
y 

5/3-Eo 
Pll - ~ 

' 
9 f1 j,-80 

I 

TIPO Mbl 

I H ( HI1H CI1CTE hi DOJII1HOi 08, 

OPT H PMI1POBAHHbiX 

HA H l13BOJlbHOM TO'IE'JHOM HO E I I 

1979 



B .raWt<oKos , H.Bor)laHosa 

nPOrPAMMhl 

nOCTPOEHJ1H CJ1CTEMhl nOJIJ1HOMOB. 

OPTOHOPMJ1POBAHHhiX 

PJJ - 12860 

HA nPOJ13BOJibHOM TOI.JEI.JHOM MHO)I(EC'TBE 



raAmOKOB B., oOrAaHOBa H. Pll - 12860 
nporpaMMbl nOCTpOeHHR CHCTeMbl nOJlHHOMOB, 
OpTOHOpMHpOBaHHbiX Ha npOI-13BOJlbHOM T04e4HOM MHOmeCTBe 

npeAJlOmeH anrOpHTM nOCTpOeHHR CHCTeMbl nOJlHHOMOB, OpTO-
HOpMHpOBaHHbiX Ha KOHe4HOM AHCKpeTHOM MHOmeCTBe np~-1 np0!-13-
BOJlbHbiX nOJlO>KHTeJlbHbiX eecax. noKa3aHa CBR3b MemAY MOUlHOCTbiO 
nopOmAaiOUlero MHOmeCTBa 1-1 41-!CJlOM nO!lHHOMOB CHCTeMbl, a TaKme 
ee nOJlHOTa. npHBeAeHbl Tpl-1 B3aHMOCBR3aHHble nporpaMMbl Ha 
<I>OPTPAHE-IV, peanH3YIOlllHe npeAJ1omeHHbiH anropHTM. AaHbl 
4HcneHHble pe3y!lbTaTbl MOAe!lbHOro npHMepa, AeMOHCTPHPYIOlllero 
T04HOCTb pa60Tbl anropHTMa Ha Manoi:i 3BM EC-1010. npoBeAeH 
AOnO!lHHTe!lbHbiH 41-!CJleHHbiH 3KcnepHMeHT no C06!110AeHHIO YC!lOBHH 
OpTOHOPMHPOBaHHOCTI-1 npl-1 BblnO!lHeHI-11-1 Bb141-1CJleHHH C MaHTHCCOH 
B 23 61-!T 1-1 npl-1 nOpRAKaX reHepHpOBaHHbiX nOJlHHOMOB OT 0 
AO 40. 

Pa6oTa BblnOnHeHa B na6opaTOPI-11-1 Bbi41-1CJlHTeJlbHOH 
TeXHHKH 1-1 aBTOMaTH3a~HH OHRH. 

Coo6lU8HHe 06b8llHH8HHOrO KHCTHTyTa !lll8pHbiX HCCnellOB8HHl!, .Qy6Ha 1979 

Gadjokov V., Bogdanova N. P11 - 12860 
Constructing of a Polynomial System 
Orthonormal over an Arb i trary Point Set 

An algorithm is proposed which builds a system o f 
polynimials orthonormal over a finite discrete set with 
arbitrary positive weights. The connection is shown bet
ween the potence of the generating set and the number 
of polynomials in the system; the completeness of the 
latter is also demonstrated. A package of three FORTRAN-IV 
subroutines is given which implements the algorithm pro
posed. The numerical results of a model example are re
ported in a simple case where these can be analytically 
checked. An additional numerical experiment is conducted 
and the orthonormal ization is tested for 23-bit mantissas 
when the order of polynomials generated varies from 0 
to 40. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1979 
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1. BBEAEHHE 

CHCTeMbl OpTOrOHaJlbHbiX <J>yHK~HH, YAOB!leTBOPRIOlllHX yCJlOBI-110 

f!m(x)w(x)fn(x)dx=hmomn. /1.1/ 

I-13BeCTHbl AaBHO, C4HTaiOTCR AOCTaT04HO XOPOWO H3y4eHHbiMI-1 1-1 WH
pOKO HCnOJlb3YIOTCR KaK B aHaJlHTH4eCKHX BbiKJlaAKaX, TaK 1-1 B 
npaKTHKe 41-!CJleHHbiX pac4eTOB. no HeKOTOpbiM THnaM TaKHX CHC
TeM CYUleCTByeT 06WHpHaR JlHTepaTypa /CM. MOHOrpa<J>HI-1 / l-7/ /. 

6 HaCTORUleH pa6oTe CBOHCTBa nO!lHHOMOB, OPTOHOPMHPOBaHHbiX 
Ha KOHe4HbiX T04e4HbiX MHOmeCTBaX, HCnOJlb3yiOTCR A!lR nocTpoe
HHR CHCTeMbl TaKHX nOJlHHOMOB np~-1 3aAaHHOM MHOmeCTBe C npOI-13-
BOJlbHbiMI-1 nO!lOmHTeJlbHbiMI-1 BeCaMI-1. B pa3Ae!le 2 BBOARTCR Heo6-
XOAI-1Mble A!lR 3TOH ~e!ll-1 onpeAe!leHHR 1-1 o6cymAaiOTCR BKpaT~e 

ceol:icTea 3THx nonHHOMOB. B pa3Aenax 3 1-1 4 cooTeeTCTBeHHO 
I-13JlOmeH anrOpHTM nOCTpOeHHR CHCTeMbl OpTOHOPMHPOBaHHbiX nonH
HOMOB npl-1 npOI-13BOJlbHbiX KOHe4HbiX nO!lOmHTeJlbHbiX BeCaX 1-1 npH
BeAeHbl TPI-1 B3aHMOCBR3aHHble nporpaMMbl Ha <J>OPTPAHe-IV, pea
Jli-13YIOUlHe npeAnomeHHbiH anropHTM. Pa6oTa anropHTMa npOH!l!liOCT
pHpoeaHa Ha npOCTOM npHMepe, rAe B03MOmHO 1-1 aHaJlHTH4eCKOe 
BblnOJlHeHHe paC4eTOB, KOTOpble B 6onee CJlO>KHbiX CJly4aRX Tpe-
6yiOT HCnOJlb30BaHHR 3BM. 

