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6aaTap ~-. ny3~H~H H.8., ~Manees P.M. Pll - 12775 
4~cneHHoe peweH~e A~<l><l>epeHL\~anbHbiX ypasHeH~~, 
co,qep>Kalll~X snonHe Henpep~BHbl~ onepaTop 

npe,qnaraeTCA 4~CneHH~~ MeTOA peweH~A Hen~He~H~X ,q~<!>
<!>epeHI.I~anbHbiX ypasHeH~~, co,qep>Kall\~X snonHe HenpepbiBHbl~ 
onepaTop, Ha ocHose MeTo,qa HbiOTOHa. C noMOll\biO napaMeTp~3a
ll~~ snonHe HenpepbiBHbl~ onepaTop Bbr,qenAeTcA s Ka4eCTBe 
,qononH~TenbHoro ycnos~A, 4TO no3sonAeT ~cxo,qHoe ypasHeH~e 
npeACTaB~Tb B B~,qe C~CTeM~ HeCBA3aHH~X HeO,qHopo,qH~X ,q~<!>
<!>epeHI.I~anbHbiX ypasHeH~~. 8 Ka4ecTse np~Mepa np~no>KeH~fl 
pa3B~Toro MeTo,qa np~so,q~TCA anrop~TM 4~cneHHoro peweH~fl 
ypasHeH~A XapTp~-<l>oKa-6oronl06osa. 

Pa6oTa BbrnonHeHa s Jla6opaTop~~ B~4~cn~TenbHO~ 
TexH~K~ ~ asToMaT~3all~~ OH~H. 

Coo5weuHe 05beauueuuoro HHCrHTyTa aaepHbiX uccneaoeauull, .Uy5ua 1979 

8aater D., Puzynin I.V., Yamalejev R.M. P11 - 12775 

Numerical Solution of Differential Equations, 
Containing Quite Continuous Operator 

A numerical method is presented for the solution of 
nonlinear differential equations, containing quite continu
ous operator, using the Newton method. With the help of 
parametrization the quite continuous operator is separated 
as an additional condition. This allows one to reduce a 
primary equation to a noncoupl ing and a nonhomogeneous 
differential equation. 

As an example of application of the method algorithm 
for numerical solution of the Hartree-Fock-8ogolubov 
equation is presented. 

The investigations has been performed at the 
Laboratory of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1979 
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1. 88E~EHHE 

MHor~e MaTeMaT~4ecK~e MOAen~, on~cbrsaiOll\~e <l>~3~4eCK~e 

flsneH~fl, co,qep>KaT ~HTerpo,q~<l><!>epeHLI~anbHbre ypasHeH~fl /HAY I. 
Hanp~Mep, B KBaHTOBO~ MeXaH~Ke np~ on~caH~~ MHOroTenbH~X 
c~cTeM ~cnonb3YIOTCfl ~HTerpo,q~<l><l>epeHLI~anbHbre ypasHeH~fl XapT
p~-<l>oKa-6oronl06osa /X<I>6/, 6eTe-Conn~Tepa, 8nacosa ~ T.,q. 
CTpyKTypa HAY ~HTepecHa TeM, 4TO oHa BKnl04aeT s ce6fl cso~

CTBa KaK ,q~<!><!>epeHI.I~anbH~X, TaK ~ ~HTerpanbH~X ypaBHeH~~ -
,qsyx OCHOBH~X ypaBHeH~~ KnaCC~4eCKO~ MaTeMaT~4eCKO~ <I>~3~K~. 

3To cso;:';cT so H~Y onpe,qenfleT ,qsa B03MO>KHbiX no,qxo,qa K peweH~IO 
no,qo6H~x ypasHeH~~: nepBbl~ ~3 H~x 3aKnl04aeTCfl s cse,qeH~~ 

H~Y K ~HTerpanbHbiM ypasHeH~fiM, a 'so BTOPOM H,QY cso,qf!TCfl 
K peweH~IO ,q~<l><l>epeHL\~anbH~x ypasHeH~~. KaK 6brno noKa3aHo 
s pa6oTaxn,2/, s 4~cneHH~x pac4eTax t.~enecoo6pa3HO np~MeHf!Tb 
BTopo~ ~3 yKa3aHH~x no,qxo,qos, o,qHaKo s TeopeT~4eCK~x ~c
cne,qosaH~flx nepBbl~ no,qxo,q npe,qcTaBnfleTCfl 6onee y,qo6H~M. 

