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l13BeCTHO, 'ITO 3a,uaqa O noTeHUHlUiaX OJ:IHOpOJ:IHOro 3JIJrn:ncOH):la B03HHKJia 

nepBOHa'la.JibHO KaK npe)lMeT TeopHH T.llfOTeHml. Ee peweHHe n03):IHee HaWJIO 

npHMeHeHHe B pa3JIH'IHbIX qJH3H'leCKHX npHJIO)l(eHH.IIX. HanpHMep, qiopMyJihl J:IJI.11 

HblOTOHOBCKOro rpaBHTaUHOHHOro noTettuua.rra <J> HCnOJib3YIOTC.II B fHJ:IPOJ:IHHaMHKe 

B 3a,uaqax O noTeHUHa.JlhHOM Te'leHHH HeC)l(HMaeMOH H):lea.JibHOH )l(HJ:IKOCTH BOKpyr 

3JIJIHnCOH):la, 0 CHJie conpoTHBJieHH.11, i:1eifcTBYJOII.1eH Ha MeJ:l]IeHHO J:IBH)l(Yll.lHHC.11 B 

B.113KOH )l(HJ:IKOCTH 3JIJIHnCOHJ:I, H T. J:I. IIpu'leM B 3a,uaqax O KOHqJHiypauu.six rpa

BHTHPYIOII.IHX CHCTeM Heo6XOJ:IHMO aHa.JIHTH'leCKOe npeJ:ICTaBJieHHe BHYTpeHHero 

noTeHUHa.Jia, a B 3a,uaqax, CB.113aHHhlX C onucaHHeM J:IBH)l(eHH.11 OJ:IHOH CHCTeMhl 

OTHOCHTeJibHO i:1pyroif, - BHeurnero noTeHUHa.Jia, TaK KaK noTeHUHa.JI BXOJ:IHT B 

ypaBHeHH.11, onpei:1en.1110II.1He KOHqJHrypaUHIO, H B ypaBHeHH.11, OnHCbIBaIOII.1He J:IHHa

MHKY rpaBHTHPYIOII.IHX Mace. 

B TeOpHH HblOTOHOBCKOfO rpaBHTaUHOHHOro noTeHUHa.Jia B03HHKaeT TPH THna 

3a,uaq no TpeM THnaM CHMMeTpHH. Hau6onee npOCTOH cnyqaif, Koma KOHqJHiypa

UH.11 He BpamaeTc.si; TOf):la ona 6yi:1eT HMeTb cqiepH'leCKH-CHMMeTpH'IHYIO qiopMy. 

3ToT cnyqaii uau6onee xopowo H3yqeu [I]. Ho qacTo ueo6xoJ:1HMO yqHTht-
' 

BaTb BpameuHe, TOr):la KOHqJHrypauH.11 6yAeT HMeTb cqiepuqecKH-HeCHMMeTpH'IHYIO 

qiopMy [2]. B 3TOM cnyqae Mbl npHXOAHM K ueo6XOAHMOCTH HCnOJih30BaTh 6onee 

CJIO)l(Hhle noBepXHOCTH, B qaCTHOCTH 3JIJIHnCOH,l:(a.JlbHbie, rpauuua KOTOphlX npeA

CTaBJI.lleT 3JIJIHnCOH,l:( [3, 4]. l13yqeHHeM 3JIJIHnCOHAa.JihHbIX qiuryp paBHOBeCH.11 

3aHHMa.JIHCb MaKIIopeH, 51Ko6H, JI.sinyHOB H MHOrne Apyrne. 11MH 6bIJIH nonyqeHbl 

TO'IHhie aHa.JIHTH'leCKHe npeACTaBJieHH.11 noTeHUHa.Jia <1> B cnyqae, KOfAa nJIOTHOCTh 

npeACTaBJieua B BH,l:(e CTeneHHblX qiyHKUHH KOOpAHHaT. BHYTpeHHHH noTeHUHa.JI 

.IIBJI.lleTC.11 TOrAa MHOfO'IJieHOM no CTeneH.IIM KOOpAHHaT, K03qlqJHUHeHTbl KOTOporo 

npeACTaBJI.IIIOT co6oif 3JIJIHnTH'leCKHe HHTerpa.rrbl. 

OAHaKO B pea.rrbHhIX cnyqa.six AJI.11 HeOAHOpOAHhlX KOHqJHrypaUHH B03HHKaeT 

3a,uaqa, B KOTOpoif noBepXHOCTh KOHqJHrypaUHH npeACTaBJI.lleT H3 ce6.si 6onee 

CJIO)l(HYIO CTpyKTypy. B pa6oTe [5] npeJ:IJIO)l(eH MeTOA annpOKCHMaUHH noBepxuo

CTH nceBAOnoBepXHOCTblO, a HMeHHO B03Myll.leHHOH 3JIJIHnCOH,l:(a.JlbHOH noBepxHO

CTblO, napaMeTpbl KOTOpoif onpeAeJI.IIIOTC.11 H3 ycJIOBH.11 MHHHMYMa KBa,uparn nJIOT

HOCTH Ha 3TOH noBepXHOCTH • .L{n.si 3THX ueneif 3qJqJeKTHBHO MO)l(eT 6btTh HCnOJib-

30BaH MeTOA pa3JIO)l(eHH.II B p.s!A EypMaHa-JiarpaH)l(a no Ma.JIOMY napaMeTpy. 

3a,uaqa Bbl'IHCJieHH.11 HhlOTOHOBCKOro noTeHUHa.Jia B03MYII.leHHhlX 3JIJIHnCOH

Aa.JibHblX KOHqJHrypauuif aKTya.JlhHa B CB.113H C H3yqeHHeM HeJIHHeHHhlX 3qJqJeKTOB 

B acTpOqJH3HKe, reoqiH3HKe H T.,l:(., OHa npeACTaBJI.sieT co6oif TPYAHYIO MaTeMaTH

qeCKyJO 3a,uaqy [7]. 



