1 
a • --- • 1-1 1 1+1 

1 {3 · a 
I 

. a )-1 
fJI.f-1 ({3 - _.J... ·f3 1+1 ' 

I 
(3 1 a !+1 

3<i=j<n-l 
. (2,6)· 

-1 {3 n-1 a·-
{3n n 

( {3 · a n-1 {3 · ) -1 
• n-1- -.-a-• n 

• n 

, i = j = n , 

0' I i - .. i I> 1. 

-1 a I . -'1 
-.a 

1 
• ({3 1- --- • f3 l) , 2 ~ .i = i+l ~ n, 

a l 

-1 -a. 
.. a l ·-t . ' . 

({3 ---·{3) , 2<i=j+l<n, 
j I - -a . 

I 

10 

... 

I 
-~-·-...,; 

a 

T,e, M...:. 1, KaK cne):lyeT,.J 

( 2.6) MO:ll<eT 6biTb nones}: 

o6pasoM; TeopeMa · J:IOKas~ 

Tipe~cTaBneHIIe ( 2~4; 
TipeacTaBn~nne . { 2,3) 6yd 

. ' 
•mcnennofi npoueaypbi V Vi 

",' 

llanee npHBOJlliTCH e1 
,.· '~ 

KOTOpoe IT03B01IIIT nonyqnl 
'i 

TpexanarouanbHbiX MaTp~~ 

8neMeHTb! MaTpllUbi;; 

Cb!B8!0TCH. B BUlle 

A -1 
lj 

rae I A I - onpeaennTenb 

non ~a A BbiqepKIIBBHIIe~ 

qTo 

ll 

b 1a 2 

a b a 
2 2 3 

I 
I 
I 

~ a 1-1 I 
. I 

a b · · •a 
----- -':t_'.:~L. 

0 

I 
I 
I 
I 
I 

a. 

_________ ..l_. 

0 

I 
I 
I 
I 
I 
I 

. I 
I 



n'· , 

I . H 
1 

'a: )-1, 2 ) h= j = ' 

( 2.5) 

. {3, .·aa . )-1 .. 3 
1. ~-({3 - -- • {3 4 ' 1 = J = ' 
. a s a 

· ~"a 4 

.{3 1+1 ( · a 1 f.? )-1 
-----~fJ,---'1" 1+1 ' 

(3 1 a !+1 · . 

3<i=j<n-l, 
( 2,6) 

M...:. 1, KaK cne]lyeT H3 ~ 2.6);. smmieTCH Tpex.nHarouanbHoli• <PopMyna 

( 2.6) Mo)KeT 6biTb none3Holi np!I o6pameHUII MaTpiiU B!IIla ( 2,5), TaKMM 

o6pa3oM; TeopeMa JlOKa3aHa. 

ITp.ertcTaane.tine ( 2,4) · Yll06no' B ananiiT!IqecKHX npe o6pa3oaaunmc, ' 

ITpellcTaBn~JI!Ie (2,3) 6ylleM B AanbJielimeM · ~a3bU3aTb VW 1 ·• Cpaaueu~e 

"'IICneJIHOH npOU91lYPbl V W 1 C llPYI'IIMH M8TO]l8Mii 6yJleT ]l8110 HII>Ke, 

nanee np1IBOJlliTC51 eme O]lHO JlOK838TenbCTBO nepBOH "18CTH TeopeMb;, 

KoTopoe no3BOniiT nony"'liTb ue Meuee arprpeKTIIBHbili anrop!ITM o6patuel!II51 

TpexJlHarouanhHbiX MaTpllu. 

8neMeHTbi MaTpliUbi, o6paTJioli K A ( 1,0), no onpellenemn/
51 

3ann-

CbiB810TC51 B BII]le 

A-t -
ll 

(-l)l+l all 

IAI . ( 2. 7) 

rile I A l - onpe]leniiTenh MaTp!Illbi A 

non H3 A Bbi"'epKHBBJIHeM i ..: cTpOKII n 

a ll - MIII!Op M8Tpl!Ubl, nony"'eH­

CTon6ua, nerKO nponepl1Tbt 

"'TO 

a 
lj 

.. 
I 

b 1a 2 
I 
I 

a b a 
2 2 s 

) 
I 

I 
I 
I 

• a 1-1 I 
. I 

·a b a · _____ }~~~~-~-t-~---~-+-------------
. 1 a 1+1 1+1 a I+ 2. 1 
I I 

. I . I 
I 0. I 0 

.I al I a l +1 

1 ~-----------____ .;,.. __ .;..._,------:-----~ bl+l a;+2 .. 