8 HaCTOflll\e~ pa6oTe 6y,qyT paCCMaTp~BaTbCA ypaBHeH~A, 
~MeiOll\~e s~,q 

-+ -+ 

Ly + Ky 

~ 

0 + rpaH~4Hble ycnos~A ~ ycnos~A HOPM~

poBK~ Y, 

r,qe L - ,q~<l><!>epeHL\~an bHbl~ onepaTop s~,qa 

~ 2 
... L = V + A + V(r) , 
K - ~HTerpanbH~~ onepaTop T~na 8onbTeppa ~n~ <l>pe,qronbMa. 

8 o6ll\eM cny4ae onepaTop i MO>KeT 6~Tb Hen~He~H~M /Hanp~Mep, 
Anfl ypasHeH~~ T~na X<l>6/. 

0606ll\eH~eM 11~Y ABnfleTCfl Knacc ypasHeHI-1~ , rAe K fiBnAeTCA 
snonHe Henpep~BH~M onepaTopoM. MeTOA peweH~A 11,QY c <!>aKTOpl-1-
aoeaHH~M f!,qpoM 1-iHTerpanbHoro onepaTopa, npe,qno>KeH~~ s pa-
6oTe 121, nerKo o6o6lllaeTCfl 1-1 Ha cny4ai1 ypasHeHI-1.:1, r,qe ~HTer
panbH~i1 onepaTop aaMeHeH snonHe Henpep~BH~M onepaTopoM. 
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2 . .LV1<1><1>EPEHl(J.1AnbHbiE YPABHEHJ.1Jl, 

COAEPlKAUli-1E BbiP0lKAEHHbl'1 OnEPATOP 

A~-tQ>Q>epeH~~-tallbHble ypaeHeH~-t.A, co.Qep>Kallj~-te BbiPO>K.QeHHbli1 one
paTop I ABO/, .A Bll.AIOTC.A o5o5lljeH~-teM HAY c BbiPO>K.QeHHbiM .A.QPOM. 
PaccMoTp~-tM ABO B~-t.Qa 

~ ~ 

Ly+Ty=f 
/1/ 

c rpaH~-t4HbiM~-t ycnoe~-t.AM~-t 

A 1y'+B 1y=C 1 , x=a, 

A2y'+ B2y = c
2

• x= b, /2/ 

~ d2 ~ N 
[,, ____ +A+V(x), Ty=}; (y,bk)ak(x), 

dx 2 k= 1 13/ 

r,Qe N - KOHe4HOe 41-tCJlO, b k (X) , a k (X) 1-1 f(x) - 3a,QaHHble QlYHK
~1-11-1, KBa.QpaT~-t4Ho cyMM~-tpyeMble e (a, b) 1-1 y(x) E L

2
(a,b), <l>yHK~~-tl-1 

ak(x) 1-1 bk(x) npe.QnonaraiOTC.A Il~-tHei1Ho-He3aB~-tc~-tMbiM~-t. 
0503Ha4HM 

e k = (Y, bk). 

6y.QeM ~-tcKaTb pelljeH~-te y(x) 
N 

B CJle,QyiOlljeM BH,Qe: 

y = }; e ¢ (x) + ¢
0 

(x). n= 1 n n /4/ 

Tor.Qa 3a.Qa4a /1/ " paclljenn.AeTc.A Ha n + 1 .Q~-tQ>Q>epeH~~-taJlbHOe 
ypaeHeH~-te BH.Qa 

H 

4 

L ¢
0 

=f. 

Al¢~ +Bl¢o= cl. 

A2<Po + 8 2<Po= c2 • 

L¢n =an • 

Al¢~ + Bl¢n =0, 

A2¢~ + B2¢n = 0, 

/51 
X= a, 

X= b, 

x = a, !6/ 

X=b. 

" 

" 

• 

MeTO.Qbl 4~-tcneHHoro peweH~-t.A Kpaeeblx 3a.Qa4 /5/~-t/6/ ~-t3BeCTHbl 
1-1 cpaeH~-tTellbHO npocTo pean~-t3YIOTC.A. Ha~-t5onee 3<l>Q>eKTHBHb1M 
MeTO.QOM peweH~-t.A nO.Q05HbiX 3a,Qa4 .ABJl.AeTC.A MeTO.Q nporOHKI-1 13 / . 

nocne Toro, KaK peweHH.A ypaBHeH~-ti:\ /5/ 1-1 /6/ Hai:\,QeHbl, K03Q>
Qli-1~HeHTbl en onpe,Qell.AIOTC.A 1-13 CHCTeMbl Jli-1Hei1Hb1X anre5pa~-t4eCKHX 
ypaeHeH~-ti1 

r.Qe 

e 
n }; d k ek k n en' 

e = (¢ , b ). ct k = (¢ , b ) . n 0 n n k n 

171 

18! 