2. CBO~CTBA nonHHOMOB, OPTOHOPMHPOBAHHWX HA AHCKPETHOM 
MHOmECTBE 

PaCCMOTPHM KOHe4HOe AeHCTBHTe!lbHOe T04e4HOe MHOmeCTBO 

M: I xi I i= 1.2 .... . m /2.1/ 

KamAOMY 3JleMeHTY Xj KOToporo nOCTaBJleH B COOTBeTCTBHe KO
He4HbiH nonomHTe!lbHbiA eec wl . nocKO!lbKY 11106oe TaKoe MHo~ecT
eo MOmeT fibiTb: a/ ynOPRA04eHO TaK, 4T06bl Xi ' Xi+l,H 6/ cse
AeHO K 3aMKHYTOMY OTpe3Ky I -1, +1] np~-1 noMOllll-1 !lHHel:iHoro 
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npeo6pa3oaaHH.R 

x'. = 2x 1 _ x max+X~ 
I X -X . X -X . 

max mm max mm 
/2.2/ 

TO B AanbHeHWeM, 6e3 noTepl-1 ofi~HOCTI-1, M~ fiyAeM C41-1TaTb M 
ynop.RA04eHHbiM Ha ( -1 , + 1 ] . 

06CYAHM CBOHCTBa nonHHOMOB P. (X ) Ha [ -1 , 1 ] 
J 

P. (x) = f a ~)xk J 
J k=O 

a(~) .;, 0 
J 

/2.3/ 

KOTOp~e no aHanOrl-11-1 C /1.1/ YAOBneTBOp.R~T AHCKpeTHOMy yc
nOBI-1~ OPTOrOHanbHOCTI-1 

m 
l P . (x .)w. Pk ( x . )= h .8 'k 

i=1 J I 1 I J J /2.4/ 

1 6 § 3.15 / / 8 / 
CneAY.R ' 1-1 . 6yAeM Ha3biBaTb cHcTeMy nonHHOMOB 

THna /2. 3/, YAOBneTBOp.R~~y~ /2,. 4/, OpToroHaJlbHOH Ha AHCK
peTHOM MHomecTae M . Ecn1-1 BA06aaoK noTpe6oaaTb, 4To6~ Hop
Mbl hj paBH.RJli-ICb eAHHH~e np~-1 Jl~fiOM B03MOmHOM j, 

hj "' 1 . /2 .5/ 

TO CI-ICTeMa 3Ta CTaHOBI-ITC.R OpTOHOpMI-IPOBaHHOH. 

3aMeTHM, 4TO, HeCMOTp.R Ha AHCKpeTHOCTb ycnOBI-I.R OpToro
HaJlbHOCTI-1 /2.4/, nOJli-IHOMbl TaKOH CI-ICTeMbl cy~eCTBy~T 1-1 KO
He4Hbl np~-1 11~6oM 3Ha4eHHH x c;{ -1, + 1l.6onee Taro, ecnH npeACT a
BHTb aeca B BHAe <IJYHK~I-11-1 

m 
W(x)= l w. 8(x-x . ), 

i=1 I I /2.6/ 

TO yCJlOBH.R OpTOHOpMHpOBaHHOCTH /2.4/ H /2.5/ MOmHO 3anHCaTb 
KaK HHTerpan 

J Pj (x ) W(x) Pk (x)dx = 8jk , 
/2.7/ 

4TO COOTBeTCTByeT npHB~4HOMy BHAY /1.1/, npH4eM HHTerpHpOaa
HHe CJleAyeT nOHHMaTb B CMbiCJle CH111Tbeca 16 • c .9 ll . 

noTpe6yeM, 4T06~ nOCTYnHpOBaHH~e TaKHM o6pa30M nOJlHHOM~ 
YAOBJleTBOp.RJlH 06~eMy All.R Jl~6~x CHCTeM OpTOrOHaJlbH~X nOJlH-
HOMOB peKyp~eHTHOMy COOTHOWeHH~ 16

·C ·
35 , KOTOpOe M~ 3anH-

WeM B BHAe 8 1 

4 

P . 
1

(x)=C . 
1 

[(x-a . 1 )P. (x) -{3 . P. 1(x)], 
1+ 1+ 1+ I I 1- /2.8/ 

rAe Ci+1 .RBn.ReTC.R HOpMHpy~~I-IM K03$¢1-1~HeHTOM nonHHOMa 
(i+1) -H cTeneHH, a ace nonHHOMW MeHbWHX cTeneHeH npeAnona

ra~TC.R HOpMI-IPOBaHHWMI-1; a i+1 1-1 {3 i - peKyppeHTHWe K03<1J<IJH~HeH
TW, He 3aBHC.R~He OT apryMeHTa X. 

B3.RB /2.8/ B T04Ke Xk, nOMHOmHB o6e CTOPOHW paBeHCTBa Ha 
wk Pj (x k ) 1-1 npocyMMHpoaaa no seeM k = 1,2, .. .• rn c y4eToM 

opToroHanbHOCTI-1 /2.4/, nony4aeM 

m 2 
ai+1 =k~1 xkPi (xk)wk /2.9/ 

1-1 
m 

{3i =k:;-1xkPi·1(xk)wkPi(xk). /2.10/ 

TaKHM me nyTeM, y4HTwaa.R KaK opToroHanbHOCTb /2.4/, TaK 1-1 
HOPMI-IPOBKY /2.5/ npl-1 j =i+ 1, Bbi41-1Cn.ReM HOPMI-IPY~~I-IH K03<1J<IJW 

~HeHT 

m 2 2 2 2 -'h 
c .+1 =[ l xkPi (xk)wk -a .+1 -(1-8 .){3 . ] , 

I k=1 I 01 1 /2. 11 I 

a TaKme ycTaHaanHaaeM CB.R3b 

ci+1 = 11{3i+1 . /2.12/ 

MHOmHTenb (1-8 oi) BKJ1~4eH B /2.11/ C TeM,4TOfiW 3TO COOTHOWe

HHe !-~MellO MeCTO 1-1 npl-1 i=O /CM, HHme/. 
BwpameHH.R /2. 11 I 1-1 /2. 12/ 6onee YA06Hbl All.R pac4eTa Hop

