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B pa60Tax Kpallca 
11 1 • YpMa 

121 
nony'leBbi Kp.KTep.KII yCToli'I.KBOCTII B L 2 

CIICTeM paasocTBbiX ypassea11ll. Ha nepBbil!: sarnHJJ. KalKeTClil, 'ITO KpHTepllll Kpal!:ca 

BaB:naAbiBSeT Ba CHCTeMy 6onee :lKeCTKIIe orpaB.K'IeBHJil. Ha CaMOM Aene MO:lKBO Ao

K838Tb, 'ITO &TH KpHTepiiJ[ aKBHBaneBTBbi. B npeAnaraeMol!: pa60Te rrpKBOAHTCH Ta-

KOe AOK838TenbCTBO. 

PaccMaTpHsaeTCH aaAa'la c Ha'lanbHbiMH AaHHbiMH 

I Ae un+t 
If l~k J+f 

( 1) 

ii'"o = r 
l l 

3 A 0 1 .t-"-
AeCb f , A f - MaTpHUbl C ITOCTOHBHbiMB K03't''t'BUBeBT8MH, 

-n 
U l , r l - BeKTOpbi. 

3aAa'la ( 1) ycTOl!:'IHBa B L 2 , ecnH paBHOMepao no n BbifiOnBHeTCH COOT-

aomeaHe: 

< c II 

ITocToHBBaH C He 38BHCHT OT n 

ITocne rrpeo6paaosaHBlil $ypbe 

V n 

38A8'18 (1) rrpBMeT BHA: 

n 
v 

C (e tcf>~ xapaKTepiiCTH'IeCKaH MaTpaua CHCTeMbi ( 1). KpHTepaH ycTol!:'IBBOCTR ~ B L 
2 

tPOpMynRpyiDTClil KaK CBOJ!:CTBa xapaKTepHCTII'IeCKOH MSTpBUbi. 

Caa'lana npRBeAeM KpBTepall. ycTOli.'IBBOCTH B L 2 , KOTOpbill. RBnlileTCH npliiMbiM 

cneACTBBeM yTsep:lKAeHBll. 1,3 ocaoeaol!: TeopeMbl pa60Tbl Kpal!:ca. ITycTb A(rJ,) =In C(e!cf>,, 

TOI"Aa yCTOl!:'IHBOCTb CHCTeMbl ( 1) B L 2 3KBHBaneHTBa CneAyiOWeMy yTBeplKAeBHIO. 

3 



nnH K8lKAOrO <,6~[0,211'] cymecTByeT MaTpana s H cymeCTBy~T nOCTOSIHH~e el 

H e~ , TaKHe, 'ITO 

max< II s II, II s-1 II ) < c 

K b ... b 
I 12 lq 

0 K ... b 

B • SA s-1
• 

( 
2 2q 

0 0 ... K 
q 

npa'!eM, Re K < Re K npa j < / H I b I < c I · Re K I . 
1- l - ll - 2 •I 

fiepeXOAHM K H3ROlK9HH~ KpHTepHH YpMa, 06mal! cny'!al! CBOAHTCSI K cneAy~-

lll9MY CneUHSllbBOMY cnyqa~: C06CTB9HHbie 3HaqeHHSI xapaKTepHCTH'IeCKOl! MaTpHU~ 

n&60 TOlKA9CTBeHHO paBH~ 9AHHHUe Ha eAHHH'IHOl! OKpylKHOCTH no MOAyn~, nH60 BC~

AY Ha eAHHH'!Hol! oKpylKHOCTH MeHbme eAHHHUbi, KpoMe r,6 • 0 , rAe Bee co6cTBeH-

Hbie 3Ha'leHHSI no MOAYR~ paBH~ 9AHHHUe. 8 OKpeCTHOCTH rp • 0 KSlKAOe C06CTBeH-

soe aHa'!eHHe A t npeACTaBHMO B BRAe: 

2plt) 

At(e
1
<P).expli I 

f.,o 

It) f (t) 2p(t) 
be r,6 -a rp + ... 1•1+ 

.. 
I 

f"' I 

(t l 
a f 

f 
r,6 • (2) 

B oKpecTHOCTH rp • 0 xapaKTepacTa'!eCKaH MaTpana C(e
1</) aHanHTH'IeCKHM npeo6-

paaoBaHHeM ITOA06HSI npHBOAHTCSI K TpeyronbHOMy BRAy: 

A I cu .... c lq 

0 ,\2 •• 0. c 
2q 

-I 
C(rp)• DCD .. 