Aanee, nO.QCTaB~-tB K03<!><1>~-t~~-teHTbl en 1-13 /7/ 1-1 <I>YHK~I-11-1 ¢n(x) 
1-13 /5/ 1-1 /6/ B QlOPMYilY /4/, HaXO.QHM peweH~-te 3a,Qa4~-t /1/. 

3. AJ.i<I><I>E PEHl(J.1AnbHbiE YPABHEHJ.1Jl, 

COAEPlKAUlJ.1E BnOnHE HEnPEPbiBHbltl OnEPATOP 

PaccMOTPHM Tenepb 6onee o5lll~-ti1 cny4ai1, KOr.Qa enonHe He
npepbiBHbli1 onepaTop npe.QcTaBn.AeTc.A e B~-t.Qe 

~ ~ ~ 

fy = i ly + 'f 2y • 
~ 19/ 

r.Qe AT 1 - BbiPO>K.QeHHbli1 onepaTop, a T 2 - YAOBileT sop .ReT ycnoB~-tiO 
ll'i\ II < f, r.Qe f > 0 AOCTaT04Ho Mano. 

6y.QeM HCKaTb peweH~-te Kpaeeoi1 3a.Qa4~-t 

(IV 
EY+ f 1y+ f 2y = f + rpaH~-t4Hble yc~oB~-t.A, 

-+ -+ -+ Cor nacHo ycnoB~-tiO /9/ pa35~-teH~-te T Ha T 
1 

1-1 T 
2 

Mbl MO>KeM 
BblnOJlHHTb TaK, 4T05bl HMeJlO MeCTO HepaBeHCTBO 

A 

wr: + .rl )Y II > ll'r 2 IIIIY I/ . 
/10/ 

~ ~ A 

-+ ... ;;t 
05o3Ha4HMAG = L + T 1 • 

OnepaTop d -l cylljeCTByeT, ecn~-t cylljeCTByeT peweH~-te AH<!><I>e
peH~HallbHbiX ypaeHeH~-ti1 /5/ 1-1 /6/, a TaK>Ke anre5pa~-t4ecKoro A 

ypaeHeHH.A /7/. c APYroi1 CTOPOHbl, CylljeCTBOBaHHe onepaTopa a-1 
CJ1e.QyeT H3 HepaeeHcTea /10/ cornacHo H3BeCTHoi1 TeppeMe o5 
o5paTHOM onepaTope /eM., Hanp~-tMep, ~~ CTp. 209/. 

3ani;1WeM ApeweH~-te ypaeHeHH.A (II) e BH.Qe 

y = A.y + F, 
..... ..... ..... .... .... 

r,Qe A=a- 1 i 2 • F=a-1 r. /11 I 
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YpaBHeH~e /11/ RBnReTcR aHanoroM ~HTerpanbH~x ypasHeH~~ 
T~na ~peAronbMa. TaK ~e, KaK ~ AnR ~HTerpanbH~x ypaBHeH~~. 
cnpaBeAn~Ba cneAy~aR 

TeopeMa ~ ~ 

nycTb 11 ch II> I\'T2 II II Y II · 
TorA~ YPi!BHeH~e 

y = A.y + F 
~MeeT peweH~e, np~TOM eA~HCTBeHHOe. 3TO peWeH~e MO>KeT 6b1Tb 
nony4eHo KaK npeAen nocneAOBaTenbH~X np~6n~>KeH~~. KOTop~e 
CXOARTCR K T04HOMY B cpeAHeM. 

AnR AOKa3aTenbCTBa TeopeM~ AOCTaT04HO noKa3aTb, 4TO 
II AII< 1. TorAa AaHHaR TeopeMa CBOA~TCR K ~3BeCTHO~ /eM., 
Hanp~Mep, /5 / CTp. 124/ ~ AOKa3biBaeTCR aHai10r~4HO. 