BBJ,my qpe3BhltJaHHOH CJI0)l(H0CTU KaK aHaJIUTUtJeCiCUX, TaK U lJUCJieHHhlX 

pactJeT0B B03HUKaeT Heo6xo.nnMOCTh UCII0Jih30BaHml K0MllhIOTepHhlX MeTo,noB. C 

3TOH ueJih!O HaMn 6b!JI Bh!6paH 11aKeT CUMBOJihHOH " lJUCJieHHOH MaTeMaTUKU 

MAPLE, B qai;THocrn 011po60BaHHhIH B pa6oTe [ 10]. 
B HaCT051IUeH pa6oTe pa3BUBaeTC51 MeTo.n T0lJH0ro 11pe,nCTaBJieHU51 HhlOT0H0B

CK0ro II0TeHunana KOHcpnrypaunn C II0BepXH0CTh!O, 6JIU3KOH K 3JIJIUIIC0H,naJih

HOH, B BH,ne a6cOJIIOTHO CX0MIUUXC51 p51,n0B Ha 0CH0Be CUMB0JihHhlX " lJHCJieHHhlX 

MeTO,n0B BhllJHCJieHH51 Ha K0MllhIOTepe. Bee aHaJIUTHtJeCKHe 11peo6pa30BaHH51 11pH

B0,n51TC51 C MaKCHMaJihH0 B03MO)l(HOH CTe11eHhlO 110.npo6HOCTH B 0TJIHtJHe OT paHee 

011y6JIHKOBaHHhIX HaMH pa60T [10]. 
3a,naqy BhllJHCJieHH51 Hh!OT0H0BCK0ro rpaBHTaUH0HH0r0 II0TeHUHaJia <I> M0)l(H0 

pa36HTh Ha ,nBe 3a,naq11: 0Th!CKaHHe ero Ha BHelllHIOIO T0tJKY <I>out " 3a,naqy 0ThlC

KaHH51 II0TeHUHaJia Ha BH)'TpeHHIOIO T0tJKy <I>in [1]. 
Hb!OTOHOBCKHH rpaBHTaUUOHHhlH II0T~HUHaJI 4> 11p11 3T0M y,noBJieTB0p51eT ypaB

HeHH51M: 

6<I>out = 41rGp, 

6<I>in = 0. 

PellleHHeM 3THX ypaBHeHUH 51BJI5leTC51 

<I>= -cf p(--;;:>')dV' 
I
- _,, , 
r - r 

D 

r,ne D - o6JiaCTh, 3aHHMaeMa51 KOHcp11rypau11eii. 

(1) 

1. BhlliOP IIAPAMETPOB B03MYIUEHHOH »JIJIHIICOH)];AJihHOH 
IIOBEPXHOCTH H MET0,11, PMOB 6YPMAHA-JIAI'PAHJKA 

fpaHHUa KOHcp11rypau1111 E Haxo,nHTC51 113 )'CJI0BH51 paBeHCTBa IIJI0TH0CTU Ha 

rpaHHUe H)'JIIO: 

p(x, y, z) = 0, (x, y, z) EE. (2) 

fpaBHTaUHOHHhlH II0TeHUHaJI <I> 51BH0 3aBHCUT OT cpopMhl rpaHHUhl (2). B 51B

H0M en,ne aHaJIHTHtJeCKH ero y,naeTC51 BhllJUCJIHTh T0JihK0 ,nJI51 11pocTeH1llHX cpopM 

II0BepXH0CTU (Illap, 3JIJIHIIC0H,n). Ilo3T0M)' B o6meM cnyqae TOlJH)'IO rpaHHU)' K0H

cp11rypau1111 E MhI 3aMeHHM 11ceB,norpaH11ueii 8D, cpopMa KOTopoii 3aBncHT OT 

HeH3BeCTHhIX 110Ka 11apaMeTP0B Zijk• 

IloTeHUmlJI <I> 6y,neT y,noBJieTB0p51Th Ha rpaHHUe )'CJI0BH51M <I>outE = <I>inE " 
(v'cpout)E = (v'cpin)E-

2 

[ 
Cne.ny51 pa6oTaM [6], BhI6epeM II0BepXH0CTh E B Bn,ne B03M)'IUeHH0H 3JIJIH

IIC0H,naJihH0H II0BepXH0CTH 

L 

8D : Xi + x~ + x~ + L zi,j,kXl :i1x~ = 1, (3) 
i,j,k 

X y Z 
r.ne X1 = - , X2 = - , X3 = -; a1, a3 - II0JI)'0CU 3JIJIUIIC0H,na Bpame-

a1 a1 a3 
HH51, K0T0ph1e Hap51.ny c Zijk 11apaMeTpn3y10T 8D; L - MaKCHMaJihHa51 CTe11eHh 

a3 
MH0rolJ.JleHa 110 Koop.nnHaTaM X1, X2, X3. IlapaMeTP CIIJIIOCH)'T0CTU e = - . 

a1 
YcJIOBH51 6JIH30CTH (2) " (3) M0)l(H0 ccpopM)'JIUpOBaTh BBe,neHHeM cpyHKUUO

HaJia A: 

l J 2 A= - 2 p dD.. (4) 
41rpo 

oD 

OtJeBn,nHo, 11apaMeTP T/oD = A 1/
2 

6y,neT 11pe,ncTaBJ151Th Mepy 11orpelllH0CTH B 

HalllUX ypaBHeHU51X 11pH 3aMeHe T0lJH0H II0BepXH0CTU KOHq>Hrypau11n E Ha 8D. 
Ilo.n 11ceB,no110BepxH0CTh!O 8D 6y,neM II0HHMaTh II0BepXH0CTh, Ha K0T0poii cpe.n

Hee 3HatJeHne KBa,npaTa IIJI0TH0CTH He 11peB0CX0,nHT .nocTaT0lJH0 MaJIOH BeJIHlJHHhl 

110 cpaBHCHHIO C e,nnHnueii. 3Ta BeJIUlJHHa 011pe,neJ151CT T0'fH0CTh pellleHH51 II0CTa

BJICHH0H 3a,natJU. 

YcJIOBUe MUHHM)'Ma A 11pUB0,nHT K CUCTCMe anre6pa11tJeCKHX ypaBHeHHH 0T

H0CHTeJihH0 a1, a3 H Zijk: 

~=0, 
il!ijk = 8Zi3'k 

a 
il!1 = a1 ~A(Zijk = 0) = 0, 

ua1 

a 
il!2 = a3~A(Zijk = 0) = 0. 

ua3 

Ilpe.ncTaBHM IIJI0TH0CTh KOHcpnrypau11n p B Bn,ne II0JIHH0Ma CTelleHH p 

p 

p(P) = L Pa,b,cX1X~X3. 

a,b,c 

"(5) 

(6) 

Ecnn Bb!6paTb p ,n0CTaT0lJH0 60JiblllHM, TO C Bh!C0K0H CTelleHb!O T0lJH0CTH 

Bhlp8)1(eHHe (6) 6y,neT a1111p0KCHMHp0BaTh IIJI0TH0CTh peaJihH0H KOHcp11rypau1111. 
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Ilocne nepexo,[la K cct,epuqecKHM Koop.llHHaTaM R, 6, <f>: Xk = Reik, i'i1 = 
sin 0 cos</>, i'i2 = sin 0 sin</>, i'i3 = cos 0, BbipaxeHHe ,[IJUI BOJM)'IUeHHOH ::mnu
ncou,[lanbHOH IlOBepXHOCTH (3) npHMeT BHJJ. 

