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BBE)J;EHHE 

3a,naqa HCCJIC,!l0BaHIDI peanucTUquoii M0,!lCJIH rpaBHTHpy10meii 6bICTpOBpama-

10meiic.11 CBepxnJIOTHOH KOHq>Hiypauuu aKTyaJibHa B CB.113H C HJyqeHHCM npup0,!lbl 

nyJibCapoB, Bbl.llCHCHHCM B0npocoB 06 ypaBHCHIDIX C0CT0.IIHIDI HX CBepxnn0TH0ro 

.si,uepuoro uemecTBa u o BJiu.siuuu 6bICTPOro upameuIDI ua pacnpe.ueneuue ux nnoT

uocTH. 

Oco6bJH HHTepec Bbl3bJBaeT B0npoc 0 B03Mo:JKH0M cymecTB0BaHHH T0qeK 6u
w2 

q>ypKa11uu no napaMeTpy f = -G (w - ymoua.si cKopocTb upameuu.si; G -
41r Po 

rpaBHTaIJH0HHa.11 Il0CT0.IIHHa.si; Po - IlJI0TH0CTb B UCHTpe KOHq>urypau11u), B K0-

T0pbIX np0HCX0,!lHT 0TBCTBJICHHC acHMMCTPHqffbIX 0TH0CHTCJibH0 OCH Bpameuu.si 

peweHHH ,!lJI.11 pacnpe.ueneHIDI IlJI0TH0CTH. 3-ra aCHMMCTpH.11 pacnpe.ueneuu.si IlJI0T

H0CTH o6ycnaBJIHBaeT rpaBHTaIJH0HH0C H3Jlyqeuue nynbcapoB, Il0HCKH K0T0poro 

B HaCT0.simee BpCM.11 HHTCHCHBH0 BC.uyTC.11 [1]. YpaBHCHHC m.upoCTaTHqecKoro 

pauuouecu.si .!lJl.11 rpauuTupy10meii, cTauuouapuo upama10meiic.11, JaMaruuqeuuoii 

KOHq>HrypaIJHH u Il0CTHblOT0H0BCK0M npu6JIH)KeHHH y.uo6uo JanucaTb u BH,!lC [2-
12): 

. 2 
W 2 2 

4> + 0(p) - 2 (x + y ) = II(PN) + IIm, 

J
P dP 

0(p) = p(P)' 
0 

4> = -cf p(r
1

)dV' 
lr-r'I ' 

(1) 

(la) 

(lb) 

r.ue 4> - rpaBHTaIJHOHHblH Il0TCHIJHaJI KOHq>urypa11uu; P(p) - ,uaBJICHHe; II(PN) 

- BKJla.!l Il0CTHblOT0H0BCKHX nonpaB0K B ypauueuue m.upoCTaTHqecKoro paBH0-

BCCIDI; IIm - BKJia.!l MarHHTHbIX uanp.si)Kettuii. KouKpeTHbIH BH.!l q,yttKIJHH P(p) 
JaBHCHT OT ypaBHCHH.11 C0CT0.IIHIDI .si,uepuoro BCIUCCTBa KOH!pHrypaUHH. B ,!laJibHCH

WCM Mbl 6y,ueM ,!lJI.11 pacqeT0B HCil0Jlb30BaTb qucJICHHblC ,uaHHbIC ,!lJI.11 ypaBHCHH.11 co

CT0.IIHH.11 .si.uepuoii MaTepuH EeTe-}lxoucoua (BJ), OnneureiiMepa-BoJIKOBa (OV), 

Peii.ua (R) [8]. TaKHM o6pa30M, ypaBHCHHe (1) npe.UCTaBJI.IICT co6oii HHTerpanbH0C 

ypauueu11e c no,uBH)KHOH rpauu11eii B R3 . 

KaK 6y,ueT noKaJaH0 B ,uaHHOH pa6oTe, napaMCTpbl KOHq>HrypaIJHH 3aBHCSIT 

OT BbJ6opa ypaBHCHH.11 C0CT0.IIHH.11. B qaCTH0CTH, npu KpHTHqecK0M 3HaqeuHH f. = 
Ek npoHCX0,!lHT pe3K0C yuenuqeuue HHTCHCHBH0CTH rpaBHTaIJH0HH0ro H3JlyqCHHSI 

I 
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(I11) KoH<t>urypau1rn, npu pemcTpauuu qacTOTbI KOToporo onpe.uen.s1eTc.si Ek u 
nO.sJBJl.sJIOTC.sJ apryMeHTbl B nOJib3Y BbJ6opa KOHKpeTHOro ypaBHeHU.sJ COCTO.sJHH.sJ. 

1. OCHOBHhlE IlPE)J;IlOJIOXEHIDI H IlOCTAHOBKA 3A)J;Aqff 

I 
<I>(O) I BerruquHa nocTHbIOTOHOBCKux nonpaBOK I II(P N) I 6y.ueT nop.si,uKa 7 = 

1, 26 • 10-3 npu Po = 4 · 1014 r/cM3• IIo::noMY HMH B ypasHeHuu (1) MO:lKHO 
npeHe6pe%. 

<l>yHKUHIO 8(p) npe,UCTaBUM s BH,!le p.si.ua no CTeneH.sJM (:a -1) 
e- (~) (o,+o, (; -1) +o, (; -1) 2 

+ ) , (2) 

r.ue Po - ,uaBJieHue B ueHTpe KoH<t>urypauuu. 

IIepBbJe K03<t><t>uuueHTbl 80, 81' 82 ,!lJI.sJ palJiuqHbIX ypaBHeHHH COCTO.sJHH.sJ 
BbI6paHbl H3 ycJIOBH.sJ cornacu.si (2) H (la) H npe,UCTaBJleHbl B Ta6JI. I. 

