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B nH!epaType xopomo Ha»ecraa cne~D~aR a~aqa o paaue~eHHH 
( "o pa8M81118HHH npoHSBO;ItC!Ba n lplant -location problem" H T .;It •) : 
H3 S~aHHOrO MH0&8CTBa B08MO&Hb1X M8CT paaue~eHHii 11 rrpOH3BO;ItCTBa" 
HaiTH ITO;ItMHO&eCTB0 1 ;ltJIH KO!OpOrO MHHHMHSHpyeTCii cyuua paCXO;ztOB 
Ha npOHSBO;ItCTBO III TpaHCITOpTHpOBBY . npO;ztYKUHH K 8~aHHN» ITOTpe6H
T8nHM. TepMHH "npoCTOI" (ynoTpe6AaeTCH TaK&e TepMHH "HeOrp&HKqeHHUe 
MOIIIHOCTIII") 08Ha'I8.6T, 'ITO ~08 rrpoHSBO;ItCTBO MO&eT y;ztOBJI6TBo
pHTh Bcex noTpe6HTeHel. B ~HelmeM BTY aa:ztaqy 6y;zteM HaSUBaTh 
aa:zta'lel pasue~eHH8. 

·~nH pemeHHH a~a'IH paaue~eHHH npe;ztnoaeao aecKonhKO anropH!
MOB HanpaBJI8HHOrO nepe6o~a 1 BH'IHCJIHT8JihHali 8~8KTHBHOCTh KOTOpbiX 
no;ztpo6Ho Hccne.ztOBaHa B I I/. B 121 npe;ztnoaea cneUHaJihHWt ueTo.zt ;ztJIH 
BH'IHCJ18HH!i 8HaqeHHii MHO&HTeneA Rarpaaaa npHM8HHT8JlhHO K ;ltaHHOA 
a~aqe 6ea pemeHHH a~aq JIHHeAaoro nporpauuHpOBaHHH. HHTepecHoe 
HCCJ18;1tOBaHH8 npoBe;zteHO B / 3/, r;zte a~aqa paaue~eHHH C KB~paTHOA 
MaTp~el paCXO;ItOB ITOJJY'I8.6TCH 1t8.K 8KBHB8JI6HTH06 npe;ztCTaBHeHHe O;ztHo
napaueTpHqecKOI a~a'IH YHH~HKauHH. Tau ;ltOKa3aH0 1 q!o npH BHITOJIHe
HHH H8KO!Opb1X B6Chlla CHHhHHX orpaHH'leHHI aa:zta'la nHHeiHoro 
nporpauMHpOBaHHH 1 KO!OpaH COO!B8TCTBY6T S~aqe paaue~eHHH, Hll88! 
ueno'IHcneaaoe onopaoe pemeaHe. 

B ,llaHHOi pa60T8 HCCne;ztyurcH CBOICTBa MROZBC!Ba pemeHHI a~a
'IH paaue~eHHH H ;ztoKaaHBaeTcx, qTo B onpe;zteneaaou cuscne ee Bcer;zta 
uoaao pemau KaH a~aqy nHaeiHoro nporpauuHpOBaHHH. llpaHTnecKaH 
npHueaauocrh nonyqeaasx pesynh!aTOB no.ztKpenneaa anropHTMOM peme
HHH a~a'IH H peayJihTaTauH ero uamaaaoR peanaaauza. 

3 



I. Hexotopue c:aoHct:aa s~aqH pasue~eHHH 

3aAaqa pasue~eaHB paccuarpH:aaeTca :a cne~y~~eH noctaao:axe: 

"' "- f!!, L(X) =""'"'c .. x .. + Lc.x. -min 
L L, 1,1 1J . 1 1 
i.~-i j:i L•i 

m -
?:xi,i = 1, ,i = 1,n 
t..:1 

0 ~ xi,i ~xi .i l;n . i 

xi E [0,1} i 1,m 

(I .I) 

( I.2) 

1,m (I .3) 

(I .4) 

~JIB KOMllaKTHOCTH H3JIOSeHHH HBe~eM CJie~y~~He 0603HaqeHHH: 

M = {1,2,,,m}, N ={1,?., ... ,nJ, MN=MxN=[(i,,i)/i£ M, ,jE N}, 

' ' X= (x11 ,x1.2 , ... x 1n,x21 , ... ,xmn'x1 , ... ,xm)' b =(1,1, .. 1,0, .• 0). 

