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Kopaell:'lylt A.A., llillpllltOBA H.IO. Pll-3240 

MTepaTIIBHhlll: MSTO~ OThlCJt8HIIB MHOrO'In8H8 H&Hnyqwero 

npH6nHJK8HIIII 

TipennaraeTcll npoeTOII: HTepanuoaswll: enoeo6 saxo~eau11 nonuaoMa 

aAMY'IWSX'O npll6nlll!C8HIIII ZUlli H81IpaphlBHOI cjlfll'JI:Dllll1 3A.IIABIIOII: !Ia JtOIIS'IHOM 

oTpeaJ:e psnoM cllypw no M!loroqne!laM l.fe6hlmeB&. Tipli:Beneaw pe3ym.TaT&I, 

UODTB8plKD8IDWH8 scjlcjleJtTIIBIIOCTb M8TO.Il8 ZUIH rn&DltHX ~llltUIIA. 

flpenpaBT ~naaeaaoro aac~Ta anepawx accnenoeaaal. 
Jl7~M, UMr7 • 

Korneichuk A.A., Shirikova N. Yu. Pll-3240 

An Iterative Method for Obtaining a POlynomial of the 
Best Approximatipn 

A simple iteM tive method for obtaining a polynomial of the best 
approximation to a continuous function, given on the finite interve.I by 
the Fourier series in Chebyshev po1ynom1als, is introduced. The 
results are given which confirm the emciency of the method for 
smooth func;tions. 
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B aacTOsmeA pa6oTe npennaraeTca npocToA cnoco6 aaxo~neaaa nonaaoMa 

P D _ 1 ( x) aaBny"'DDero npa6na~eaaa nna aenpephiBBoA cJ>yBKnaa, aanaaaoA sa ~~:o

He'IBOM oTpea~~:e. HaaecTao, 'ITO Ta11:oA nonaaoM P D _ 1 ( x) cymecTByeT. HaaecTao 

Tax~e, 'ITO aa oTpeaJ:e cymecTBYIOT a + 1 TO'III:B an&Tepaaaca, B II:OTOpbiX paaaocTh 

ltD _ 1 (x) • f(x) - P D _ 1(x) 

npaaaMaeT noo'lepeaso aaa'lesaa + ED __ 1 a - ED _ 1 , rne 

I ED-l I • BDp If (x) - p D-l (xJ-t • 
x c;. [a ,b] 

Haa6onee yaxaepcanbBhiM MeTonoM OThiCJtaaasr nonaaoMa saxny'lme:ro npa6-

na~eaaa C'IBTaeTCK BTOpoA anropBTM PeMeaa, Llnsr STOro an-opHTMa .afxcs:o B3BTb

xa~~:oe-aa6ynh aa'lanbKoe npa6na~ea•e nna TO'I811: an&-Tepaaaca, aaATB nonxsoM 

p D _ l (X) I T8li:Oft0 'ITO p83BOCTh R D- I (X) B STIIX T0'111:8X llpi!BIIM88T llOO'Iepenao onB

RSKOBbl8 3H8'18HBH C '18p8llYIOWBMHCH 3B811:8MH. Llanee H8XOllBTCH TO'III:B SII:CTp8MyM8 

R D _ 1( x l, II:OTOphle CSepyTCst aa aoaoe npBC5nH~eaae TO'Iell: an&Tepaaaca a T.n. 

HaBeCTII01 'ITO BT8p8llBB T8li:Oro TBll8 CXOnBTCH B naiOT B Dpenene DOnBHOM 

aaHny'lmero npaC5na~eaast. Onauo 9TOT MeTOll TpeC5yeT Bhi'IBCneBBst C5on&moro xon•

'18CTB1i 3H8'1811BA cJ>yRKlliiA B llpoH3BOllHhiX1 'ITO '18CTO H8lK8Ii8TenhHO. 

npennaraeMhiA saMB cnocoe5 OThiCII:aHHst nonaaoMa aaany"'DDero npR6nBJKeHBtl 

stBnaeTcR ropaaao Meaee TpyaoeMII:aM, so npiiM8BBM ae nnst BcRKoA aenpephiB.BoA 

ci>YRKllBB. OrpaBB'Iesast, aa~~:naah!BaeMhle aa W.BII:IlBIO, 6yayT stCBhl aa npeanara-

Moro aa~e anropRTMa. 
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npennono*IIM, qTo ~yHKUHH aanaaa aa oTpeaxe [-1,1] 11 

f(x)• :f'- akTk (x)o 
k•O 

( 1) 

06oaaaqiiM x • cos 8o PaaHOCTb R n_ 1(x) MO*eT 6biTb npencTaBneaa B BRAe 

Rn_ 1 (cos8)•En_ 1 cos[n8 -8(8)], 

rne 8 (8) -HeKOTOpaH aenpepbiBH8SI ~yHKUHHo 

¢yHKUIIH cos8(8) H slnc5(8) MOI'yT 6b!Tb npeACTaBneHbl B BHA9 

cos8(8) oo1 +I u 1 cosi8 • 1 + u(8), 
1•0 

.. 
sin8(8) • l: v 1 sini8•v(8)o 

·- 0 

J'II!Tb!B8SI1 qTO 

cos 2 8(8) + sln 2 8(8) •1, 

nony'!HM 

--. 
u 2 (8) + 2u(8) + v 2 (8) • 0 o 

BaeneM cnenyiOmlle o6oaaaqea11sr: 

a1 • + ( u I - vI ) , f:lt • ~ ( u I + vI ) , I • 0 ,1, ooo, 

A • I s.-

4 

+ 2 f:lo • i • 1 • 2, ooo 0 

( 2) 