I 
0 0 • 0 0. .\q 

i1CXOAH8ll H nony'leHHSSI MaTpHU~ 3KBHBaneHTHbl OTHOCHTenbHO YCTOli'IHBOCTH B L 
2 

KpaTepal! ycToli'IHBOCTH YpMa cpo~ '14ynapyeTCll Anll TpeyrollbsoA MaTpau~ C ( r,6) : 

nnll TOrO 'IT06~ 38A8'18 ( 1) 6~na ycTOli'IHBa B L , He06XOAHMO H AOCTa-
- 2 

TO'IHO, 'IT06~ sneMeHT~ MaTpHU~ C YAOBneTBOpHnH CneAy~lllHM ycnOBHSIM: 

riycTb A 
1 

H At - co6cTBeHH~e asaqeHBll a B paano>KeHHH (2) 

4 

• 

l: 
·~jl 

~y 
fj 
"'' ~ 

:{ 

I 
;( 

TorAa 

I I) 
a • 

I 

It) I I) ( t l 
a

1 
, ... 1 a

1 
•a

1 
~ 

(I ) 
a 

l+ I 

.;. a (t I 
l +I 

a) ecna l < 2 P , sneMeHT c 1 t npH r,6 • 0 AOnlKeH HMeTb 

HHlKe J + 1 

6) ecna j ~ 2p (I) • 2p ( k ) , TO sneMeHT cIt npa rp • 0 

ltp8THOCTH He HBlKe 2 P ; 

c) ecna At"' A
1 

H \A 1 \• \~\el, TO sneMeHT c 1 t AO. 

paBHSITbCSI Hyn~ B OKpeCTHOCTB rp • 0 

rioxa>KeM, ~o sa KpsTepss KpaAca cneAyeT KpsTepaA Yp~ 

KpaAca en.lleTCH KOHCTpYKTHBH~M. YxaaaHH~A cnoco6 nocTpoeJ 

sameM cnyqae npHBOABT K asanHTH'!eCKOMy npeo6pa30B8HB~ ITOAO 

Ma xapaKTepacTH'IeCKOA MSTPRUI:il A (cp) K TpeyrOllbHOMY BH 

B SA s-1 A -1 -1 -
e -e -se s -scs -c 

BRAHO, 'ITO TO lKe C8MOe npeo6pa30B8HHe ITOA06BH npHBOABT ~ 
B -

MaTpBUY C • e K TpeyrOllbHOMy BRAY· 3neMeHT~ MaTpBU C 

OTHOmeHRSIMB: 

K 1 • In A 1 , c afJ • I 
t•O 

b (t) 
a{3 

k! 

It) t 
b a {3 - sneMeHT~ llllaTpRUbl B • CnpaBeAnHBO coOTsomesae 

t t t ( ll (t) 

B •(D+N) ·D +N 1 + ... +Nq-l 

3Aecb D - AHaroHallbHaH MaTpsua; 
(t) 

a N , N 
1 

- HBllbiTOTeHTHbiE 

Tbl 

rAe 

Nit) 
I 

MOlKHO npeACTSBBTb B T8KOM BRAe: 

It) 
n 

a{3 I I) 
I b a a 1 

a< a < ... <a <{3 
1 1-1 

(t 
b ... b Q 8 

a 1 a 2 al-1,... aa 
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cymecTayeT MaTpana s H cymeCTBY~T ITOCTOHHHhle cl 

c II s II • II s-t II l < e 

b b 
I q 

I( I 
12 

0 
/( 2 b2q 

0 0 I( 
q 

H I b II I~ e2 I Re K •I I . 
H~ KpHTepHH YpMa. 06IUHJ! cnyqaJ! CBOaHTCg K cneay~-