Tor)(a ycno:aHB (I .2), (I .3) r.~olleu sanmcau ':laTpHqao, KaK AX < b 

r,l(e paBeHCTBa COOTBeTCTBYilT e)(HHHqftHU KOMllOHeHTaM BeKTOpa b , a 
[

8 . c. ] lllaTpHUa A HlleeT BH)( A= ·e <· D • 3.1(eCL E - e)(HHHilHBJi 
llaTpHua, c - ayneBa.a nxm YaTpmua, a B(nxmnl H D(mnxml 

HB~H~TCH YaTpHUaMH cneUHSHDHOrO BH~a: 

1 1 1 
-1 
-1 

1 

D 

. 
-1 -1 

-1 
B 

1 1 

. 
1 1 1 

-1 
- 1 
-! 
-i 

L. 

B npHBO)(HYHX HHlle )(OKasaTenLCTBax cy~eCTBeaay~ ponL HrpaeT cne)(y
~~~a.a Teopeua, ~OKa3aHHaH B SKBHBaneHTHOit ~opuynHpOBKe B /4/. 
ITyCTL F - lolatpHUa, aneueHTH KOTOpOi pa:&HB~TCH 0 HJIH t 1. 

Teopeua I. MaTpmua F Bnonae yHHIIO~ynapaa , ecnm: 

I. KSS.1(8Ji CTpOKa CO)(ep&HT He donee qey .1(B8 HeHyneBHX 
sneueHTa. 

2. MHOJ:eCTBO CTOJI6UOB IIOZHO pas6HTL Ha llO~IIHOSeCTBa 
S1 H S2 TaK, 'ITO: 

a) ecnH CTpoKa co,nepllrnT )(Ba aeayneBHX aneueaTa c 
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O~HHaKOBHMH 3H8KaMH, TO CTOJ16UH, COOTBeTCTBY~~He STHM 
aneuearau, npHHaAneaaT pasauu no~uaoaecTBaMi 

6) ecnm crpoxa co~epKHT ~:aa nporH:aononom~ux no sHaKy ane
ueara, TO COOTHeTCTHY~~e CTOn6UH npHHaAneaat O~HOMY 
H rouy ae no~uaoaectBy. 

HanouHHM, qro :anonae yaHuo~napaaa uarpHua onpe~enaeTCB KaK uar
pmua, BCe MHBOp!:i KOTOpOit paBBHMCB 0 HJIH :!:: 1 • 

0603Haqzy qepes C MHOKeCTHO BCeX mn+n -uepHHX HeKTOpOH, 
y~o:aner:aopa~ux (I.2),(I.3), H nycu. C

0 =(XE. c/x-6Haapal:iit :aexorop}. 
Hs:&eCTBO, qTo HCe TOqxH C0 HBJIB~TCH KpaiBHMH ~JIB MHOrorpaBBHKa 

C , HO B o6~eM cnyqae ( m > 2 ) C0 eCU Co6CTH6HHOe llO~MHOKeCT
BO uaoaecr:aa xpaitHHX oroqeK c, H noarouy He Bcer)(a pemeame saAaqe 
pasue~eHHH uom~o nonyqH'fD KaK pemeaHe s~aqH nHHeitHoro nporpauum
po:aaaHH (I.I)-(I.3). HHae )(OKasJ:iHaDTCH HeKOTOp!:ie CHOiCTBa pacnpe
)(eneHHB roqeK C0 

, HM61l~e npauoe OTHODI8HH8 K BOSMOUOC'J.'H npH
M8HeHHB JIHHeiHOrO nporpaMMHpO:BaHHB )(JIB pemeHHH SaAaqa pasue~eHHB. 

II 1 1 1) 2 2 2 yC'fL X = ( ••• xi .••• , x. H X = ( ••• x. j ••• , • • • x. • •• ) 
0 .1 1 1 1 12 

npHHaAneaaT c H cy~~teCTBY~'f i E. M, .i E. N 'faKHe, qoro x. . = x ..• 
1..) 1J 

TOr,l(a MHOJ:eCTBO roqex, Y.1tOBJ1eT:&OpH~HX CHCTeue ycno:&Hit (1.2), 
(I.3), H YPaBHeHHH: 

xij 0 )(HB Bcex i:,j 'faKHX, qto xij = x~j = o, (I.5) 