MHPY~~ero K03$<IJH~HeHTa c i+1 1-1 peKyppeHTHoro K03$<1JH~HeHTa 

{3i+1 , T.K. Tpe6y~T TOJlbKO 3H~4eHHH nonHHOMa npeAbiAY~ero no

P.RAKa i, TOrAa KaK /2.10/ Tpe6yeT 3Ha4eHHH P . (x) 1-1 P . (x) 
I 1-1 

OAHOBpeMeHHO. 
BHAHO, 4TO peKyppeHTHY~ <IJOPMYllY /2.8/ MOmHO HCnOnb30BaTb 

An.R pac4eTa caMHX 3Ha4eHHH nO!lHHOMa HeKoero nop.RAKa, ecnH 
H3BeCTHW peKyppeHTHWe K03<Il<IJH~HeHTW H COOTBeTCTBY~~He 3Ha4e
HH.R nonHHOMOB ABYX npeAWeCTBY~~HX nOP.RAKOB. 3TO 3Ha4HT, 4TO 
All.R nocTpOeHH.R BCeH CHCTeMW nonHHOMOB HeOfiXOAHMO 3aAaTb ee 
nepawe ABa 4JleHa. AaHHOMY Tpe6oaaHH~ nerKo YAOB!leTaopHTb, 

ecnH nonomHTb 

P_
1 

(x)"' 0 /2. 13/ 
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11 

P0 (x)= 1 I {3 O• /2.141 

np114eM 113 12.41 11 12.51 cneAyeT, 4TO 

f3 0 =V fwk 
k= 1 

12. 151 

EcTeCT8eHHO, 11 nOni1HOM11 p _ 1 8BeAeH $OpManbHO; OH Hy>KeH 
TOnbKO AnR 8bi 411CneHI1R P1 (x) no 12.81 , He MO>KeT YA08neTBO
pRTb 12.41 11 He RBnReTCR 4neHOM Clo1CTeMbl. 

B cneAYIO~eM pa3Aene Mbl eocnonbsyeMCR 12.81-12.151 AnR 

nocTpoeHI1R anropi1TMa, 8bi411CnRIO~ero peKyppeHTHble K03$$11~11eH

Tbl ai 11 {Ji , a TaK>Ke 3Ha4eHI1R nOni1HOM08 COOT8eTCTBYI0~11X CTe
neHeH B n1060H T04Ke X e [ -1,+1]npl1 3aAaHHOM MHO>KeCTBe M C 
8ecaMI1 I w i 1. 

3. nOCTPOEHHE CHCTEM~ 
OPTOHOPMHPOBAHH~X nOflHHOMOB 

nycTb MHO>KeCT80M, onpeAeneHHOe cornaCHO 12. 1/, 3aAaHO 
BMecTe c cooTeeTCT8YI0~11M Ha6opoM eecoe lw i 1. noKa>KeM, 4TO 
3Toro AOCTaT04HO AnR nocTpoeHI1R CI1CTeMbl non11HOMOB, opToHop
MI1poeaHHbiX HaM cornacHo 12.41 11 12.51. no cy~ecTBY TaKoe 
nOCTpOeHI1e R8nReTCR AOKa3aTenbCT80M cy~eCT808aH I1R CI1CTeMbl. 
Anroplo1TM nocTpoeHI1R on11caH HI1>Ke. 

6 

3. 1. YnopRA0411Tb M 11 nepeHTI1 OT Hero K ero oTo6pa>Ke-

3. 2. 

3.3. 

3.4. 

3. 5. 

HI110 M' Ha[-1 ,+1] cornacHo 12.21. TaK KaK TaKoe 
npeo6pa308aHI1e 8cerAa o6paTI1MO 11, 8oo6~e roeopR, 
CAenaHO paA11 YA06CTBa, He R8nRRCb np11 3TOM cy~eCT8eH
HbiM AnR XOAa paCCY>KAeHI1H, Mbl 6yAeM B AanbHei:iweM 
onycKaTb wTpl1x KaK 3HaK npeo6paso8aHI1R. 

nono>KI1Tb ~ 1 (x)= O cor nacHo 12. 131. 
m 'h 

Bb1411Cni1Tb {3 0 =( . !. wJ. ) no /2.151. 
1= 1 

Bbi411Cni1Tb P0 (x)=Co=l/{30 no 12. 141. War11 3. 1-3.4 npeA
cTa8nRIOT C060H npeA8api1TenbHYIO nOArOTOBKY K· no
CTpOeHI110 CI1CTeMbl 11 BblnOnHRIOTCR TOnbKO OA11H pa3. 

nono>KI1Tb i=O. 

3.6. Bb1411Cni1Tb ai+1 no 12.91. 

3. 7. Bb1411Cm1Tb c i+1 = 1/ {3 i+1 no 12. 11 I. Ha 3TOM ware 
CTaH0811TCR 803MOlKHbiM npi1MeHeHI1e peKyppeHTHOro COOT
HOWeHI1R 12.81, T.e. Mbl 8 COCTORHI111 8bi411Cni1Tb 3Ha-
4eHI1R pi+ 1 (x) B n1060i:i T04Ke X E [ -1. +1). 

3.8. Yeeni1411Tb 3Ha4eHI1e i Ha eA11HI1~y. 

3.9. npoeepi1Tb, AOCTI1rHyTO n11 npeAenbHO AOnyCTI1MOe 3Ha-
4eHI1e i; ecn11 OHO AOCTI1 rHyTO, nOCTpOeHI1e OKOH4eHO; 
ecn11 HeT, TO cneAyeT eepHyTbCR K wary 3.6. 

Bonpoc 0 TOM, KaKOBO 411Cno B03MOlKHbiX noBTOpeHI1H waroe 
3.6-3.8,11nl1, 11Hb1MI1 cno8aMI1, KaK08a Hal18biCWaR cTeneHb noni1-
HOM08 8 Hawei:i OpTOHOpMI1POBaHHOH Clo1CTeMe, noKa OCTaeTCR oT
KpbiTbiM. 0TBeTOM Ha Hero RBnReTCR cneAYIO~aR 

TeopeMa 1 . MHo>KeCTBO noni1HOMOB, opToroHanbHbiX Ha A11CK
peTHOM T04e4HOM MHO>KeCT8eM C BeCaMI1 lwi !i=1,2, ... , m 
lo1MeeT TaKyiO >Ke MO~HOCTb, 4TO 11 nopO>KAaiO~ee ero T04e4HOe 
MHO>KeCTBO, 11 BKnl04aeT 8 ce6R nOni1HOMbl CTeneHeH OT 0 AO m-1. 