: C06CTBeHHble 3H8'1eHH.II X8p8KTepHCTH'IeCKOJ! M8TpHObl 

eaHHHUe Ha a/lHHH'IHOJ! OKpy:lKHOCTH ITO MOayn~, nH6o BC~

H MeHbille e/lBHHObi, KpOMe ¢ • 0 , rae BCe C06CTBeH-

8BHhl eaaHaue. B OKpeCTHOCTH ¢ • 0 KBMaoe co6CTBeH-

8BHMO B BRae: 

) f (k) 2p(t) 
¢-a¢ + ... 1 ... 1+ 

.. 
I 

f"' I 

(k) 
a e 

e 
¢ . (2) 

KTepHCTH'IeCK8.1I M8Tpana C(e
1¢) aHanHTB'IeCKHM rrpeo6-

HTC.II K TpeyronbHOMy BHay: 

.\ 

0 

0 

e 12 

.\2 

0 

e lq ) e 2q 

.\q 

SKBHBaneHTHbi OTHOCHTenbHO YCTOJ!'!HBOCTI! B L 
2 

ljJOj: ~ynapyeTcg ang TpeyrOnbHOJl M8TpHUb! C ( ¢) : 

( 1 ) 6hlna YCTOJ!'!HB8 B L , He06XOAI!MO H llOCTa-
- 2 

I!Ubl C yaoaneTaop.IIJll! cneay~IUHM yc noaH .liM: 

6CTBeHHb!e 3H8'!eHI!.II H B paano:lKeHHH (2) 

4 

• 

~,' ,, 

.:; 

.~' 

1
''\'' i ", 

' 

i
. 

· .• '·t'~:· w 

.~,!\ 
1~<:' 

·'',1 
I 

l :i 
I 

Toraa 

a( I) • 

I 
It) (I) ( k) 

a , ... 
1

a
1 

•a
1 

(I) 
a 

I+ I 
.;. a C t l 

1+1 

8) ecna j < 2 p , aneMeHT e I k ITpH ¢ • 0 AOn:lKeB I!MeTb Bynb Kp8THOCTR He 

HH:lKe J + 1 

6) ecn11 j~2p(i)•2p(k), To aneMeHT e
1

t rrpa ¢•0 

ltp8THOCTB He HBJKe 2 P ; 
aonMeH HMeTb Hynb 

c) ecna .\t"' .\ 1 B IX 1 I• 1\1.,1, To sneMeBT elk aon:lKeH TO:lKaecTaeaao 

P8BH.!ITbCH Hyn~ B OKpeCTHOCTII ¢ • 0 

floKaJKeM, 'ITO 1!3 KpHTepas KpaA:ca cneayeT KpaTepal! YpMa. LloKaaaTenbCTBO 

KpaA:ca smn&eTCH KOHCTpyKTIIBHhiM. Ylt838BHb!ll crroco6 ITOCTpOeHI!H M8TPI!Ithl S B 

H81116M cnyqae ITpBBOAHT K 8H8nBTII'IeCJtOMy rrpeo6pa30B8HII~ ITOLt061!s S (¢) norapl!ljl

M8 xapaKTepBCTH'IecJtoA: MaTpBnhl A(¢) x TpeyroJibBOMy BBLty. Ha TOJK.QecTsa 

B SA s-l A -1 -1 -
e •e •Se s -scs -c 

BBllHO, 'ITO TO :lKe C8Moe rrpeo6pa30B8HBe IT0A06Rs rrpi!BOlii!T XapaKTepBCTB'IeCKy~ 
M8TpBny C • e B K TpeyrOnbHOMy BRLty. 3neMeHTbl M8Tpi!U C II B 

OTBOmeHBHMB: 

.. 
K 1 • In A 1 , e a{3 • I 

k•O 

b (k) 

a{3 

k! 