x .. = 1 )(JIB BCeX i,j TaKHX, q'fo xi. = x~j = 1, (I.6) 
1J J 

xi = 1 )(JIH BCeX i 'faKHX, qf0 xi = x~ = 1, (I.7) 

no onpe)(eneam~ B:&JIBIITCB HeKoropoH rpaa:&~ r uaoaecua c , co-
)(ep~eH oroqxJ x1 m x2 • aanmmeu cmcreuy ycnoBHH, onpe)(en.a-
lliiU'IX r :a :&l)(e 

r={X!A1x>tb1 ,x~o} , (I.S) 

[
8, : c,) 

r)(e A1 = Ei; : · i>~ I b1 nonyqallTCB HS A H b aaqepKH:BaHHeM 
C'fOJI6UOB, COOTB6TCTBY~UX ypaBH6HHBII (I.5),H C'fpOK, BBJIB~~XCH 
'fOJ:,l(eCUOII HJIH H36!:iT0qftHM HepaBeHCTBOM xij ~ 1 ( CJ18.1(CTBH8 ypa:a
H8HHA (I .6) HJIH aepaB8HCUa . xi~ 0 ( CJ18.1(C'f:BHe H3 ypaBH8HHi 
(I.5)). IIycu MN1 = M1xN1c MN, MtcM,N1cN- cooueorcuyll~e uao
aecua HH~eKCOB CTOJI6UOB uaTpHUH A1 
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Jleuua I. Maorp~~a A1 - BnO.llHe yHHuo.z~yJiapHa. 

~oKa3aTeJihCTBo. rrocKOJih~Y yH~YO.llynapHOCTh coxpaaaeTca np~ .llc6aB

JieH~~ 6.liHH~qij~ CTOJI6~0B (cTpOK), TO YTBep~eHH6 neuu~ ,liOCTaTOilHO 

.liOKa3au .liJIH uaTp~~~ A1 = [ !:/ j~· J , KOT opaa nonyqaeTca 1113 

A1 38li6PKHBaHH6Y BC6X 6.liHHIIIqij~ CTOJI6~0B (CTpOK), 0603H8liiiiY ll6-

pe3 MN~ =M~ xN~ c MN1 YHOJ:6C~l!IO nap ( i, j ) COOTB6TCTBYllliiiiiX ' 

IIIH,li6KC
1
0B CTOJI6~0B YaTpH~~ [ ··(':] , llycu T i = {i }x {.i/ ( i 

1 
,i )t:MN

1
), 

i E M1 , 0TY6THY, liTO no cnoco6y nonylleH~H Ka.&,llaH CTpOKa YaTpH-

~ A~ CO.li6PlltHT pOBHO no .l~Ba 6.llldHHqa~ iJI6Y6HT
1
8 H .l~Jlli BCeX i , 

yllaCTBYlllJlHX B ycnoBHHX (I. 7), B~O.l1Hfl6TCH i € M
1 

llOCTpOIIIY rpaq> K=(V ,R) , r.z~e BepmiiiH~ V iEV COOTB6TCTByllT 

YHOli6CTBaY T. , a YHOJt6C'rBO pe6ep R CO,ll6pllW1' TOJihKO T6 nap~ 
1 I 

< i, ,i >, i E v, j E v , .liJIH Kotop~ cyllleCTByeT k t N
1 

TaHoe, liTO 

( i , k) E T . , ( ,i , k) E T . • 
1 ·l 

llOKalteY, liTO rpatp K - .liBY.liOJihH~~. ~Jill STOrO .liOCTaTOilHO no-

K83aTh1 liTO OH He CO.li6PJtHT H6li6TH~6 ~KJI~ (~HKJI~ C H6li6TH~Y liHC

JIOU pe6ep), ~onyCTHU npOTIIIBH06, T ,e,, liTO B rpa4}e K CYill6CTBy6T 

~Kn (11 , 12 , ... , 1k, 11 ) H k = 2t + 1, t > o. PacnH-

meu OrpaHHil6HHll CHCT6Ji~ A1 X< bl , COOTB6TCTBYlllllH6 STOYy ~HK-
ny: 

X · + X · = 1 , 
111 121 

xi • + xi32 = l' .. ~ .......... . 
x. + x. = 1, 

11(< 1 1K 
(I ,9) 

xi j f xi , p = l, k, 
p p 