AoKa3aTenbCT80. PaccMOTPI1M nocneA08aTenbHOCTb noni1HOMOB 

1, x, x 2 ,xa, .. . ,xn , . .. lx/ 

11 noKa>KeM, 4TO ni1Hei1Ho- HesaBI1CI1MbiM11 Ha M c 8ecaMI1 I w i 
RBnRIOTCR TOnbKO ee nep8ble m 4neHoB. Ecn11 3TO Aei1cTBI1TenbHO 
TaK, TO paeeHCTBO IIPII2=0,rAe p(x)- non11HOM cTeneHI1 r$m-1, 
B03MO>KHO TOnbKO B cny4ae p(X) =Q. B npi1HRTOH HaMI1 MeTplo1Ke 

2 m 2 II P II = l P <x . ) w. . i= 1 I I 

rAe npaeaR 4aCTb MO>KeT 6b1Tb HyneBOH TOnbKO np11 p(X) = O, TaK 
KaK 8 npOTI1BHOM cny4ae p(x) AOn>KeH 6bln 6bl 11MeTb 6onee r Hy
nei:i. KpoMe Toro, Ha411HaR c 4neHa x m 11 BbiWe, e lxl npoRe
nReTCR ni1Hei1HaR saB11CI1MOCTb. Aei1cTBI1TenbHO, np11 r ~ m 

m 
MO>KHO Bbl6paTb p(x) B 811Ae q(x) ll (X-X . ), rAe q(x) - HeHyneBOH 

i=1 I 

noni1HOM cTeneHI1 r 1 =r-m~ 0. TorAa 
2 m 2 m 2 

llp(x)ll = "i. q (xi)wi ll(xi-x .) = 0, 
i=1 j=1 J 

TaK KaK B Ka>KAOM 4neHe npi1CyTCTByeT HyneBOH MHO>KI1Tenb. 
CneAOBaTenbHO, e nocneAOBaTenbHOCTI1 lxl ni1Hei1Ho-Hesaei1CI1Mbl 
TOnbKO 4neHbl 1 , X, x2 , ··· · X m- 1 , a 113 Hlo1X MO>KHO B npi1H~I1ne 
nocTp011Tb Tpe6yeMyiO OpTOHOpM1o1pOBaHHYIO Clo1CTeMy nyTeM OpTO
rOHanl13a~lo111. 
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no 

INITIALIZE 
M•M' 

F?,=O 
f1o (2.15) 
Po (2.14) 

compute 
fli+1 (2.11) 
P;+1 (2.8) 

I 

KpoMe Toro, ~MeeT MecTo ~ 

6noK-cxeMa anrop~TMa no
cTpoeH~.R C~CTeMbl non~HOMOB, 

opTOHOPM~poeaHH~X Ha A~CKpeT
HOM MHOmeCTBe M C BeCaM~ 
!wi I i=1 ,2, ... , m · B~XOAOM anro
P~TMa .RBn.R~TC.R 3Ha4eH~.R pe
KyppeHTH~x K03$¢~4~eHTOB 

{ail i=1,2, ... ,m·1~ 1{3 i I i=0,1,2 , ... ,m·1' 
a TaK>Ke KOHCTaHTbl P_ 1 = 0 ~ 
Po =co . 

TeopeMa 2. nocTpoeHHa.A yKa3aHHbiM cnoco6oM c~cTeMa opTo
HOPM~poeaHHbiX non~HOMOB .RBn.ReTC.R nonHOA no OTHOWeH~~ K Knac
cy c)>yHK4~A f(x), An.R KOTOpbiX T04K~ nopO>KAa~ll\ero MHO>KeCTBa 
!xi I - He oco6ble. 

AoKa3aTenbcTeo. YTeep>KAeH~e TeopeM~ 3KB~eaneHTHO TOMy, 
4TO C~CTeMa ypaBHeH~A 

m-1 
f(xi)= . ~0 bjPj(x 1 ), 

J= /xx/ 
i=1,2, ... ,m, 

~MeeT eA~HCTBeHHOe peweH~e, onpeAen.A~ll\ee K03c)>c!>~4~eHTbl bj• 
KaKOB~ 6bl H~ 6bln~ 3Ha4eH~.A KOMnOHeHTOB BeKTOpa npaeoA 
4aCT~ 

8 
col If( x1 ) , f(x 2), . .. . f (x m) IE Rm 

B caMOM Aene, onpeAen~Tenb 3TOA c~cTeMbl 

Po ( x1) p 1 (x1) · · · pm-1 ( x 1) 

D = I Po(x2) p1 (x2) ... pm-1 (x2) I 
f, 0 

0 •• • •• • • 0 • • 0 0 0 • •• 0 •• 

P0 (x rJ p1 (xm) · · · pm-1 (xu/ 

e c~ny HecoenaAeH~.A T04eK nopO>KAa~ero MHO>KeCTBa M ~ n~HeA
HO~ He3ae~c~MOCT~ non~HOMOB opTOHOPM~poeaHHOA c~cTeMbl. Cne
AOBaTenbHO, c~cTeMa /xx/ ~MeeT eA~HCTBeHHOe peweH~e, 4eM 
TeopeMa AOKa3aHa. 

B~AHO, 4TO HeCOBnaAeH~e T04eK nopO>KAa~ll\ero MHO>KeCTBa cy
ll\eCTBeHHO An.R nOnHOTbl no OTHOWeH~~ K yKa3aHHOMY Knaccy c)>yHK-
4~A. B 3TOA CB.A3~ MO>KHO 3aMeT~Tb, 4TO XOT.R npeAnaraeMbiA an
rop~TM He HaKnaAbiBaeT orpaH~4eH~A Ha pacnpeAeneH~e T04eK 
MHO>KeCTBa M e ~HTepeane[-1~D.4~cneHHa.R ero pean~3a4~.R, 
no-B~A~MOMY, AOn>KHa npOBOA~TbC.R np~ T04HOCT~, aAeKBaTHOA 
Ha~MeHbWeMy paCCTO.RH~~ Me>KAY ABYM.R COCeAH~M~ T04KaM~. Ha 
AaHHOM 3Tane npOBeAeH~e KOn~4eCTBeHHOA 04eHK~ CTeneH~ 3TOA 
aAeKBaTHOCT~ BbiXOA~no 3a paMK~ Hawero ~ccneAOBaH~.A. 

Tenepb Mbl B COCTO.AH~~ npeACTaB~Tb anrop~TM nOCTpOeH~.R 
C~CTeMbl non~HOMOB B OKOH4aTenbHOA finoK-CXeMe icM. p~CyHOK/. 
0TMeT~M,4TO nocTpOeHHble TaK~M o6pa30M OpTOHOpM~pOBaHHble no
n~HOMbl o6naAa~T BCeM~ CBOACTBaM~, xapaKTepHbiM~ An.R 3TOrO 
Knacca c)>yHK4~A: orpaH~4eHHOCTb~, HenpepbiBHOCTb~, rnaAKOCTb~, 

n~HeAHoA He3aB~C~MOCTb~, B3a~MHbiM pa3AeneH~eM HyneA, CBOAcT
BOM Ha~MeHbWero KBaApaTa ~ T.A/6 1 . 