L Ri+Hk 
R = 1 - L zijk R 

1 
al~a~ = 1 + w(R, ak, zijk)- (7) 

ijk + 

,UanbHeuurne Bbl'-IHCneHH}I 6y.uyr OCHOBaHbl Ha HCilOnbJOBaHHH BapuaHTa Teo
peMbl JlarpaH)Ka [7]. 

TeopeMa [7]. IlycTb f(z) u w(z) - aHanHTH'-leCKHe ¢YHKUHH z Ha KOHrype 
C, OKpy)Ka10meM TO'-IKY a, H BHYTP" Hero ,lln}I Bcex z Ha C BbmonHgeTcg HepaBeH
CTBO 11':IW(z)lc « lz-alc- Tor,[la ypaBHeHHe z = a+ll':W(z) HMeeT O.llHH KopeHb 
z = ~ BHYTPH C u f (~) pamaraeTcg B cTeneHHon a6con10TH0 CXO,[lj!IUHifcg pg.ll 

00 s ds-1 
!(~) = f(a) + L :, das-l [J'(a)w(a)8]. (8) 

s=l 

pg.ll (8) nonyqun B nuTeparype HaJBaHue pMa EypMaHa-JlarpaH)Ka. 
B HameM cnyqae ~ = R, f(~) = ~h+2, a= l, w(a) = w(a, Zijk, ak)
Tor.[la nonyqnM 

Rh+2 = ah+2 + (h + 2) ~ ~ ds-1 [ah+lw(a)s]. (9a) 
~ s! das-l 
s=l 

Eonee .[leTanbHO (9a) 6y.[leT Bblfng,[leTb cne.[lyIOIUHM o6pa30M: 

s=oo sL ( l)s ds-1 i+j+k+h+l 
R h+2 - h+2 (h 2) L L - z ( )-i -j -k a (9b) - a + + --, - ijk s 0 1°2a3d-1 ( ) , 

s=l ijk 
s. as- a+ l s 

me Zijk(s) - MHOro'-!neH OT Zijk cTeneHH, He npeeocxo,[ljimeu s. 
ds-1 ai+j+k+h+l 

PaccMOTpHM 6onee no,llpo6Ho -d 1 ( l) . Ilocne JaMeHbI a= y + l as- a+ s 
1 ds-1 (1 + y)i+Hk+h+l 1 

(y - 6nHJKO K Hyn10) nonyqaeM - -d 1 y ly=o= --cI>s. 
2s ys- (l + _ )s 2s 

2 
Jlng onpe,lleneHH}I }IBHOro BHJ].a q, s IlOHa,u06HTC}I COOTHOilleHHe [9] 

[ l 
(a) 

cI>s=S(a,b)= (l~y)b =IT(b+l-2r), 
. (l + -)a+l _ 

2 r-1 
y=O 

r.[le a = s - l, b = i + j + k + h + l. 

4 

I-fa Hero H (9b) cne.[lyeT: 

s=oo sL ( -1 )s he(s) . . 
Rh= LL ' Zijk(s)i'ii~a}cI>s(i+j+k+h-l), s. s=O ijk 

(9c) 

r,[le 8(s) = 0 npu s = 0 H 8(s) = 1 npu s > 0. cI>s = 1 npu s = 0 H s = l. 
KBa,upaT nnoTHOCTH 6y.[leT Bblfn}I,[leTb cne.[lyIOIUHM o6paJOM: 

p p 

2(P) """"' """"' a+a' b+b' c+c' P = ~ ~ PabcPa 1 b1 c1 X1 X2 X3 · (10) 
abc a'b'c' 

TaK KaK Mbl nepewnu K cct,epH'-leCKHM KOOp,llHHaTaM, TO c yqeTOM (9c) Bbl
pa)l(eHHe ,[ln}I KBa,upaTa nnoTHOCTH npHMeT BHJJ. 

oo P P sL ( l)8 he(s) 
p2(P) = LL L L - I l X 

s=O abc a'b'c' ijk S. 

Z ( ) -a+a'+i-b+b'+j-c+c'+k if. (h · · k 1) 
X PabcPa1b1c1 ijk S 0'.1 0'.2 0'.3 X '¾f's 1 + i + J + - , (11) 

r,[le h1 =a+ a'+ b + b' + c + c'. 
Y'-IHTbIBag (4) u (11), A MO)KHO npe,llCTaBHTb B }IBHOM BHJ].e, y.llep)l(HBag B 

paJnO)l(eHHH A qneHbl Zijk CTeneHH He BbIIlle Sm, r,[le Sm - MaKCHManbHO yqu
TbIBaeMag CTeneHb no s: 

p s,.,. sL (-l)she(s) 
A(sm) = L LL 2ss! PabcPa1 b1 c1 ZijkcI>sX 

abc,a'b'c' s=O ijk r 

X (h1 + i + j + k - l)QA1,A2,A3, (12) 

Q- J-A1 -A2 -A3dr, A1,A2,A3 = al 0'.2 0'.3 H, 

r,[le A1 = a+ a'+ i, A2 = b + b' + j, A1 = c + c' + k. 
MHTerpanbI (13) MOfYT 6b1Tb ynpomeHbI: 

(13) 

- (a+ a'+ i - l)!!(b + b' + j - l)!!(c + c' + k - l)!! 
Qa+a'+i,b+b'+j,c+c'+k =2II (hi+ i + j + k _ l)!! 

(14) 
TpexMepHbie MaCCHBbl HeHJBeCTHbIX B CHCTeMe (5) zijk o603Ha'-!HM qepe3 

{ym} (m = 1, 2, ... , N1). 
Ilpu P = 6, L = 2 HMeeM N1 = 5. CegJb Me)l(.[ly nepeMeHHbIMH 6y.lleT 

Bbir~eTb cne.llYIOIUHM o6pa30M: 

a1 
Y1 = l' Y2 = e, Y3 = Zoo2, Y4 = Zo20, Ys = Z200, 

5 



I 

r,ue l - xapaKTepttbIH Macwrn6 pacnpe.D.eneun.SI Mace rpaBHTnpyromeii cncTeMbI. 
B 3TOM cnyqae CHCTeMY ypaBHeHHH (5) y.D.o6uo 3anucaTb B BeKTOpHOM BU.Ile: 

f(y,e) = 0, (y1,Y2, ... y5). (15) 

llrnI •mcneuuoro peweuu.SI cncTeMbI (15) ucnonb30BaH peryn.SipH30BaHHbIH 
auanor MeTO.D.a HbIOTOHa [8] C napaMeTPOM peryn.SipH3al.{HH a= 10-3: 