Ta6Jiuna 1 
ov BJ R 

80 2,487978 2,415387 2,378167 
81 0,791516 1,253114 1,177573 
82 -1,696462 -1,162273 -1,200594 

Bo Bcex paccMaTPUBaeMblX HaMH crryqa.six OllIH6Ka annpOKCUMauuu cl>YHKUHH 
8(p) 3THM OTpe3KOM p.si.ua (2) cocTaBJI.sieT MeHee o,uHoro npoueHTa, qrn snorrHe 
.uocTaTOqHo, TaK KaK ypaBHeHue cocTO.sJHH.sJ .si.uepHoii MaTepuu co.uep:lKHT MHOro 
Heonpe.uerreHHOCTeii. 

fpaHHUa HCKOMOH KOH<t>urypauuu HaXO,!lHTC.sJ H3 ycJIOBH.sJ 

p(x, y, z) = 0, (3) 

T. e. oHa MO:lKeT 6bITb onpe.uerreHa nocrre pemeHH.sJ ypaBHeHH.sJ (1). Ho rpaBHTaUH
OHHbIH noTeHuuarr <I> B (1) .sJBHO 3aBUCHT OT <t>opMbl rpaHHUbl (3). II03TOMY Toq
HYIO KoH<t>urypauu10 nosepxHOCTH (3) MbI 3aMeHHM nces.uorpaHuueii 8D, cpopMa 
KOTOpoii 3aBUCHT OT HeH3BeCTHbIX noKa napaMCTpOB Zijk· 3-ru napaMeTPbl Ha
XO,!l.sJTC.sJ 03 ycrrosu.si Hau6orrbmeii 6rru30CTH 8D u (3). JJ:aHHOe ycrrosue .uaeT 
.uonOJIHUTeJibHYIO CHCTeMY ypaBHeHUH, KOTOPYJO HY:lKHO pellIHTb BMeCTe C (1). 

Crre.uy.si pa6oTaM [12-14], Bb16epeM 8D B su.o.e B03MYllleHHOH 3JIJiuncou.o.arrb
Hoii nosepxHOCTH 

L 

-: 8D: xf +x~ +x~ + LZijkXl~x~ = 1, (4) 
ijk 

2 

I·\ ' 
,, 

X Xy Z 
me x1 = - , x2 = - , X3 = -; a1, a3 - norryoce 3JIJiuncou.o.a spa-

a1 a1 a3 
meHH.sJ, KOTOpb1e Hap.siey c Zijk napaMCTpH3YIOT 8D. JJ:rr.si .uocTaTOqHo rna.uKux 
nosepxHOCTeii Bbl6opoM norryoceii a1 u a3 MO:lKHO Ko3<t><t>uuueHTbI Zijk c.uerraTb 
MaJiblMH, qTo6bl B .!laJibHeiimeM ucnoJib30BaTb MeTo,u pal1IoJKeHH.sJ cl>YHKUHH, 3aBH
c.11mux OT <t>opMbl nosepxHocTu KOHcl>Hrypauuu, B p.11.!l EypMaHa-narpaHJKa [13] 
no cTeneH.sJM MaJiblX K03<l><t>nueeHTOB Zijk• B HameM crryqae IZiikl ~ 10-4• 

MeTO,!l p.11.!lOB EypMaHa-narpauJKa C HCnOJib30BaHUeM CUMBOJibHblX BbJqUCJIC
HHH Ha KOMnbIOTCpe CTaHOBHTC.sJ MOlUHblM no.uxo.uoM ,!lJI.sJ pemeHH.sJ CJIOJKHeiimux 
3a,naq, KOTOpble CTapblMH KJiaccuqecKHMH MCTO,!laMH HC 6b1Jlu pellICHbl. 

JJ:rr.si cl>OPMYJIHpOBKH yCJIOBH.sJ 6JIH30CTH (3) H ( 4) BBC,!lCM cl>YffKUHIO 

A--1-/ 2 df! - 47rPo p a2, (5) 

6D 

( 
1 2 ) ½ 1 - e 2 a3 

r.ue a= ea 1 + --2-cos 0 , e = -. 
e a1 

1 
Becosoii MHOJKHTeJib 2 B (5) Bb16paH H3 coo6paxeHHii y.uo6cTBa Bb1qucrre-

a 
HUH, qT06b1 HHTCrparrbI B A u <I> HMeJIH o,uuHaKOBYJO CTPYKTYPY. Qqesu.o.Ho, 
napaMCTp T/6D = A½ 6y,ueT npe,ucTaBJI.sJTb Mepy norpemHOCTH B Hamux ypaBHe
HH.sJX npu 3aMeHe TOqHoii nosepxHOCTH KoH<t>urypauuu Ha 8 D. B ucnoJib3yeMOM 
HaMH npu6JIH:lKeHHH OH pacTCT OTO .uo 4, 88 · 10-2 c YMeHbllICHHeM e OT 1 .uo fk, 

y CJIOBHC MHHHMYMa A npuBO,!lHT K ypaBHCHH.sJM 

\JI·· -~-O \JI_ 8A(Zijk=0)_ 0 •Jk - az - , 1 - a1 a - , 8A(Zijk = O) = 0. 
'112 = a3 8a3 · (

6
) ijk a1 

2. CXEMA PAcqETOB XAPAKTEPHCTHK MO)J;FJIH 

Ilpe.UCTaBHM IlJIOTHOCTb KOH<t>urypauuu p B BH,ll.C nOJIHHOMa CTenCHH p 

p 
~ a b c P = ~ Pa,b,cX1X2X3. 
a,b,c 

(7) 

Ecrru BbI6paTb p .!lOCTaToqHo 60JibllIHM, TO C BblCOKOH CTCneHblO ToqHOCTH Bbipa
JKCHHC (7) 6y,ueT annpOKCHMHpoBaTb IlJIOTHOCTb pearrbHOH KOH<t>urypauuu. 

B pa6oTe [ 13] c ucnoJib30BaHueM p.11.!lOB IiypMaHa-JiarpaHJKa .UOKa3aHa Teo
peMa, cornaCHO KOTopoii BHYTPCHHHH rpasuTaUHOHHblH noTCHUHaJI <I> MOJKCT 6bITb 
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npe.ncTaBJieH a6comOTHO H paBHOMepuo CXO.!(lll-UHMC.11 p.11,noM no Ko::icf>cf>HI . .{HeHTaM 

zijk npH HeKOTOpbIX orpaHH'leHH.IIX ua Zijk, K03cf>cf>HUHeHTbl pa3JIO)l(eHH.II npH 

KOTOpbIX .IIBJI.IIIOTC.11 nonHHOMaMH CTeneHH P + s(L-2) + 2 KOOp,nHHaT Xk. 3.necb 

s - uoMep qneua p.11,na EypMana-Jlarpau)l(a. 

flocne nepexo.na K 0606meuub1M ccf>epHtieCKHM Koop,nHHaTaM R, 0, cp, Bnep

Bbte npe,nnO)l(eHHbIM B pa6oTe [12), co CMemeHHeM ueHTpa KOOp.!(HHaT B TO'IKY 

Ha6nt0,neHH.11 Xk HMeeM 

, - lao. lao. lao 
xk = Xk + akR, a:1 = -- sm0coscp, a:2 = -- sm0sin cp, a:3 = -- cos 0, 

a: a1 a: a1 a: a3 

1 

(
a2 a2 a2 ) 2 

a: = __Q sin2 0 cos2 cp + __Q sin2 0 sin2 cp + __Q cos2 0 
a2 a2 a2 

1 1 3 

ao = (a1, a2, a3)i, 0::; R::; R. 

