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Bue)leuue 

flpH lfHCJieHHOM pellleHifH IIpa.KTHlfeCKHX 33,1l3l.J HaH60Jiee BIDKHbiM BOTipO­

COM 51RruteTcsr roquoCTb noJTytmeMbiX pemeHHii. IlmnoMy a noCJie.uuee 8peMSI ace 

60Jibllie BHHM3HIDI y.D.e.JI.SieTC51 pa3BHTHIO l.J:HCJieHHbiX MeTO.UOB, TI0380Jl5110UJ,HX KOH­

TpOJIHp0B3Tb T01.J:HOCTb Bbll.JHCJieHlfif. 3uecb CJie,ll,yeT OTMeTHTb nporpecc )J.Jl51 JIH­

HeJ1:HbiX 3au;aq 311J1HilTHqecKOf0 THTI3 l1 mmeitHbiX 3a,uaq TeOpiUi ynpyroCTH, CB51-

33HHbli1 C pa3BHTHeM a,r:J.3TITHBHbiX hp---a..nropHTM08 8 MeTO.Ue KOHe'-IHbiX 3JieMeHT08. 

B CB~3H c 3THM yKa><eM nnoHepcKHe pa60Tbi [ 1 ,2,3]. B OTJmque OT llB}'MepHbiX 
'Ja,uatr, r.ue ecrb xoporno pa3pa6oTaHHhie no.uxo.uhi, HanpnMep [ 4,5], B TpexMepHbiX 

'Ja,uatrax CHTyauiDI 6onee CJIO)KH3.51. B Ka'-leCT8e npnMepa npuae.neM CJie.D.)'JOUJ,yJO 

uennHeHuyro Kpaesyro 3a,uaqy, Tiycrh o6JiaCTh .0' C R3 orpaHH'-IeHa mmumueaoH 

rpaHHUeii [6] H fl' = Q U fl~o r)le 06JiaCTH fl l1 fl1 pa3)(eJIOHJTC~ BHyrpeHHei\ rpa­
HHUeff r c .0', KOTOP351 T3K)Ke HBJUieTC51 JlHTilliHUeBoH. Tpe6yeTC51 uaHTH <fJYHKUHH 

u, u 1, y.uoBJieT80p5110lll.He ypaaHeHH.SIM 

3 a 
~ax; (a;(x, u, Y'u)) + a(x, u, \lu) = 0, X E Q; ( 1) 

3 a , au, ' ·1 au, I: -a (a;;(x)-a ) , I: b,-a . = J, x E !11; 
i,]=l Xt XJ t=l X! 

(2) 

3 .1 , au, 
I:(a;(x, u, \lu)- L a;;(x)-a ) ·a,= 0, X E f; 
1=l J=l Xj 

u- u1 = 0, (3) 

3 ~ aut ~ -
u = u(x), x E aOjf; ;,~l a,;(x) Dx; ·a,= u,(x), x E afl,jf, (4) 

r,ne \lu- rpa.n.HeHT £PyHKUHM U, a Cti, fri - KOMTIOHeHTbl 8eKTOp0B BHeWHHX HOp­

MaJieti K COOTBeTCT8YIOlll.HM 06JJaCT51M. Tipu 3TOM paBeHCTBa (3) H (4) IlOHJIMa­

lOTC51 8 CMbiCJle CJie,U08 (6) COOTBeTCT8YIOWHX ¢lyHKUIIiJ.. by)leM npe;.monaraTb, lJTO 

nee KOaclJQmuHeHTbi a ypasHeHU.SIX (1),(2) semecr8eHHble u BMecre c 3a.rxaHHbiMH 

cpyuKUHHMH f, u, u 1 y.uoBJieT80p5!10T ycnoBif.SIM, Heo6xonHMbiM .!lJUI onuo'Jua•moii 

paJpewHMOCTil 33,Ua'-IH ( 1)-(4). Tenepb npe)lnOJlO)KHM, lJTO B o6naCT11 nl 1138eCTHa 

.uocTaroquo rna.uKIDJ. seKrop-¢1yuKUII51 G, KOTopa51 HMeer sa.iKuoe caMOCTOHTeiTbHOe 

JHa'-leHHe, a ee KOMnOHeHTbi Gi (i = 1, 2, 3)- y.uoBJiersop51JOT ypaBHeHniD 

J a J 

;,~tax; (ii,;(x) · G,) + i~ V; · G; = f, x E nl. 

To ecrb ecm-t BBeCTH ¢YHKUIHO ¢, TaKyiO, '-ITO V¢ = 6 B n,, TO¢ 6y.ueT 51BJ151TbC.Il 

'-laCTHhiM peweuHeM ypasHeHH51 (2). Tor.ua 3a,ua•1y (1)-(4) MO)!(HO ccpopMynupo8aTh 
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OTHOCHTeJibHO clJ)'HKUHft u B 06JiaCUI 0 H iL1 = 'Ul - ¢ B 06J13CTH f'h · IlpH'-leM B 

o6nacTH 0 1 nonyqaerc5~ o.uHopo.uHoe ypasHem-re ;uu1 cl>YHKUHR ih. Tio3TOMY ecnH 
seKrop G Bbi'-IHCmrerca 6onee TO'-IHO, 6hlcTpee, '-leM clJyHKIJ;H51 f B o6nacrH fh, H 
npH :3TOM ynpolll,aerc51 npouecc nocrpoemu1 rpexMepHofi: ceTKH, ro n:pe¢opMy­
I1HposKa 3a.U3'-IH (1)~(4) ,WUI HeH3BeCTHbiX u, U1 5IB.illleTC51 OIIp3B.U3HHOH. 0.UHaKO 

TO'-IHOCTh peweHH5I HOBOfi: 3a)J,3'-IH 6y,ueT 33BHCeTb OT TQqHQCTH BbJqHCJleHH51 cJ.l)'HK­

UlUI c/J, KOTOpa5I 6y.aeT BXO.UHTb B yCJIOBH5I Ha rpaHHUe f · 
HacT05Illl.a5I pa6ora nocmnJ..J,eHa pa3pa6orKe 3cj:lcjJeKTHBHOro Mero.ua orrpe.o;ene­

HJUI clJyHKUIHI ¢ Ha JUUTllliHJ,eBOii rpaHHUe f TpeXMepHOfO TeJia, eCJUi 3a,JJ,3H3 .UOCTa­

TO'-lHO rJia.uKaSI BeKTOp-¢ynKU,H51 G = \l ¢ H B HeKOTOpo:H T0'4Ke Xo E r H3BecTHO, 

•no ¢(xo) = ¢o - 3a,uaHHOe 3HaqeHwe. 3a,uaqa BblqHcneHH~ cp)'HKUHII ¢ B o5-
UJ.eM cJiyqae CBOllHTC5I K peWeHHIO He.JlHHefiHOfO ypaBHeHH51. Ha OCHOBe TeOpH11 

MOHOTOHHbiX orrepaTOpOB np11 ecTecTBeHHbiX ycJIOBlUIX Ha cpyHICIJ,HIO c/J llOK33biBa­

eTCH cyUJ,eCTBOBaHHe ellHHCTBeHHOfO 0606UJ,eHHOfO peWeHH51 :nOfO ypaBHeHllil H 

CXO,UHMOCTb KOHe1.J:H0-3JJeMeHTHbiX npH6JimKeHHfi K 3TOMY perneHHIO. Ilpe.llJlara­

eMblH aLJ,aiiTHBHblfi a..nropHTM H3 OCHOBe MeTOJJ.3 KOHe1.J:HbiX 3JieMeHTOB TI03BOJUieT 

nonyq:aTh perneuue c ueKoropo:H Jau:auuoH roquocTbiO. Pa3pa60TaHHhlii Mero.u 

HMeeT sa)tCHOe npHMeHeHHe B M3fHHTOCT3THKe, TIOCKOJibKY )l.3eT B03M0)KHOCTb C 

He06XOJJ.HMOlf T01.J:HOCTblO Bbll.J:HCJUITb TIOTeHU,Ha.Jl OT o6MOTKH Ha rpaHHlJ,e pa3)l.eJ1a 

cpe)l. c pa'lJUil.J:HbiMH M311UfTHbiMll xapaKTepHCTHKaMH. AJiropHTM anpo6Hp0Ba.JlC51 

npH pacqeTaX rpexMepHblX M3fHHTHbiX TIOJieii HeCKOJlbKHX M3fHHTHblX CHCTeM, 

B TOM qHCJie )l.JI5I cneKTpOMeTpHl.J:ecKOfO M3rHHTa liHTIOJibHOfO TJUI3 11 60JibiiiOfO 

coJieuoH.D.a.JlhHOro MarmHa _cpH3Hl.J:eCKOro 3KcnepHMeHTa L3 (UEPH, )l(euesa). 

1 YpauHeHHe u ero pa3pe1IIHMOCTh 

IloJJ)"'HM ypasHeHHe w:m onpeaeneHIDI cp)'HKUHH ¢ H )(OKaJKeM ero pa3peruJI· 
MOCTb. Ey.D.eM npe.nuorraraTb, 'LITO r- O.D.HOCB513HIDI rpaHHIJ,a. OrMeTHM, '-ITO H3 

npaKTHKe qacTO 6hmaeT ITOIUITHO, KaK MHOfOCB513HYJO rpaHHI.J,y 06be,ll,HHHTb B O.II­

HOCB513H)'l0. 

,I{JUI JIHTilliHUeBOlf rpaHHI.J,bl TI01.J:TH BCIO.D.)', TO eCTb H3 ee f113,1l.K~X '-13CT51X 

MO)KHQ onpe.D.eJIHTb e,!J,HHHYHble OpTOfOHallbHbie BeKTOpbi KaCaTeJibHOH, 6HHOp­

Ma.Jlll H BHernueii HOpMaJIH, KOTOpble o6pa3yiOT JIOKa.JlbH_JI0 rrpaBYJO .D.eKapTOBY 

CHCTeMy KOOp,!1,HHaT. 3TH BeKTOpbl 0603H3'-IHM qepe3 ~ t, ff COOTBeTCTBeHHO. B 
TaKoH cwcreMe KOOp,UHHaT ,ll,OCTaTO'llHO rJia,lJ,KHii seKTOp G H3 npocTpaucrsa cl>YHK­

UJIH K = {a = v ¢ : ¢ E L2(r), v ¢ E (L2(r) )3} nMeeT KOMnoHeHTbt G, G,, Gn­
qepe3 GT o6o3HaYHM seKTop 
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c KOMITOHeHTaMH Gs, Gt. A .JIJUI .uocraT04HO ma,uxoA c\JYHKUHH f qepe3 V rf 

o6o3HaqrrM BeKTOp 

vTJ = s BJ ;a,+ tBJ/Bt, 
KOMIIOHCHT3MH KOToporO HBJTSIIOTC5I npOH3BOJ.lHbJe ITO HanpaBJICHIHIM 1J H [ 

Tipe.UIIOJTQ)KHM, "'-ITO rpaHHU3 f pa36HTa Ha HCKOTOpb!C KOHC'-lHhiC ~JTCMCHTbl 

orrpe.ueneHHbiM CT3H.UapTHbiM o6pa30M [6], npH 3TOM TOYKJ .To E f, B KOTOpOH 

Ja,IJ.aHo JHaqeHrre ¢0, HBJHICTCH yJJIOM 3JlCMCHTa. B JaBHCHMOCTH or rrone.uem1H 

3a,IJ.3HHOH BCKTOp-c\J)'HKUHH G pa3,UCJIHM 3TH 3JlCMCHTbl Ha nne rpynnhl -rr H r2. 
K f1 OTHCCCM TJKHe :::>JTeMCHTbl, Ha KOTOpbiX BCJlHqJ.IHa ]Gri 60JThWC BCJIHlJ:HHbl 