Y(n+i)(e) = Y(n)(e) - Tn[af2 (y(n)(e), e) + f (y(n)(e), e)/ (y<n>(e), e)]- 1 X 

x J (y<n>(e), e)f(y(n)(e), e), (16) 

r.D.e n - HOMep HTepauuu, Tn (0o ~ Tn ~ 1) - omnManbHbIH war ua n-ii HTe
pauun, npw1eM H3 coo6paxeuuii CXOJJ.HMOCTH 00 ~ 0,1, / (y<n>(e), e) - Ma

Tpnua 51Ko6u, !'(y<n>(e), e) - TpaucnouupoBaHHa.SI MaTPnua 51Ko6u. Benn•mua 
f 2(y<n>(e), e) = 8n(T) npe.D.CTaBn.SieT co6oii KBa.D.paT HeB.SI3KH. ODTnManbHbIH war 

( 
8n(0) ) 

Tn = max 0, 8n(0) + 8n(l) , 0 ~ 0,1. 
HaMH BbI6pau HMeHHO peryn.SipH30BaHHhlH auanor MeTOJJ.a HbIOTOHa, TaK KaK 

uey.D.a'IHbIH Bb16op HatianbHOro npu6nmKeHH.SI MO:JKeT npnBeCTH K TOMY, 'ITO Ma
TPHUa 51Ko6u 6y.D.eT nnoxo o6ycnosneuuoii, a B 3TOM cnyqae MeTO.ll HbIOTona pac
XOJJ.HTC.SI. HatianbHOe npn6nn)KeHHe Bb16upanocb COOTBeTCTBYIOIUHM cct>epuqecKH

CHMMeTPH'IHOMY cnyqaro. 
Pacnpe.D.eneuue DnOTHOCTH C'IHTaeM 3a.D.aHHbIM, T. e. BbI6npaeM KOHKpeTHhie 

Pabc: 

Pabc = 
(a+b) 

2 a+b+c c 
(i)! (~)ta+b,cY1 Y2, 

(17) 

a1 a3 _ _ 
r.D.e Y1 = -l, Y2 = e = - Mb1 B3.Sinu aKcnanbuo-cnMMeTPntiubm cnyqan 

a1 
a2 = a1. Ko<lcl>cl>nuueuTbI Pa+b,c .D.n.SI P = 6 npnBe.D.eHbI B Ta6n. 1 u B3.SITbI 
H3 [ 1 O] JJ.n.SI KOHKpeTHOH KOHcl>nrypauuu, COOTBeTCTByromeii MOJJ.MH 6blcTpOBpa
maromeiic.SI HeHTPOHHOH 3Be3JJ.bl C ypaBneuneM COCTO.SIHH.SI EeTe-~oucoua. 

Ta6mn~a 1 

a+b 0 0 0 0 2 2 2 4 4 6 
C 0 2 4 6 0 2 4 0 2 0 

Pa+b,c l --0,729 0,634 --0,912 -0,690 1,294 -2,765 0,683 -2,845 -0,996 

Bb16paHHa.SI HhlOTOHOBCKa.SI cxeMa 6blna peanH30BaHa B paMKax muceTa 
MAPLE. Ona ·oKa3anach JJ.OCTaTO'IHO <lcl>cl>eKTHBHOH, TaK KaK qncno UTepauuii 
.D.n.SI JJ.OCTH)KeHH.SI HeB.SI3KH 10-30 He npeBbICHnO 10. 
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B pe3ynbTaTe nonyqettbI .qucnettnhIe 3HatiettH.SI Zi;k u Y1, Y2· Oun npnBe.D.ettbI 
B rn6n. 2. 

.lvI.SI Pa+b,c, npnBe.D.eHHbIX B Ta6n. 1, 8D 6y.D.eT nop.SIJJ.Ka 10-6• 

Ta~a 2 

Y1 I Y2 I Zoo2 I Zo20 I Z200 
1 f0,592371-1,35538·10- 0 16,46815 · 10-, 16,46815 · 10-

2. BHYTPEHHH8 rPABHTAUHOHHl>I8 DOTEHUHAJI cI>in(P, L) 

B pa6oTe [9] c ucnonb30BauneM p.11.uoB EypMana-JiarpaHJKa JJ.OKa3aHa Teo
peMa, cornacH0 IC0TOpoii BHYTpeHHHH rpaBHTSUHOffHblH noTeuuuan cI>in MOJKeT 
6b1Th npe.D.CTaBneff a6conJOrno u paBffOMepuo CXOJJ..SIIUHMC.11 P.Sl.llOM no KO<lcl>cl>nuu
euTaM Zijk npu ffCK0T0pbIX orpaHH'leHH.IIX ua zijk " KO<lcl>cl>nuneHTbl npn HHX, 
K0T0pble .SIBn.SIIOTC.SI DOJIHH0MaMH CTeneuu P + s(L- 2) + 2 Koop.uunaT Xk, 3.D.CCb 
s - noMep 'lllena p.Sl.lla EypMana-Jiarpau)Ka. 

Ilocne nepexo.D.a K 0606meuub1M cct>epuqecKHM KoopnunaTaM R, (), cp, 
BnepBble npeJJ.n0)KeHHblM B pa6oTe [6], co CMemeuneM ueuTPa K00p.D.HHaT B TO'IKY 
ua6nIO.D.CHH.SI Xk HMeeM: 

, - 1 (ao) xk = Xk + CtkR, a1 = - - sin 0 cos cp, 
a a1 

1 (ao) . 0 . a2 = - - sin sm cp, 
a a1 

I' 

et3 = - _Q cos 0, a= ~ sin2 0 cos2 cp + ~ sin2 0 sin2 cp + ~ cos2 0 , 1 (a ) (a2 a2 a2 ) 
1
/

2 

a a3 a 1 a 1 a
3 

(18) 

ao = (a1,a2,a3)113, 0 ~ R ~ R. 

B 3T0M cnyqae Bblprotceune .D.n.SI B03MYmeuuoii ::lnnnncoHJJ.anhnoii noBepxuo
CTH (3) nepenuweTC.SI B cneJJ.YIOIUeM BU.Ile: 

r.D.e 

L 

R
2 + 2RT-Q = L Zi;k(X1 + a1R)i(x2 + a2R)i(x3 + a3Rl, (19) 

i,j,k 

3 

T = LCtkXk, 
k=l 

7 

3 

Q=I-Exr 
k=l 



I 

PewHB KBa,upaTHOe ypaBHeHHe OTHOCHTeJibHO R B JieBOH 'laCTH ( 19), nonyqHM 

ypaBHeHHe AIU! HaXO)K,UeHmI R: 

R = Ro - t Zijk (x1 + o:1R/(x2 + o:2R)J(x3 + o:3R)k -
i,j,k R + T + u -

= Ro+ w(R, O:k, Xk, zi,j,k); 

Ro=U-T, U=(T2 +Q) 112
. 