CornacHo Bbtp8)1(eHHIO (4) R Haxo,nHTC.11 H3 ypaBHeHH.11 

R =Ro_~ z .. (x1 + a:1R)i(x2 + a2R)i(x3 + a3Rl 
~ •Jk R+T+ u 
ijk 

=Ro+ w(R,ak,Xk,Zijk)i 

3 3 

Ro=U-T, U=(T2 +Q)½, T=Lakxk, Q = 1- I:xr 
k=l k=l 

3neMeHT o6'beMa HHTerpHpoBaHH.11 B HOBblX KOop,nHHaTax 6y,neT paBeH 

' 3 3R2dRdO dn . 0d0d dV = a0 3 
, H = sm cp. 

a: 

(8) 

(9) 

.[{anbHeiiwHe Bbl'IHCneHH.11 6y.nyT OCHOBaHbl Ha HCnOnb3OBaHHH BapHaHTa Teo

peMbl JlarpaH)l(a [ 14]. 
flyCTb f(z) H w(z) - aHMHTHtieCKHe cf>YHKUHH z Ha KOHTYPe C, OKp~a

IOIUeM TO'IKY a, H BnyTpH Hero H .nn.11 Bcex z Ha C BbIDOilH.lleTC.11 HepaBeHCTBO 

/\:IW(z)lc < lz-alc- Tor.na ypaBHeHue z = a+/\:W(z) HMeeT o,nHu KopeHb z = e 
BHYTPH C u J(e) pa3JlaraeTC.II B a6conIOTHO CXO,nllIUHHC.11 CTeneHHOH p.11.n 

00 s ds-1 
J(e) = f(a) + L :, das-1 [J'(a)(w(a))8]. 

s=l 

(10) 

P.11.n ( 10) nonyqun B nuTepaTYPe ua3BaHue p.11,na EypMaua-JlarpaH)l(a. 

8 Hawe~cnyqae e = R, J(e) = eh+2, a= Ro, /\:W(a) = w(Ro, O:k, Xk, Zijk)
Tor.na nonyquM 

4 

Rh+2 = fl8+2 + (h + 2) f: 1 d~~~l [fl8+1w(Ro)8] . 
s=l 0 

(11) 

B HTOre HbIOTOHOBCKHH rpaBHTaQHOHHblH noTeHUHan HMeeT BH.!( 

I R - -

~ = -G f Pl~ 2~~' = -Ga~ f dR f dORp(R~~k,xk). 
0 . 

(12) 

- -
flocKonLKY p .11BJI.11eTc.11 MHOrotineuoM no R, To HHTerpnpoBaHue no R B (12) 

. .naeT CTeneHHbie cf>yHKUHH Rh+2' KOTOpbte Ha OCHOBaHHH (11) nenco Bblp8)1(aIOTC.II 

qepe3 Ro- B pe3ynbTaTe ,nanbHeHWHM npeo6pa3oBaHHeM (12) Haxo,nHM aHan_HTH

qecKoe npe,ncTaBJieHHe ~ ,nn.11 peanH38UHH B CHCTeMe CHMBOnbHblX Bbl'IHCneHHH 

MAPLE: 
00 

~ = -G(Fo + L Fa), (13) 
s=l 

r.ne 

p 

Fo = L Pa,b,c(-l)µ+Tx 
a,b,c 

x[a b ck h+2 
d f g l µ 

(h-µ) 
2 
V 

h + 2 - 2v .\ v T e l x 

A P T e x 

h+2-2v-.>.+a-d+2(T-{) b-J+.>.-p+2({-T) c-g+p+2x Q 
XX1 ·X2 ·X3 . A1A2A3, 

A1 = d + h + 2 - 2v - .\, A2 = f + .\ - p, A3 = g + P, 

h =d+f +g, 

(-l)(µ+T+s) p sL 

Fa= V I L LPa,b,cX 
s. a,b,c i,j,k 

x [a b c i j k N - l (N; µ) - (s - 1) N + 2 - 2s - 2v .\ v T el x 

dfgnml µ V A prex 

;,,. z ( ) a-d+j-n+N+2-2v-2s-.>.+2T-2{ b-f+j-m+.>.-p+2{-2x 
X':!c"s" ijkS ·X1 ·X2 X 

X c-g+k-l+p+2x Q X3 . A1A2Aa, 

A1 = d+n+N-2s+2-2v-.\,A2 = f+m+.\-p,A3 = g+l+p,N = l+m+n, 
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s-1 

IP1 = 1, 1Ps>l = IT (N + 1 - µ + 1 - 2r), 

r=l 

Q _ J A1 A2 Aa dO. 
A1,A2,Aa - 0 1 °2 °2 a2' 

( )

s 
L sL 

i . k i . k b X1~X3 = b X1~X3, (14) 

[ 
a b 
d f ] 

a b ( ! = LL ... Lc:c[ ... c!, 
d=Of=O x=O 

a! 
r.o.e Cf:= b!(a _ b)! - 6HHOMHHaJibHble K031plpHUHeHTbl. 