]Gnl, r.ue Gn -HOpMaJibHa51 KOMIIOHCHTa BCKTOpa G. l1 Hao6opoT, K r2 OTHeceM 

TJKlle 3JleMeHTbl, Ha KOTOpblX BeJIH4HHa iGnl HJMHOrO 60JTbllle BCJlH'-IHHhl ]Gr!- K 

f 1 OTHeCeM TaiOKe ::meMeHTbl, K KOTOpblM OTHOCHTC51 Y3CJ1 C TOLJKOi.f Xo. I1MeHHO Ha 

3THX :;meMeHTax orrpe.uemfM ma)J,K)flO c\JHHHTHYIO c\JyHKUHIO X TJKyiO, YTO x(.ro) = 

¢o H X = 0 BO scex OCTaJlbHbiX Y3JIJX. IIycTb ¢1 = (p- x. ~D E rl. Tor,ua ).l.Jl5:1 

¢'yHKUHH (/Jt ITOJiyqaeM ypaBHemte 

(5) 

11 ycnonrre 

oPr(:co) = 0, Xo E fr, (G) 

,IVI5:1 :.!)JTCMCHTOB rpyrrrrhl r 2· KpOMe ypaBHCHJ151 \7 r¢ = Gn BJ)!(HO HCTIOilb30BaTb 

ypaBHCHHe ).IJUI npOH3BO.UHOi1 ITO HOpM<:UlH OT c\J)'HKLV1H r/J, TI_:'CKOJThKY Ha f2 ¢'YHK­

UH51 Gn npHH.HMaer 6onhWHe 3HaYCHlUI, 4eM ¢'YHKUH5l. G7 • TI03TOMy, rpe6y5I 

BhinOI1HCHI15I paseHCTBa V¢ = G, HCTIOJib3yeM OTHOWCHHC cpyHKLUm Gn K arp;an 
- npoHJBo.unoif no HopMaiiH or cpyuKUHH ¢. HMeeM 

iGnl IGnl 

IB.P/Bnl 16-- Vr.PI 

3To OTHOIIIeHHe JJOJDKHO 6b!Th pasHa e).I,HHHue. Bse.ueM ¢YHKUHIO 

TOI'Aa )J)UI :r E r2 IIOJT)"--HM ypaBHCHHe 

p(6, IVT,PI)(Vr¢- 6r) = 0. (7) 

TaKWM o6pa30M, HCXO.UH351 3a.LJ:U4a CBO.UHTCH K CHCTeMe (5)-(7). ,U.rl5.1 peWCHl151 

CHCTCMbl (5)-(7) MeTO.UOM KOHC4HbiX 3Jie.MeHTOB CH3Y<Uia BBe).leM BCnOMOraTeJJb­

HhiC 0603H3LJCHliH, onpe.u,eJIHM COOTBeTCTBYIO~ee 0606IUeHHOe peweHHe, a 33TeM 

HCCJTe.UyeM pa3pCWHMOCTh ypaBHeHH51 ).I,Jl51 o606IUCHHOrD peweHHH H CXO)~HMOCTb 

peweHH51 .UHCKpennonaHHOfO ypaBHCHHSI K o6o6w.eHHOMY. 
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Onpe.uenHM fHJTb6eprono npocrpaHcTBO ¢YHKUHi1 

Wc}(f) = {u: u E L2(f), '\JTu E (£2(f))2
} 

CO CKillH:IpHhiM npOHJBC.UeHHCM 

(u.,v)wj(r) = (u,vl£,(r) + ("Vru, "Vrv)(L,(C))' 

llvllw,'(L'i = ((u, u)wJ(I'J) 112, ·u, v E Wc}(r). 

IIycTb [ 0 - 43CTb rpaHJ1Ubi r, a La - HeKOTOpiDI HC33MKH)'Ta51. KpHB351 Ha rpaHHUe 

f H BhinOJIH5IeTCH O.IIHO H3 yCJIOBHH: 

f udS = 0 HJJH I udl = 0, (8) 
1'0 Lo 

TOr)[a TaKOii KJJacc cpyHKUllH H3 Wi (f) 6yneM o6o3Ha4aTb yepe3 vVJ,o(f). MHOl!<e­

CTBO cpyHKUHH H3 w],o(fl ~B!lHeTC~ liO)[IIpOCTpaHCTBOM B W,'(f). ,[\JIH cpyHKUHH 

u., v E WJ,0(f) MO)!(HO ssecrH CKaii51pHoe npOH3BeJJ.emte 

( u, V hvd.o(r) = (\7 rU, V rli)(J~2 (r)p 

H COOTBCTCTBYIOIUYIO HOpMy, KOT0p351 6y.ner ::>KBHBaJICHTHa [7] HOpMe npOCTpaH­

CTBa Wj(r). 
06o6rneHHbiM peWeHHCM CliCTCMbl (5)-(7) 6y.UeM H33hiB3Tb ¢lyHKUHIO U E 

W],0 (r), ynoBJJeTsop~!OlllYIO HmerpaJJbHOMY TOJK,IlecTsy 

jVru·"VrvdS+ j p(6,1Vrui)(Vru.-Gr)·"VrvdS= j(6r-'VTx) "VrvdS (9) 
r, G r, 

rrpH 6 E K H n106oii cpyHKUIHI v E Wl,0 (f). 
,Ufl51 HCCilC}.I;OBJHH51 pa3peWHMOCTH ypaBHCHH51 (9) paCCMOTpHM BCTI0~10f£lTCJlh­

HbiC orreparophi B 1 H B2, KOTOpbie Ja,ua.uHM c noMOlUbiD paseHCTB: 

(BI'u·l,vl)wJ(rtl:::::::: jvrut·"Vrv,dS, Ut,Vt E Wl(rl); 
I\ 

(B,u,,,v,)wl(r,) = j p(6, 1Vrn21)(Vru2- 6r) · "Vrv,dS, 
r, 

rrpH u2, v2 E Wc}(r,) H 6 E K. OYeBHiiHO, YTo Br: Wc},0 (fr) _, W],0 (f,). KpoMe 

roro, B1 - nono:tKHTCJTbHo-onpe).l,eneHHhiH onepaTop s Wi.o(rt)· 
floKalKeM, 4TO B, W],0(f2) _, W,/,0(r,). ,UJJ• u E WJ,0 (f,) HMeeM 

p(6, IVrul) <: 2, IIOCKOHhKY 16- "Vrul 2 IG,.I, flooTOMY 

(B,u, v)w!(r.,) < 2 · llullwl.oll'o) · llvllwJ,(I',) + 2 · 116rllu~,(r,)' · llvlhq,(r,)· 
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llpyrwe cnoHcrsa onepaTopa B2 ccpopMyJmposaH:oi s cne.uytomeM neMMe. 

JleMMa I. 

OnepaTOp B,: W,',0 (r,) ~ W2
1,0 (f2 ) HBMeTc.: 

1) CHJJbHO. MOHOTOHHbiM, TO eCTb BblnOJJH5feTC5f HepaseHCTBO 

(B,u- B,v, u- v)wd,(r, 1 :> llu- vlli,1,1r,1, u, v E W{0(r2): 

2) JlHTIWHU-HenpepbiBHbiM, TO eCTb BblnOJJH5feTCSI HepaBeHCTBO 

IIB,u- B,vllw,'_,lr,) <: crtll·u.- vllwd.c(r,1, u, v E H':i,0(r2), 

me"'= 2 + max(1/IGnl), G E K. 
xEfz 

)lOK333TeJILCTBO. 

,UoKa)KeM CHJlbH)'IO MOHOTOHHOCTb. I1MeeM llJHI u, V E Wio(f2): 

(B,u- B,v, u- v)wj,(r,) = j[p(G, IV rui)(V rU- Gr)-,., 

-p(G, I'Vrvi)('Vrv- Gr)]· 'Vr(u- v)dS. 

}J;I51 ynpoWeHH.H 33TIHCH BBe)leM 0603HaLJeHJ.Hf 

(10) 

HcnoJI:oJya ~n1 o6o3HaLJeHH51, npeo6pa3yeM Bbipa)KeHHe s ( 10) cJiellyiOlli,HM o6pa-

30M. 

(B,u- B,v, v- v)w,'_,(r,) = j[(p(U)- 1)0- (p(V)- 1JV]. (U- V)dS+ 
r, 

+ jCU-V)·(U-V)dS= j[(p(U)-1)(IUI'-u V)+(p(V)-l)(ltfl'-u.v)JdS+ 
I'2 fz 

+llu- vii~· (r 1. 2,0 I 

TaK KaK U·V <:~(lUI'+ !VI'), TO 

(B,u- B,v, u- v)wur,1 :> l[(p(U)- 1)(IUI2
- ~lUI'- ~WI')+ 

+(p(V)- 1J(iVI'- ~lUI'- ~iVI')]JS + llu- vllfv1,1r,J = 

= (1/2) j (lUI'- iVI 2)(p(U)- p(V)dS + llu- vllfv• 1, 1 r
2 

z.o z 
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TIOCKOJibK)' 

(U)- (V) = IG,:I - ~~nl = ~Gnl (lUI- iVIJ 
P P lVI lUI IUIIVI ' 

(11) 

TO nO.LlbiHTerpanbHOe BbipaJKemre scer.ua HeoTpHuareJTbHo. Tio3roMy norryqaeM 

(B,u- B,v, u- v)w,',,(r,) :> llu- vllf...,',,(r,)· 

To eCTb D2- CI1JlbHO MOHOTOHHbii:J: oneparop. 

TioKa)KeM, '-ITO B 2 - JTHTIIIIHIJ,-HenpepbiBHhiH onepaTop. 11MeeM 

= sup I j[p(U)U- p(V)V]· 'VrwdSI <: 
llwllwJ,o<r2 )=l f 2 

<: sup I j[p(U)IU- VI+ lp(U)- p(V)IIVIJIVrwiJSI. 
llwllwJ,o(rz)=l rz 

IlocKOnhKY lUI = I'Vru- Gl :> IGnl H TaKJKe lVI :> IGnl• H3 (11) cne)lyeT 

lp(U)- p(V)I <: IIU:;Y" 

Ilo3TOMY 113 nocne.uHero HepaseHcrsa H 113 HepaseHCTBa Koum-EyHHKOBCKOro no­

nyqaeM 

OrKy.ua cneJJ.yeT JlHITIIIHIJ,-HenpepbiBHOCTh oneparopa B2 c rrocr05fHHOfi o-1 = 2 + 
max(1/IGnl). JleMMa llOKa3aHa. 
xEfz 

Ilycn H = w,'o(rl) X Wlo(r,). H3 CBOHCTB onepaTOpOB Bl 11 B, cnell)'IOT 
' ' 

csoticrsa onepaTopa B : H ---+ H, 3a,uanaeMoro paBeHCTBOM 

(Bu, v)H = (B1u1, vl)w!,o(r,) + (B,u,, v,)w!,o(r,)• 

r)le u = (u1, u,), v = (v1, v,) E W/,0(f1) x W,',0(f2). OH HBnHeTcH CHnbHO 
MOHOTOHHbiM 11 JlllniiUIU-HenpepbiBHbiM. f103TOM)' H3 06IIJ,eii TeOpeMbl [7] 0 pa3pe­

IIIHMOCTI1 ypaBHeHHi:J: C TaKHMH OnepaTOpaMH TIOJI)"--aeM C)'IIJ,eCTBOB3HHe o6paTHOfO 

onepaTopa s~t : H --> H. 
Ilepeii)leM K )IHCKpem3aUHH ypaBHeHHH (9). Ilycn N;(x), i = 1, 2, ... m­

KOHeqH0-3neMeHTH:ore 6a3HCHbie <jl)'HKIJ,HI1, onpeLJ,eJieHHbie Ha ::meMeHT8X rpynn 
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r l H r2, IIpHqeM 3TH cfl)'HKU,HH 06pa3)110T IIOJIH)IlO CHCTeMy JIHHeil:HO HC338HCl1MhlX 

3JieMeHT08 B H. I1pn6mnKeHHoe peweHHe ypa8HCHH5I (9) ¢m 6yr:J.eM HCKaTh 8 BHL(e 

m " 

¢m = L cp;N;(x:), X E r, 
i=l 

r.ue (A- HCH3seCTHbre 3Haqemui ¢YHKUHH ¢m B y3nax 3J1CMCHTOB. Do.ucTaBJISI5I 8 

ypmmem1e (9) BMCCTO U Bbrpa.tKeHHe )JJISI r/Jm H HCIIOJib3)'SI B K34CCTBe V cf:JyHKUJ1H 

Ni, s COOTBeTcTBHH c MeTOll,OM Ey6Hosa-fanepKHHa HMeeM cwcTeMy ypa 8 HeHwi1 

flle i = 1, 2, ... m.. 3llCCb )JJI51 Y.U06CTB3 3i:IIIHCH 

_( 0- I" "' IJ _ { 1, .r E r1; P X, · VT'-f'm - ----" 
' p(G, 1Vr¢ml), X E r,. 