06o3Ha4~M IIT II=a. O~eH~M HOPMY 11 a-1 ~ Ylll • 
""" ,.. ,.. .... 2 

~ IIG- 1 T2YII..::I IG-1T2 1111YIIs.IIG-1 III IT2III IYII. 
ll<hll>aiiYII, TOrAa cornacHo TeopeMe o6 o6paTHOM onepaTope 

lla-111<a-1· 
CneAoBaTenbHO, 

II~ I = II a-1 .f 211 < 1. 
Cy~ecTsosaH~e peweH~R ypaBHeH~R /11/ 03Ha4aeT, 4TO pewe

H~e ypaBHeH~R 
~ ,.. 

oy+T2y=r 
TaK>Ke Cy~eCTByeT, np~TOM eA~HCTBeHHOe. 0HO MO>KeT 6~Tb Ha~
AeHO nyTeM nocneAoBaTenbHbiX np~6n~>KeH~~, np~4eM B Ka4eCTBe 
Ha4anbHoro np~6n~>KeH~R ~enecoo6pa3HO B3RTb peweH~e ypasHe-

H~R~ ,.. 
Ly + f

1 
y = r. 

3. AH~~EPEHUHAnbH~E YPABHEHHR, 
COAEPlKAll\HE HEnHHE~Hbl~ BnOnHE HEnPEPbiBH~tl OnEPATOP 

PaccMoTp~M A~~epeH~~anbHOe ypaBHeH~e B~Aa 
~ ,.. 
~ ~ 

~ 

~ 

<I> (Y) = L y + >.. Y + T (Y) = 0 , 
,.. 
~ 

/12/ 

rAe >.. - co6cTBeHHoe 3Ha4eH~e, T - Hen~He~Hbl~ snonHe Henpe-
p~BHbl~ onepaTOP. 

6 

"' 

,. 

•, 

• 

YpasHeH~e /12/ 6yAeM pewaTb c noMo~b~ Henpep~BHoro aHa
nora MeToAa Hb~ToHa /HAMH/ ~I. TorAa 3Bon~~~OHHoe ypaBHeH~e, 
COOTBeTCTBy~ee /12/, 6yAeT ~MeTb B~A 

~n~ 

d ~ ~ 
--<l>(y) =-<I> (Y) • 
dt 

~ ~ ~ 

~ ~ ~ 

L v + >.. v + llY + T'(y)v =-<l>(y), /13/ 

rAe 
dy d>.. 

V=---,ll =---
dt dt 

TaK~M o6pa3oM, np~ Ka>KAOM 3Ha4eH~~ napaMeTpa t ypasHeH~e 
/13/ RBnReTCR n~He~H~M, no CTPYKType COBnaAa~~M C paHee 
paCCMOTpeHH~M. ~ 

Ecn~ npo~3BOAHaR ~pewe OT T RBnReTCR BbiPO>KAeHH~M onepa
TOPOM, TO eCTb npeACTaB~Ma B ~pMe 

,.. N 
T 'v = I (v, b ) a (x) , 

n= 1 n n 

TO ypaBHeHHe /13/ CBOAHTCR K peweHH~ A~~~epeH~~anbH~X ~ an
re6pa~4eCKOro ypaBHeH~H. B 6onee o6~eM cny4ae np~ AaHHOM t 
peweH~e 3aAa4~ MO>KHO HaXOA~Tb nyTeM nocneAOBaTenbH~X np~-
6n~>KeH~H. 0AHaKO ~MeeTCR anbTepHaT~BHbiH nyTb peweH~R yKa3aH-
HOH 3aAa4~. ,.. 

npeACTaB~M onepaTop T s B~Ae cyMM~ 
,.. ,.. ,.. 

T(Y) = T 1 (Y) + T 2 (y) • 

rAe 'i\- B~PO>KAeHo, a l\'f2 11 < £• 

TorAa 3aAa4y ~enecoo6pa3HO pewaTb cneAY~~M o6pa3oM. 
CHa4ana HaXOAHM peweH~e ypasHeH~R 

~ ~ ~ 

<l>t(Yo)=LYo +AoYo+Tl(Yo) =O. 
3aTeM c noMo~b~ MOA~~~HposaHHoro MeTOAa Hb~ToHa, ~cnonb-

3YR B Ka4eCTBe Ha4anbHOro np~6n~>KeH~l'l Z O = (>.. 0 ,y O ), HaXOA~M 
peweHHR ~CXOAHO~ 3aAa4H, 

PaccMOTP~M Tenepb 3aAa4y e ~ o6~eM B~Ae. 
6yAeM C4HTaTb, 4TO onepaTop $ Hen~HeHHOro ypaBHeH~R 
~~ 

~(Y) = 0 

onpeAeneH ~ AH~~epeH~~pyeM no ~pewe Ha.,.wape S (Y 0 • R) = 

I =ly:IIY-Yoii<Rl H 4TO ero npo~3BOAHaR 1<$(y) YAOBileTBopReT Ha 
3TOM wape ycnoe~~ n~nwH~a 

,.. ,.. ,.. 