(k) k ,, 

b a {3 - sneMeHTbi MaTpBnhl B • Crrpaaean11ao coOTs:o111es:a'e 

k k k ( l) (k) 
B • (D + N) • D + N + ... + N 

I q-1 

CBH38S:bl co-

(k) 
3aecb D - /lBaros:anbs:as MaTpBna; a N , N 

1 
- S:l!nbrroTeHTs:ble MaTpllnhl. 3neMea:

Ct l 
Tbi N I MO:lKRO rrpeaCT8BI!Tb B T8KOM BRae: 

rLte 

(k) 
0

a(3 (I) I baa 
I 

a< a 
1
< ... <a

1
_

1
<{3 

(k) 
b ... ba 12 8 

12 a 1 a 2 1 _ 1,... aa
1 

... a
1

_
1

,... 
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I 

B I k) l: 
aD a I ••• a I 

nD+ ... +n 1= k-1 

n 
/( D 

aD 

"I 
/( 

a I 

"I 
••• K a I 

nerKO llOK838Tb 1 'ITO 

B(k) I !!ekq 
aDa 1 ••• a1 

OTcro~a H aa ycnOBHH 

lba,sl~ e¢2PI,6l 

nonyqaeM T8KOe COOTHOWeHHe ~nB BHeAB8rOH8nbHNX aneMeHTOB M8TpBUN C(¢): 

I c a,s<¢l I$. e /p ,,a 

nocne aToro CT8HOBHTCH O'leBHAHO, 'ITO M8TpBU8 C (¢) YAOBneTBOpHeT ycnOBHHM 

YpMa. . TeM caMNM ~oKaaaao, 'ITO aa KPBTepua KpaAca cneAyeT KpaTepaA YpMa. 

06p8THOe yTBepmAeHHe CT8H9T 0'19BHAHNM nocne TOrO K8K 6yueT AOK838H8 HHme-

cneAyromaa TeopeMa. 

npeuaapHTenbHO, cneAyll YpMy • paao6beM co6CTB9HHble 3H8'19HHH H8 

Knacchi. Co6cTBeHHbie aaaqeHHH A 1 H A k npaaaunemaT OAHOMY Knaccy Ay , ecnu 

y HBX B paanomeHHH (2) COBllBA8IDT cneAyromHe KOa¢l¢lBUHeHTbl: 

(k ) I I) 

b - b 
(k, 

b I 

TeopeMa. Ecna MaTpaua 

YpMa, TO B oKpecTHOCTH 

(I) 

b I 

( k, 
b 

2 p 

I I) 
b 

2p 

( k ) (I) 

a = a 

1¢ C ( e ) yAOBneTBOplleT ycnOBHSIM ycTOll'IHBOCTH 

L 
2 

aaanaTal.tecKHM npeo6paaoaaaaeM noAo6aa 

OH8 MomeT 6biTb npBBeA9H8 K T8KOMY 6nO'IHo-TpeyronbHOMY BHAy: 

c ( 4> ) 

6 

II . 

KamAOMY Knaccy C06~BeBKNX 3B8'1eBBA A 
y OTB9'18eT CBOA ~ 

T y sa AHaroaanR C (¢ ) • 

3 aM e 'I 8 H Be. 3ueCb onBTb paCCMaTpBsaeTCSI XapaKTepHC 

cneuHanbBoro BBua. B o6weM cny'lae ycToA'IRBaH B L 2 M8' 

K T8KOMY 6nO'IHD-TpeyrOnbBOMY BRAY B OKpeCTHOCTH nro6oft TO• 

rue XOTSI 6N OABO C06CTBeHBOe 3B8'1eHHe no MOAynro p8BBO ez 

AoKaaaTenbCTBO TeopeMw. AoKaaaTenbCTBO npoaoABTCH MeTe 

KOA BHAYKUBB no paaMepHOCTH xap8KTepHCTH'I9CKOA M8TPHUN. 

Caaqana pacCMOTpBM usyxMepHNA cny'laA: 

C(¢)• 
( 

A1 ell) 
0 A 2 

EcnB A I H A
2 

B3 OAHOrO Knacca, TO C (¢) BMeeT symaNA BB 

ua pa3BNX Knaccoa, TO npeo6paaoaaa&e nouo6BH 

npBBOABT M8TpBUY 

BenB'IHHa 

c 

onpeueneaa nps ¢ -0 

s .. c ~) , -A 
" I 2 

K ABaroHanbHOMY BBAY. 