3aMeqaune 1. 

CwCTeMy (! 2) TaiOKe MO)!(HO nonyqHTb nyreM cpopMarrbHoro /IHcpcpepeHQHpoBa­

HM51 clJYHKUHOHarra 

F = J IGr- Vr(¢m + x)l'dS + ]IIGr- Vr¢ml 2 + (Gn- uiG- Vr¢mi) 2Jd5 
1\ ['2 

ITO K03cj:lclJHIUieHT3M ¢i, i = 1, 2: ... TTL. 3_ueCb CJ- 3H3K KOMITOHCHTbi Gn. 

CJie.IJ,CTBHeM csoHcTB onepaTopa B, comacHo Teopm-I MOHOTOHHbiX onepaTopos 

[7], SIBJTSICTC51 C)'lQCCT80B3HMe e,D,HHCTBeHJ-IOro perneHII51 c/Jm CMCTCMbi (12) H ero 

CXO.L(HMOCTb B npocTpaHCTBe fl K cl:>)'HKIJ)-1H 'II, KOTOpiDI SIBJISieTC51 C.UHHCTBeHHbiM 

peweHHeM ypaBHeHHH (9). KpoMe Toro, peweHHe ypaBHeHHH (12) MoJKeT 6b1Tb 

ITOJT)"{CHO C ITOMOllJ..biO MTepaUHOHHOrQ npouecca 

-2-- .,(,+ll (" rv- -2-- "(kl J - (kl 
L '"J Vr" J · VTN;dS = L q\J (1- wp(x,G, IVr¢,; I))VrNj · VrN;dS-
J=l i' j=l r 

-c; jvrx·VrN;dS+w jp(.r,G,IVr¢j~li)Gr VrN;dS, (13) 
r1 r 

MH i = 1, 2, ... m. 3)1eCb napaMeTp w E (0, 2/crfl, k- mepaQJIOHHbiH IIH/1eKc, 

k = 0, 1, .... Amr peweHH> cHcTeMbi (12)- ¢m n peweHn• ypasHeHw• (9) - u 

HMeeM 

8 

J,uecb Hm - JIHHeHHoe no.r:J.npocTpaHCT80 8 H, cocTmnuee H3 :=tJieMeHTOB Bli,lla 

~ ~-N1 (X), nlC (tr: - HCKOTOpbre K034'J4'JHUHCHThi. .[(Jig OUCHKH norpeWHOCTH 

i-=1 
06bi4HO HCIIOJibJ)'IOT Hepa8CHCTBO 

inf llu- vlln <: l!11- Julin, 
vEHrn 

(14) 

rue Iu - 4'JYHKUH5I-HHTepnoJUIHT HJ Hm, Jan.asaeMa5I paBeHCTBOM Iu(x) = 
m 
2: UiJVi(.T-); :meCb Ui- 3H34eHH5i ciJyHKUHH U 8 )'3JlaX 3JieMeHTOB. 

i=l 
3aMCTHM, liTO eCJIH f 2 -II)'CTOe MHO:>KCCTBO, TO IIOJT)''-IaeM JlHHeiiHb!i-:f CJiyqai-i:, 8 

KOTOpOM ypaBHeHHe ,[1)151 o6o6w:eHHOro peweHJ.ISI HMeeT BH.U 

J Vru·VrvdS = j(Gr- Vrx) · VrvdS, u, v E Wi,0 (f). (15) 
r r 

Tor.ua HJ 06ll..l,ei-t TeOpHl1 MCTOD,a KOHeliHbiX ::meMeHTOB ,LI,J15i :JJIJlHIITWJ.eCKHX 33-

_uaq [6J1lllil ypaBHeHHJI (15) CJie.uyeT e,UHHCTBeHHOCTb peweHHSI U B npocTpaHCTBe 

1.-Vd,o(f), C)'W.eCTBOB3HHe e,UI1HCT8eHHOro peweHH5I COOTBeTCT8)110Ill..ei-1. CHCTeMbi, 

noJiyqaeMoH MCTOLI,OM Ey6Hosa-fa.riepKHHa, a TaK:>Ke cxO.UHMOCTh npH6JIH;.KeHHoro 

peweHHSI ¢m K 0606lli..CHHOM)' peWeHHlO U. npw 3TOM cnpaBC.IUH-183 OUCHKa, 3Ha­

flOrH4HaH ( 14 ): 
(16) 

,Uri51 HTCpaUHOHHOrD npouecca (13) peKOMCH.UYCTCSI HCIT0Ilb3083Tb B K3'--ICCTBC 

Ha43JlbHblX 3Ha4eHHH ¢)~l = 0, w = 1 H p(.r, G, 1Vr¢~ll) = 1. Bo MHornx 

CJiyqasrx :JTOfO 6hiB3CT .UOCTaTO'--IHO, liT06bJ peweHHe CHCTCMbl OnpeuemtJlOCh 33 

O.UHY HTepaUHlO. 

2 AnanTHBHbiH MmpHTM 

TOliHOCTh noJiyqaeMoro npH6nmKeHHOro peweHHSI ¢nH KaK ITOKa3biBaJOT He­

paseHCT8a ( 14),(16), J3BHCHT OT BbJ.6opa 6aJHCHb(X ¢YHKI~H~i N1·, i = 1, 2, ... m. 

Tio_uo6paTb TaKHe 6aJHCHbie cfJYHKUHH, liT06bi cpa3)' ITOJlY'lHTb He06XO)lliM)'IO TQt.J.­

HOCTb, K3K rrpaBHJIO, He )'.Ll,3eTC51. Ilo:.HOM)' npHXO,UHTC51 HaXOllHTb HeCKOJlhKO 

npH6JIH:>KCHHbiX peWCHHH T3KHM o6pa30M, liT06bi Ka)!()loe HOBOe npH6}1H)!(CHHOC 

peweHHe 61mo 6moKe K TO'-IHOMY peweHHJO ypasHeHH51, LJCM npellht.uyruee. TipH 

::/TOM ITOCTpOeHHC 6a3HCHblX clJyHKUHH .WUl Ka)K)lOrD HOBOfO peWCHlUI OCH08bi.Ba­

eTC5l Ha 3HaJlH3C ITOBC.UCHH51 npC.Ublll)'lli..HX npw6JIH.IKCHHbTX peweHHit C IICIIOJib:J0-

8aHHCM HeKOToporo a.uan'fHBHoro anropHTMa. B Haw6oJiee )'HHBepcanhHhJ.X aua­

IITH8Hh1X arirGpHTMaX 6a3HCHbi.C clJYHKUHH )JJI.SI HOBOrD IIpH6fli·DKCHHOrO peweHH5I 

Moryr CTpOHTbC.SI cpaJy .UBYMSI Cnoco6aMH O,UHOBpeMCHHO. DepBhllf CIIOC06 33-

KJIKJqaeTCSI 8 TOM, LITO pa3Mephl KOHeqHbi.X ::meMCHTOB )'MeHhWalOTCSI B JaBHCHMO­

CTH OT anpHOpHhJ.X OUeHOK H nose_ueHHSI npC.Ubl,U)'lli,CrG IIpH6JlmKeHHOro peWeHHSI, 
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a CTCTICHh MHOfOlJJICHOB, C llOMOlUhiD KOTOphiX npC,UCTJBJlCHhl COOTBCTCTByKlWHC 

6a3MCHlole ¢YHKUIU1, ocraercg HCH3MCHJ-ro:H. Bo BTopoM cnoco6e yseJmYHBaerc.H 

CTCllCHl. ~HOrQ411CHOB B 3aBHCMMOCTH OT arrpHOpHMX OUCHOK 11 ITOBC,UCHHSI pa­

Hee Hair.QCHHOfO npH6.llH:IKCHHOf0 peWCHI151, a p33MCph1 KOHC4Hh!X JJlCMCHTOB, Ha 

KOTOpMX OHH Onpe,u:CIICHh!, HC MCH5110TC5I. I1cnoJih30B3HHC )THX JJ:BYX CTIOC060B 

B 3)l3TITHBHOM aJiropHTMC TIOMOraeT CTpOHTh 6hiCTpOCXOWIIIUICC51 npH6mtMCHHbiC 

pernemt51 TipM OTHOClfTeiihHO HC60J!hWHX Bbi4HCJlHTCJJhHh!X 33Tparax. 

KpoMe TaKOfO o6wero TIO).(XO)la, OTMCTHM KOHKpCTHhiC OC06CHHOCTH 33ll34H 

OIIpC,UCJICHlHI npH6Jllf)I(CHHOf0 pCWCHJ-UI ypaBHCHHSI (9) C HCKOTOpOif 33l1,aHHOi1 

T04HOCThiO. 

Bo-nepBhiX, Ja,ua•Ia onpeneneHmi cjJyHKIJ,HH u .Hs.rHiercx YaCTbKJ o6weH 3a;~a·m 

Blf)Ia (1)-(4), H TIOJTOMY ariropHTM onpeneJJCHl15I npH6m-DKCHHOf0 pemeHH51 1Jm 

.UOJl)I(CH comacOBhiDaTbC51 co crparerHe:H peweHIHI o6weH Ja..u:aYH. Bo-sropbix, rn­

secTHo ToqHoe '3HaqeHHe rpa;J)ICHTa HCKOMOH c}l)'HKUHH - BCKTop G, 11 no:>TOMY ero 

MO;KHQ HCTIOJ1h30Ban, )lfl5I OUCHKH pa3HOCTH T04H0f0 H npH6JlRIKCHHOrQ peii1CHI15!. 

Tipe)KJIC qeM cciJopMynHpoeaTb pa3pa6oraHHhtti asropaMH a,u,anTHBHbiii anro­

p!UM, BBC)J,CM He06XO,Ul1MbJC 0603H34CHH51 H npHBC.UCM HCKOTOpbiC YTBCp)!()J,CHml. 

B cooT 3CTCTBlfH c o6weH 3a,uaYeH ( 1 )-( 4 ), 6y.ueM npcunonararb, l.JTO o6mtCTh 

0' = 0 U fll pa36HTa CT3H).tapTHhiM 06pa3QM [6] Ha BhlllYKJlhiC WCCTIUpaHHHKH 11 

B COOTDeTCTBHlf C ::.lTHM pa36HCHHCM rpaHHIJ,a f COCT3BJICHa H3 BhinyK . ..lbiX 4CTbl­

pexyro.nhHHKOB. 