H3 (13) cne.o.yeT npe.o.cTaBJieHne IP, co.o.ep)Kamee Bee cTeneHH Koop.o.nHaT .o.o 

p BKJIIO'IHTeJlbHO: 
p 

cp = -21rGpoai L IPabcXix~x~. (15) 
a,b,c 

HHTerpaJibl QA1A2A3 MOryT 6bITb ynpomeHbl 

(2a - 1)!!(2b - 1)!! 
Q2a,2b,2c = 27r 2a+b(a + b)! l2(a+b),2c, (16) 

1 

I2(a+b),2c = e-2c I (1 - x2)ax2cdx 

-1 (1 + ( _!_ - l)x2)°+2c+l' 
e = (::)-

e2 

B&I'IHCJieHHe IPabc .D.JI.11 3Ha'leHHH P = 4, 6, 8 H L = 2, 4, 6 Hepean&HO 6e3 

HCnOJib30BaHH.II CHCTeMbl CHMBOJlbHblX Bbl'IHCJieHHH Ha KOMnbIOTepe . 

IloCKOJlbKY nporpaMMa OKaJaJiaCb 60JibWOH H CJIO)KHOH, B03HHKJia Heo6xo

.D.HMOCTb ee TeCTHpOBaHH.11. HaMH 6bIJIH BblilOJIHeHbl .[I.Ba TeCTa. IlpOBO.D.HJIC.11 npe

.l).eJlbHblH nepexo.o. e --+ 1 K c¢epuqeCKH-CHMMeTPH'IHOMY cnyqaIO, KOTOpblH JierKO 

pacc'IHT&IBaeTc.11 no He3aBHCHMOH nporpaMMe. KpoMe TOro, ~cp = 41rGp, T. e. 

.o.eHCTBY.11 Ha cp onepaTOpOM Jiannaca, Mbl nonyqaeM IlJIOTHOCTb, )'MHO)KeHttyIO Ha 

41rGp. 06a TecTa npoWJIH ycnewHo .D.JI.11 pa3JIH'IHblX 3Ha'leHHH L H P. AHano

rH'IHa.11 nporpaMMa B CHCTeMe MAPLE 6&ma cocTaBJieHa H .D.JI.11 <pYffKUHOHana A. 
IJpe.D.CTaBHM 0 H IJ(m) TaK)Ke B BH.D.e MHOro'IJleHOB CTeneHH p no KOOp.D.H

HaTaM X1,X2,x3: 

p 

e = L ea,b,cXix~x~, 
a,b,c 

P B2 '°' II a b Xe k - 0 • II(m) =km~ (m)a,b,cX1X2 3• m - 81rGpoa? 

a,b,c (l ?) 

6 

Toma CHCTeMa ypaBHeHHH (1),(6) MO)KeT 6bITb 3anucaHa B BH.D.e CHCTeMbl 

anre6paH'leCKHX ypaBHeHHH OTHOCHTeJlbHO Pabc u Zijk: 

IPabc + Ko0abc - t(02a - 02b)Oco = II(m)a,b,c, (18) 

r.o.e 

Po w 2 

\J!ijk = 0, \J!i = 0, Ko= 2 G 2 2, f = -4 G · 
7r Poa1 7r Po 

Koa¢qmuueHTbI Pabc H Zijk, onpe.o.emiiomue CTPYKTYPY KOH<purypauuu, pa-

3o6&eM Ha CHMMeTpH'IHble H aHTHCHMMeTpH'IHble 'laCTH OTHOCHTeJlbHO OCH Bpa-

IUeHml: 

Pabc = 
(~} 

(:;) ! ( ~) ! P•+b,, + Pl(ob),X
2 
+ P[ob[,X, 

(19) 

Zijk = 
(4-i)i 2 

( ~), ( ~), zi+j,k + P1(ij)kx + z 1ijJkx. 

3.o.ecb u .o.anee a, b, c u i, j, k .IIBJI.IIIOTC.11 'leTHblMH, a BBO.D.HMble BHOBb BeJIH

'IHHbl Y.D.OBJieTBOp.llIOT COOTHOWeHH.IIM CHMMeTpHH: 

Pl(ab)c = Pl(ba)c, 

Z1(ij)k = Z1(ji)k, 

P[ab]c = -P[ba]c, 

Z[ii]k = -Z(ji]k· 

(20) 

CHMMeTPH3Hpy.11 H aHTHCHMMeTPH3Hpy.11 no nepBblM .D.BYM HH.D.eKCaM CHCTeMy 

ypaBHeHHH (18), nonyqaeM HOBYIO CHCTeMY ypaBHeHHH .D.JI.11 onpe.o.eneHH.11 P(ab)c• 

P[ab]c, Z(ab)c, Z[ab]c: 

IP(ab)c + Ko0(ab)c - t(02a - 02b)Oco = 0, \J!(ij)k = 0, (20a) 

IP[ab]c + Ko0[ab]c = kmII(m)[ab]c, W[ij]k = 0. (20b) 

IlpH BblBO.D.e (20a) Mbl oropOCHJIH MaJiblH 'IJieH IJ(m),(ab)c, KOTOpblH npHBO.D.HT 

TOJibKO K MaJIOH nonpaBKe nop.11.D.Ka km. 

K031plpHUHeHTaMH B ypaBHeHH.IIX (20a), (20b) .IIBJI.IIIOTC.11 HHTerpaJibl lac, KO

TOpble Mbl 6y.o.eM HaXO.D.HTb 'IHCJieHHO. Bbl'IHCJieHHe 3THX HHTerpaJIOB H BCe .o.pyme 

pac'leTbl 6y.o.eM npOBO.l).HTb B !pOpMaTe 10-30 . 

C <pH3H'leCKOH TO'IKH 3peHH.II f - cBo6o.D.HbIH napaMeTP, a e - BbI'IHCJI.11-

eMbIH. 0.o.HaKO .l).Jl.11 y.o.o6cTBa Bbl'IHCJieHHH npome C'IHTaTb e CB060.D.Hb1M napa

MeTpoM, a f Bbl'IHCJI.!leMblM. B pe3yJI&TaTe Bee napaMeTpbl KOHlpHiypauuu 6y.o.)'T 

JaBuceTb OT e, po, Po. 
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IloACTaBJJ.SUI (19) s (18), noJI)"laeM cncTeM)' ypasueuuu, npeACTasmnow:yJO 
MHOro'IJieHbl no CTenem1M MaJJOro napaMe-rpa X. TI03TOM)' B03MO:l!CHO ucnonb30-
BaHHe MeTOAa paJnoxeuW1 no MaJJOM)' napaMe-rpy X. B nepsoM npu6nuxeuuu 
nonO:lKHM X = 0 H uaH)leM 3Ha'leHWI Pac H Zik, COOTBeTCTBYJOW:He qmrype spa
w:eumI. B 3TOM npu6nuxeuuu nonoxuM Ko= Koo, f = fo. 

llBYMepHbie MaCCHBbl ueH3BeCTHbIX s CHCTeMe (20a) zik, Pac, Ko = Koo, 
f = fo 0603ua11HM Ym(m = 1, 2, ... , N1). 