eu 

A I - A2 

, T8K K8K C YAOBneTBOpHeT ycnOBHI< 

nycTb TeOpeMa BepBa AnH M8TpBU paaMepHOCTH He BbiWe 

Tpeyronbsyro M8TJtHUY p83MepHOCTH q • nycTb ee C06CTBeHBbl 

AO'IeHbl H8 AH8rOH8nH no Kn8CC8M. 8bi6pOCHM B p8CCM8TpBB8eMO 

Hroro CTpOKY B nocneABBA CTOn6eu. 8 cHny npeunonomeBHH BHAYKUI 

nBTH'I9CKOe npeo6pa30B8HHe no~06HH S1 (¢) 1 KOTOpOe npHBOAHT 

puuy K 6no'IHo-TpeyronbHOMY BRAY· TorAa npeo6paaoaaaue nouo61 
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l: 
... a 1 

n o+ ... +n 1111: k-1 

/)(k) l<ckq 
a

0
a 1 ••• a 1 -

l
b I 2p<f3 af3 ,i.ccp ) 

n 
I( 0 

ao 

.. , 
I( 

a I 

.. , 
• .. K a I 

eHH9 )l.IISI BH9JlH8rOH8.1lbHbiX 9.119M9HTOB M8TpBilbl C(<f>): 

I c a,a<cf>) I$. c /p <.B 

oqeBHJlHO, 'ITO MaTpHua C (</>) yJlosneTsopHeT ycnoBHHM 

aaaso, 'ITO 11:3 KPHTepHH KpaAca cne)lyeT KpaTepaA YpMa. 

aBeT 0'19BH)lHbiM nocne TOrO K8K 6yJleT Jl0K838H8 HB~e-

eayR YpMy, paao6beM co6cTseHHble aaa'leHBH aa 

'leHHR A 1 a A k npaaaane~aT OJlHOMY Knaccy Ay , ecna 

oanaaa10T cneay!OIIlHe KoatfltflauHeHTbl: 

( t , (I) 

b I 
( t ) (I) 

b c b 
2 p 2 p 

( t , (1, 

a = a 

1</> 
TpHua C ( e ) yJlosneTsopReT ycnOBHHM ycToA'IHBOCTH 

OCTH L 2 8H8.1IHTH'I9CKHM npeo6p830B8HH9M nOJl06HSI 

Ha K T8KOMY 6.JIO'IHo-TpeyrO.IlbHOMY BH)ly: 

cp ) = 

6 

tlf. 

K8~Jl0MY K.ll8CCY C06C~B8HHb!X 3H8'19HBA A 
y OTB9'18eT CBOII: TpeyrOllbHblll: 6.JIOK 

T Y aa JlBaroaanB C (</>) • 

3 aM e 'I 8 H He. 3ilecb onSITb p8CCM8TpBB89TC51 X8p8KTepBCTH'IeCK851 M8TpBil8 

cneuBam.aoro BBJla. B o6meM cnyq;ae ycToA'IKBaH B L 2 M8TpBil8 npBBOJlBTCSI 

K T8KOMY 6.JIO'IHo-TpeyrOnbHOMY BBJlY B OKpeCTHOCTB mo6oA TO'IKH </> c;. ( 0, 2 rr ] , 

r)le XOTH 6bl OJlHO C06CTB9HH09 3H8'19HBe no MOJlY.Il~ paBBO 9JlBHBil9. 

Ao~taaaTenbCTBO TeopeMbl· .!loxaaaTenbCTBO npoBOJlBTCH MeTOJlOM MaTeMaTB'Iec-

KOA BHJlYKilHH no pa3MepHOCTH X8p8KTepBCTB'19CKOA M8TpBilbl. 

CHa'lana paccMoTpBM nsyxMepahlA cnyqaA: 

c ( cp) 
( 

A1 c 12 ) 

0 A 2 

Ecna A 1 a A2 B3 onaoro Knacca, TO C (cp) HMeeT ay~ahlA BBJl. Ecn11: A 1 a A
2 

aa paaahlx Knaccos, TO npeo6paaoeaaae nono6as 

s .. c ~) , -A 
1\ 1 2 

npBBOJlBT M8TpBilY c K naaroaanbHOMY BBJly. 