3JieMeHT o6'beMa HHTerpupoeaHmI B HOBbIX KOOp.UHHaTax 6y.ueT paBeH 

dV' = a3 R
2
dRdf! 

0 o:3 ' 
df! = sin 0d0dcp. 

(20) 

Jl,aJibHeHwHe Bbl'IHCJieHJUI 6y.uyT OCHOBaHbl, KaK u B cnyqae c A, Ha HCnOJib-

3OBaHHH TeopeMbI narpam,rn. 

CornacHo (8) B HaweM cnyqae ~ = R, !(~) = ~h+2, a= Ro, w(a) = 
w(Ro, O:k, Xk, Zijk)-

Tor.ua nonyquM 

oo sL ( -1 )s [ i j k ] 
Rh+2 = R~+2 + (h + 2) LL -Tzijk(s) n m l X 

s=l ijk 

. ds-1 [ ~+m+n+l+l l 
X x{-nxii-mx~-lo:fo:20:~ dRg-1 (Ro+ T + U)s . (21) 

Jl,nll COKpameHHll 3anHCH 3,!leCb H .uanee HCnOJib3yeTCll BBe.ueHHbIH ~ [6] one-

[ 
n1 n2 nm ] _ 

paTop CyMMHpoBaHHll k k k , .ueucrnue KOToporo 3aKJIJOqaeTcll B 
1 2 m 

cyMMHpoBaHHH no Ka)K,UOMY HH)I<HeMY HH,!leKcy OT HYJill .uo 3Ha'leHHll CTOllmero 

Ha,u HHM HH,!leKCa C O,!lHOBpeMeHHbIM yMHO)KeHHeM Ha COOTBeTCTBYJOWHe 6HHOMH

aJibHbie K03¢qmuueHTbl. 

, ds-1 [ Rh+m+n+l+l l 
Jl,nll onp~.ueJieHHll llBHOro BH,!la dRg-i (~ + T + U)s npOH3Be.ueM 3a-

MeHy Ro = U - T + yU, dRo = Udy H BocnoJib3yeMCll paHee npuBe.ueHHOH 

8 

JieMMoH: 

ds-1 [ R.g+m+n+l+l l 
dJ:JB-1 {.Ro+ T + U)s 

~'il ~=U-T+yU 
= 

ds-1 
[ 

h + n + m + l + Ix ] (-1)µ uh+n+m+l-2(s-1)-µTµ--x 
= xµ 2s dys-1 

[
{l + y)h+n+m+l-µ+1] = 

X (1 + ns 
- [ h + n + m + l + l X ] (-1)µ uh+n+m+l-2(s-1)-µTµ~8 X 
- xµ 28 

x (h + m + n + l - µ + 1). 

C yqeToM nonyqeHHoro pe3yJihTaTa R npHMeT BH.ll 

oo sL ( l)s+µ 
Rh+

2
=R~+

2
+(h+2)LL - s! Zijk(s)x 

s=l ijk 

x [ i j k h+n+m+l+lx] x 
xn m l µ 

f' 

X X~-n~-mx;-lo:fo:2o:~Uh+n+m+l-2(s-1)-µTµ~
8

. (22) 

Bb!pa)KCHHe .llJlll pacnpe.ueJieHHJI IlJIOTHOCTH (6) B HOBOH CHCTeMe KOOp.UHHaT 
npHMeT BH,!l 

P [ a b 
p(P) = LPabc d f 

abc 
C ] Xa-dXb-J Xc-g R_d+J+go:do:f o:9 
g 1 2 3 1 2 3· (23) 

Bbipa)KCHHe .llJlll HblOTOHOBCKOro rpaBHTauHOHHOro IlOTeHUHaJia (1) B HOBbIX 
KOOp.UHHaTaX c yqeTOM (23) npHMeT BH,!l 

9 



I 

p [ 2 a b 
<P(P, L) = -Gao L d f 

abc 

R 

c ] xa-dxb-f xc-g Jh_d+f+g+ldRx 
g 1 2 3 

0 

d/g P[ b ] 

/

n1n2n3d,--, - G 2L a c a-d b-f c-gRd+J+g+2dR-x x H - - ao d f X1 X2 X3 o a2 g 
abc 

d I g P P sL 
x J a 1

a~a
3
d!1- Ga5(h + 2) LL L x 

Q s=l abc ijk 

x [ a b c i j k h + m + n + l + 1 ] (-l)s+µ x 
d f g n m l µ 28 s! 

a-d+i-n b-f+j-m c-g+k-luh+n+m+l-2(s-1)-µTµn. X 
X X1 X2 X3 '¥s 

J 

d+n J+m g+l 
x a 1 a:2 a 3 dn, h = d + f + g. (24) 

TaKHM o6pa30M, (24) MO)KHO npeACTaBHTb B B~e .. 
00 

<P(P,L) = -Ga5(Fo + LFs), (25) 
s=l 

00 

rAe Fo H E Fs cooTBeTcTsenuo nepBbIH H BTopou qnenbI B (24). F0 - qneu 
s=l 

ananHTHqecKoro npeACTasneum1 snyrpeuuero noTeHI.1,Hana, cooTBeTcTBYIOUJ,HH ue-
B03MYUJ,ennoMY :imnHnCOffAY. 

J:{mI SIBHOfO npeACTaBneHHSI Fo BOCnOnh3yeMCSI lpOpMYnOH 6HHOMa HblOTOHa 
AAA Rh+2: 

Rh+2 = (U _ T)h+2 = 

=[h+2 h;µ+l 
µ V 

h + 2 - 2v -\ v r e l x 
A P r e x 

2(-r-{)+h+2-211-A 2((-x)+A-p X 2x+P h+2-211-A,_,A-p p 
X x 1 X2 X3 Ql u2 Ct3° 

IO 

(26) 

I 

I 

{ 
l' 

.:, 

" 

C yqeTOM (26) Fo npm.JeT B~ 

p 

Fo = L Pa,b,c(-1)µ+-rx 
a,b,c 

x[a b c h+2 
d f g µ 

(h-µ) + 1 
2 

V 

h + 2 - 2v ,\ v r e ] x 
A P r e x 

h+2-211-A+a-d+2(-r-{) b-f+A-p+2({-x) c-g+p+2x Q 
X X1 · X2 ° X3 . A1A2A3, 

A1 = d + h + 2 - 2v - -\; A2 = f +-\ - p; A3 = g + p. 