(3) 

(4) 

,:.i 
II 
'ii 
!r 

I 

''1. 
,•II 
( 

~f! 
'· 

-~~~ q; 

. ) 

lf. 
"r 

.........._._. 

noncTaBnHH (3) B (4) II npllp8BHHB8H ayniO K09$~HUH9HT npH cos i 8 , nony'I:HM 

cnenyiOmHe COOTHOW9HHH: 

.. 1-1 

Bt +At +ol: (AfAf+t +BfBf+l )+ol: AfBt-f 
(.•1 c.•l 

i .. 1 ,21 ••• 1 

-1 .. 
( 1 + 2 f:l 0 ) • y 1 + l: ( Af 

f=1 

2 
+ B f 

non!! HOM P n _ 1 ( cos8) MO~O T8K*e npeACT8BIITb B BHA9 

n-1 
p n _ 1 ( cos 8 ) • l: p I cos I 8 o 

1•0 

.. 0 • 

(5) 

CpaBHIIB8H KO~HUH9HThl ¢yp&e ~YHKUIIH, CTOHllliiX B npaBOA II neBoli: '18CTH 

( 2), nony'IIIM 

If 

a oo 
E 1• n y1+l: (A2 

n - ' + B 2n f• 1 f 

an 
BD p • a -

0 0 + B 2n 

+ B 2 
f 

PI • a I - a n ( B n -I + R n+l 
+ B2n 

.1' 

),1•1,2,ooo,n-1, 

AI •- B 2n+ I + 
a n +I 

an 
(1+ R 2 n),i•1,2,oooo 

(6) 

(7) 

TaKIIM o6paaoM, nm1 Bhi'IIICneHHH En _ 1 , P. 0 , oo, Pn_ 1 HY*HO onpeneniiTb A 1 

B I H3 CHCT9Mb!1 COCTBBneHHOli: 113 ypaBH9HI!li: ( 5) II ( 7), 

D.nH peweHHH aToll: cucTeMbi npennaraeTCH cnenyiOmllli: 11TepaTHBHbiA M9TOA· 

nonaraeM B ~0 ' = o i .. 1 , 2, 000 OnpenenHeM 
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A(l) •- BCD • a +I ( 1 BCI) ) . + + Ia I ln+l •n 

B<I+O •- A(l) - i ( A-<1> A(l) 
1-l 

+ B(I)B(I) )- l: A(f) BCI+U 
I l f• 1 f f+t .-t ('+-1 f• 1 f I -f 

(8) 

i • 1,2 ... 0 • j • 0 •. 1, 0000 • 

Ecnu Mbi npennonOJKJIMi 'l'r'O 

•n+l O(~e'l I( .oo> . 
•• 

TO HeTpyUHO npoaepHTb, ~TO IIpH BWIIOnB8BHH HT8p4UHA (8) ~YA8M IIOny~8Tb 

A 1 -O(K 1 ),B 1 • 0(K 1 l, i•1,2·,oo.H una: onpeueneasa: pemeua: (8) e TO~BOC'TbJO 

llO 0 ( K k + l ) UOCT8TO'IBO B ( 8) :33HTb I • 1, 2, o , It , a B ciJopMyne onpeuene

HHSI B 1 s (8) aepxsaA npeuen orpaaH~Tit sepaaeacTBOM 2t + 1 ~ It • Torna 

amr peweHHH CHCT8Mbl ( 8) C T8XOA TO'IHOCTblO IIOTpe6yeTCH 1 HTepanaft. fion

CTaBnHH aaftueaawe 3Ha'I&IUIH A 1 H B 1 B ( 6), non~HM pemease aamea 3aua

'IH C TO'IHOCTblO UO 0 ( K k + 1 ) o fipH &TOM 

E (k) 
D 

~ 
1 + 0 ( K k +I ) 0 

ilnH k .. 1, 2, 3 H D >It nerxo BWDOniUITb HT8p8UHH (8) B HBHOM BHQ8 H BWIIH-

caT& pemeue ( 6): 

k ~ 1 

D -I I 
Pn_ 1 (x) • I a 1 T 1 (x) +(•n-l +•a+I)Tn_ 1 (xl+ O(K ), 

1•0 

(1) ( I ) E._ ..... +0 K • K• .!..!.±! 
•• 

rue 

6 

k .. 2 

k=3 

n-a a:+l 
pn-l(x)•I:O•tTI(x)+(an-a+•n+l- •n )Tn-a(x)+ 

E (2) 