Jle11Co uaiiTH cpopM)'ny )llll onpeAeneHWI N 1: 

1 1 
N1 = 8(P + 2)(P + 4) + 8(L + 2)(L + 4). (21) 

Ilpu P = 6 H L = 2 HMeeM N1 = 13. Csl!3b Me:l!C)ly nepeMeHHbIMH 6yAeT 
Bblfnl!)leTb cne)lyJOW:HM o6pa30M: 

Y1 = Po2, Y2 = Po4, Y3 = Po6, Y4 = P20, Ys = P22, Y6 = P24, Y1 = P4o, 

Ys = p42, yg = P6o, Y10 = Zo2, Y11 = Z20, Y12 = Ko, Y13 = f. 

B 3TOM cnyqae ypasueHHll (20a) npeACTaBJJl!IOT co6oii CHCTeM)' H3 13 HenH
HeHHbIX anre6pau11eCKHX ypaBHeHHH H MOJYf 6bITb 3anucaHbl B BeKTOpHOM BH)le: 

f(y, e) = 0, Y = (Y1, Y2, ... , Y13). (22) 

Bcne.ucTBue nnoxoii o6ycnoBJJeuuocTH MaTpHUbI .HKo6u f'(y, e) )llll 11ucneu
uoro peweHHll (22) 6yAeM ucnonb30BaTb peryn,ipH30BaHHbIH auanor MeTO)la HblO

TOHa [16] C napaMeTpOM perynllpH3aUHH 0: = 10-6 . l1MeeM cne)lylOJUYIO HTepa
UHOHHyIO cxeM)': 

y<n+I>(e) = y<n) (e) - Tn[o:f2 (y(n) (e), e) + 1 (y<n) (e), e)/ (y(n) (e), e)J-1 X 

xj (y<n>(e), e)f(y<n)(e), e), (23) 

r)le n - HOMep HTepauuu; 80 :5 Tn ::5 1 - HTepaUHOHHbIH napaMe-rp [16); 

/ (y<n)(e), e) - Ma-rpuua .HKo6u; 1 (y<n)(e), e) - Tpaucnouuposauuu Ma-rpuua 
.HKo6u. 

Benu11uua J J2(y(n)(e), e) = 8n(e) npeAcTaBJllleT co6ou ues,i3KY H onpe
.uen,ieT TO'IHOCTb peweHHll CHCTeMbl ypasueHHH (22), KOTopu s uaweM CJI)"lae 
COCTaBuna 10-30. 

TiporpaMMa pac11ern no cxeMe (23) peanu3osaua s paMKax Toro xe naKeTa 
MAPLE, 'ITO H pauee npuse.ueuub1e CHMBOnbHbie Bbl'IHCneHWI <Pabc H Wijk• Bb1-
6pauuu cxeMa Bb111ucneuuu oKa3anach 3<p<peKTHsuoii, TaK KaK 11ucno HTepauuu 
Ml! Kax.uoro 3Ha'leHHll napaMe-rpa e ue npeBbIWaJJO )leCl!TH. 3To O'leHb Ba:l!CHO 

C yqeTOM )lOCIMTO'IHO Me.uneuuou CKOpOCTH 'IHCneHHbIX Bbl'IHCneHHH B CHCTeMe 
MAPLE. 
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i 
I 

3. 0:6CY)K)J.EHHE PE3YJILTATOB 

fpa<pHKH <pyHKUHH f, Ko u Yi npHBe)leHbl Ha puc. 1-9 COOTBeTCTBeHHO. 

0,1 

0,08 

0,06 

0,04 

0,02 

0 I I I I I I I I I I I I I I I I I I I I I I I I I \j 

0,2 0,4 0,6 0,8 

Puc. I. 3aBHCUMOCTb <l>YHKUHU e OT napaMerpa e. Kpusu I COOTBe'I'CTBYeT ypasueuuto 
COCTOJIHHJI OV; 2 - BJ; 3 - R 

0,8 

0,6 

0,4 

0,2 

Ko 

0 I I 

0,2 0,4 0,6 0,8 

Puc. 2. 3aBUCHMOCTb <l>YHKUHH Ko OT napaMerpa e. KpHBall J COOTBe'I'CTBYeT ypaBHeHUIO 
COCTOJIHHJI OV; 2 - BJ; 3 - R 

-0.45 4.1 

I.I 
-0.5 

-0.55 

-0.6 

-0.65 

=- 4.3 

-0.7 1.2 4.2 
1.3 

r;=;= 
0.6 0.7 0.8 0.9 

e 

Puc. 3. 3aBHCUMOCTb <l>YHKUHii Y1,Y4 OT napaMerpa e. KpHBbie I.I, 4.1 cooTBe'I'CTBytoT 
ypasueuuto cocroJ1HHJ1 OV; 1.2, 4.2 - BJ; 1.3, 4.3 - R 
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0,68 
0,66 

0,64 
0,62 
~ ';u 

0,6 
0,S8 
0,S6 

2.3 

0,S4] 7.1 
0 S2 2·1 

t I I I I I I I 

0,6 0,7 0,8 0,9 
e 

PHc. 4. 3aBHCHMOCTb q>)'HKUHH Y2' Y7 OT napaMeTpa e. KpHBblC 2.1, 7. I COOTBCTCTB)'IOT 

ypaBHCHHIO COCTOllHIDI OV; 2.2, 7.2 - BJ; 2.3, 7.3 - R 

-0,92 
-0,94 
-0,96 
-0,98 

-1 ~ 
3.3 

9.2 

9.3 

-1,02 
-1,04 

3.1 
-1,06 

-1,08 ~ ... ~. - ....... ~~~~~~~-~~~~~ 
0,6 0,7 0,8 0,9 

e 

PHc. 5. 3aBHCHMOCTb cl>YHKUHH y3,y9 OT napaMe-rpa e. KpHBble 3.1, 9.1 COOTBCTCTB)'IOT 

ypaBHCHHIO COCTOllHHll OV; 3.2, 9.2 - BJ; 3.3, 9.3 - R 

1,2S 

1,2 

1,1S 

1,1 

S.2 

S.3 

1,0S ll,.., .,.::;:;:::::;::;::;::;::;::;:::;::;::.::;::;::;:::;::;:::;::::;::::;:::;;:::; 
0,6 0,7 e0,8 0,9 