HecMoTp.A Ha To, 4TO npeAno>KeHHbiA anrop~TM YA06Hee ecero 
pean~30BaTb Ha 36M, B OTHOC~TenbHO npOCTbiX cny4a.RX B03MO>KHO 
~ aHan~T~4ecKoe BblnonHeH~e ecex BbiKnaAOK. B Ka4eCTBe np~Me
pa np~BOA.RTC.R pe3ynbTaTbl An.R cny4a.R m=5 np~ 3Ha4eH~.Rx 

~ 

I xi I= -1.0. -0,5. o.o . 0,5. 1,0; 

!wil= 0,5, 0,5, 2,0, 0,5, 0,5 . 

Pac4eT peKyppeHTHbiX K03¢¢~4~eHTOB no on~caHHOMY anrop~TMY 
AaeT 

a1=0,0; a2=0,0; a3=0,0; a4=0,0; 

{30 =2,0; f3 1=v5/4: f32=y43/4y5; f33=6/y215; f34 =v 1o;4a. 
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a nOnbiTKa pae4eTa {35 npHBOAHT K HyJleBOMy pe3yJlbTaTy, KaK 3TO 
H AOil>KHO 6b1Tb seneAeTBHe TeopeMbl 1. PaseHeTBO HYiliO seex ai 
JlerKO nOHRTb Ha OeHOBe eHMMeTpHH Ha6opOB Xi H Wi; pae4eT a5 
B03MO>KeH H TO>Ke npHBOAHT K HyJleBOMY 3Ha4eHHIO. 

3HaR {34 H a 5 , Mbl MOrJlH 6bl paee4HTaTb HeHOpMHpOBaHHbiH 
nOJlHHOM P5 (X). 

KaK H eneAOBaJlO O>KHAaTb, Bee ero HYJlH eosnaAaiOT e T04-
KaMH nOpO>KAaiO~ero MHO>KeeTBa H HOPMHPOBKa OnRTb-TaKH OKa3bl
eaeTeR HeB03MO>KHOH. RBHbiH BHA eeex nOJlHHOMOB eHeTeMbl H He
HOpMHpoeaHHOrO nOJlHHOMa nRTOH eTeneHH npHBeAeH HH>Ke: 

P 0(x) = 1/2, 

P1 (x)=2xh/ 5 , 

P
2 

(x)=(16 x2 - 5) /2y~ 

3 -P3 (x)=(20x -17x)/3y5, 

4 2 -P4(x)=(172x -175x +9)/3y86 , 

P 5 (x)= c 5(X+ 1) (X+ 1/2) x(x-1/2)(x-1) . 

3Ha4eHHR nOJlHHOMOB OpTOHOpMHPOBaHHOH eHeTeMbl B T04KaX no
pO>KAaiO~ero MHO>KeeTBa M AaHbl B Ta6Jl. l. 

Ta6JlHI..Ia 1 

3Ha4eHHR nOJli-1HOMOB npoeToro np~t~Mepa e rn=5 

X w P0(x) pl (x) p2 (x) P3(x) P 4(x) 
--

-1 '0 0,5 0,5 -2/V5 u;2 ,; 43 -1/ y 5 2/ y 86 

-0,5 0,5 0,5 -1; / 5 -1/2 y 43 2!/ 5 -BN86 
0,0 2,0 0,5 0 -5/2 y 43 0 3/V86 

0,5 0,5 0,5 1/v5 -1/2 y43 -2; ,;5 -s;,;86 
1 ,0 0,5 0,5 2/y 5 11/2 y 43 1/ V. 5 2/y Ss 
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6e3yeJlOBHO, Ta6Jl. 1 MO>KHO paee4HTaTb KaK no RBHOMY BHAY 
nOJlHHOMOB, TaK H Ha OeHOBe peKyppeHTHOH ¢0PMYJlbl /2.8/; Ha 
HaW B3rJlRA, BTOpoi1 nyTb npo~e , YA06Hee H T04Hee npH peanH-
3ai..IHH anropHTMa Ha 3BH B l..leJlRX a nnpOKeHMai..IHH KPHBbiX. 

4. nPOIPAHHHAR PEAnH3AUHR AniOPHTMA 

Ha eJleAYIO~HX eTpaHHI..IaX npeAeTaBJleH TeKeT Tpex nporpaMM 
Ha ¢0PTPAHe- IV, KOTOpble peaJlH3YIOT aJlrOpHTM noeTpoeHHR eHCTe
Mbl OpTOHOpMHpOBaHHbiX nOJlHHOMOB npH 3aAaHHOM MHO>KeeTBe M 
e eee aMH I w il · noeneAHRR /4eTeepTaR/ nporpaMMa RBJlReTeR rnae
HOH H HJlJliOeTpHpyeT enoeo6 HenOJlb30BaHHR 3Toro He60JlbWOrO 
naKeTa H3 Tpex SUBROUTINEs e eny4ae npHMepa H3 npeAbiAY~ero 

pa3Aena e rn =5 . HH OAHa H3 nporpaMM naKeTa He pe3epsHpyeT 
naMRTb nOA pa604He MaeeHBbl, 4TO AOJl>KHO 6b1Tb eAeJlaHO B rnaBHOH 
/Bb13biBaiO~ei1/ nporpaMMe. 6onee Toro, npH npaBHJlbHOM Henonb-
30BaHHH nporpaMMbl eeo60AHbl OT onepai..IHH BBOAa- BbiBOAa 3a HeKJ110-
4eHHeM ne4aTH eoo6~eHHH 06 OWH6Kax, MOry~HX B03HHKHYTb TOJlb
KO npH HapyweHHH npaBHJl pa60Tbl e naKeTOM. 

nporpaMMaP0RTHN RBJlReTeR nOArOTOBHTeJlbHOH B TOM eMbleJle, 
4TO OHa paee4HTbiBaeT 3Ha4eHHR peKyppeHTHbiX K03¢$H1..1HeHTOB 
a i H {3 1 • no 3TOH npH4HHe ee Bb130B o6R3aTeJlbHO AOJl>KeH npeA
weeTBOBaTb nepBOMy pa6o4eMy Bbi30By nporpaMMbl 0 RTH0N /eM. 
HH>Ke/. Pae4eT eeex He06XOAHMbiX ai H f3i npOH3BOAHTeR 3a OAHH 
Bbi30B P0RTHN; Bbl3biBaTb nporpaMMY nOBTOpHO eJleAyeT TOJlbKO 
npH nepexoAe K HOBOMY MHO>KeeTBY M, K HOBbiM seeaM I w i I HJlH >Ke 
npH nosblweHHH nopRAKa NNMAX HY>KHbiX opTOHOPMHposaHHbiX nOJlHHo
MOB. Cn~t~eoK ¢opMaJlbHbiX napaMeTpoe P0RTHN BKJ1104aeT: 