Ka)f()tOH T04:KC X= (xl; x2; :£3) l.JCTbipexyronhHHKa l'l c r c HOMCpOM l 6yJlCM 

CTRBllTh B COOTBeTCTBHe TOqKy ~ = (~1 ;6) KBa)(paTa E, = [-1,1] X [-1,1] C 

TIOMOili,I:IO npeo6pa30B3HI15I 

' 
J:; = (1/4) I: X;,k' (1 + ~J,k~J)(1 + 6.k6), i = L 2, 3, 

k=l 
(17) 

me KOOpLJ;HHaTa X(k) -= (::r.·l,k; X2,k; X3,k) yrJIOBOti BCplllHHbi C HOMCpOM k l.fCTbi­

pCXyrDJibHHKa /'l coorseTcTsyer sepwHHe KBa,upara E2 c Koop.unHaToi{ E(k) = 

(6,k; 6 .. J TaKHe npeo6pa3oBaHH51, KaK (17), H33biBaiOT HJonapaMerpw-IeCKMMH, 

HX csoikrsa paccMorpeHhi s [6,9]. BhrnyKJIOCTh qerhrpexyronbHHKa 11 518m 1erc51 

JJ.OCTJTO-lHbiM ycJJOBHCM ).lJUI orrpeJJ,eneHHSI o6panwro npeo6pa3osawur. KpoMe 

roro, 6yner HeBblpO)!()tetmoH MaTpHu,a 

ax 
J = {a~: h.j~1.2,:1, (18) 

fllC fJxj/ 86 (j = 1, 2, 3J ·- KOMIIOHCHTbi BeKTOpa f1 X f2, fj = t ikEJ:I;kj 8Cj, 

j = 1, ~:, KOr,Ua X E /'l· f1o::lTOMY Will )lOCTaTOlJHO r.JJa)l,KOfi c}JyHK~;~ 'U MO)KJJQ 

onpellenHTb Vu(x) = J-·lv(u(~); JJJ,ecb Vf,- rpa,Ll,HCHT no nepeMeHHbiM ~11 6,6. 
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,Iln51 a,uaTITHBHOfO alllOpHTMa 6yJJ,eM HCTI0Jlh30B3Tb l:ICTbipC THna l:ICThipCX­

yronhHbiX 311CMCHTOB. 3TH 3J1CMCHThi 6y.UCM 3a,Il383Tb ciJJHKI.l,H51MH ciJopMbi (6a3HC­

HbiMH ciJYHKUH5U1H, Onpe,UCJlCHHbiMM H3 O.UHOM 3JICMCHTC) H Y3J13MH Ha KBa;:I,paTC 

E 2 , KOTOpbiC npeo6pa30BaHHCM, o6paTHhiM K ( 17), CTJB51TC51 B COOTBCTCTBHC TOq­

KaM 4CThipexyroJibHHKa Ip3Hlillhl f. 

IIepBbiM THTIOM :3J1CMCHTOB 6y.ueM Ha3biBaTb narpamKCBhi 3JieMCHThi c 6 ymaMH, 

HMeJOU]He <jlyHKUHH <jlopMb1 B nepeMeHHb1X (6; 6) E E, cne)1yJOI!1ero Bli!la : 

N(1,2l(<) = " a(I,k). t#• . t#' 
k "' L /31 /32 "'1 ':.2 ' 

k = 1, ... 6, 
181$2 

r11e 1!31 = /31 + ,6,, iJb iJ2 - HeOTpwuaTe11bHb1e uenbie qHcna, a Koo<jl<jJHI!HeHTbl 

0~11~;: 1,81 ~ 2, ll.ll51 K3)KJ10f0 y3Jla C HOMCpOM k OllpC,UCmiiDTC51 K3K pCIIICHHC 

CHCTeMbi Nt'l(eUI) = b(ekl,elil), J = 1, ... 6. 3)1eCb b(Eiki,E01) = 1, ecnu 

~1 .k = 6.1 H 6.k = 6J. B npOTHBHOM cnyqae b(~lkl,~01) = 0. Pacnono)J(eHHe 

y3JIOB TIOK333HO Ha pHC. 1. IlpH TaKOM 3a;:J,3HHH Y3JIOB CHCTCMa Jlll51 onpCJlC­

JICHH51 6a3HCHhiX clJyHKUHH 0.UH03HaqHQ pa3pCIIIHMa. 3TOT nm 3JlCMeHTOB 6yJJ,eT 

HCTIOJib30BaTbC51 )lJI5l BCIIOMOraTe.JibHbiX Bbll:IHCJlCHHi.f., a HC Jli151 IIOCTpOCHH51 IIpH-

6m·DKCHHbiX peiiiCHHH. 

BTophiM THTIOM 311CMCHTOB 6y.ueM Ha3biBaTb 3JICMCHTbi, Y311hi KOTOpbiX nonyqa­

IOTC51 npH .upo6nemm qerhipexyrorrbHHKa Ha qerhlpe, KU)K}],bi:H H3 KOTOpbiX 6y.uer 

narpamKeBhiM ::>JieMCHTOM c 9 y3JlaMH, coorsercrsyiDIIJ,HMH ymru.1 KBa,n:para ~. 

KOTOpbie H306p<UKeHbi Ha pHC. 2. TaKHC 3JICMCHTbi 6y,u;yr HMCTh B CYMMe 25 pa3-

JIHqHbiX yJrros H JIOKarJbHO onpe.ueneHHbiC ¢YHKUHH ci_JopMbi. TipHBe)leM ciJYHKUHH 

<jlopMbl, HanpHMep, )l,llll KBa,!1paTa 0 <; 6, 6 <; 1: 

Ni2'
21 (0 = I; ak;;](26- 1)~'(26 -1)1~ + ag·k1(26- 1)(26- 1)2+ 

101$2 

(2 k) 
f)1e k - HOMep )"JITR, npHHa,uiie)J(al!1efO 3TOMY KBa,npaTy. Koo<jl<jJHUHeHTbl a~:{!, 

onpe11eiDIJOTCH KRK peweHHe cucTeMbi N ~2 • 21 ( E01) = b'( E(k), ~Iii) )l,llll y111os c Ho­

MepaMH k, j lf3 3TOro :JKe KBa,n:paTa. AHan:ornl:IHO noJzy'-laeM 6a3HCHbie QJyHKll,IUI 

)l,llll 11pyrHx Tpex KB<mpaToB H3 E2. CncTeMbi )l,llll onpe11eneHH" 6a3HCHbiX <jlyHK­

UHll O,UH03H3l:IHO pa3pCWHMhi. 3'foT THTI 3JleMCHTOB 6yJJ,CM HCTIOJib30B3Tb )1)151 

H3XO)I()J;CHlUI npH6JIH:JKCHHOro pClliCHII51 CHCTCMhi (12). Q TOM, KaK HCKJIIOl:IHTb 

H3 CHCTeMbi (12) HeH3BCCTHbiC 3HaqeHH51, COOTBCTCTBYIOIIJ.HC BHyrpeHHHM y3JlaM 

3THX 3JieMCHTOB, 6yJJ,CT TIO)lp06HO CKU3aHO B II051CHCHHH K 5-My mary a;:J,3IITHBH0f0 

arrropHrMa. 
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TperLHM TlfTIOM 3JJeMeHTDB 6yneM Ha3biBaTL cepeH.IU1IIOBbi 3JJeMeHTbi c 17 yJ­

naM:J1. <l>)'HKUMH cpopMbi raKHX :JJieMCHTOB B nepeMeHHLIX (~1 ; 6) E E2 MMCIDT 

Bllll 

N (3,1)(<) _ '\"' (3,k) _ t~' <13, + (CLk) t1 t (3,k) t t4 
k '> - L a!3lf"J2 '-:.l ·c,2 a41 '"'-1 '':.2+a11 "<,1"<.,2, 

1m~' 

k = 1, ... 17, 

"'"' (3.k) ' r11,e K03'-~-''+'Hli,HeHThi a,a
1
:s

2
, )JJUI Ka)!().J;Oro ywa c HOMe(JOM k orrpell,emiiDTC5I nyreM 

peiiiCHH51 COOTBCTCTB)'lDIIJ,C:H CHCTCMbl, 3HaTIOTIIl.JHO TOMy, K3K 6hiJ10 OIIHCJHO B 

CJI)"-Iae ::meMeHros rrepsoro nma. Pacnono)!(eHite YJJIOB noKaJaHo Ha puc. 2. 
3TOT TMIT :iJJCMCHTOB TaK)!(e 6y.ueM HCIIOJ1b30B3Tb )lJUI TIOCTpOCHH51 npu6mDKCHHOf0 

perneHH. CHCTeMbl (12). 
HaKoHeu, qersepTLIM rnnoM 3JJeMeHros 6y).leM Ha3biBaTb narpamKeBLI ::>JieMeHTbi 

c 15 y3JlaMH, Koropnie nonyqeHbi .uo6aB!1eHHeM nsyx nononHHTCIIbHbiX yJnos K y3-

JJaM Ky6arypnort cf.JopMyJILI, TO'-IHOJI ,UJUI MHOfO'-IJICHOB )lO II51TOJI CTCIICHH BKJIIQqH­

TCJibHO l8]. PacrronmKCHHe y3JIOB noKaJaHo na p11c. I. cf>)'HKUJH1 ¢opMLI HMeiOT 

BHll 
N(4,4)(<) = " a(4,k). c#• . c#' 

k <., ~ /3t.f32 ':.1 <.,2 1 k = 1, ... 15, 
181" 

r11e KOo<!><!>HUHeHThi a~~~;, liJI -<: 4, MH KalK!lOro y2na c HOMepoM k onpene­

mroTc• KaK perneHHe COOTBeTCTBYIOlliOH CHCTeMb!C Nk4
'
4

) (e(j)) = 8(~(k), ~(j)), 
j = 1, ... 15. Ll,II51 Ja,uaHHbiX y3JloB ::>Ta cHcreMa O).lH03H3'-IHO pa3pernHMa. 3ror 

THII 3JICMCHTOB 6ylleM HCIIOJib30B3Tb )lJlll BCIIOMOf3TCJ1bHbiX Bbi'-IHCJICHH:H, a He )l.ll51 

IIOCTpOCHH51 npH6JIJ-DKCHHOfO perneHH51 CHCTCMbl ( 12). 
C UCJJL10 OIIHC3HH51 CBOJICTB KJ)K)lOrD nma 3JICMCHTOB, BBC)leM o603HalJ.eHH51 

)1)151 cfJ)'HKU,Hti-HHTepiiOJUIHTOB, OnpellCJICHHbiX Ha lJ.eTbipexyrOJJbHHKe /l C f: 

m, (k ) 
Jik•"lu. = LUiNi ·,n (x); 

i=l 

JllCCb HH.UCKC k Ja,uaer nm 3JJeMeHra, mk - l.J:Hcno y3JlOB ::>neMeHra runa k, Ui, 

N?,n) - 3HaYeHne cpyHKLUHt u B i-M y3ne 11 11 i-SI 6a3HCHIDI ¢YHKLJ,M51 na ::>neMeHTe 

COOTBCTCTBCHHO. 

MeTOllbl HCCJJC)l083HH51 annpOKCHM3LI,l10HHbiX CBOJICTB KOHelJ.HbiX 3JICMCHTOB 

H3BeCTHbi 11 npHse.ueHhi, HanpnMep, B [9,61. B pe1ynnrare nx npnMeHeHH51 npH 

HCKOTOpbiX orpamJLieHI-I5IX Ha lJ.CTbipexyroJJbHHK /1 C r B npe)liiOJlQ)fWHHH, lJ.TO 

¢YHKUH51 u E Wi+l ( 11). TIOJ1YLiaiOTC51 Oli,CHKH ornn6KH HHrepnorum,un BH.Ua 

lu- J(k,n)ulwJ(-y,) S C · h" · { L 
I7JI=n+l 
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j ID;'ul 2dS}112
, 

-y, 

rne I lwJ(o,j - nonYJlOpMa 8 npocTpaHCTe w,'('y,), TO eCTb nn• <l>YHKUHH 

v E WJ('y,), lvli,/1-nl = (V',v, V,v)(L,(odl'; h - llHaMeTp oneMeuTa; C- no­

JJO)KHTeJihHa51 KOHCTaHTa, He3aBHCHMaSI OT h H u; D~u = ()ITJ1uj8xi 18x'T8x!f, 
TJ = (rJ1, ry2, ry3), lr1l = ry1 + TJ2 + TJJ, Jnecb ry,, (r = 1, 2, 3) - ueoTpHUaTenbHbie 

ueJibie '-lHCJJa. TIOCKOJlbKY TaKHe OUeHKH OWH6KI-t: HHTepnOJUI:UliH 33BHC51T H OT 

seJIHIBfHbl hn H OT BeJU1'U1Hbl cyMMbl '-l3CTHbiX npOHJBOJlHbiX nOpS1liK3 n + 1, TO 

ecrecrseHHO np11 nocrpoeHHH 6a3HCHhiX ¢YHKUHH Y'·H1TbiBaTb o6e JaBHCHMOCTH. 