3 Q J A, A2 A3 d!1 
AeCb H Aanee A1,A2,A3 = Ql n2 n2 a2 · 

BocnonL3yeMcsi KaK H pauee ipopMYnou 6HHOMa HLIOTona, nonyqHM 

uh+n+m+l-2(s-1)-µ . Tl' = 

[ 
N-µ l = -2- - ( s - 1) v r e N + 2 - 2s - 2v -\ ( -1 )7" x 

v r e x A p 
N-2(s-1)-211-A+2(-r-() A-p+2({-x) p+2x N-2(s-1)-211 A-p p 

X X1 X2 X3 Ql Q2 Ct3° 

3AeCh H Aanee N = h + l + m + n. 
yqHTblBaSI (28), HaXOAHM auanHTHqecKoe npeACTaBneHHe AnS! Fs: 

( -1 )µ+-r+s p sL 

Fs = 2ss! LLPabcX 
abc ijk 

(27) 

(28) 

x [a b c i j k N + 1 (N; µ) - (s - 1) N + 2 - 2s - 2v -\ v r eJ x 
dfgnml µ V A prex 

n. z ( ) a-d+j-n+N +2-211-2s-A+2-r-2{ b-J+j-m+A-p+2{-2x 
X '¥s ijk S • X1 X2 X 

x xc-g+k-l+p+2x . Q . (29) 
3 A1A2A3, 

A1 = d + n + N - 2s + 2 - 2v - -\; A2 = f + m +-\ - p; A3 = g + l + p; 
s-1 

<P1 = 1; <Ps>l = II (N + 1- µ + 1 - 2r). 
r=l 

113 (27) H (29) cneAYeT npeACTasnenHe <P, coAep)KaUJ,ee Bee cTenenH KOOpAH
naT AO p BKnlOqHTenbHO: 

p 

<P(P, L) = -21rGpoa~ L <Pabcxix~x3. (30) 
abc 

11 
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HHTerpan:bI QA 1A2A3 MOryT 6bITb ynpomeHLI: 

(2a - 1)!!(2b - 1)!! 
Q2a,2b,2c = 271" 2a+b(a + b)! l2(a+b),2c, 

1 

/ 

(1 - x2)ax2cdx 

l2(a+b),2c = e-
2

c ( ( l ) 
2
)a+2c+l; 

-1 1 + - -1 X 
e2 

e = (::)-

(31) 

B pe3yJ11,TaTe HaMH nonyqeHO aHaJIHTU'ICCKOC npe.QCTaBJleHue <l> WU! pean:u-

3aUHH B cncTeMe CHMBOJ1LHL1x s1,111ucneHuii MAPLE. 

B1,111ucneHue <I>abc Ma 3Ha'leHuii P = 4, 6, 8 H L = 2, 4, 6 Hepean:LHO 6e3 

HCIIOJlb3OBaHHj{ MeTo.Qa CUMBOJlbHbIX Bbl'IHCJlCHHH Ha KOMnbIOTepe. KaK CJlC,QCTBUe 

HaMH 61,ma cocTaBJleHa nporpaMMa B paMKax Toro )Ke naKeTa MAPLE WU! aHa

nuTn11ecKoro npe~cTaBJICHffj{ BHYTPCHHero nOTeHUHan:a B BU.QC pa3JlO:lKCHffj{ no 

CTeneHaM KOOPAHHaT. 

3a.z:1a11a cHJlLHO ynpomaeTca, ecnu 33,1:1aHo pacnpe.QeneHna DJlOTHOCTH, T. e. 

U3BCCTHbl K03cpqlHUHCHTbl Pabc· MLI 83,tJlH Pabc, npHBC.QCHHbIC B Ta6n. 3. 

Ta6mma 3 

a 0 0 0 0 0 0 0 
b 0 0 0 0 2 2 2 
C 0 2 4 6 0 2 4 

Pabc 1 -0,729 0,634 -0,912 -0,690 1,294 -2,765 

a 0 0 0 2 2 2 2 
b 4 4 6 0 0 0 2 
C 0 2 0 0 2 4 0 

Pabc 0,683 -2,845 -0,996 -0,690 1,294 -2,765 1,367 
a 2 2 4 4 4 6 
b 2 4 0 0 2 0 
C 2 0 0 2 0 0 

Pabc -5,690 -2,989 0,683 -2,845 -2,989 -0,9964 

IlO.QCTaBUB K03!p!pHUHCHTbl Zijk, Mbl nOJl)"IHJlH nOTCHUHaJI KaK <pyHKUHIO 

KOOp.QHHaT, o603Ha'IUB r 2 = x~ + x~: 

<I>in(P = 6, L = 2) = -Gpoa~(2, 7216 - 1, 6191r2 + 0, 3540r4 
- 0, 1776r6

-

- 1, 068437x~ + 0, 20631x1 - 0, 079436xg - 0, 3852x~r4
-

- 0, 2954x1r2 + 0, 5279xir2
). (32) 

12 

v X3 
CooTBeTCTBYIOIUHH rpaq>HK npHBOAHTC.11 Ha puc. 1, X3 = -. 

e 

-1,4 

-1,6 

-1,8 

-2 

-2,2 

-2,4 

-2,6 

0,6 
0,5 

0,4 
0,3 

0,2 
0,1 0 

<I> 
P1-1c. 1. fpacpHK cpyttKUHH Gpoai 

IloCKOJlbKY rrporpaMMa OKa3an:acb 60JlblllOH H CJ10)KHOH, BO3HHKJ1a Heo6xo

AHMOCTb ee TCCTHpOBaHHSI. HaMH 61,mu BbIDOJlHCHbl ABa TeCTa. IIpoBOAHJlCSI rrpe

ACJlbHblH rrepexo.Q rrpu e -+ 1 K c<pepH'ICCKH-CHMMeTpH'IHOMY cnyqa10, KOTOpblH 

JlerKO pacc'IHTbIBaCTCSI no He3aBHCHMOH nporpaMMC. KpoMe Toro, ti.<I>in(P = 
6, L = 2 = 4) = 41rGp(P = 6) u, .Qencrnysi Ha <I>in orreparnpoM narrnaca, MLI 

IIOJl)"laeM pacrrpeACJlCHHC nJlOTHOCTH, YMHO)KCHHOe Ha 41rGp, K03!pq>HUHCHTbl B 

KOTOpOH COBna,[laIOT C 33,[laHHblMH C TO'IHOCTbIO 10-24
. !' 

3. UOTEHD;HAJI HA BHEIIIHIOIO TOqKY <I>out ( N, P, L) 

Hau60JlblllHH HHTepec npeACTaBJISICT IIOTCHUHaJI Ha BHCIIIHIOIO TO'IKY 

<I>out(N,P,L), KOrAa r > a1, rAe r - paccT0.11Hne AO np1:1rnmsaeMOH TO'IKH. 

Ha1:16onee 3<p<peKTHBHblU MCTOA HaxO)K.QCHHSI BHCIIIHero noTeHUHaJia - MCTOA 

pa3J1O)KCHH.II no MYJlbTHIIOJlbHblM MOMCHTaM. BHelllHHH noTCHUHaJI HMCCT 80.Q 

-3 
rAe dr' = dx'dy'dz'. 