Puc. 6. 3aBHCHMOCTb q>YffKUHH Y5 OT napaMeTpa e. KpHBal! 5.1 COOTBeTCTByCT ypaBHCHHIO 

COCTOJIHIDI OV; 5.2 - BJ; 5.3 - R 

TiorpeUJHOCTb annpOKCHMaUHH Ha~CHHOH KOH<i>HrypaUHH B03M}'IUCHHOH 3n

nHilCOH,!{anbHOH nosepxHOCTH 8D ,l{nlI cnyqal! P = 6, L = 2 pacTeT OT O AO 

4, 8 . 10-2 C )'MCHblllCHHCM e OT 1 ,!{0 ek. 

TionyqeHHbie 'IHCnCHHblC 3Ha'leHHJI Ym ( e) IlO,!{CTaBnJICM B Bblpaxettue (20b ). -~ 
Tor,!{a Bblp!UKCHHe (20b) 6y,ueT CO.l{Cp.lKaTb TOnbKO HCH3BCCTHblC P[ab]c, Z[ij)k· 

10 

) 

' \ 

-2,8 

-2,9 ~ 6.3 
8.3 

-3 

-3,1 
6.1 

0,6 0,7 0,8 0,9 
e 

PHc. 7. 3aBHCHMOCTb cl>YHKUHH YB, YB OT napaMeTpa e. KpHBbIC 6.1, 8.1 COOTBCTCTB)'IOT 

ypaBHCHHJO cocrol!HIDI OV; 6.2, 8.2 - BJ; 6.3, 8.3 - R 

e 
0,6 0,7 0,8 0,9 

0 f I ':;:.:!:!:::!:: I 

-2e-07 

--4e-07 

--fJe-07 

-8e-07 

PHc. 8. 3aBHCHMOCTb q>YffKUHH Y10 OT napaMe-rpa e. KpHBal! IO. I coOTBCTCTBYCT ypasHe

HHIO COCTOllHIDI OV; 10.2 - BJ; 10.3 - R 

Se-01 

4e-07 

3e-07 

2e-07 

le-07 
~ 11.1 ~ 

o, I I I I I 

0,6 0,7 0,8 
e 

0,9 

PHc. 9. 3asHCHMOCTb cl>YHKUHH yu OT napaMe-rpa e. KpHBal! 11. l coOTBeTCTBYCT ypasHe

HHIO COCTOllHIDI OV; 11.2 - BJ; 11.3 - R 

Tiepese,ueM, KaK H B npe.l{blJlYIUCM cnyqae, 3TH TpexMepHble MaCCHBbl B 0,!{HOMep

Hble Xm(m = 1, 2, ... , N2), a TaK.lICe nonmKHM x1 = P[2oJo = 1. B cnyqae P = 6 
H L = 8 nonyquM N2 = 8. 
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BJIIDIHHe MamHTHbIX uanpuKeHHH paCCMOTpHM B CaMOH npOCTOH MO,llCJIH, 

k 
KOr,lla OTJIHqffbI OT uym1 .D.Ba K031plpHUHCHTa II(m)[20]0 = -II(m)[02]0 = 2, k -

noKa3aTCJlb CKOpOCTH YMCHbWCHH1I MamHTHOro nOJiji npH Y.llaJICHHH OT MamHTHOH 

OCH. 
1 

TioJIO:JKHM 1/m = - 2kkm. TiocKOJILKY CHCTeMa (20b) aHTHCHMMCTPHqua no 

nepBbIM .llBYM HH,llCKCaM, TO oua 6y.D.eT CO,llep:JKaTb TOJibKO ueqeTHbie no X qJICHbl. 

Buaqane :;iry cucTeMY 6y.D.eM pewaTb B JIHHeHHOM no X npH6JIH:JKeHHH. Ona .D.O

CTaToquo xopowo OnHCbIBaeT COCT01IHHe KOH<pHiypaUHH B,llaJIH OT KpHTHqecKHX 

TQqeK no napaMCTPY ek H, COOTBCTCTBCHHO, f.k, r,lle onpe,lleJIHTeJib npH HCH3BCCT

Hb!X Xi cymecTBCHHO OTJIHqeu OT uym1. B6JIH3H ek Heo6XO,llHMO yqHTbIBaTb B 

(20b) qJieHbl nop1I,llKa X 3• B JIHHCHHOM no X npH6JIH:JKCHHH (20b) HMeeT BH,ll 

(fi Af(y(e), e)x,) X - ""''". (24) 

BenHqHHbl Xp, X paccqHTbIBalOTCj! aHaJIHTHqeCKH KaK <pyHKUHH 1/m npH 3a

,llaHHblX qucneHHLIX 3uaqeHH1IX y(e) He c noMOIULIO naKeTa MAPLE. 

3uaqeffHji ek HaxO,llj!TCji H3 ycJIOBH1I X(e -+ ek) -+ 00. TipoBe,lleHHble pac

qeTbl npe,llCTaBJICHbl B Ta6JI. 2. 
Ta6JIHUa 2 

ov BJ R 

ek 0,58673 0,59207 0,59135 
ck 0,09675 0,09684 0,09695 

Heo6XO,llHMO OTMeTHTb 6JIH30CTb KaK 3HaqeHHH ek, TaK H f.k .llml Tpex HCnOJib-

3yeMbIX ypaBHeHHH cocT01IHH1I (OV, BJ, R). 3To YKa3LIBaeT Ha onpe.D.eruIIOIUYIO 

pOJib ,llaJibHO,llCHCTBYIOIUHX rpaBHTaUHOHHbIX H UCHTP06e:JKHbIX CHJI B B03HHKHOBe

HHH rnqeK 6H<pypKaUHH peweHHH ypaBHCHH1I (1), HeCMOTp1I Ha TO, qTQ xapaKTep 

pacnpe,lleJICHHji nJIOTHOCTH KOH<pHiypaUHH CYIUCCTBCHHO 3aBHCHT OT ypaBHCffffj! 