M - 4Heno T04eK {xi I nopo>KAaiO~ero MHO>KeeTsa; 
NNMAX - MaKeHMaJlbHYIO eTeneHb nonHHOMa, AilR KOToporo ene

AYeT Bbi4HeJlHTb peKyppeHTHble K03¢¢H1..1HeHTbl. KaK 
yKa3biBanoeb paHee, NNHAX He AOJl>KHO npeBbiWaTb 
M-1 ; 

X - ynopRA04eHHbiH OAHOMepHbiH MaCeHB 3Ha4eHHH {xi I . 
Heo6R3aTeJlbHO, 4T06bl -1 ~ xi~+ 1, T. K. P0RTHN 
npOBOAHT BHyTpeHHee JlHHeHHOe npeo6pa30BaHHe 
K 3TOMY 0Tpe3Ky; 

W - OAHOMepHbiH MaeeHB seeoe I w 1 I; 
ALPHA - OAHOMepHbiH MaeeHB peKyppeHTHbiX K03¢¢H1..1HeHTOB 

a i ~ a 1 , paenonaraeTeR B ALPHA(!) H T. A. AO 
ALPHA(NNMAX) ; 

BETA - OAHOMePHbiH MaeeHe peKyppeHTHbiX K03¢¢H1..1HeHTOB 
f3 i , f3o ,paenonaraeTeR s BETA(!) , f3ce BETA(2) 
H T.A. AO BETA(NNMAX+l) ; 
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PQJLY - OAHOMepH~~ MaCCH8 3Ha4eHH~ nonHHOM08 npH HeKOeM 
$HKCHp08aHHOM 3Ha4eHHH apryMeHTa X. 3TOT MaCCH8 
HCnOnb3yeTCR 3AeCb KaK pa604H~, npH 8biXOAe >Ke H3 
PQJRTHN 8 HeM HaXOARTCR 3Ha4eHHR nonHHOM08 8 no
cneAHe~ T04Ke X(M) MHO>KecT8a, npH4eM P_ 1=0 pac
nonaraeTcR 8 P0LY(1) , Po - 8 P()LY(2) , P 1 - 8 
P0LY(3) H T ·A· AO P0LY(NNMAX+ 2). TaK KaK P _ 1 H P0 -
nocTORHHble, COOT8eTCT8YIOUIHe HM 3neMeHTbl P<JLY 
8 AanbHe~weM He MOAH$H~Hpy10TCR nporpaMMO~ 0RTH0N. 

XOTR, 8 npHH~Hne, ~QPTPAH He AOnycKaeT peKypCH8H~X npo
~eAYP, C2JRTH0N HCnOnb3yeT nporpaMMY 0RTHQJN 8 ~HKnH4eCKOM 
pe~HMe C80eo6pa3HO~ HenonHO~ peKypCHH, KOrAa npH Ka>KAOM 8~

nonHeHHH ~HKna roT08RTCR ycn08HR 8~308a C2JRTHC2JN AnR nocne
AYIOI!Iero ero 8~nonHeHHR. 

nporpaMMa C2JRTH0N - OCH08HaR pa6o4aR nporpaMMa naKeTa. 
0Ha paCC4HT~8aeT 3Ha4eHHR OpTOHOpMHP08aHH~X nonHHOM08 no 
peKyppeHTHO~ ¢opMyne /2.8/ npH n1060M 3Ha4eHHH apryMeHTa, He-
06R3aTenbHO co8naAaiOilleM c HeKoTopo~ H3 T04eK nopo>KAa10111ero 
MHO>KeCT8a. OnRTb-TaKH: KaK 3TO HMeeT MecTo 8 P0RTHN, 3Ha4e
HHR apryMeHTa nOAaiOTCR 8 C80HX ecTeCT8eHH~X eAHHH~ax H nOA-
8epraiOTCR 8HYTPeHHeMy nHHe~HOMY npeo6pa3o8aHHIO. Boo6111e ro-
80pR, nonb308aTenb naKeTa MO>KeT 3aAa8aTb 3Ha4eHHR apryMeH-
-Ta X 8 npH8bi4H~x AnR ce6R eAHHH~ax H nonHOCTbiO HrHopHpo8aTb 
8HYTPeHHee nHHe~Hoe npeo6pa3o8aHHe. AnR npa8HnbHO~ pa6oT~ 
nporpaMM AOCTaT04HO, 4T06~ eAHHH~~ 3aAaHHR apryMeHT08 H eAH
HH~~ H3MepeHHR nopo>KAaiOI!Iero M~O>KeCT8a M 6~nH OAHHaKo8~MH. 
KoHe4HO, Tpe6o8aHHR ynopRA04eHHOCTH MHO>KeCT8a H nono>KHTenbHO
CTH 8eC08 OCTaiOTCR 8 CHne. 0RTHQJN cpa6aT~8aeT npH 3aAaHHH 
cneAYIOUIHX $opManbH~X napaMeTp08: 

NNMAX - MaKCHManbHaR CTeneHb nonHHOMa, 4be 3Ha4eHHe 8~-
4HCnReTCR 8 AaHHOM 8bi308e. 06o3Ha4eHHe 3TO~ ne
peMeHHO~ co8naAaeT c nOA06Ho~ nepeMeHHO~ 8 PQJRTHN, 
HO 3TO He 3Ha4HT, 4TO OHH HAeHTH4H~. 3AeCbNNMAX 
MO>KeT npHHHMaTb n106oe 3Ha4eHHe, He npe80CXOARI!Iee 
NNMAX H3 P0RTHN; 

XX 
ALPHA 

BE 'I' A 

- 3Ha4eHHe apryMeHTa OpTOHOpMHp08aHHbiX nonHHOM08; 
- TO >Ke, 4TO H 8 PQJRTHN; 3AeCb HCnOnb3yeTCR, HO He 

MOAH$H~HpyeTCR; 

- TO >Ke, 4TO H 8 PQJRTHN; 3AeCb HCnonb3yeTCR, HO He 
MOAH$H~HpyeTCR; 

PQJLY - MaCCH8 pe3ynbTaT08; opraHH30BaH TaK >Ke, KaK H 8 
P0RTHN, HO COOT8eTCT8yeT 3Ha4eHHIO apryMeHTa XX. 