I I 

0 
I 

I a J+2 b J+2 a l+ a 
I . 

I 0 I '• 
I I 
I I 

11 

a. 
n 

{ 2.8) . 

·' 



....... 
·-· 

' 

llo TeopeMe 0 KJieTO'IHbiX MaTpHUBX/B/. 'AeTepMHHBHT paB~H~ llp0~3Be­
A9Hll~ neTepMHUBHTOB. Tp~X. KJI9TOK All8I"OH8JIH,- np~qe~ 'neBaSI Be~XHSISI 

' . . ·~ ,.. :' . ' . ~ 
' ~ . ' 

.. : < u :npaBaSI. HH>KH~SI Kne?KH TpexanaroaanbHbi, a cpeaHSISI BepxaeTpeyronbaasr.. 

~CJIOBHMCSI C'IHT8Tb 

;.d~_tl'/ ({31 ,{32 ,f3a. ,· ··:' {3~; a2 ,as' ... ' al'/ )= 

··f3~·a~ 

a2 {32 as 0 

. -, 

a 7J 

0 a f3 n 'l'/ ., ,· 

' q 
IT a k = l , ecnn q < p 

·k=p ', ', ' 
. .. ' \. 

;, ·,. :Toraa anSI sneMeHTOB Bepxaero.T~eyronhHima o6p~Taofi MaTpMIIbi A~~ ( i.~j) 
. ·~omno 'aanncaTb: 

.. 
· )1+1 ·)(IT a). (29) A~~-. . (-l detl-:-fbt''"'bl-l;~, ... ,al-1 k=l+l k .· • . 

11· 'detn(bl''"'bn;a2''":an) : ·detn-,/bl+; , ... ,bn;al+2 , ... ,an). 

.I 

llyCTb 'a k~ 0 ( k=2,3, ... ,n ), TOI"AB MO>KHO CpeAHHfi COMHO>KHT9Jlb npeACT8BHTb 

,it,' 
I .n 

IT a = k ~ 2 a k. 

k=l+l k (3.0) 
:dak·llak 
. k =2 k=J+l 

Tenepb BBOCTU. o603H8'IOIUtSI:: 

V
. . . · · 

1 
· · det ( b ·· b 

, 

1

.=eonst•(-l) l- 1 t•:··• l-l·;a2''"'a 1_ 1 ) 

I 
IT ak 

k=2 

12 
. :~ 

. ; . ~ ' 

·.' ~ . 

l 
l 

.! . I 
. -· ; , I 

F .. 
'I 

y 
I' . 

. l 

'->-' 

"i 
.! .. .· .. ; .. " 

'! i> 

"·' . ·,- ~-

,· -.:. 

)• 

. f '' 

' 

.•,' 

I 
WI = (-1). 

const 
det n( 

.To ¢opMyna AJISI sneMeHTI 

. IUHfi BHA! 

A-t=\ 
II . 

. TeM caMbiM Mbi noKaaanr. 

amr i :S.i • CnpaBeMHB 

I"OJibi!HK8 BbiTeKaeT H3 ·YC 

neTepMHHaHTblt ITOSII 

o6paaoM. A HMeano: 

det 
0 

det 
1 

(b1 , ... ,b
1
;a2 , ... ,a

1 
)=bj 

AIISI Be ex i = 2,3, ... ~ n ••. , 



• • i 

!TepMnuaHT paneu · nponane-

npnqeM nenaH nepXUHH 

:peJ:U~HH nepxueTpeyronbuan.: ~ 

1 a2 

2 {32 
... 

a a 0 

'· 

a TJ 

a -~ {3 TJ 

-1 . ) 

o6paTHOH MaTpHUhi A tl ( i-~i .. 

l 

.. ~,at.;..l)( n ak) 0 (2.9) 
k=i+l ·, 

l(bl+l' , .. ~,bn;al+2 , ... ,an ). 