II~ '<yt)- ~'<y2)11 :s LIIYt -y2 II· 
7 



Hen VI Hel:iHbll:i onepaTop <i> (Y) 8bl6epeM TaK, 4T06bl 
~ ~ ~ 

<£ (Y) = <£ 1 (Y) + $ 2 (Y) • 

a npOV1380AHaH ~pewe 
~ 

q;1CY)=L+T1, $2CY)=T2 

TorAa cnpa8eAllV18a cneAY~~aH 

TeopeMa ~ ~ 
-t ~ -1 

nycTb Cy~eCT8yeT rO = (<l>{(Y
0

)] . VI nycTb 
npV~4eM .. 

<I> 1 (Yo) = o . ~ 

llr0 ll< bo· 

TorAa, ecnV~ II $2 II< 1/ 2b 0 L. TO nocneA08aTen bHble npV~611VIll<eHVIH 

Y n + 1 = Y n - f 0 <£ (y n ) 

CXOAHTCH K peweHVI~ y*E- S(yQ,r
0

) ypa8HeHVIH <l>(y)=O. 
AllH AO_l<a~aTellbCT8a AaHHOVI TeopeMbl AOCTaT04HO npo8eCTVI 

m~eHKy llr0 ~(Y 0 )11:sn 0 VI noKa3aTb, 4To 

1 ho = bo L no < -2 . 
TorAa 6YAYT 8blnOJ1HeHbl YCJ108VIH Vl38eCTHOH TeopeMbl 0 CXOAVIMO
CTVI nOA06HbiX VITepa4VIOHHbiX np04eCC08 /CM., HanpV~Mep,n/ 
CTp, 143/. 

.QeHCT8VITellbHO, 

A .... ..... ... A A 

-+ -+ _. -+ -+ -+ -+ 

llr0 <1> (Y0 )11 ~ llr0 1<1> 1 (Y0 )+<1>2 (Y0 )111 ~llr0 llllcl>
2 

(Y)II< £b
0 

=n
0

• 

rAe £ = 112%L. 
.Qanee, 

2 
h 0 = b0Ln

0 
= b

0
L£, 

HO 
2 1 b L£<--, 
0 2 

ClleA08aTellbHO, 1 h < --, 
0 2 TeopeMa AOKa3aHa. 

nPI1110lKEH11R 

AllrOPI1TM 411CJlEHHOrO PEWEH11R YPABHEH11R 
XAPTPI1-~0KA-60rOJ1~60BA 

B HAepHol:i ~VI3VIKe npV~ onV~caHVIVI OAH04aCTVI4HbiX .cocToHHVIH 
HYKllOH08 8 caMocornaco8aHHOM none HApa C Y4eTOM napHbiX 
8 

KOppeJ1H4VIH HYKllOH08 C8epxnp080AH~ero TVIna WVIPOKO VICnOJlb3y
eTCH ypa8HeHV~e XapTpV~-~oKa-6oron~6o8a /X~6/ . .QaHHoe ypa8-
HeHV~e OTHOCVITCH K HellVIHel:iHbiM VIHTerpOAVI~epeH4VIallbHbiM ypa8-
HeHVIHM, VIHTerpaJlbHbiH 4lleH KOTOporo npeACTa811HeT 8nOJ1He He
npepbi8Hbll:i onepaTop. PaccMOTPVIM npHMeHeHVIH H3llOll<eHHoro 8blwe 
MeTOAa AllH 4VIClleHHOrO peweHVIH yKa3aHHOrO THna ypa8HeHVII:i, 

Ypa8HeHV~e X~6 AllH OAH04aCTVI4HOH 80llH080H ~YHK4HVI nony4a
eTcH nyTeM 8apV~a4VIVI raMVIllbTOHVIaHa 8VIAa~/ 

~ ~ ~ 

H' + H + >.N, 

-+ : + h2 
-+ 1 :+ : + ..... -+ -+ 

H = [ 'P (x) (- ---~+ U(x)).p(x)dX+-
2
- [ IJI (x)'P (y) V(x,y) 'P(y)'P(x) dxdy, 2m 

< N > = n , rAe D - 4HCJ10 HYKllOH08 He3anonHeHHOH 060Jl04KVI, 
A - XVIMH4eCKVIH noTeH4VIall. 