<Pout= -G f p(r)dr
13 

Ir-Pl, 

13 

(33) 



• 

1 
Pa3JloxnM <p}'HKUHIO ---- B p.lJJl TeHJiopa 

lr-r'I 
1 1 

Ir- r'I = J(x - x')2 + (y - y')2 + (z - z')2 = 
00 

(-1) 0
+/3+-y ( 0°+/J+-y 1 ) /3 - ~i~ - L o:!,B!-y! OX°'ay/J{}z'Y Jx2 + y2 + z2 . 0</3-y 

(34) 

3aMeHHM B (34) '.8' 1 0 0 /3{} --;:.~=~~ Ha onepaTOp 
(-1)0 +/J+-y ( 0°+/J+-y 1 ) 

o: .. -y. x°' y z'Y yx2 + y2 + z2 
A 1 1 

Ma/3-y, a qepe3 - o6o3HaqnM ,=;;==~==:a:• Toma (34) nepennmeTCH B sime 
r Jx2 +y2 +z2 

00 

l L A 1 '°' 1/J ,,.., ---- = M /3 -x y z· 1 • 

I- 'I °' -rr r - r a/3-y (35) 

HcnonL3y,r (35), nonyqnM BLipaxeHne ,IVUI BHCllIHero DOTCHUHana 

00 

1 / 'Pout= -GL.Ma/3-r-:;. p(r')x'°'y'/Jz''Ydx'dy'dz'. 
0</3-y 

(36) 

3aMCHHB B (36) HHTerpan Ha Da/3-y, nonyqaeM 

" A 1 'Pout= -G L.,Ma{J-y-:;.Da/3-y• 
a/3-y 

(37) 

X y Z C yqeToM Toro, qTo x1 = -,x2 = -,x3 = -, 
a1 a1 a3 D a{J-y 6y.neT BLlrJl.lJJlCTL 

cne.zzyiow:nM o6pa3oM: 

D a+/3+2 'Y+I I ("") °' /3 'Yd d d 0</3-y = al a3 p r X1 X2X3 X1 X2 X3. (38) 

KaK H B cnyqae BHYTPCHHero DOTCHUHana, npe)lCTaBHM DnOTHOCTL KOH<pnry
pauuu p s BJme nonHHOMa (6) CTCDCHH P. 

IIepeii,neM K c<j>epuqecKHM KOOp)lHHaTaM Xk = rak' 01 = sin 0 cos <p, 02 = 
sin 0 sin <p, 03 = cos 0, r.ne O < r < Rmax, u, KaK B cnyqae c BL1qucneHHCM A, 
BOcnonL3YCMCH TeOpeMOH JlarpaHxa. Ilocne 3TOro BLipaxeHne .nm1 B03MJ1UCHHOH 
3MHDCOJmanLHOH nosepXHOCTH (3) B )laHHOM cnyqae 6y.neT HMCTL BJm 

oo sL (-l)s . 
~ax= 1 + h LL s12s zijk'Ps(h + i + j + k - l)af ~a;. 

s=I ijk 

14 

Ilonoxus Qabc = J af., at a~dO, nonyqaeM 

N p 

'Pout(N, P, L) = (-poG) L L PabcMa,{3,-yX 
a/3 -y abc 

( 

1 - oo ijk (-l)s 
X ho+ 3 Qa+a,/3+b,-r+c+ LL 2ss! Zijk(s)lf>s(h+l)x 

s=I sL 

X CJa+a+i,{J+b+j,-y+c+k), (39) 

s-I 
r.ne ho= o:+,B+-y+a+a+c, 

B cnyqae s = l 'Ps = 1. 

h = ho+i+j+k, a 'P8 (h+l) = TI (h+2-2r); 
r=l 

HeTpy,nHO )l0Ka3aTL, qTo 

-
4 

(a - l)!!(b- l)!!(c - 1)!! 
Q abc = 7r ( a + b + c + l) !! (40) 

YqHTLIBaH ( 40), BLipaxCHHC )l]IH BHCllIHCro DOTCHUHana MO:lKHO npe)lCTaBHTL 
B sime pa3JJO)KCHHH no MJnLTHDOnLHLIM MOMCHTaM cne.nyIOlUHM o6pa3oM: 

N P 

'Pout(N, P, L) = -41rpoG LL PabcMa,(3,-yX 
a/3 'Y abc 

1 (o: + a - 1)!!(,B + b - 1)!!(-y + c - 1)!! 
x (ho+ 3 (ho+ 1)!! + 

oo ijk (-l)s 
. +LL 

2
s s! Zijk(s)lf>s(h + l)x 

s=I sL 
(o: +a+ i - 1)!!(,B + b + j - 1)!!(-y + c + k - 1)!! 

X (h+l)!! ), 

r.ne N - nop.lJJloK MJnLTHnon,r. 

r 

(41) 

Ha OCHOBC (41) 6Lma COCTaBnCHa nporpaMMa s CHCTCMC CHMBOnLHLIX BLl
qucneHHH MAPLE. KaK cKaJaHo BL1me, pacnpe.nenettue nnoTHOCTH cquTaeM 3a
.naHHLIM, T. e. H3BCCTHLI K03<p<pHUHCHTLI Pa+b,c, 3HaH KOTOpblC H HCDOnLJy,r (10) 
HaxO)lHM Pabc· 

Koa<j><j>uuneHThI Pa+bc npuse,a:eHbI B Ta6n. 4 Ha ocHOBaHHH [ 10], B KOTopoii 
HaMH pacCMOTpCHLI TPH ypaBHCHHH COCTOHHHH ll)lCpHOH MaTepuu: EeTe-)lxOHCOHa 
(BJ), OnneHreiiMepa-BonKosa (OV) H Peii,na (R). 

C HCDOnL30BaHHCM ,a:aHHblX Ta6n. 4 H Bblpa:lKCHHll )l]ljJ BHClllHCro DOTCHUH
ana (41) B paMKax Toro xe naKeTa MAPLE nonyqetto Bbipa:lKeHue )l]lll BHClllHero 

15 
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Ta6.Juma 4 

ov ov BJ BJ R R 
a+b C Pa+b,c Pa+b,c Pa+b,c Pa+b,c Pa+b,c Pa+b,c 

0 0 1 1 1 1 1 I 
0 2 -0,46117 -0,46375 -0,72181 -0,72895 -0,68902 -0,69547 
0 4 0,51814 0,51818 0,63580 0,63397 0,62306 0,62165 
0 6 -1,05713 -1,05863 -0,91425 -0,91169 -0,93429 -0,93256 
2 0 -0,45871 -0,44935 -0,71544 -0,69125 -0,68320 -0,66110 
2 2 1,03862 1,04169 1,27984 1,29401 1,25331 1,26543 
2 4 -3,17536 -3,17357 -2,75605 -2,76435 -2,81462 -2,82108 
4 0 0,520818 0,53272 0,64485 0,68239 0,63099 0,66416 
4 2 -3,18038 -3,19872 -2,77129 -2,84334 -2,82819 -2,89133 
6 0 -1,06216 -1,08540 -0,92951 -0,99437 -0,94788 -1,00615 

IlOTemurnna CJJO)KHOH 3J1JIHilCOH,llaJJhHOH KOHc}lnrypauuu B KBa,upynOJJhHOM npu-

6JJU)KeHUH ,WU! N = 2 B ccpepn'leCKUX KOOp.UHHaTax: 

Gm ( D(e)af (p) 2 ) 'Pout(N=2,P=6,L=2)=--:;:- 1+ r
2 

(1-3cos 0) + ... , 

(42) 
r.ue m - Macca rpasumpy10meii KoHcpnrypauuu. 