.HH COMHO}I{HTenh i:IpenCTai3HTb 

( 3,0) 

. ~ .' 

2'"''at-1) 

·. ·> 

. '!' 

,,.: 

l w = (-1) l . 

I J 

•;, 

a k 

const ---------------.--- ' 

( 3.1) 

TO ~opMyna nnH an~MeHTOB nepxuero TpeyronhUHKa npno6peTaeT cnenyro­

nmi% nnn: 

) . (3.2) 

· TeM caM hiM Mhi noKaaann cnpanennnnocTb . nepnoro yTBep}KneHUH .. TeopeM~>,I. _ 

, CnpaBennHBOCTb yTBepmneHHH TeopeMhl nnH IIIOKHCI'O Tpey-

ronhHHKa BhiTeKaeT H3 ycnoBHH CHMMeTpHH MBTflHUhi A 

neTepMHH8HTbll ITOHBnHIDIIlllCCH B ( 3,1), nei'KO Bh,lp1131lTb peKypC~BIIl;IM . 

o6pa30M, A HMCHHO: 

det 
0 

= l , ·· det 
1 
(b 

1 
) = b 

1
, 

(3.3) 

• dct 
1
· (b

1 
, ... ,b

1
; a

2 
, .. :,a

1 
)=bj det 

1
_ 1(b1 , ... ,b 1_l; a2 , ... , a1_ 1)-

·.:.a2.·det 
2

(b
1
·, ... ,b ' 2 :a 2 , .. ;,a 2 ). 

I •. 1-· ,. _, . 1- 1- :: 

IWH BCCX i = 2,3, ... ~ n • · A T8K}I{C 

' ~: ' 

13 

' '' 



111 \' '•I In.· 
il 

d~t = 1' 
o, 

.. ,, .. 

det 
1 

( b ) = b ·. ,' 
. n . 11: 

,. 
'\ 

·'• 

., ', de.t e (,b . n' 
1
. , .. ,,bn l a n-e+2 ·, ... ,,an 

·, . · . n-.t.+ 
) = b n- e+ I ~. det e-1 ( , bn'-e+2 , .. ,, bn ; an-e+a ' ... ,a;)~ 

' ' ' '' ' ' ' ' ( 3.4) .. ·' 

-a:::. e +2 • dete-2 (bn-f+ 3 · , ... , bn; an.:. £+4 , .. ,.,,an,) 

·Anst Bcex e = 2,3, ; •. ' n • 

cflopMynhl. (3.3) n' (3.4) nerKo nony'L!aJOTCst 1 ecnn AeTepMnllaliT cnMMeTpn'L!-, 
." ' ' ' \ . 

I!Ofi' · TpeXAnarolla~hHOfi. MaTpHUhl pasno)KnTh ABa. pasa nocneAoBaTenhliO: · 

nepnbtfi .pas no. aneMeHTaM nepB~fi : (noco;eAHefi) cTpoKn il B~opoii: paa 

D OllltOM US nony'L!ellHbiX Cn~raeMblX no aneMeH~aM nepDOI"O ( nocneAuero) 

,cTon6ua~· 

HeTpyAHO ns (3.1)1 , (3.3) n (3.4) nony'IHTh cneAyiomnfi anropHTM 
. . . . . ' . . . 

(V'w 2) Ami Dbl'L!HCneHHSl .nenU'IHH v; I' w l I rAe a I;, an+l = ~ =. 

w '= 0 
n+l 

., V
0
=·o, 

"··. 
I,·, 

. ) ,· 

W · ;;. (-1) n 
n 

1 
v1 =---w;· (':f 5) ·'· 

wJ-·2 
bJ-I'WJ-t+arWl V = _ . b I+I•V I+ I + ~ 1+fV I 

1+2. ----· 
a 1+2 ' 

,, 
·a 1...,1 

. ( j = n + 1, ... ; .2 ) , (i =o, .•.•. n-2 ) • 

• . . ~ j ) 

Bo~MomHoCTh npeAcTaBneHn5i aneMeHTOB MaTpHUhi1 o6paTHofi K Tpex:-
, ,. ' ' ., . -1 . ' . 