nporpaMMa ERC2JRTH ne4aTaeT C006UieHHR 06 OWH604H~X CHTya
~HRX, o6Hapy>KeHHbiX npH pa6oTe P0RTHN H 0RTH0N. $opManbH~X 
napaMeTp08 OHa He HMeeT H C8R3aHa C HHMH 4epe3 HMeH08aHH~~ 
CQJMMQJN. 0WH604H~X CHTya~H~ nRTb, H OHH COOT8eTCT8yiOT: 
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1 - HeynopRA04eHHOMy MHO>KeCT8Y M; 
2 - oTpH~aTenbHOMY 3Ha4eHHIO NNMAX; 
3 - NNMAX, npe80CXOARI!IeMy M -1; 
4 - CHCTeMHOMY HnH MaWHHHOMy c6o10; 
5 - NNMAX 8 0RTH0N, npe8b1WaiOI!IeMy NNMAX 8 P0RTHN. 

naKeT He npo8epReT nono>KHTenbHOCTH Ha6opa 8eco8 w i , Ko
TopaR AOn>KHa o6ecne4H8aTbCR 8~3~8al01!1e~ nporpaMMO~. HH>Ke npH-
80ARTCR pa3HOCTH T04H~X 3Ha4eHH~ peKyppeHTH~X K03$$H~HeHT08 

8 npH~1epe H3 npeAbiAYI!Iero pa3Aena H COOT8eTCT8YIOillero 8biXOAa 
H3 4eT 8epTC)~ I HnniOc T PHPYIOI!Ie~/ nporpaMMbl: 

~a 1=0; ~a 2=5,96E-8; ~ag:5,96E-8; ~a4...-1,79E-7; 
~f3o=2,0E-7; ~{3 1 =2,84E-7; ~f3 2=-3,65E-7; ~f3 3=-6,32E-9; ~f34=7,22E-7. 

T04H. pacq. 
Ta6n. 2, 8 KOTopo~ AaHbl pa3HOCTH ~i(x)=Pi (x)-Pi (x), 

AeMOHCTpHpyeT T04HOCTb pa6oT~ anropHTMa, peanH308aHHoro 
a nporpaMMax. EcnH y4eCTb, 4TO pac4eT~ 6~nH 8~nonHeH~ Ha 
Mano~ 36M EC-1010, rAe MaHTHcca 4Hcen c nna8a10111e~ T04KO~ 

HMeeT AnHHy 8 24 6HT, TO T04HOCTb 3TY cneAyeT npH3HaTb 8ecb
Ma YA08neT80PHTenbHO~. 

Ta6nH~a 2 

X w ~J_x) ~ 1(x) ~2(x) ~.J..x) ~ .£x) 

-1 '0 0,5 0,0 5,0E-7 -5,0E-7 -6-0E-7 1 ,6E-6 
-0,5 0,5 0,0 3,0E-7 -5,0E-7 -2,0E-7 1 ,4E-6 

0,0 2,0 0,0 0,0 -4,0E-7 -1 ,OE-7 -1 ,OE-7 
0,5 0,5 0,0 -3,0E-7 -4,0E-7 2,0E-7 2,0E-6 
1 '0 0,5 0,0 -5,0E-7 -5,0E-7 9,0E-7 1 ,8E-6 

0TMeTHM, 4TO anropHTM nOCTpOeHHR CHCTeMbl OpTOHOpMHp08aH
H~X nonHHOM08 Ha T04e4HOM MHO>KeCT8e M 8 npHH~Hne R8nReTCR 
T04HbiM, OTKYAa cneAyeT, 4TO pa3HOCTH Ta6nH~bl 2 npOHCXOART 
HCKni04HTenbHO 8 pe3ynbTaTe HaKonneHHR OWHOOK OKpyrneHHR. 
B 3TO~ C8R3H Mbl npo8enH AOnonHHTenbHbl~ 4HcneHHbl~ 3KcnepHMeHT 
no 8~nOnHeHHIO ycn08H~ OpToroHanbHOCTH /2,4/ Ha ManbiX 3BM 
H30T-310 H M-6000, o6naAaiOUIHX MaHTHcco~ 8 23 6HT, npH m=100 
H nna8HO MeHRIOUIHXCR 8ecax. 3KcnepHMeHT noKa3an, 4TO ycno8He 
HOpMHp08KH co6niOAaeTCR C T04HOCTbiO nOPRAKa 2,0E-6 AO CTe
neHe~ nonHHOM08 40 H 8b1We, TOrAa KaK OpTOrOHanbHOCTb nonH
HOM08 pa3H~X CTeneHe~ Ha4HHaeT HapywaTbCR HeCKOnbKO paHbWe, 
H3-3a 4ero CYMMa /2.4/ nony4aeTCR pa8HO~ 0,001 npH CTeneHH 
25; -0,01 npH CTeneHH 35 H OKOnO 0,25 npH CTeneHH 40. 3TH 
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c 

SUBROUTINE ORTHON(NNMAX XX 1ALPHA BETA 1POLY) 
DIMENSION POLY(1) 1ALPHAft) 1BETA(/) 
COMMON /ORTNRM/X0 1X1 1MESSG 1NPREP 1DUMMY 
IF(NPREP-NNNAX)60 1 10 1 10 

10 IF(NNMAX)50 140 120 
20 DUMMY=X1*XX+XO 

K=NNMAX+2 
DO JO I=J 1K 
IPOL1=I-1 
IPOL2=IPOL1-1 

JO POLY(I)=((DUMMY-ALPHA(IPOL2))*POLY(IPOL1)-
1 BETA(IPOL2)*POLY(IPoL2))/BETA(IPOL1) 

40 RETURN 
50 MESSG=2 

CALL EROR'rH 
GO TO 40 

60 MESSG=5 
CALL ERORTH 
GO TO 40 
nro 
SUBROU'riNE EROR1'H 
COIIMON /OR1'HRK/XO 1X1 111ESSG1HPREP ,DUMMY 
GO TO (10 120 1 J0 140 1 50 1 40) 1MESSG 

10PRINTt10 
GO TO 60 

20 PRINT 120 
GO TO 60 

JO PRINT 1JO 
GO TO 60 

40 PRnlT 140 
GO TO 60 

50 PRnlT 150 
60 MESSG=O 

RETlJRN 
11 0 FORMAT( 1 ERROR - SET DISORDERED') 
120 FORMAT( 1 ERROR - NEGATIVE DEGREE OF POLYNOMIALS REQUESTED') 
1 )0 FORMAT( 1 ERROR - TOO HIGH DEGREI<; OF POLYNO!.!IAJ,S REQUESTED') 
140 FORMAT( 1 ERROR - SYSTEU AND/OR HARDWARE FALURE') 
150 FORMAT( 1 ERROR - REQUES'fED DIDREE HIGHER THAN THAT PREPARED') 