COCT01IHH1I. 
4 

Iluueuuoe npu6nu:JKeuue npHMeHHMO B o6nacTH le - ekl » ryJ,,. Tipu 
2 

le - ekl $ ryJ, CHCTeMa (24) 3aMeffj!eTC1I ua Ky6HqecKy10 OTHOCHTeJILHO X cu-

CTeMY 

(Af)X + (Bf+rXpXtXr)X3 = TJmt511; l,p,t,r = 1,2 ... ,N2. (25) 

3,lleCb no noBTOp1IIOIUHMC1I HH,llCKCaM npoBO,llHTC1I cyMMHpOBaHHe. 

B31IB B (24) l =I- 1, HaH,lleM peweHHj! Xp = Xp(e), KOTOpbie coxpaffj!IQT CBOH 

Juaqeuffj! H ,q_l)H e = ek. Tipu le - ekl » ry!, B31IB B (21) l = I, HaH,lleM 

X = X(e,r,m), npuqeM X '.:= 1/m• 

12 

TipH le - ekl $ TJ! no,llCTaBHM X = X(e,TJm) B (25), H TOr,lla .llml X 
nonyqaeTCji Ky6HqecKoe ypaBHCHHe B 3TOH o6naCTH 

a(e - ek)X + {3X 3 = TJm, (26) 

r,lle a H /3 nocT01IHHbie K031plpHUHCHTbl, 3Haqeffffj! KOTOpbIX npHBO,llj!TCj! B Ta6JI. 3. 

Ta6JIHQa 3 

ov BJ R 
a 0,62596 0,41016 0,42876 
/3 10,8375 2,3442 2,7674 

B KpHTHqeCKHX ToqKax e = ek HMeeM xk = X(ek) = TJi//3, T.e. aCHMMe

TPH1I pacnpe,lleJICHHj! DJIOTHOCTH Ha MHOro nopj!,llKOB 6oJibWe, qeM B JIHHCHHOM 

npH6JIH:JKCHHH. OTMeTHM, qTQ .llJlj! nynLcapoB 1/m ~ 10-9 - 10-12. 

EcJIH 1/m = 0, TO npH e > ek (€ < f.k) ypaBHCHHe (26) HMeeT O,llHO Beme

CTBeHHOe peweuue X = 0, qTo COOTBCTCTByeT aKCHaJibHO-CHMMCTPHqffOH KOH<pH

iypaUHH. Ho npu e < ek (f. > f.k) Y:JKe 6yeyT .D.Ba KOpH1I X = 0 (cHMMeTPnquoe 

peweuue) H X = J ~(ek - e) (aCHMMeTpuquoe peweuue). Bo3HHKaeT xopowo 

H3BCCTHOe .llJlj! HeJIHHeHHbIX ypaBHeHHH ,llHHaMHqecKoe cnOHTaHHOe HapyweHHe 

aKCHaJibHOH CHMMCTPHH B pacnpe,lleneHHH DJIOTHOCTH KOH<pHrypaUHH. 

fpa<pHKH 3aBHCHMOCTH Xp = Xp(e) npHBO,llj!TCji Ha pHc.10-15, a 3Haqeffffj! 

X = X(e) - B Ta6n.4. 
TaMHQa 4 

e X/r,m (BJ) e X/r,m (OV) 
1 5,297 1 3,38238 
0,95 6,08079 0,95 3,87927 
0,9 7,13011 0,9 4,54211 
0,85 8,60169 0,85 5,46700 
0,8 10,80368 0,8 6,84062 
0,75 14,4357 0,75 9,07916 
0,7 21,49619 0,7 13,33520 
0,65 40,88923 0,65 24,40889 
0,6 306,19759 0,6 119,48844 
0,59208 296239,23811 0,587 5983,47999 
0,5920717750 483161352,66966 0,58677 43234,55271 
0,59207177 52902983654, 17490 0,5867334 4567205,28503 
0,59207176997 151567305446,40869 0,5867330528 617880443,66757 
0,59207176996 400620145034,52280 0,5867330502 -110332016807,96199 

TiocKOJlbKY Pl{ab)c H Z1(ij)k 3aMCTHO OTJIHqHbl OT Hyml B6JIH3H e = ek, TO 

Mb! 6y.D.eM BblqHCmlTb HX TOJlbKO B6JIH3H 3THX ToqeK. B OCTaJibHblX ToqKax e 
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-1,6 

-1,8 

-2 

-2,2 

-2,4 

-2,6 

-2,8 
0 0,2 0,4 0,6 0,8 1 

PHc. 10. 3aBHCHMOCT1, !p)'HKUHH X2 OT napaMe-rpa e. KpHBaJI 1 COOTBeTCTBYeT ypaBHeHHIO 

COCTOllHHll OV; 2 - BJ; 3 - R 

9 

8 

7 1 

6 

s 
4 3 

3 
2 e 

0 0,2 0,4 0,6 0,8 

PHC. 11. 3aBHCHMOCT1, q>)'HKUHH X3 OT napaMe-rpa e. KpHBaJI 1 COOTBeTCTBYeT ypaBHeHHIO 

COCTOllHHll OV; 2 - BJ; 3 - R 

0,2 0,4 0,6 0,8 
0 I 111 1 

e 

-1 

2 

-2 3 

-3 

PHC. 12. 3aBHCHMOCT1, q>)'HKUHH X4 OT napaMe-rpa e. KpHBaJI 1 COOTBeTCTBYeT ypaaHeHHIO 

COCTOllHHll OV; 2 - BJ; 3 - R 

OHH HMeIOT nopll.llOK r,;,. H npette6pexmMo MaJJbr. Ilo.llcTaBJUill u (20b) X 11 = 
Xp(ek), Ko = Koo+ K10, E = Eo + E10 H JaMeHllll TPexMepe1,1e Maccuu1,1 

Pl(ab)c H Zt(ij)k O.llHOMepHbIMH Z0 (a = 1, 2, ... , N3) (B cn)"lae P = 6, L = 
2, N3 = 16), B nHHCHHOM no Z 0 npu6nuJKeHHH HaXO.llHM 