n-1 

+ <•n-1 + 8 n+1 )Tn-1 (x) +0(K 1 
), 

.. a 
n 

• :+1 
+ --•n 

__ , 

+ 0 (K 4 ) , 

pn-1 (x) •,:o •t Tl (x) +(an-a+ 8 n•a - 2 
8 n +I 8 n +I 

•• 

+ (a n-1 + 8 n +I 

ll 

•n+l ) T n-a (x) + 
•• 

a ~+I 
ar + 

+( 8 n-1+ 8 n+l +2 
a n+l •n+l a ~+I 

--2-
•n 

)Tn-a(x)+ O(K 4 ), 

•n 

E (I) a 2 
n- 1 • an + n+ t + 0(K 4 )o 

•• 

) T n-a ( 

l13 STRX <jlopMyn, B '18CTHOCTH1 BRUH01 'ITO rnaBHbiM 'ln9HOM B Bblp8JK8HHII 

lln51 F, n _ I HBnH9TCH a 0 , 'ITO Il03BOnHeT Cpa3y rpy6o OU9HHTb IIOpHUOK H8Hny'l-

wero npa6naJKeHHH, uaaaeMoro nonaaoMoM cTeneHB o - 1 ° 

ilnH H9KOTOpbiX <jlyHKUBft IIpeunoJKeHHhiM M9TOUOM p83biCKHB8nBCb IIOnHHOMbl H8-

anyqwero npa6nBJKeHBH cTeneaa o 1 DpH'I9M B CBCTeMe ( 8) 6panBCb k ypaaae-

HHII B BbiiiOnHHnOCb k BTepanaA. llna: aaftueaahlx nonaaoMoB accneuoaanocb no -

aeaeaae pa3HOCTH R n (X) Ha OTpeaxe. HHJK8 IIpBBOUHTCH Ta6nuna pac~eTOBo 
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E (k) 
mln-\f-P

0
\ max\f-P0 \ 

4>yHKUHH n k 
n 

B TO'IK8X B TO'IK8X 

SKCTpeMyMa SKCTpeMyMa 

I 4 2 1o-2.o,17I6 1o-2.o,1110 1()2.0,!731 
X~ 2 4 10-2.0,1718 1"'2 ~ 10 .0,1'118 IO .0,1719 

7 10-2.0,171826 xo-2.0,171825 1o-2.0,171828 
X~ [-I, I) 

II 1o-2.o,I7I82586 xo-2.0,17182581 1o-2 .0,17182593 

4 I ro4 .0,6067 ro-4.o,60S5 1tr .0,6094 
3 ~ ro-4.o,60710 ro-4.0,60'119 fn (I + x) 10 .0,60?14 
5 10~.0,60'1141 xo-4 .o,607I37 1o...lf..0,607145 

x~[O,I] -
6 2 xo-3 .0,6082 1()3.0,6073 ro-3.0,6103 

arc tg- x 4 ro-3 .0,6086 xo-3.0,6083 1<J3.0,6088 
8 I0-3 .0,608595 xo-3.o,608592 1<J3.o,608598 

X G;[-1, I) 
10 ro-3.0,6085948 ro-3.0,6085936 1<J3.0,6085955 

8 8 ro-4.0,81371 ro-4.0,81369 1o-4.o.ai372 
1""4 xo-4.o,8I3702 xo-4.o,a137II 12 1 10 .0,18370'1 

--

' npaBelleHHbie B T85J!Bil8 peaynbT8Tbl C'18T8 nOK83blB810T1 'ITO llJIH p8CCMOTp8H

HblX cpyHKUHfi nonHHOMbl H8HJIY'IWero npH6JIHlK8HHH H8XO)lHTCH C llOCT8TO'IHOA TO'I

HOCTbiO 38 Manoe 'IHCJIO HTepaUHA, 

npennoJKeHHhiA cnoco5 OThiCKaBHH nonHHOMa aaanyqwero npa5nuJKeBHH AaeT 

xopowHe peaynbTaTbi llJIH cpyHKUHA, llJIH KOTOpb!X PHil ( 1) 5biCTpo cXOilHTCHo B aTOM 

CJiy'lae )lJIH Bbl'IHCJI8HHH nOJIHHOMa CTeneHB n C TO'IHOCTbiO )lO 0 (K k+l ) )lOCTa

TO'IHO 3HaTb n + k + 1 3Ha'I8HHA cpyHKUHH, KOTOpbl8 noTpe5yJOTCH llJISI Bbl'IHCJI8HHH 

11/ 
a 1 MeTolloM, npennoJKeHHbiM B • Tpe5osaaHe 5hiCTpoA CXOilHMOCTH pHna 4>yp&e, 

BHilHMO, cywecTBeaao. Tax, llJIH cpyHKilBB f ( x) • I x I ( pHJl (1) CXO)lHTCH 

MenneHHO) onacaHHb!A Bb!W8 HT8p81lHOBHbiA npoaecc paCXOJlHTCHo npe)lJIOlK8HB8 

paCCMaTpHBaTb pa3HOCTb R 
0 
_I ( x) B )!/Bile ( 2) H aaTeM OTb!CKHBaTb cp830ByJO cilyHK-

72 
UHIO lJ ( ()) coneplKHTCH B pa5oTe o 
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