Po 
B pa60Te [IO] IlOKa3aHo, '!TO ar = G 2 ( ) ' r.ue Po - IlJlOTHOCTh B 

21r PoY e 
ueHTpe KOHcpurypauuu, Po - .uaBJJeHue B ueHTpe KOHcpurypauuu, y( e) - pac

C'IHTaHHhie cpyHKUHH napaMeTpa CilJJIOCHYTOCTH e " yqHTh1Ba10mue 6bICTpory Bpa

meHU51 KOHcpnrypauuu. Ilpu H3MeHeHUH yrnoBOH CKOpOCTH BpameHml cpyHKUHH 

Po u Po TaK)Ke 6y)lYT JaBuceTb OT napaMeTpa CilJllOCHYTOCTH e 

r.ue 

Po= Poo,(e), Po= Poox(e). 

C yqeToM (43) nMeeM 

2 ,(e) Poo(Poo) 
D(e)a1 = D(e) ( ) ( ) · G 2 = D1(e)K(poo), x e y e 21r p00 

,(e) 
D1(e) = D(e) x(e)y(e)' 

Poo(poo) 
K (Poo) = 21rG P~o . 

(43) 

(44) 

Ilocne npOBC)lCHHhlX npeo6pa3oBaHUH Bblpa)KeHne )lJ]jl BHCllIHero DOTCHUHaJJa 

B03MYIUCHHOH 3JIJ1HDCOH,llaJJhHOH KOHcpurypauuu (42) npHMCT BH,ll 

Gm ( (1- 3cos
2 0)) 'Pout(N = 2,P = 6, L = 2) = --:;:- 1 + D1(e)K(poo) r

2 
+ · · · • 

(45) 
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fpacpnK cpyHKUHH D1(e) npe.ucrnBJJeH Ha puc. 2, a JHa'!eHffj! K(p00 ) npuso

)lj!TC51 B Ta6JJ. 5. 
KaK BH.llHO HJ puc. 2, npu e = l D 1 o6pamaeTC51 B HYJJh, a c YMCHhllle

HneM napaMeTpa e D1 yseJJU'IHBaeTC51, T. e. K03cpcpuuneHT pa3J10)KCHH51 B KBa

.upynOJJbHOM npu6JJU)KCHHH D1 MOHOTOHHO JaBUCHT OT napaMeTpa CnJJIOCHYTOCTH 

KOHcpnrypauuu. TaKUM o6pa30M, 'ICM 60JJbllIC CilJJIOCHYTOCTh KOHcpnrypauuu, TCM 

cymecTBCHHeH BKJla!l KBa,upynOJJbHOro 'IJleHa. 

0,25 

0,2 

0,15 

0,1 

0,05 

0 1 I I I ,:::-;-;,,., 

0,6 0,7 0,8 0,9 
e 

PHC. 2. 3aBHCHMOCTh K03<pq>HUHCHTOB D1 OT napaMe-rpa e. KpHBa51 1 COOTBeTCTBYeT 

ypasHettuio coCT051HH51 OV, 2 - BJ, 3 - R 

Ta6Jmua 5 

poo, r/cM;j K(OV), CM" K(BJ), CM" K(R), CM" 
4. 1014 1,418 · 1011 1,911.1011 1,200 · 1011 {' 

6. 1014 1,284 · 1011 2,379 · 1011 1,454.1011 

8. 1014 1,160 · 1011 2,636 · 1011 1,670.1011 

3AKJIIOqEHHE 

B pe3yJJhTaTe HaMH nonyqeHO aHaJJHTH'ICCKOe npe.ucTaBJJeHne HhlOTOHOBCKOro 

rpaBHTaUHOHHOrO noTeHunana B03MYIUCHHblX 3JIJ1HilCOH,llaJJhHhlX KOHcpurypauuii 

Ha BHYTPCHHIOIO TO'IKY npu qJHKCHpOBaHHhlX 3Ha'ICHffj!X p " L B BH,lle a6COJ1IOTHO 

cxO)lj!IUHXC51 p51.UOB no napaMeTpy B03MYIUCHH51 (25). B paMKax naKeTa MAPLE 
6bma COCTaBJJeHa nporpaMMa )lJ]jl npe.UCTaBJ1CHH51 IlOTCHUHaJJa 'P;n ( P, L) B BH,lle 

cpyHKUHH Koop.uuHaT (32) )lJ]jl npOH3B0JlbHhlX 3Ha'ICHHH P, L " peaJJH30BaHa )lJ]jl 

cnyqM P = 6, L = 2. IloTeHunan BOJMYIUCHHOH 3JIJJnncoH,llanhHOH KOHcpnry

pauuu Ha BHCllIHJOJO 'Pout(N, P, L) TO'IKY Mhl npe.ucTaBHJJH B BH,lle pa3J10)KCHH51 
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no M)'nbTHnOnbHbIM MOMCHTaM H nonyqHnif ero KOHKpeTHOe auanHTH'ICCKOe npe.n

CTaBJieuue (41) B KBa,npynonbHOM npu6nmKeHHH. C DOMOlllblO COCTaBJieHHOH npo

IpaMMbl B CHCTeMe CHMBOnbHOH MaTeMaTHKH MAPLE H 'IHCneHHbIX Bbl'IHCneuuii 

perymipH30BaHHbIM auanoroM MeTo.na HblOTOHa 6binH nonyqeHbl BblpruKCHHll .llnll 

noTeuuuana <I>in(P = 6, L = 2) H <Pout(N = 2, P = 6, L = 2) B BH.ne q>yHKUHH 

KOOp.UHHaT (45). Pe3ynLTaTbl 'IHCneHHbIX pac'leTOB npe.ncTaBJieHbl B BH.ne rn6nHu 

H rpaq>HKOB. 

Pa6orn no.n.nepxcaua P<l><l>H, rpauT 03-01-00657. 
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