.i = l,k 

3.z16Ch BTOp~e HH,li6KC~ nepeueHH~ AJIH Y.llc6CTBa c60SH81l6HIIIli BaH-

T~ 1113 IIHOll6CTBa { l 1 2 1 ••• k j , llOCKOJihKY .zi;JIH nll6oro ip nepe

Y6HH~e c nepB~ HHAeKcou iP yqacTBYDT poBHO B .z~Byx ypanaeHHHX, 

TO nll6oe (O,I)- pemeHH6 CHC!6Y~ (I.9) .ziO;JillHO HU6Th no KpaAHell ue-

pe t+l (H3 2t+l ) nepeuea!HlC xip = 1 • TaK KaK x 1 H x
2 

HBJIHllTCli pem6HH6U Cl4CT6Y~ (I .9), TO OTCll.z18 c;rre.z~yeT, liTO CYIIl6CUy-

6T i , .zi;JIH KOTOpOrO x ~ = x .2 =1 , T ,6, ipE: M1 , liTO SKBnlaJI6HT-
p lp 1.f 

HO ip E V , llonyli6HH06 npOTHBOp6liH6 .liOK83biB86T, llTO rpa4} K ABY-

.liOJihH~~. 

6 

no onpe.z~eneHHv .liBY.liO»hHoro rpa4}a cyU~eCTBYllT uaozecTBa s 1 111 

s
2 

TaKI46 
1 

liTO: S1 \.1 S2 = V; s1n S2=tf> H K8.1t.ll06 pe6pO HH~III.li6HTHO 

o~oA BepmHHe .. 1113 s1 Ill 0~01 - !45 s2 • QqeBH.liHO, llTO S1 H 

s
2 

(6G;JIIII HX HHTepnpeTHpOBaTh KaK UHOJt6CTBa CTOJI6~0B YaTpHn~ A~ 
Y.liOBJI6TBOpHVT ycnOBHHU Teopeu~ I, OTKy.z~a CJ16.liY6T YHHUO.liYJilipHOCTh 

UaTpH~~ A~ H COOTB6TCTB6HHO A1 

Teopeua 2. Jlll6~e x1 
E c0 H x2 

E c0
, x1 o<!x2 npHHQ.z~JiellaT HeKoTopoll 

k -uepHO~ rpaHH r UHOll6CTB8 C 1 BC6 Kp8AHH6 TOliKH KOTOpO~ npH

HQ.liJ16llaT C0 
, 

noKa3aT6JlhCTBO, 

nna m=2 MHOJ:6CTBO C° COBflQ.z~aeT C MH0&6CTBOU Kpa~HHX TO

qeK c , noaTouy 6y.lleY CliHTaTh, liTO m > 2. lloKaaeu, liTO npH m > 2 

.li»H nllCS~ x1 H x2 
cymecTBym i~> M,jEN Taime, liTO xL= x~j 

71 1 2 · · T ,u.OllYCTHU npOTHBH06 1 T,e,, qTO xi·+ x .. =l .li;Jlli BC6X 1 1 ,1 , Or-
J 1 J 1 l 2 

.lla H3 B~nyKnocTH c cne.llyer, liTO roqKa 2<x + x l Y.liOBneTBopaeT 

ypanHeHHll (I.2), OTKY.lla nonyllaeu npOTHBopeliHe: m=2 • 
l 

rpaah r , aQ.z~anaeuaa ycnoBHeu (I .B), co.z~epuor orollKH x H 

x2 111 cornacao neuue I Hueer Bno.llHe ymiMO.JcrJIHPHYID MaTpmzy. ycno

BHH A
1 

, ~3 STOrO CJI6.liY6T 1 llTO BC6 6aaHCH~6 pemeHIIIH CIIICTeU~ (I.8) 
~6;JIOilHCJI6HH~e, liTO Ill Tp660BaJIOCh .liOKaSaTh. 

~JIH X€ C0 c60SH8liiiiM llepe3 M(X) UH0li6CTBO BC6X T0li6K Y E. C
0 

TaKHX, liTO X H Y HHnlll.li6HTH~ H6KOTOp0~ O.z1HOY6pHO~ · rpaHH YHOJ:6CT

Ba c • 

Teopeua 3. TollKa X
0 

annaeTca peweHHeu 3Q.llaliH pa3Y61116HHH TOr.lla 

H TOJihKO TOr.lla, KOr.lla L(X
0

) = minL(X), 
XE/VI(X') 