-~ 
D~(ek)Z{J(ek) = da(ek)-

14 

16 

14 -=I r----__ 1 

12 

10,~ :t 2 

4 

2 

~ ,· I I I I I I I I I I I I I I I I I I I I 
e 

0 
0,2 0,4 0,6 0,8 

PHc. 13. 3aBHCHMOCTb !p)'HKI.IHH X5 OT napaMerpa e. KpHBaJI J COOTBeTCTBYeT ypaaHeHHIO 

COCTOllHHll OV; 2 - BJ; 3 - R 

11 

10 

9 

8 
7j A. ------ 1 

6 

s 
41' ~ 
3 , , , , 1,,,, 1,,,, 1 !, , , 1,, f 

0 0,2 0,4 0,6 0,8 

PHc. 14. 3aBHCHMOCT1, q>)'HKUHH X5, X1 OT napaMe-rpa e. KpHBaJI 1 COOTBeTCTBYeT ypaBHe

HHIO COCTOllHHll OV; 2 - BJ; 3 - R 

-1, x8 
2 

-1,5] 3 

-2 
1 -~,r 

-3 -3 

-3,S ~,,,, 1,,,, 1,, , , 1,,,, 1, e 

0 0,2 0,4 0,6 0,8 

PHc. 15. 3aBHCHMOCT1, q>)'HKUHH Xs OT napaMe-rpa e. KpHBaJI 1 COOTBeTCTBYeT ypaBHeHHIO 

COCTOllHHll OV; 2 - BJ; 3 - R 

M1,1 u1.smH Z15 = K 01 H Z16 = E01. IlonpaBKH K Kou E1, cooTBeTCTBCHHO Ko1 

H fol, npC.llCTaBnCHbl u Ta6n. 5. 
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I 

Ta6JJHQa 5 

ov BJ R 

Ko1 -0,229801 -0,045026 -0,054055 
t:01 -1,240496 -0,488940 -0,539513 

3AKJIIOllEHHE 

B 3TOH pa6oTe noKa3aHO, 'ITO HHTerpanbHOe ypaeuenue (1) C UOABHX<HOH 
rpauuueii e R3, onucLrnaiomee pacnpeneneuue nnoTHOCTH rpaeuTupyiomeii 6L1-
cTpoepamaiomeiics Koncpurypauuu, MoxceT 6LITb ceeneuo K peweuuio cucTeMbl 
anre6paH'leCKHX ypaeneHHH AJ]SI K03<pq>HUHeHTOB pa3noX<eHHSI MOTHOCTH. Ilpu 
peweHHH 3TOH CHCTeMbl HCUOnb30BaHbl KaK 'IHCnenHble MeTOAbl, TaK H MeTOA Ma

noro napaMeTpa, e Ka'lecTee KOToporo yno6uo B3SITb X = P[2oJo• B pe3ynLTaTe 
3anaqa o TO'IKe 6ucpypKauuu ypaeuenHB ( 1) ceenacb K eonpocy o cywecTBoeanuu 
eemecTBeHHblX peweHHH B q>H3H'leCKOH o6naCTH 3Ha'leHHH napaMeTPOB Ky6H'le
CKOfO ypaeueHHB. 

TO'IHO TaKaB xce Ky6u'leCKaB napa6ona B03HHKaeT B pa3BHTOH n. Jl. nan
nay cpenoMenonornqecKoii Teopuu cpa30BbIX nepexonoe 2-ro pona, 06ycnoeneu
HLIx H3MeneuueM CHMMeTPHH COCTOSIHHSI CHCTeMbl [18]. JlocTaTO'IHO 3aMeHHTb 

e, (E) - T, ek, (Ek) - Tk, X - TJ, rne T - TeMnepaTYPa cucTeMLI; Tk -
TeMneparypa cpa3oeoro nepexona; 1J - napaMeTP AaJibuero nopSIAKa. Cpaeuenue 
3cpcpeKTa B03HHKHOBeHHSI aCHMMeTpHH pacnpenenenHB Mace OTHOCHTeJibHO OCH 
epameuus y 6b1CTPOepamaiomuxcs rpaeuTupyiomux Koncpurypauuii npu onpene
neunoM 3Ha'leHHH OTHOWeHHB KBanpaTa yrnoeoii CKOpOCTH K ueHTPaJibHOH nnoT
HOCTH C 3cpcpeKTOM napyweHHSI CHMMeTPHH npH cpa30BbIX nepexonax BTOporo pona 
no3eoJIBeT paccMaTpueaTb nauuoe seneuue Toxce KaK cpa30BbIH nepexon e cocTOB
HHH 6bICTPOBpamaiomeiicB rpaBHTHpyiomeii KOHq>HrypaUHH. Ilpu 3TOM napaMeTP 
f enonne MOX<HO paccMaTPHBaTb KaK auanor o6paTHOH BeJIH'IHHbl TeMneparypbl 
CHCTeMbl. l-IaMH panee OTMe'lanacb BaX<HaB ponb AaJibHOAeHCTBYJOlllHX cun B pac
CMaTPHBaeMOM BBneHHH. K HHM nano, UO-BHAHMOMY, no6aBHTb u cywecTeennoe 
BnHSIHHe ponu rpaHHUbl Ha B03HHKHOBenue 3cpcpeKTa aCHMMeTPHH pacnpeneneHHB 
UJIOTHOCTH. 

Ky6uqecKaB napa6ona B03HHKaeT B onucaHHBX H npyrnx 6ucpypKaUHOHHblX 
BBneHHH. Moxcuo nonaraTb, 'ITO nauuaB 3aKOHOMepHOCTb HOCHT ynueepcanbHbIH 
xapaKTep B npoueccax AHHaMH'leCKOro uapywenHB CHMM~HH q>H3H'leCKHX CH
CTeM, H TPe6yeTCB ee AaJibHeiiwee, 6onee Tll{aTeJibnoe H3yqeuue. 

MeKBaTHOCTb pa3pa6oTaHHOH B nanuoii pa6oTe MaTeMaTH'leCKOH MOAeJIH AJ]SI 
onucanHB 3eoniouuu nynLcapoe H rpaeuTauuounoro uJnyqenHB nynLcapoe e6nH3H 
KpHTH'leCKHli TO'leK 6yneT npoeepeua e AaJibHeHWHX pa6oTax aeTOpoe. 

Pa6oTa ebmonueua npu noMepxcKe P<l><l>H (rpanT 03-01-00657). 
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