TeM 6onee ::~ro Heo6xoJJJ1MO, ecnw paccMaTpHBaJOTC51 aHa.rmn1'-leCKHe ¢YHKUJU1 c 

oco6eHHOCT51Ml1. Y T3KHX clJyHKUHi.J: 43CTHble npOH3BO)lHble 60JiblllefO ITOp511lK3 MO­

ryT 6biTb H3MHOrO 60JibllJe TID seJUfl.JHHe, LJeM '-IaCTHbie npOHJBOJ.lHble MeHblllefO 

nop51JlKa. 

3aMe~:tauHe 2. 
CnenyeT OTMCTHTb, '-ITO ITOJ1C3HblMJ1 MOryT 6b1Tb OUCHKH OWH6KH HHTeprromiUHH 

CHH3y. flyCTb IUUI paccMaTpHBJCMbiX THITOB ::>neMCHTOB (k = 1, 2, 3. 4) 

m.k 

Hm,,,('y,) = {v E W}('yi): V = L i!,N,1'·"\,;), :r E /'J}, 
(i=l, iofj) 

r.ue iJi, {1 :S_ 7 _S ·rnk) - HCKOTOpble KO::>QJCtmuneHTbl. Tor.ua CCJJH ·u E lV2
1{!t), TO 

cnpaBe).lJJl1BO HepaBCHCTBO 

(19) 

L(oKa>KeM HepaaeucTBO ( 19). HMeeM 

lu- I 1'·"1ulwJ(o,) = !IV',u- V,(Jik,nlu)IIIL-,(o.Jl' = 

= IIV',(u + Cj)- V,(~(u., + Cj)N,ik·"1(1:)11(L,(1,)l'· 
i=I 

r)le C; - npOH3BOJlbHa51 TIOCT051HHa51. BbJ6epCM f'1 TaK, '-IT06LI U J f- (; = 0, fll,C Uj 

- JHalJ.eHHe clJYHKUHH u a y3ne :c(J) E Tl· 06o3Ha'-IHM U = u- u1, ron1a 1i.j = 0 H 

nonyqaeM: 

lu -J1'·"1u!w](o,J = IIV,u- V',(J1'·"1u)IIIL,(o,Jl' = 

= lu(x)- 'iii· Nj<·"\x)- ~ uiN,1'·"l(1:)iwJ(o,J 2' 
{i=l,if-j) 

2' inf Iii-- vlw](o,J = inf lu- vlw](1,)· 
vEII.,k,j{!!) 1>Ellmk,J(/d 

BLI6HpiD1 raKoH yJen ::>neMeHTa "fl, npH KOropoM nocnellHee HepaBeHcrso 6y.uer 

MaKCl1ManbHbiM, nonyYaeM oueHKY ( 19). 
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0rCIOJl3 CJIC):{YCT BbiBO.Il, lJTO rrOrpeiiiHOCTb HHTCpiTOJHl.UHH Ha ::meMCHTC '"'fl 

MOJKHO OUCHiiB3Tb CHI-13)', HCITOJib3)'51. npH6nJi)KCHHbiC peweHH51 .UB)'MCpHblX Kpa­

CBbiX Ja,!l3lJ J])-tpHXJie, ITOCKOJlhKY IIpH pewemm T3KHX J3):(a4 H3 :;)}lCMCHTC ")'[ MCTO­

)lOM Ey6HOBa-faJlepKHH3 ITOJ1)''·:IaJOTC51. OUCHKH norpelllHOCTH, KJK B npasofl 4aCTH 

HepaseHcTsa (19). TaKofi no.nxo.u 5IBJI51eTC51 ymtsepcanhHhiM, HO llJI5l paccMaTpH­
saeMoH 3:l,U34H 6onee 3c!Jc!JeKTHBHbli.f CITOC06 JIOKaJibHOfi: OUCHKH IIOfPCWHOCTH 

OCHOB3H Ha BbipaJKCHHH 3TOtf norpeUJHOCTH 4Cpe3 '-IaCTHbiC npOHJBO,IlHbiC Ja)JaH­

HOfO BCKTOpa. 

KaK o6hi'IHO, qepe3 C(n) (E2), n 2 0, 6yl\eM o603HaqaTb npoCTpaHCTBO cJ:>YHK­

UHH, onpe)leneHHhiX Ha E2, KOTopbie HMCHJT HenpepLIBHbie '-IaCTHbie rrpOHJBO,UHbie 

JlO nop>JlKa n BKmoqHTerihHO, TipH OTOM C(0i(E2 ) =o C(E2)- npoCTpaHCTBO He­

npephiBHhiX cj:>yHKUIIH c HOpMoii llvi!c(E,) = rn'l/' !v(0!, rue v E C(E,). 
<E~, 

.[(IISI nOCTpoeHHSI a).l3TITHBH0f0 anropHTMa )J,OKa.JKeM O~eHKy norpelllHOCTH HH-

Tepno.JN~HH, KOTOpyiD Y.U06HO BhJqMCJISITh. fipH 3TOM 6y)leM HCTI0Jlh30B3Th ma,u­

KOCTh 3a,!laHHOro BeKTOpa G. 
JleMMa 2. 

TiycTh 'U E C(n+l)(E2), r.ue n = 2, Korna k npHHHMaeT 3HaqeHmi 1 HJUI 2, H 

n = 4, Kor.ua k rrpHHHMaer 3HaqeHJISI 3 HJIH 4, ror.ua npH ~ E E 2 cnpaBe)lJIHBO 

HepaneHCTBO 

lu- J(k,n)ul <:: d, · :L (IID~G(,IIc(E,) + IID~G6IIC(E,J); (20) 
lf31~n 

3)\eCh !ill = fJ1 + j3,, /31, {31 - HeOTpHU3TerihHhle uen11e qHcna, G(j ~ OUjO~j, 
j = 1, 2, a K03cpcpiiUIIeHThl d1 (1 <; k <; 4) npHHHMaiOT 3HaqeHII~: d1 = 33/16, 
d, = 1/2, d, = d4 = 8/3, 

)J,oK313TeJihCTBO. 

0rMeTHM CBOikTBO cilYHKUIU1-HHTeprrOJUIHTa, KOTOpOe 6y)].eT HCriOJlh3083TbCSI 

npH )lOKa3aTeJihCTBe. J(k,n) U SIBJI5IeTCSI HHTepiTOJI.SI~HOHHbiM MHOfOtU1eHOM, e,ruiH­

CTBeHHhiM (8) )].JlSI K3)((U0f0 3HaqeHHSI k 11 COOTBeTCTB)'lOII.lefO 3HaqeHHSI n. Ilo-

3TOMY ecm1 p(k,l)(~) - MHOfOtUieH CTeneHH l :S n )lli5I 33)].3HHhiX 3HaqeHHif k, TO 

J(k,n)p(k,l) = p(k,l)(f;). TiycTh u(O E C(n+1i(E2), r)le n = 2, KOr)la k = 1 IIJIH 

k = 2 II n = 4, KOr)1a k = 3 HIIII k = 4. PaccMoTpHM rrorpeWHOCTh v(k,n) : 
m, 

v(k,n)(f;) = u(O- L uiN,('·"1 (~), ~ E E,, 
i=l 

<I>YHKlllflO u B ywax ~(i) npe)lCTaBIIM B BII)1e PHJl3 Teiirropa B ywe e(j) : 

ui = L Dtu(~(j))(f;(i) _ f;Ul)~ / /3! + R(n+1)(f;(il, ~(jl), 
1111 :S n 
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Ri"+li(~iil.~(il) = L D/u(~UJ+B;(~(i)_~UI))(~(ii_~UI)i3/f3', 0 < g1 < 1. 
li3l=n+l 

3nen iJ = (!l~,;'l,), !ill= ,81 + {J,, 81,/32- HeoTpiiUaTeJihHhle u;eJih!e qucJia, 
Jl = ,011tJ21, DZu = 0 1 31ufod'o~f'. !{po;re Toro, 

(~(i)- ~(j))B = (~I,i- ~i,j)'3'(6,;- 6,j)f3', 

~UI + 81 (~(11- ~UI) = (~1,1 + 8;(6,;- ~I,j), ~2,i + 8;((,,;- 6,i)). 
ITo,ucranJIHJI raiwe rrpc.n:cranJieiDie ¢YHK:u;rrrr u B m.-rpameHHe )lJIJI rrorpeiiiHOCTH 
v(k,n), noJiy-qnM: 

v(k,n)(O = u(~)- ElL Dfu(~UI)(~(i)- ~(J))B/6l]N,{'·"i(0-
i=l lfli:S:n 

-E R(n+1)(~(i), ~(j))Nr n)(f;), 
i=I 

3,uec:b B KBa,n;paTHhlX Cli.06HaX CTOHT MHOTO't!JI€H CTeTieHH ::::; n, II03TOMy, yqHThl­

BaJI CBO:il:CTBO ¢YHKIJ;HH-HHT€piiOJIJIHTa, 6y,neM H1f€Tb: 

v(k,n)(O = u(~)- L Dfu(~(JI)(~- ~(j)l j(JI- E R(n+1)(f;(i), ~;Ul)N,(k,n\1;). 
li3I:S:n i=l 

,ll;aJice HCITOJib3YH pa3JIOJKeHHe ¢YHKIJ;HH u B PJI.U Teii:Jiopa n TO't!Re ~(j), rro.rry-

traeM: 

11(k,n)(f;) = R(n+1)(~, ~;Ul) _ E R(n+1)(/;(i), f;Ul)N;(k,n)(f;), 
i=l 

Ou;eHHM <jlyHRUHIO v(k,n), yqJATLIBa!I qTO IN1(k,n)(f;)j <; 1 )lJIJI Bcex 1 <; i <; m,, 

Bne,neM raiOI\e o6o3Ha-qeHne: 

lv(k,n)(f;)j <; jR(n+1)(~,~(j))l + ~~~;,, IR(n+1)(~(iJ,f;(j)), N;(k,n\1;)1 <; 

<:: I: {3\ IIDfullc(E,J · Jlil~(UU1 )IIqE,J+ 
lfil~n+1 , 
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npH KOHKpeTHblX n H k. 0TMeTHM, 4TO Ch
1
/8, = ((3/2)8'2·8' + (3/2)P')/p! S 33/8, 

(2) = 2/(31 < 1 C(3) = c(4) = (2jj3!)(2P•2B') S 16/3, npH4eM MaKCHMaTlbHble 
cf3lfh · - ' fMh !31/'h 
KO:)clJrtnuJ;IieHTbi TI01Iy:I3IOTC5I OpH CMeiJJaHHhiX npmi3BO)lHbiX. flo3TOMY ecJUI llf!Sl. 

CMClll3HHblX rrpmi3BO,TIHhiX rrpH /)1, (31 2: 1 HCTIOJlh30BaTh OUeHKy: 

alelu 1 alel- 1c 1, alel-lc(, 

I a~~· a~~, 1 s 2 · (I aef' 'a~f' 1 + 1 ad·a~f' ,IJ, 
rue Gr = au;a~j. ] = 1, 2, TO 113 (21) norryqaeM uepaBeHCTBO (20). 