BenB'IHHa cu 

A I - Aa 

onpeneneaa npH cp • 0 , TaK KaK C ynosneTsopseT ycnoBHIO YpMa. 

TiycTb TeopeMa sepaa anH MaTpau pa3MepsoCTH ae Bblwe q - 1 . PaccMOTPBM 

Tpeyronbay~ M8TpHilY p83MepHOCTB q • TiyCTb ee C06CTB9HHble 3H8'19HBB ynopH

Jl0'19Hbl aa .QHaroaana no KnaccaM. Bba6poCHM B paccMaTpaeaeMoA MaTpHue nocnen

HIOIO CTpo~ty a nocnensaA cTon6eu. B cHny npeanonoJKeBHR BBllYKUHH cymecTeyeT asa

nHTB'Iec~toe npeo6pa30B8HH9 ITOA06Hst S1 (cp) , KOTOpOe npHBO.QHT YKOpO'IeHHYIO M8T

pHUy K 6nO'IHo-TpeyronbHOMY BHAy. Tor)la npeo6p830B8HHe ITOA06Hst 

7 



s;- (~ :) 
npHBO.rtHT HCXO.rtHYIO MaTpany K TaKOMY BH.rty: 

c 
I q 

c (cf>) - - s' c s' -I 
I I 

nanee c.oenaeM eme o.ouo npeo5paaoaauue no.oo5aa 

s (cf>) -
2 

0 

0 

B peaynbTaTe Mhl aa5aaaMca B 

ua C He OTnH'IaeTCH OT C • B 

0 .) .• 0 
c I q 

0 

c 
' c 

A - A I q 

0 0 

. 0 

OT C1 q' B OCTanbHOM nony'leHHaH MaTpa

OT5pOCHM nepByiO CTpOKy H pepBbllt CTOn-

5eu. B cany npe.onono>Keaaa HHAYKUHB cymecTByeT aaanHTB'IecKoe npeo5paaoaauae no

.rto5aa S3 (cp) , KOTOpoe npHBOAHT YKOpO'IeHHYIO M8Tpauy K 5nO'IHO-TpeyrOnbHOMy BH

.Qy. Tor.oa npeo5paaoaaaae no.oo5aa: 

s; ( </>) - (*)) 
npHBOAHT MaTpHUY C K HylKHOMy 5nO'IHD-TpeyrOnbHOMy BH.rty. HTaK, HCKOMOe 

npeo5paaosaaae no.oo5aa HMeeT sa.o: 

s (cf>) • s' (cf>) s
2 

<<!> ) s' (.J. l . 
S . I 'I' 

TeopeMa .rtOKaaaaa. 

8 

• 

n a T e p a T y p a 

·1. HelDz - Otto Kreiss. fiber Mstrizllll die beschriDkte HalbwuppeD. Math. ScSDd., 7, 1959, 71-80. 
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s' -
I (··,"'I:) 

YJO MaTpBUY K TaKOMY BB.Qy: 

c ( ¢ ) - s' c s' -I 
I I 

me O.QHO Dpeo6pa30BBHHe DO.Q06B5l 

0 .) .• 0 
c I q 

,\ - ,\ I q 

(¢) - I 0 1 ••. 0 0 2 

0 . 0 

e Mbl B36BBBMC5I B 

qaeTcs OT C • B 

0 . 
£ 
c 

c 
OT C1 q' B OCTanbHOM nonyqeHHaH MaTpH

OT6pOCHM DepByJO CTpOKy H !JepBbllt CTOn-

ono>KeHas HH.liYKilHB cymecTayeT aaanHTHqecKoe npeo6paaoaaaue no

opoe DpBBO.QHT YKOpoqeHHYJO MaTpHDy K 6noqso-TpeyrOnbHOMy BH-

30BaHHe DO.Q06H5l:" 

s; ( ¢) - (*,) 
C K HY>KHOMY 6noqso-TpeyronbHOMy BH.Qy, i1TBK, HCKOMOe 

.Q06Hg HMeeT BH.Q: 

s <ct> l • s; (¢ l S
2 

<<P) s; <¢) . 

8 

,.;;. 
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