AnarollanhHOfil B BI!Ae . A 
11 

= V '1 • W l . onpeAenSieT pstA npaKTH'L!ecKnx' 

npenMymecTB ABllliOr'O MeTOAa. Bo-nepBblX1 xpaue11ne o6paTHOfi MaTpHUbl 
,l 

B naMstTH 8BM Tpe6yeT . 2 n st'L!eeK BMeCTO n 
2 

1 TBK.KaK Xpal!HM TOnbKO 

V· ' I w ' . 8TO nossonSieT pemaTb nnllefillble cncTeMbl ' 

,• 

14 ',' 

''·· 

J 

., 

;., : 

npSIMblM MeTOllOM1 T.e~ ) 

~peACTaBneHUSl ( 2,4) ·n~;. 
38TbCS1 OT npSIMOI"O MEiTc 

TbiBaTb cneunanhllbte Me~ .. 
OAHOll KOMnoaeHTbl x' 1·e: 

·;·;_ 

'lncnSITh Bee aneMeHThi o 
I ~.:. 

' BeKiopa-pewe.IIHSI , irTo 

.o6pasoM. 
',< 

.! 
Cnoco5 xpallellnst M 

,TOpOB Bblf'OAell U B TOM, 

· ns naMstTn MHoro P.as no 

C MliOI"H~fU. npaBbiMH 'IBC' 

ABe onepaunn 'L!Te11iu'! 'lei 

Ecnn )Ke Best o5paTHast .• ~ 

Heo5xoAHMO npoAen~Th ~ 
1 ' ' ',, ' 

MeHTa A~~ B naMstTH 8B1 

. )KeHne H HeCKOnhKO HHAel 

C 9KOHOMUefi flBMSlTR He,; 

cocTaBnsteT 5onhwoe rip~! 
. 17/' 

nporoliKH 1 KOI"llB B 

B saKnJO'L!eHne oTMe 

no MSTOAY V W 1 . Tpe5ye1 
.
8 

n(n-l) 
TOnhKO .·n + . 

2 
. on 

· BpeMeun npn ncnonhaoBai 
/8/ ' 

·' KBaApBTHOI"O KOpliSl • 

ABTopbi 5naroAapllbi 

Hbie o5Cy)KA9HI!Slo 



i (· b.;_e+2 , ... , b~ ; an~e+a( ·;:4');)-' 
,' ' ;' 

, ... ,a , . n 

,I 

nl:l · AeTepMI:IHaHT CI:IMMeTpl:lti~ 

ll~. paaa nocneAo~aTenhno: · 
lfi) cTpOKH H ~Topofi pas 

;~TaM nepnoro ( nocneAnero) 

iUTb c::neAyiOIUHfi anropHTM 

rAe a 1 ~ an+l·== ~:. 

,. ' 

'o,: .. ,n-2 ). 

)B MaTpHUb11 o6paTHOfi K Tpex:-

hemreT pS!A npaKTHttecKllX 

;xpanenne o6paTHOfi MaTpllUbi 

~: n 2 
1 TaK, KaK xpaHllM TOnbKO 

b!O CHCTeMbl ' 

·A..x'~B ( 3.,6). 

npHMbiM. MeTOAOM
1 

·T.e.' X ==A 1 B 1 rAe A :_ TpeXAnaronanbHaS!. OTcyTcTBH€1 

npeAcTaaneHHS! ( 2.4) ·npnnoAHno MaorHx anTopon K ireo6xoAIIMOCTII oTKa- . . , . . .. . . . . . ', 
, aaTbCH OT npHMOrO MOTOAa pemeHRH mmeilllblX .CHCTeM ( 3.6) • H pa3pll6a-

. . /4/ . 
TbiBaTb' cneunanbllblO MOTOJlbl • Bo-BTOpbiX1 AnSI Bbltti:ICneHHst TOnbKO ' 

( 3~6)' ae Tpe6y~Tc~ ~hi-· 
'· '• . OJlllOH Ko,MnOHOllTbl x 1·.E X - pemenne cncTeMbi · 

· ttHCnS!Tb BCe aneM,eHTbl _o6paTiioil M~TpH U~1 1 a Ta~me APYI'HO KOMnOHOHTbl ' 