ECllVI paccMaTpV18aT b KOHKpeTHbiH ~3VII-4eCKVIH npo4ecc, a VIMeH
HO, peaK4H~ OAHOHYKllOHHOH nepeAa4VI VlllVI Cpb18a, TO <l>opM~aKTOPbl 
peaK4VIVI nepeAa4VI HllVI CPb18a COOT8eTCT8eHHO 6YAYT VIMeTb 8VIA 

~ 

fAB (x) = < A iq;IB > , 
A /n.2/ 
.. + 

gA~8(x) = < AI'P I B > , 

rAe if! + VI ift 
H811H~TCH onepaTopaMVI POli<AeHHH VI YHV14TOll<eHHH 

HYKllOHa. 

PeweHV~e 6yAeM HCKaTb 8 ~aKTOPH3o8aHHOM 8HAe Ha yrno8y~ 
H paAVIallbHble 4aCTH. 

f AB (x) = Yejm (O)R e (r) / r, 

g* (x) =Yt. (0) Sn(r)/ r, 
AB t.Jm t 

/n.3/ 

/n.3'/ 

rAe Yejm npeACTa8nHeT cnHH08y~ VI yrno8y~ 4aCTVI 80llH080H 
~YHK4VIVI. 0cTaT04HOe 83aVIMOAeHCT8VIe, KOTOpoe AllH KOHKpeTHOH 
3aAa4VI 8bi6HpaeTCH 8 8HAe 

~ A A 

V(x 1,x2 ) =(V0 +V
1 

fu
1
,t

2
))f(r), 

/n.4/ 

pa3naraeTCH no C~ePVI4eCKVIM ~YHK4VIHM ClleAY~~VIM o6pa30M: 

~ s+ k+>. 
V(x 1,x 2 )= I (2k+1)V 8 (-1) T*,_, (1)T L-L. (2) x 

sit¥ s""/l , s~'f-'- /n.5/ 

x vk (p.rt•llr2), 

9 



rAe 
-----------

ms mk 2k + 1 
T kl .. (1) = 2 (sm kmk l>.p.)u Yk (O,.p)y-------. ln.61 

8 ''t'- mlmk s 8 4rr 

MaTpH4Hbte 311eMeHTbt oT 3TH X eenH4HH <j II T Okk II j P > , 
<jiiT1kA llj p> I-13BeCTHbt, OHI-1 BbtpaJKaiOTCfl 4epea CHMBOJlbt 
K!1e6wa- r OPAOHa I CM. ' HanpHMep' .13/ I. 

PaAHanbHble 4aCTH OAH04acTH4Hoi:1 eonHoeoi:l 4lYHK1..1HH YAOBJleT
eopfiiOT CJleAY~HM ypaBHeHHf!M: 

.. h2 d 2 e < e + 1) 
<l>(R(r)) ;{- ---(---- )+<U(x)>. +(A- (. )} R f (r) + 

2m df2 r 2 J J 

e 
+ VH(r)Rf(r) + VR(r) = 0, 

~ h2 d2 f<f+l) 
<l>(S(r));I--(------------=)+<U(x)>. +(A+(.)l Se (r) + 

2mdr 2 r 2 J J 

f 
+ VH (r) Se (r) + V 

8 
(r) = o • 

rpaHH4HbtM ycnoBHf!M: 

R (O) = o. ~e co>= o. 

A 

~~'P(R)"'hf (k 1r)Re(r)-he (k
1
r)Rr(r) =O, r ... oo, 

~ 

<l>l'p (S) "'br (k
2

r)Sf (r)- h f (k
2
r) Sf (r) = 0, 

k =·'I( -AI, 1 v y k 2 =vi ( y +A 1 , 

1-1 YCllOBI-110 HOpMHpOBKI-1, rAe hf- 4JYHKI..II-11-1 6ecCe11fl, 
A 

... 2 2 
<l>H = f<IRr(r)l +ISr(r)l )dr-1=0. 

ln.71 

ln.BI 

ln.91 

4lyHK1..1Hfl VH(r) npeACTaBnfteT caMocornacoeaHHbti:l noTeH41-1an 

VH(r) = < j P II T 000 II j P > 
2 

F Opp (r) V 0 • 

10 

• 

e e a BbtpaJKeHHfl VR(r) 1-1 V 
5 

(r) coAepJKaT 411eHbt, o6ycnoeneHHble 

06MeHHbtMI-1 1-1 napHbtMI-1 B3aHMOAei:1CTBI-1fiMH: 

V f(r) =- 2 C k F k (r) R (r) + _1_ 2 tl k(G k-o (r)R (r)+ G kf (r)S (r)), 
R pk P rp P 2 pk P 1"- P P P 

V
8
f(r)=-2 C kCko (r)R (r)-_!_2 tl k(Ck_o (r)R (r)+Fk_o (r)SP(r)). 