END 

C TEST OF ORTHONORMAL POLYNOMIALS OVER 5 POINTS 
c 

DIMENSION X(5),W(5) 1 ALPHA(4) 1 BETA(5) 1POLY(6) 
DATA X/-1.0,-0.5, o.o, 0.5, 1.0/ 

. DATA W/ 0.5, 0.5, 2.0, 0.5, 0.5/ 
CALL PORTHN(5,4,X 1W1ALPHA 1BETA 1POLY) 
PRnlT 104 

104 FORMAT(9X, 'I'' 1 ox, 'ALPHA( I) I' 19X, 'J' '1 ox, 'BETA(J).) 
DO 5 I=1 1 5 
IO=I-1 

5 PRmT 105 1 I 1ALPHA(I),I0 1BETA(I) 
1 05 FORUAT(I1 0 1F2 0.1 0 1!20 1P2 0.1 O) 

PRINT 101 
DO 10 I=1 1 5 
CALL ORTHON(4 X(I) ALPHA 1BETA POLY) 

10 PRnlT 100 1X(Ii 1W(Ii 1 (POLY(II+l),II•1 1 5) 
100 FORMAT(2F10.1 1 5F12e7) 
1 01 FORMAT02H X W PO(X) 

1 48H P1(X) P2(X) PJ(Xi P4(X) I 
2 J2H •••=••========~========~~==== 1 
3 48H==•==~z=====cc:c======~~c~===========cc:•~====== ) 

STOP 
14 END 

c 

SUBROUTINE PORTHN(M 1NNMAX 1 X1W1ALPHA1BETA 1POLY) 
DIMENSION X(1) 1W(1) 1ALPHA(1) 1BETA(1J,POLY(1) 
COMMON /ORTNRY/X0 1X1 1UESSG 1NPREP 1TR 

C CHroK WHETHER SET IS ORDERED 
c 

M1 =M-1 
DO 5 I=-1 M1 
IF(X(I+1i-X(I))710 1710,5 

5 CONTINUE 
c 
C LINEAR TRANSFORMATION TO ( -1 1 1 ] 
c 

XO•X(M)-X(1) 
X1•2.0/XO 
XO•-(X(M)+X(1))/XO 

c . 
C SET POLYNOMIAL VALUE WHEN DIDREE IS -1 
c 

c 

POLY(1)•0.0 
IF(NNMAX)720 115 115 

15 NPREP=NNMAX 
IF(M-1-NNMAX)7J0 120 1 20 

C ZERO-DEGREE NORMALIZING FACTOR & VALUE 
c 

c 

20 BETA(1)::~o.o 
DO )0 I=1 1M 

)0 BETA(1)=BETA(1)+W(I) 
BETA(1)=SQRT(BETA(1)) 
POLY(2)=1.0/BETA(1) 
IF(NNMAX)740 1 90C 1 40 

C HIGHER DEGREE RECURRENCE FACTORS c . 
40 DO 100 !=1 1 NNMAX 

IB=I+1 
IPOL=I-1 
ALPHA(I)=O.O 
BETA(IB)=O.O 
DO 50 K=1 1M 
CALL ORTHON(IPOL 1X(K) 1ALPHA 1BETA 1POLY) 
TR=X1*X(K)+XO 
BETA(IB)=BETA(IB)+(TR**2)*(POLY(IB)**2)*W(K) 

50 ALPHA(I)=ALPHA(I)+TR*W(K)*(POLY(IB)**2) 
. BETA(IB)=BETA(IB)-ALPHA(I)**2 

IF(I-1)60,60 55 
55 BETA(IB)=BETAliB)-BETA(I)**2 

60 BETA(IB)•SQRT(BETA(IB)) 
1 0 0 CONTINUE 

GO TO 900 
710 MESSG=1 

GO TO 800 
720 MESSG-2 

GO TO 800 
7)0 MESSG=J 

GO TO 800 
74 0 liESSG=4 
8 0 0 CALL EROR'rH 
900 RETURN 

END 
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AaHHble COOTBeTCTBYIOT MaKCI1MallbHOMy 3Ha4eHI110 CYMMbl /2.4/ 
no seeM nolli1HOMaM nopRAKa Hl1me yKa3aHHoro. MomHO omi1AaTb, 
4TO Bbln011HeHI1e pac4eTOB C ABOI:iHOI:i T04HOCTbiO paCWI1PI1T A11ana-
30H CTeneHei:i, AllR KOTOP~X T04HOCTb B~nOI1HeHI1R YCI10BI1i:1 /2.4/ 
11 /2.5/ RBilReTCR npl1eM/leMOI:i. 8np04eM, BO MHOri1X npaKTI14eCK11X 
Clly4aRX 3TO 06CTORTellbCTBO npeACTaB/lReT co6oi:1 TOilbKO aKaAeMI1-
4eCKI1i:1 11HTepec, nOCKOilbKY npi1MeHeHI1e nOI111HOMOB TaKI1X B~COK11X 

CTeneHei:i OKa3~eaeTCR HeHymH~M. 

5. 3AKJli04EHJ.1E 

nocTpOeHI1e CI1CTeMbl nOI111HOMOB, OpTOHOPMI1POBaHHbiX Ha 3aAaH
HOM A11CKpeTHOM MHOmeCTBe, He RBilReTCR CaMO~ellbiO. M~ pa3Ae-
11ReM MHeHI1e aBTOpOB / 6 ,8 ,9 / 0 TOM, 4TO 411CileHHaR annpOKCI1Ma
~11R 113MepeHH~x sae11CI1MOCTei:1 PRAOM no opToroHallbHbiM nOI111HO
MaM 11MeeT 3Ha411TellbH~e npei1My~ecTea no cpaeHeHI110 c o6bi4H~MI1 

noni1HOMI1allbH~MI1 PRAaMI1. TeM He MeHee HaM He 113BeCTHbl Hl1 cee
AeHI1R o nporpaMMHOI:i pea11113a~1111 MeTOAa Ha 38M, H11 o ero 
11cno11 b3oeaHI-111 e npaKT11Ke o5pa6oTKI1 AaHHbiX. 

B cneAYIO~ei:i pa5oTe Mbl co611paeMCR paccMoTpeTb e AeTanRx 
cnOCOO 11CnO/lb30BaHI1R OpTOHOPMI1POBaHH~X nOI111HOMOB Ha npi1Mepe 
HeCKOilbKI1X $113114eCK11X 3aAa4. XoTenocb 6~ eepi1Tb, 4TO 3TO 
npi1BeAeT K 60/lbWei:i nonynRpHOCTI1 AaHHOro MeTOAa cpeA11 $11311KOB. 
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