)l.rr5J.J OUCHKH norpernHOCTH HHTepnOmiUHH (20) Tpe6yeTC5!._ BbllJHCJTeH~e '-IaCTHbiX 

rrpOH3BOI\HblX BToporo 11 qeTBepTOro rrop•IIKa OT BeKTOpa c(e) = .] . G(.T), me .] 

- MaTpHU:a, onpe.ueneHHllil B (18). ~flpH :::.JTOM ecTeCTBeHHO IIpl1MCH5ITh ciJopMyilhl 

c TeMH )KC 3HaqeHIUIMH BCKTOpa G, KOTOpblC HC06XO)l,HMbl )..UUI c}:lopMHpOB3HJUI 

cHCTeMbi ypasHemtH (12) c noMOlll,hiO Ky6aTypHDI~ cpopMyJI. Tio3TOMY llJI51 npH-
6mnKeHHoro sbiq11crreHml qacTHhiX npoH3BO.UHhiX G ( 0 6y)1,eM HCTIOJJh30BaTh :;,Jie­

MeHTbi rrepsoro 11 '-leTsepToro nmos. TaKMM o6pa30M, ,!l,.fUI qaeTHbiX npoH3BO.UHhiX 

DzG(~). DtG(~) 6y11eM np11MeH~Th arrrrpoKci1Mau11H: 

6 

D~G(O"" DlG(O = 2..: G(~UlJD1NJ'21 (~). (22) 
J=l 

D{G(O ~ D(G(0 = f: G(~Ul)D(Nj'-"1\~) (23) 
J=l 

,IJ,anee npHBeJJ.eM auanTHBHbii1: anropHTM .JlTUI. perneHMSI ypaBHeHM51. (9) If .Ua,!ll1M 

He06XO.UMMbie IT051CHeHH51. AJiropHTM COCTOHT H3 CJICJl)'K)IUHX rnaroB. 

1). AJ151 Ja,uaHHOrD pa36HeHMSI rpaHHUbl r Ha LJ:eTbipexyrOJibHHKH reHepHpyeTC51 

HHQ:lOpMaUH5I ,UJI5I npe,UCTaBJieHH51 pa3pe)KCHHOfi MaTpHUhl CHCTCMbl (12). llpH ::>TOM 

npe,anonaraeTC5I, lJ.TO Ka)((Jlbli.:J. lJ:CTblpexyrOJibHHK HMeeT 110 17 Y3..ll0B, COOTBCTCTBy­

KJ~HX 3JieMCHTaM TpeTbCfO THTI3. 

2). ,Un51 BCeX t.JeThipexyronbHHKOB rpaHHllbl f B Y3I13X, COOTBeTCTB~FOUJ..HX yJJiaM 

::>neMeHTOB qeTnepToro nma, s KOTOph!X eme He onpe.ueneH seKTOp G, ll£OBOMTCSi 

ero Bhi'-IHCJieHH5I. B 3aswcHMOCTH oT nose.ueHH51 KOMnoHeHT BeKropa G rpaHHUa 

f pa3,UeJI5IeTCSI H3 rpaHHUY fr H Ha rpaHHUY f2, KaK 3TO OIIHC3HO B pa3)],e.fle l. 
3). )J,rr• qeTb!pexyrOJibHWKOB rpaHHllbl f C nOM0111blO cpopMyJl (20),(22) H (20),(23) 

Bbi'--IHCJ15IIOTC5! oueHKM norpewHOCTH. Bee qeThrpexyronhHHKH pa3.IJ,eJISIIOTC}I Ha ~sa 
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KJlacca. K nepsoMy KJ1aecy OTHOC51.TOI LJeThrpexyroJihHHKH, lilUI KOTOphrx oueHKa 

f!OfpCWHOCTH v(3A) MeHhllie OUCHKH norpCWHOCTH V( 2•2). Ko BTOpOMy KJiaccy 

OTHOOITC5I Bee OCTarihHbie l.J:CTblpex yrOJibHHKH rpaHJUJ;hi f. 
4), ,Ufl.51 BCCX '-IeTbipexyroJibHHKOB rpaHJHlbl f Bbi'-IHCJ1!HOTC51 3JleMCHTHhie MaTpHUbl 

H JJlCMCHTHble BeKTOpbl, H3 KOTOpbiX QJopMHpYJOTC51 MaTpHUa H npasllil Lf3CTb CH­

CTCMhl ( 12). fipH :>TOM 113 '-ICTbipexyrOJibHHK3X nepBOfO KJiacca HCTIOJ1h3YJOTC51 

cjJyHKUHH ciJopMb! JJleMCHTOB TpCTbCfO nma, a Wl51 lJ:CTbipexyrOJihHHKOB BTOporo 

KJiaCca - ::>JieMeHThl BTOpOro nma. KpOMe TOfO, WI5I BbllJ:HCJ1CHHi1: HHTerpaJIOB no 

4CTh!pexyrOJlbHHK3M nepBOfO KJiaCCa HCTI0Jlb3YFOTC51 Ky6aTypHbiC cjJopMyJihl C 13 
Y1.1l3MH, KOTOpbiC CCTh y 3JlCMeHTOB '-ICTBCpTOfO nma, a ,UFHI Bhi'-IHCJ1CHI151 HHTerpa­

JIOB flO 4eTb!pexyroJihHHKaM BTOpOro :tUlacca HCfiOJlh3YCTC51 COCT3BH351 r:f:lopMyna H3 

YCTbipex Ky6aTypHbiX ¢opMyJI c 13 y1..'laMH. 

5). PewaeTC51 cHCTeMa ( 12) e noMo~hKJ lnepaunoHHOro npouecca (13). 
6), ~51 K3)K)l0f0 lJ:CTblpexyronhHHKa {l C f Bbi'-IHCJ151CTC51 BeJ1H'-IHHa £1 - 0THOCH­

TCJ1bHa5I p33lfHU3 Me=*Jly TO'-IHbiM peWCHl'ICM U H npH6mDKCHHbiM c/Jm: 

c{ o= j IIG ~ V¢mllld5/ J IIGII1dS, 
/! /1 

r11e 'V¢m \!T¢m + ri · aiG ~ VT¢ml: 3lleCb a- 3HaK KOMITOHeHThi Gn, IIGII1 

= IG,I +IG1I +IGnl, aHanOrWIHO Bbi4HcmeTC" IIG ~ V¢miii· TipH OTOM 11CITOHb-
3YJOTC51 Te )KC Ky6aTypHbie cflopMyJThl, l.J:TO H Ha Ware 4), H Bbi'-IHCJTCHHbiC Ha lllare 

2) JHa'-leHH51 seKTopa G. ECJIH Ja.uaqa c 3a;J:aHHoi1 TOlJ.HOCTbKJ eu'e He peweHa, ro 

npOBO)IHTC51 )'TO'-IHeHHOe pa36HeHMe '-leTb!pexyroJTbHMKOB, COCT3BJ151KllllMX ITOBepx­

HOCTb f, H npoue,uypa CHOBa ITOBTOp5IeTC51 C Wara 1). 

)J;a).(HM no5ICHeHmi )JJUI Ka)((Jloro wara arrropHTMa. 

0THOCHTeJlhHO nepsoro wara CJienyeT 33MeTHTb, liTO HCllOJlh30BaHMC JJTeMeHTOB 

C pa3HOi1: CTeneHbiO IfHTepnOJUiUHJ.t, HOC 0)J,HH3K0BhiMM y3JlaMH o6JieflJ.<lCT 3a,JJ.3HMC 

paJpe)KeHHOH CTPYKTYPhl MarpHUhl CHCTCMbi (12). 
Ha BTOpoM ware pa3,UeJI51IOTC51 3JICMCHThl c JlHHeiiHhiMH ( rpam1Ua r 1) H HC­

mmeHHbiMH ( rpaHHUa r2) ypaBHeHH5IMH. BhllJ.HCJieHHbie 3H3l.JeHH51 BCKTOpa G Ha 

BTOpOM ware narree HCIT0Jlh3YIOTCSI Ha TpeTbeM, '-leTBepTOM H lllCCTOM warax aJT­

ropHTMa. Eonee TOro, ecnH nocrre nepsoro perneHH5I cHcTeMhi ( 12) Heo6xo.u~Ma5I 
TOlJ.HOCTb He 6y,aeT ,UOCTHfH)'T3, TO npH YTOlJ:HCHHOM pa36HemtM O.UHOfO LJeTblpex­

yroJibHHKa nepsoro KJ1acca Ha LJ:eTbtpe Heo6xo.UHMO 6y.ueT Bbll.JHCJISITh seKTOp G 
8 HOBbiX 32 y'lllaX, H3 KOTOpbiX, KaK f!OK333HO Ha pMC. 3, TOJTbKO 22 5IBJ15IlOTC51 

BHyrpeHHHMH. AHllilOrH4HO- .IlJl5l '-leTbipexyronhHHKOB nroporo K..llacca. 

Ha rpeTheM ware arrropHTMa Bhi6wpaeTc51 HaH6oJTee no.uxomnu.a}l annpoKCHMa­

UH51 ,UJ151 HeM3BeCTHOii clJYHKU,HH B 3aBHCHMOCTH OT 3HaLJCHHi1 KOMITOHeHT BeKTOpa 

G w BbllJ:HcmreMhiX oueHoK norpewHOCTH. 
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Ha Y.eTsepToM ware anropHTMa Ky6arypHhie ¢opMynhi, KaK 11 arrnpoKCHMaUH51 

HeH3BeCTHOfi cfJyHKUHH Ha TperheM ware, Bbi6HpaiOTC51 B J3BHCHMOCTH OT JHa4eHHH 

KOMIIOHeHT neKTopa G u Bbi4HcmWMhiX oueHOK rrorpewHocrw. 

OrrHweM nonpo6Ho rrpouecc HCK.ni04eHH51 HeHJsecTHbiX, coorseTCTBYIOlllliX 

BHyrpeHHHM )'3JI3M )ln5I 3JleMeHTOB BTOpOro K.Jiacca npu peweHHH CliCTeMbl ( 13). 

PaJ)lemtM see HeH3BeCTHbie cwcreMhl Ha LlBe rpyrrnhi, npu4eM KO sropoH rpynne 

OTHeCeM HeH3BeCTHbie, COOTBeTCTByiDIIJ:He BHyTpeHHHM y3JlaM, KpOMe UeHTpaJib­

HbiX. B COOTBeTCTBJU1 C T3KHM paJ)leJleHHeM CHCTeMy (13) MOJKHO 33IIHCUTb B 

BH.Ue 

A (k+l) +A (k+ll _ blkl 
nPt 12P2 - w 1 1 

A (k+ll +A (k+ll _ blkl 
21P1 22P2 - w 2 · (24) 

B :noll cHcTeMe MarpHua A22 6y,n:eT 6noY.Ho .rmaroHa.nbHOM MaTpHueM c 6JJoKaMH 

pa3MepHOCTbiO 8 X 8. 06pall.l,aH 3TY MaTpHUY l1 HCKJUOY.a51 BTOpyiD rpynny HeH3-

BCCTHbiX, nonyLJ.aeM HOBYIO CHCTeMy: 

(A A A-lA ) lk+ll (blkl A A-lb(kl) 
11 - 12 22 21 Pl = w I - 12 22 2 . (25) 

[]pHBe)ICHHe CHCTeMhl (24) K CHCTCMe (25) BbiTIOJ1HHeTC51 Ha ypOBHe 3JleMeHTHbiX 

MaTpHU H BeKTOpOB, TO eCTb CHCTeMa (25) COCT3BJU!eTca H3 ypaBHeHHH, onpe)le­

JICHHbiX H3 ::>JieMeHT3X BTOporo THII3 H HMeiO~HX BmL 

r.ue a 11 , a 12, an, a21 - ::>.neMeHTHble MaTpHUbl; pl._ - BeKTOp HeH3BeCTHbiX, COOT­

BeTCTBYIOll.I,HH rpaHH4HMM 11 ueHTpa.ribHOMY yJ.naM 3JleMeHra; b]_, b2 - ::>.neMeHTHbie 

seKropb! npano:fl qacTH. 