.BeKiopa-pemeanH 1 ~To AOCT~raeTcsz B/4/ JlOB_DnbHO cnomllbiM 

.o6pa3oM. 
Cnoco6 xpaaeansr MaTpi:IUbi 'A 7 1 

B naMSITli 8BM B BI:IAO ABYX BeK-

TopoB. Bbii'OJlOll ,n ,B .ToM cny~ae 1 ecnn ee. aneMeHTbi -aeo6xoAHMO Ha~neK~Tb: 
·na naMSITI:I Maoro paa noApSIJl (aanpnMep1 pemaTb nnnefiayiO cncTe~y (3.6) 

c MaornMii npaBbiMli ttac~srMn) ~ ITpn' aToM aaAo np~JlenaTb n' cymaocT~ 
ABe onepaunH ttTEia~S! ttepea nfiAeK·cahte perncTphi n OJlHO yMaomeane V 1 •

1
W l·; 

. . . . . . I . . . , ·. . 

Ecnn me BCSI o6paTiiasr MaTpnuaA ~ xpaanTcsr B' naMHTI:I 8BM; To o6htttao 

aeo6xoJlHMO npoAenaTb Bbtttncneane · i * n + j, ttT06bi oripe]lennTb MeCTO an•~-
. i . . . . . . . . ' . . . 

MeHTll A ~l B naMsrTn ..SBM. TaKnM o6paaoM; TaKme Tpe~.yeTcsr oAno ·yMno.:. 

menne n necKonbKO· nnAeKCllbiX onepaunil.· .OTciOAa cneJlyeT1 'ITO. BMecTe .: 

C 8KOHOMI:I9H n~MH~H ae -npOI:ICXOJli:IT aaMe]lnOHI:ISI B CKOpOCTI:I 'cq/3Ta. 8TO 

cocTaBnsreT 6onbmoe npenMymecTBO onncaaaoro· MOTOJla nepell MOTOAOM 

./7/ . ' ' 
. nporoHKI:I 1 KorJla B . B. ( 3.6), srnnsreT'csr MaTpnuefi~ 

B aaKniO'leHne oTMeTnM1 <iTo ,o6pameune ·-TpOXlll:laronani:.nofi . M"aTpi:IIlbi ·· 
. . . ( 1) . 

no MOTOAY VW 1 .Tpe6yeT 9 •n+ n ;+- onepaunil1 ll no MOTOAY VW.2 -

8 
n(n-1) · TOnbKO .• n + 

2 
. onepaUI:IH1 ttTO cymeCTBOllllO MC!IblliOj . qeM· 3aT~a,Tbl; 

· BpeMOHI:I npn ncnonb30BaHHI:I1 · HanpnMep; MOTOJlOB )l(opA£lll81 OK8fiMnOHHSti . /8/ . ' . '. ·, . . 

·' KB8Jlp8Tll0I'O KOpHH . ; , 

ABTOpbi 6naroJlapHbi H.H. fonopyuy1, E.IT. )KnJlKOBY1 .I1~H. Cnsmny, .ail. ,nonea..; 

Hb!O o6cymJlOlli:ISI. 
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npertpHHTbl H coo5mc 
~M.Horo o5Mena, y.HnBepc~ 
Hay'I.HhiM rpyrrrraM n · oTn• 

nonyqaTeJlHM H3!\8HE 
HBHTb HHHUH8THBy B 5eCJ 
o6MeHa rrpnHHMaiDTCH Ha 
rry6nnK8UHH ITO TeMaTnKE 
. Enn.HcTBeH.Hhiil: sird 

aTo perrpHHThi { oTTHCKn c 
J::f psuie cnyqaen Mhi 

6onee KpyrtHhiM rrony'laTe 
cnaTb HaM KaKRe~nn6o Kr 
·*YPHanhi1 H3naro.mrrecg B 

\. (' : 

H3naTenhCKHil: oTn~n: 
COB .Ha Bb!ChinKY H3!\8HHil: 
yKa3biBaTb :nnneKc 3arrpa: 

TIHcbMa. no nce11 non 
oTAenhHhie H3Aa.HHH cneAyE 

I 
I, 
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AApec AnH TIOCbinKH 
6ecrrnaTH~il:: ITOAITHCKH HB'fi 