pk p lp p 2 pk p 1"- p I"-

MaTpi-14Hbte 3JleMeHTbt c pk 1-1 re pk 1-1 MeiOT CJleAYIOUII-11::1 BHA: 

Cpk=(<j ii Tokk 1Up >
2

Vo + < j ii T1kA II jp>
2

V1)1(2jP+ 1). 

re =<< j li T kll j >
2

V - < j 11 T 1 •. , 11 j > 
2 v1>l <j + 

1
2 >. pk 00 p 0 IV\ p p 

YpaBHeHHe 171 COAepJKHT paAHaJlbHbte HHTerpallbt Tpex THnoe: 

F _
0 

(r)= J dyR (y)R 0 (Y)(2k+1)K (r, y), 
kl"- 0 p l k 

Gkpf (r)= ( dySP(y)Sf(Y)(2k+ 1)Kklr,y), 
0 

00 

C kpf (r) = J dy Sp(Y) Rf (Y)(2k+ l)K k (r, y). 
0 

PaccMOTPHM 3B011101..1HOHHoe ypaeHeHHe AJlft aaAa4H ln.71 e paMKax 

HTepai..IHOHHOi:l npol..leAYPbl HAMH 
1131

• 
BBOAfl onepaTop 

A 

... h2 d 2 f(f+ 1) D =- - --(-- --------) + <U(r)>. In. 101 
2m dr 2 r 2 J 

aanHWeM HTepai..IHOHHYIO CXeMy B ClleAYIOlJieM E: .1Ae: 

[3+(A-f.) ]V +IVH(r)l'R +VH(r)V +IVRf(r)l'+li(
1
)Rn=-i(Rn)' 

Jll n n n n 

~ e 
[D + (A+f . ) ]T +IVH(r)l'S + VH(r)T + IV8 (r)l' + 

J n n n n 

(2) s 
+ 1-L n n 

Rn(O)=O, Sn(O)=O • 

A ... 
= -<l>(Sn). 

(1) A 

hV -h'V +~~--~-~--h·R' --~--h'·R 1=-~ (R) 
n n 2 k 1 dk1 n dk 1 n ~p • 

ln. 111 

" 



(2) 

~n d d ~ 
hT' -h'T +-----1----h·S'-----h'S 1=-11> (S), 

n n 2k dk n dk n rp 
2 2 2 

A .... 
2 J (R n V n + S n T n) = -Ill H . 

ln.121 

ln.131 

nocneAy~~He npH6nH~eHHR HaXOARTCR C nOMO~b~ CneAy~~HX 
npOCTbiX 4>opMyn: 

R n + 1 = R n + vn T • s n + 1 = s n + T n T • 

(,\ + c n + 1) = (,\ + c n) + r ~ ~ 1,2) • 
In. 141 

KOTOpble RBnR~TCR KOHe4HO-pa3HOCTHbiM npeACTaeneHHeM Bblpa~eHH~ 

V =-~-R T =-<!-s ,,(1• 2>=-~-(,\+c ). n dt n • n dt n • .- n dt n ln. 151 

3AeCb 
- napaMeTp 3Bon~4HOHHoro npo4ecca, n- HOMep HTepa-

4HH, r - war HTepa4HH no t f 

J.lH¢¢epeH4HPYR Bblpa~eHHR VH H V S R no t, nony4HM CHCTeMy 
nHHe~HbiX HeOAHOPOAHbiX ypaeHeHH~ OTH~CHTenbHO V n H T n. 

EcnH RAPa Kk(x,y) RBnR~TCR enonHe HenpepbiBHbiMH onepaTo
paMH, TO eCTb npeACTaBHMbl B BHAe 

N A A 

Kk(X.Y)=n~ 1 ¢n(x)cpn(Y)++rcx.y), llrll<c(N), ln.
161 

4TO HMeeT MeCTO npaKTH4eCKH AnR Bcex ¢H3H4eCKHX ABYX4aCTH4-
HbiX B3aHMOAe~CTBH~, TO CTaHOBHTCR npHMeHHMbiM H3no~eHHbl~ 
BbiWe MeTOA. 