0niOCHTeJlbHO IIOCJie,UHCro wara a.nrOpHTMa CJle)lyeT 3aMeTl1Th, l.J:TO IIOCTpO­

eHHe )'TOl.J:HCHHOfO pa36HeHH51 l.J:CTblpexyrOJlhHHKOB rpaHHll,hl r 33BHCHT OT rpy­

)lOeMKOCTH BbP-IHcneHH51 seKTopa G. H ecmr Bbit.IHCneHHe seKTopa G Tpe6yeT 

OTHOCHTeJlbHO 6o.rtblliHX 33TpaT rrpoueccOpHOrD BpeMeHH 3BM, TO :IKeJiaTe.llbHO 

npOBO;J:HTb pa36HeHH5J B COOTBeTCTBHH CO CXeMOfi pHC. 3. 
Ilpwse,n:eM )lBa MO;J:CJlhHbiX IIpHMepa ,l.l,.illi .UCMOHCTpaUHH CBOfi:CTB npe.ll,.llarae­

MOrD amopHTMa. IIpwMep nepBbiM : nycTb e)1HHHqHbiM Ky6 E, = I -1, 1] x I -1, 1] 
X l-1, 1] pa36HT H3 6 nHpaMJ.I)\, K3lK)la5! H3 KOTOpbiX HMeeT Bep11HIHY B UeH­

Tpe Ky6a, a OCHOBaHHCM - rpaHb Ky6a. B K3)1()1.0H. TIHpa.M11,Ue 3a,IlaHa cfJyHKUH51 

U = xik, 111160 U = X~k, JIH60 U = x5k ( k - HaTypaJibHOC ), T3K 4TO H3 rpaHHIJ,C 

Ky6a u = 1 H \l T u = 0. EcnH B o,n:HoH yrJJosoH T04Ke E 3 Ja,ua'Th TOt.IHoe 3Haqe­

HHe £i>YHKUHH u, a Ha rpaHHX - \1 T U, TO T04HOe pernemte Ha TIOBepXHOCTH Ky6a 

onpe,aeJUieTC51 33 OUHY HTepall,l-1.10 npH HCTIOJlb30B3HHH CaMOfO rpy6orO pa36HeHH51. 
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Tipm.1ep sropo:H: : nycTb s yrnosoft TO!.J:Ke E 3 3a;::J.aHo T04Hoe 3Ha4eHHe ¢'YH.KIJ,HH 

u = ln((l, l--.x 1 ) 2 +x§+x~). aHa rpaH51X 3a)laH \JT'u, ror.ua)l..l15I orrpe.ueneHH51 rrpH-

6JIH)I(eHHOro peweHH.II .uocraT04HO O!lHOH urepaum1. Cxo.UHMOCTb npu6nmKeHHbiX 

perneHH:fl K T04HOMY rrpe,UCTaBJieHa B Ta6mme 1. Cne.u,yeT TaKJKe OTMeTHTb, 4TO 

ecJm 33..lMTh B O)lHOM y3Jle E3 3Ha4eHHe ¢YHKUHH u H Ha rpaHax Ky6a - \l Tu, TO 

TOYHOe peweHHe 33 O!lHY UTepamtiO IIpH CaMOM rpy60M pa36HeHHH H3XO;J:HTC51 .ll,JI51 

JH06biX ciJYJIKUH:fl U, MMeiOll~HX BJI,U MHOf04JleHOB, BXO)_J.SIIIJ:IIX 8 6a3HCHble cflyHKUHH 

IIpH6J1H:IKeHHOfO pemeHH51. TaK, npH HCII0Jlh30B3HMH TOJlhKO 3JleMeHTOB BTOpOrO 

nma (KJlacc 2) TOLJHOe perneHHe 6y,aeM HMeTb JI.JUI MHOrOtuleHoB sH,Ua xi1x12xT, 
r,ae 1171 :S 2, a TaiOKe xt.J:r2 H ~r;trt, r,n:e 1 :S k1 , k2 :S 3, k1 i- k2. Coorser­

CTBCHHO, rrpH HCTIOJlb30B3HIUt TOJlbKO 3JlCMeHTOB TpeTbCfO THITa (KJiaCC 1) TOLJHOe 

peweHue 6y.ueM nonyqaTb, ec.rn1 u 6y,n:eT MHOfOq]JeHOM srr.ua xTx'?x~3 
rrp11 17}1 :S 4 

Hnu :rt.ri2, r:n.e 1 S k1, k2 .S 3, k1 f- k2 . 

Tai'illHIIa 1 
,----

HopMbl I 
Pa36HeHHe Ka)!(,Uoll rpaHH Ky6a 

r I xI 
1 zx2 1 4><4 1 8x8 L_I~><~~-I J2x32 

Knacc 1 

ilu- ¢milc1n 12,775811,21591 o,3197 fo.olnT2,447E-o6 i 2,69oE-o8 
max£, 0,1051 0,0918 0,05681 0,0158 2,953E-05 ~51E-07 

ICJ1acc 2 

lf~- ¢m ilctr)11,2051
1 

I 0,30451 0,06471 0,015814,257E-07 T 1,181E-08 
rnaoq 2,7190 0,1165 0,0646 0,0271 2,952E-04 5,456E-05 

A.L(aiiTJ1BHhifi aJirDpl1TM 

3 UpuMeueuue B MaruuTOCT3THKe 

IlycTb fl- 06'heM, 33HHMaeMbi:fl H30TpOIIHOif M3fHHTHO:fl cpe;~oi{, a nl- 06'beM C 

HeMafHHTHOfi cpe,UOfi. Tor)J,a ypaBHeHH51 M3rHHTOCT3THKH HMCIOT CJlC.LJ.yJOUJ,ltif BH,Il, 

[10,111: 
V'. B = 0, V' X ll = 0, B = fJ·I"ofi, X E n; 
V' . B = 0, Y' X fi = J, 

Iii· B]r = 0, In x H]r = 0, 

B = 11-ofi, 

lim lEI= o. 
lxl-->oo , 

X E fh; 

lirn IHI = o. 
lxi-KXJ ' 

me B: fi- seKTOpbl HH;J:yKIJ,HH 11 Harrp~oKeHHOCTH MarnHTHoro rron51; 1-L- MarHHTHa51 

rrpOHHu;aeMOCTh cpe.Ubl - MO:IKeT Ja,uasaThC51 KaK ¢YHKUMH OT I illrrnH KaK £PyHKIJ,H5I 

19 



OT ].8]; p.o- MarnMTHIDI TIOCT051HH351; J- 3a,!l3HH351 BeKTOp-c}J)'HKUIUl TIJIOTHOCTH 

TOKa, OTJIHqHIDI OT H)'J15I B HeKOTOpOH o6nacn1 fls C fl 1• E cnyqae OTC)'TCTBH51 

MarnHTHofi cpe.Ubl perneHHe 3a;:wm HMeer BI1ll 

~ 11~ 1d" H 8 (x) =- .J x 'V--
1 

"11' 
4" ns [.r, - y 

IJo3 ToMy IIpH BBe)1eHHH CKan•p~biX IIOTeHUHaJlOB '1/J, '{J IIO <jJopMyJTaM \7 W = - jj 

8 ManunHoM cpeii,e H \lr_p = - H sHe MarHHTHO:H cpe)lhi noJiyqa)()T [ 12, Ill cne)ly-

!OIUYID KpaeByiO 3a)la~y: 

\7. f.L([\7'1/J[)'V,P = 0, X E rl; (26) 

,-;. (J.L([V,P[)V,P- 'V<p + ff-') = o, '1/J = cp + cp
8

, :1 E r, 
c )'CJlOBHeM rp ~ Q Ha )J,OCTllTU4HO y,uaneHHOli OT M3fHHTHOfi cpe.Ubl ,rpaHHUe. 3.UCCb 

noreHUIHlii rps, KaK npe).lJlo)KeHo B pa6ore ( 121, Bb11.fHCJI51eTC51 no qJopMyne 

'Ps(x) = 'Ps(y)- 1: H~dt, x,y E r, (2'7) 

S( ) rnS 3"'naHHOe JHa'-IeHHe B TQqKe Xo E f. 0)lH3KO, cornaCHO 
rne rp xo = ro - u.u. 

neMMe HJ [13], neKTOp fjS npe.UCT3BHM B BH)],e rpa,uHeHT3 B J1)()60M 06beMe, r,ue 

'V. jjs = 0 H 'V x jjs = 0. IIooTOMY 3a11a~y (26) cneAyeT )10nOJTHHTb ypaBHeHHeM 

\l<pS = -ff5 (x), X E f, (28) 

c )'CJlOBHeM rpS(xo) = !pg 11: HaXOAHTb pellleHHC :::.JTOfO ypaBHeHIUI C TIOMOlll.hlO 

CMCTeMhl, aHanOrlfqHOfi (12): 

f: :J!f j'V
7
N

1
. \77 N;dS = j(-ff;- 'VrX) · 'VrN;dS, (29) 

j=I r r1 

· - 1 2 m MaTpHU3 :noll CHCTeMhl 51BJJ5IeTC5I CHMMeTplfqHOfi H TIOJJO)I(H­
fLJ,e z - , , ··· · 
reJibHO onpe)],eJleHHOfi, no3TOM)' )J)l5I peWeHHSI (29) MO)KHO HCIIOJ1h30B3Tb H3BeCT-

Hble 3 cpcpeKTHBHbte MeTOAhi, HanpnMep, MeTOA HenonHoro pa3JlO)KeHHH Xonec­

cKoro c conpH:>KeHHblMH rpaJlHeHTaMH r 14]. B OTJ1H~He OT <jJopMyJTbi (27), B <jJop­

Myne (29) HCIIOJib3YeTC51 )lB)'MepHOe HHTerpHpOB3HHe nO nosepXHOCTH f, '-ITO )J,aeT 

6onee 6McrpocxoA»lllHec51 npH6JIJ1)KeHH51 M51 noreHIJ,Haria rp
5

. CneAyer raK1Ke 

OTMeTHTh, qrQ l1Ji5I Bbi'-IHCJieHH5I tpS nO ciJopMyJie (27) 01.feHh 83)1(}-lbl HanpaBJieHHSI 

l-IHTerpHpOBaHH5I, IIOCKOJlhKY ::>Ta Q:loe.Myna MO)KeT H3K3ITJ1HB3Tb OWH6KH, B03HH­

Ka)()W.He npH BhJqwcneHHH seKropa Hs no Ky6arypHbiM cpopMyJiaM. B npornno­

nonO)KHOCTh :nOM)' npou,ecc perneHHSl. CHCTeMhl (29) He 33BHCHT OT HanpaBneHH51 

HHTerpHpOBaHHSI M He HaKallJIHBaer OlllH6~~, KOTOpble B03HMK310T npM Bbl'-IHCJie­

HHH no Ky6arypHbiM QJopMyJiaM BeKropa H . 

20 

Pa3pa6oraHHhiH aJiropHTM peallH30BaH B paMKax KDMrrneKca nporpaMM 

MSFE3D flS] H anpo6HponaJ1C51 npH pacqerax rpexMepHbiX MarHHTHhiX noneii: 

HeCKOIIhKHX MarHHTHhiX cHcreM • OnHweM HJ HHX .use HaH6onee xapaKrepHhJe. B 
Ka'-!eCTBe nepBOfO rrpHMepa npHBe)leM cneKTpOMeTpH'-IeCKHH M311-IHT .IlHIIOJibHOfO 

nma, He06XOJ~HMOCTb paclJeTa KOTOpOro B03HHKJ13 npH ITOllfOTOBKe npoeKTa Q:m-
3H4eCKOrO ::>KcnepHMeHra c noJUtpHJOBaHHOH MHWeHbJO B HT3<l> ( MocKsa) [16). 