PeweHHe 3aAa4H ln. 111 MO~HO 3Ha4HTenbHO ynpocTHTb, ecnH 
pa3naraTb no nonHoMy Ha6opy ¢YHK4HH Bblpa~eHHR 

f' F 1 (r) = VH' · R n + VH · V n + V R , 

, e 
F2 (r) = VH . Sn + VH · Tn + V s , 

00 ln. 171 
F1(r) =n~1 ancpn(r), 

00 

F2 (r) = ~ b ¢ (r) • 
n=1 n n 

12 

• 

0rpaHH4HMCR KOHe4HbiM, HO AOCTaT04HO 6onbWHM 4HCnOM 
4neHoe pa3no~eHHR 

N 
F 1 (r) = I a cp (r) + F

0 1 
(r) , 

n=1 n n 
N In. 181 

F2 (r) = n~ 1 bn¢n(r) + F02 (r) • 

TaK, 4T06bl IIF0111<c(N).IIFo2ll<c(N). 

noACTaBHM Bblpa~eHHR ln. 181 B ypaBHeHHe ln. 111. 6yAeM 
HCKaTb peweHHR Vn, Tn B BHAe 

N 

Vn=Von +~( 1)y1 +.I aonwon• 
n n I= 1 

(2 ' N 
T =To +~nJT1n+.I binein' n n I= 1 

ln. 191 

TorAa CH.cTeMa ln. 111 pac~ennReTCR Ha N+2 He3aBHCHMbiX ypae
HeHHR BHAa 

.... 
(D + w1n) Von =-ll>(Rn)- F 01 • 

A .... 
(D + w1n)V1n=-Rn, 

.... 
(D + w1n) Win =-¢n (r)' 

~ 

(D + w2n)Ton =-ll>(Sn)-F02 • 
A .... 

(D + w 2n)T1n=-Sn, 

.... 
(D + w2n)8in =-¢n(r), 

w 1 = (,\ - c ), w2 = (,\ + c ; n n n n 

ln.201 

(i = 1,2 ..... N). 

Ko3<1>¢H4HeHTbl pa3no~eHHR ~ , a i , bi onpeAenR~TCR H3 cHt:
TeMbl anre6paH4eCKHX ypaBHeHH~ 

(1) (2) N 
~n ·(Rn,V1n)+~n (Sn,T1n)\3

1 
ain(Rn,Win) + 

N 1 
+I bin (Sn • ein ) = -2-ll>H -(Rn • Von) -(Sn • Ton) • 

i= 1 
ln.211 

a in = (F 1 (V n • Tn) • ¢ n)• 

bin =(F2 (Vn • Tn), ¢n). 

13 



TaKI-1M o6pa3oM, peweHI-1e CI-1CTeMbl 111-1Hei:1HbiX I-1HTerpOA1-1C!><I>epeH
~I-1aJlbHbiX ypaBHeHI-11:\ Ha C06CTBeHHble 3Ha4eHI-1R /n.7/ COCTO~T 
1-13 cneAY~~I-1X waros: 

a/ CBeAeH!-1e HeJli-1Hei:1Horo ypaBHeHI-1R C noMO~b~ I-1Tepa~I-10HHOI:\ 
npo~eAYPbl K peweHI-1~ CI-1CTeMbl Jli-1Hei:1Hb1X HeOAHOPOAHbiX 11AY Ha 
KamAOM ware 1-1Tepa~1-1!:1; 

6/ pac~enneH!-1e noJly4eHHOi:1 JlHHei:\Hoi:\ CHCTeMbl Ha CHCTeMy 
HeCBR3aHHbiX ypaBHeHHI:\; 

B/ onpeAeJleHHe K03$$H~HeHTOB pa3JlOmeHHR 1-13 CHCTeMbl JlH
Hei:\HbiX anre6paH4eCKHX ypaBHeHHA. 

B 3aKJ1~4eHHe OTMeTHM, 4TO npeAJ10meHHbiA MeTOA OTJlH4aeTCR 
OT MeTOAOB HaxomAeHHR peweHHR 11AY nyTeM pa3JlOmeHHR peweHHR 
no 6a3HCHbiM c!>YHK~HRM, nOCKOJlbKy B 3TOM CJly4ae pa3JlOmeHHe 
npOH3BOAHTCR no 3apaHee H3BeCTHOMY Ha6opy c!>YHK~HA, B TO BpeMR 
KaK B H3JlOmeHHOM BbiWe MeTOAe c!>YHK~I-11-1, no KOTOpbiM pa3nara
eTCR peweHHe, caMH HaXOARTCR 1-13 peweHI-1R AHC!><t>epeH~HallbHbiX 

ypasHeHHA onpeAeJleHHoro BHAa. TeM caMbiM sonpocbl "npaBHJlbHOA 
aCHMnTOTHKI-1 11

, o6cymAaeMble B pa6oTe !91, pewa~TCR aBTOMaT~-

4eCKH. 
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