MmHHT uMeer pa3Mepbi 3, 4 x 1, 9 x 4 M:J, ero o6ma51 ITJiomanh rpaHHUhl :=::::::: 68 
M 2, ero KOHct>HrypaUIUI ll3Ha 8 pa6ore [ 17). Y 3TOro M3fHHT3 TOJibKO O.IlH3 ITJIOC­

KOCTb CHMMeTpiUI, oco6eHHOCTbiO T3K)Ke 5:1RTUIIOTC51 IIJ;eJIH B BepxHefi LJ3CTYI Mar­

HlfTOilpOBO.!la. TipH Bbi4HC.rieHHH llOTeHu.Halla cp8 110 ITOBepXHOCTH, pa3)JeH5U{)W,eM 

M<U'HHTH)')() H HeMafHHTHY)() cpeJJy, npH TIOMOlli,H cpopM)'Jlhl (27) J1H60 B03HHKarm 

3H3t.IHTeJibHble OUIH6KH, .m160 npOUeCC BbJLIHCJleHH51 Tpe60B3Jl CJlHWKOM 60nhWOrD 

speMeHH. Do:JTOM)' B pa6oTe [_ 17 J HHTerpHposai-me no QJopMyne (27) npoBOLlHJlOCh 

6e3 )''-IeTa wene:H B MJfHHTOITpOBOlle, lJTQ npHBO.UHJlO K liOITOJIHHTeJihHbiM Bbi'-IHCJllt­

TeJlhHblM 3aTparaM. l1cnOJih30B3HJ1e anropHTMa, OITHCaHHOrD B H3CT051Uleil pa6ore, 

Cp<I3)' )Ke ,[l,aeT XOpOWHe npH6mnKeHH51 )JJUI ITOTeHUHaJ13 OT 06MOTKH. npH )TOM 

ilJUI ,UOCTYDKeHH51 He06XO)JHMOi1 T04HOCTH, MO).leJlh 06MOTKH .UOJDKHa 6hiTh T3KOJ1, 

1-IT06bl ypaBHeHH51: 

'V · ff-9(x) = 0, \7 X H5 (x) = 0, X E R3\\l8 , 

BhiTIOJIH5IJIHCb ,UOCT3TOYHO TO'-IHO. 

B Ka'-Iecrne sroporo xapaKrepHoro npHMepa rrpHne.IJ,eM MarHHT rlJH3H'-IecKoro 

:JKCnepHMeHTa L3 (18], KOTOpbifi npeLI,IIOJJaraeTCSI HCIIOJlb30B<tTb B ::>KCnepHMeHre 

ALICE (UEPH, )i(eHeBa) r 19], MarHHT L3 HB.JlHeTc• MUfHHTOM COJlCHOJ.IilHOfO 

Tlma, OH HMeer pa3Mepbi 15,8 X 15,8 X 14,3 M 3. KaK nOK333HO B pa6orax 

\20,21 j, HecMorp.s~ Ha cnO)KH)'lO c6opHy)() KOHcrpyKUH)() ::>roro MafHHTa, llfHI pac­

qera C ).lOCTaTO'-IHOi:J: TOl..fHOCTb)() ero MarmtTHOrQ IIOJ151 MO)KHO HCTIOJlb30B3Tb J/32 
CHMMeTpH'-IH)'IO '-I3CTb ero KOHCfmrypaUHH. Ha pHC.4 rrpe).lCTJB.ileHa 1/8 CHMMe­

rpH4Ha51 qacrh MO).leJIH ::nora MarHHTa, a B ra6JIHUe 2 npHBe)leHhi peJynDTaThl 

Bbi'-IHCJieHH51 IIOTeHUHaJ13 06MOTKH rp·'i H<l rpex BJlO)KeHHbiX CeTKaX npH l!CIIOJlb30-

B3HlU1 pa3HhiX THTIOB 3JieMeHTOB H a,IJ,annmHOrD anrOpHTMa. B Ta6Jmue Yepe3 ¢111 , 

¢mJ2 o6oJHa'-Iaerc5I npH6moKeHHOe 3Ha'-IeHue noreHuMana, Haii)..I.CHHOe Ha yKa3aH­

HoM M Ha npe)J,bi.)J,)'lll,elt ceTK3X, a OTHOCHTeJ1hHa51 OWH6Ka Bbi'-IHCJI5leTC51 8 YJJlilX 

npe)J,biJ1)'We:H cerKH. KaK BHJ.IHO H3 ra6nHUht 2, y)Ke np11 caMOM rpy6oM pa36Hemm 

cynep:::.~neMeHTOB rpaHHI.I,hl, ITO a,uanTMBHOMy ariropHTMY IlOJl)'l..J.ileTCH TIOTeHUHllil C 

TpeM51 nepHbiMH 3HaKaMli. Dp11 3TOM HcnonD3yercSI npHMepHo OJ.lHHaKonoe 4Hcno 

::>neMeHTOB BTOporo H rperhero THTIOB. 

ABTOpbi 6JlarOJJ.apHb1 ll.¢.-M.H. B.B.PhiJibUOB)' 33 n110)~0TBOpHoe CTHM)'nHp)'tO­

W.ee COTPYJ.lHWieCTBO. OJ1. lOJl,Ll,aweB 6naro.uapeH n.¢.-M.H. A.C.BoJ.IOIIhHHOBY :Ja 
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Puc. 4. 118 CHMMeTpH'-IHIDI Yacn. MOJJ.emt Marmna L3: 1 - o6MDTKa; 2 -
M3fHHTOIIpOBOLJ. 
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noMOIIJ.h 8 pa6oTe no npeM5I nep8oif KOMaH.UHPOBKH 8 UEPH. A8TOpbi Bbipa)l(aiOT 

6narouapHocn P<t><l>H 3a rro)U1epJKKY (rpaHTbl 01-01-00726 H 99-01-01103). 

Ta6.rmua 2 

HopMbl 1 Pa36MeHHe KruK,UOro cynep3neMeHTa rpaHMUbl 

I 
2x2 I 4x4 I 8x8 

3rreMeHTbi TpeThero nma 

max \(¢m/2- ¢m)/¢m\l :I 0,22582E-O~ I 0,36841 E-04 

max"' 0,29326E-02 0,62374E-03 0, !3678E-03l 
3rreMeHTbi BToporo nma 

max \(d>m;o- d>m)/d>m\1 . ~I 0,74988E-0: I 0,!4891E-04 I 

maxc1 0.41298E-02 0,16093E-02 0,56061 E-03 

MarrTH8Hbifi aJiropHTM 

max \(¢m;2 - ¢m)/¢mll :I 0,748!4E-041 0, 18748E-04 

max£1 0.41250E-02 0,16097E-02 0,47046E-03 
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TIOJryqeHo 19 arrpe.JIH 2002 r. 

.)KaaKos E. II., IOJillawes 0. ll., IOJI.flawesa M. E. 
Au.anTHBHbiii anropHTM Bhl'iHc.neuu.s~ clJYHKUHH ua mmumuesoH rprumue 
TpexMepuoro rena no Ja.naHHOMY rpa,uueuTy H ero npuMeueuue 
B Mai'HliTOCTaTI.JKe 

Pll-2002-87 

HacTO»lllaJI pa6ora nocsSIIUeua pa3pa6oTKe ::~¢clJeKTHBHoro MeTona onpe.neneullil: 
¢YHKUHH $ ua nunumuesoU rpa.H11Ue r rpexMepuoro rena, ecnu Ja,uaHa .uocraroquo rJI3llK<UI 
BCKTOp-cfl)'HKUIDf G = V4l " B HeKOTOpoii TO'iKe Xo E r U3BeCTHO, "'TO$ (x 0) =$ 0 - 3a,r{3HHOe 

JHaqeuue. 3a,uaqa BbiqJicJieHUB cjJ)'HKUHH ¢I B o6weM CJiyqae CBOL(UTCB K perneHHlO HeJIUHeH· 
HOfO ypaBHeHlHI. Ha OCHOBe TeOpHH MOHOTOHHhiX onepaTOpOB npu ecTeCTBeHHbiX YCJIOBIHIX 
Ha <flYHKUHIO ¢I )]OKa:lbiBaeTC.Sl: cyll{eCTBOBaHUe el(UHCTBeHHOfO o6o6IUeHHOfO perneHIDI 3TOfO 
yprumeHIDI H CXO.ll,UMOCTb KOHeqHQ·3JieMeHTHbiX npu6JIU)KeHUft K 3TOMY peiiieHJUO. llpeJl]1a­
raeMbiH: a,[[aJJTHBHbiH a.TiropHTM Ha OCHOBe MeTO.ll,a KOHe'-IHbiX MeMeHTOB U03BOJIBeT UOJI)"iaTb 
pemeuue C HeKOTOpoU 3a,!l,aHHOii TOliHOCTbiO. Pa3pa60TaHHblif MeTOJl H:MeeT BruKHOe npH:Me­
HeHHe B MarHH:TOCTaTH:Ke, llOCKOJibKY )laeT B03MO)KHOCTb C He06XOl!HMOii TOqHOCTblO Bbi­
lJHCJIS!:Tb noTeuuuan OT o6MOTKH ua rpauuue pa3)lena cpen c pa3.nHqHbiMH MarnHTHbiMH 
XapaKTepHCTHK3MU. AJiropHTM anpo6HpOBaJIC51 npH pacqeTaX TpeXMepHbiX MarHHTHbiX 
noneif HeCKOJJbKHX MarHH:THbiX CHCTeM, B TOM ql{CJJe Jl.TI51 cneKTpOMeTpnqecKoro ManmTa 
JlHUOJJbHOro THna H 6onbrnoro coneHOH.llaJibHOro ManmTa qnnuqecKoro 3KcnepHMeHTa L3 
(l..(EPH, )!(eHesa). 

Pa6oTa Bbmonueua s Jla6opaTopuu umpopMauuouubrx TexuonornH OIUU1. 

npenpHHT 06"LeLIHHeHHOTO HHCTHT)'Ta JlllepHbiX HCCJTe.UOBatmH lly6Ha, 2002 

llepeBOll aBTOpOB 

Zhidkov E. P., Yuldashev 0. 1.. Yuldasheva M. B. 
An Adaptive Algorithm for Calculating the Function 
on the Lipschitz Boundary of a 3D Solid with the Given Gradient 
and Its Application in the Magnetostatics 

Pll-2002-87 

The present paper is devoted to elaboration of an effective method for findmg the func­
tion 4l on the Lipschitz boundary I of a lhree-dimensional solid, 1f a sufficiently smoOlh vec­
tor-function G = 'Vcjl is given and if in the point x 0 e I it is known, that ¢1 (x 0) =$ 0 is a given 
value. The problem of calculating the function <jl in the general case is reduced to solving 
a nonlinear equation. On lhe basis of the theory of monotone operators under suitable condi­
tions for the function ¢1 the existence of a umque generalized solution of the equation 
and convergence of the finite-element approximations to this solution have been proved. 
The suggested adaptive algorithm on the basis of the finite element melhod allows one to ob­
tain the solutions with a given accuracy. The developed method has important application 
in magnetostatics because it enables one to compute with needed accuracy the coil potential 
on a boundary between the regions wilh dtfferent magnetic properties. The algorithm was 
approved for 30 magnetic field calculations for several magnetic systems, including the di­
pole type spectrometer magnet and the btg solenoidal magnet of lhe physical experiment L3 
(CERN, Geneva). 

The invesugation has been performed at the Laboratory of Information Technologies, 
JINR. 
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