~OK83aT6J1hCTBO, 

( >) QqeBHAHO, 

(-<== ) ~onycrHu, qTo ycnoBHe Teopeubl BblnonaeHo H cylllecnyeT 

TOilKa Y E C0 , .z~;rra KOTOpO~ L(Y) 4.. L(X
0

) , Tor.z~a H3 TeopeUbl 2 
cne.z~yeT, liTO CYJil6CTBY6T rpaHh r , COA6Pllt811laH KpaaHHe TOilKH X

0 
H 

Y , BCe Kpa~HHe TOliKIII KOTOpoJ,t npHHQ.liJl6ll8T C
0 

, YCJIOBHe 

L(X0 ) = min L(X) HBJIH6TCH ,liOCT8TOilH~ ,liJIH OnTHManbHOC!H X
0 

B 
X E. M ex•) 

aQ.z~alle JIHH6~Horo nporpauMHpOBaHHH ~~lf. L(X) , 0TCD.lla CJ16,lly6T, 

liTO L(X0 ) ~ L(Y) , a aTO npOTHBOp6liHT .z~ony111eHHll L(Y) <. L(X
0

) 
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~a TeopeMu 3 cne~yeT, ~To ~HH peweHHH a~a~ paaMe~eHHH MO
zer 6HTb HCUOHbSOBaHa HD6aH BepCHH npHMOI'O CHMUH6KCHOI'O anropHTYa 
npH ycnoBHH, ~To Bee 6aaHCHue pemeHHH, nony~aeuue B xo~e BHnonae
HHH anropHTMa, npi4H~He&aT YHO&ecny C0 

• Co6mJ~6HHe STOI'O YCJIO
BHH ocy~eCTBHHeTCH npOCTO~ YO~H~HKSUHea npaBHHa BH6opa nepeYeHHoa, 
KOTOpaH HCKH~~aeTCH HS 6aaHCa (CY. n.2). Bonee cy~eCTB6HHHY HBJIH-
6TCH BOnpoc 06 S~KTHBHOCTH aHrOPHTYa. neno B TOY, ~TO B a~a

~e paaue~eHHH o6paTHaH uaTpH~a 6aaHca HMeeT 6onbmHe paauepu 
( mn+ nxmn+n ), ~0 ~aze npH He60JlbWHX m H n YOZeT CHJlbHO 
yBenH~Tb Bpeua pemeHHH a~a~, eCJIH B anropHTYe He npe~ycuoTpeHH 
BOSMOZHOCTH ~JlH M14HHMHSSUHH ~CJIS apH~M6TH~eCKHX onepa~a. 

B cJie~yD~ew paa~eJie onacHBaeTCH anropHTM peme~HH a~aqa paa
we~eHHH, OTHH~aD~acH 60Hbmoa SKOHOMHOCTbD Tpe6yewoa UaMHTH H qHc
Jla onepa~Ha, ~TO noaBOJlH6T 5~6KTHBHO pemaTb (TOJlbKO B onepaTHBHOI 
naMHTH) a~a~H, ~JIH KOTopux ~cno nepeweHHHX xij nopa~Ka IOOOO. 

2. AJiropHTM pemeHBH a~a~ paawe~eHHH 

B /S/ ~OKSSaH0 1 ~TO JID6aH 6aaHCHaH MSTpH~a B ~JlH a~a~ Jli!

Heaaoro nporpaMMHpOBaHHH 1 B YCJIOBHHX KOTOpOI HM6DTCH orpaHH~6HHH 
THna (I .3), npe~cTaB.BMa B BH~e B = [ ~ .:. ~] , r~e 1UICJIO CTPOK 
e~HHHQHOI MaTpH~ I paBHo ~cJiy orpaHH~eaHI (I.3) (~nH a~a~H 
paawe~eHHH aTo 1UICJIO paBHH6TCH mn ). Tor~a o6paTHym MaTpH~ 

B-1 MOZHO npe~CTaBHTb KaK 

[

(C-DE)-
1 

: (C-DE) -
1

(-D) 1 
8 -1= ••••.•••••• : ...... . . . .. . .... (2. I ) 

-E(C-DE)-1 : -E(C-DE)-1 (-D) +I • . 
"a (2.I) BH~H0 1 ~TO ~JlH BHqHCJ16HHH B-1 ~OCTaTOQHO XpaHHTb TOJlb

KO MaTpH~ (C-DE)-1 
1 paauepHOCTb KOTOpoa n X n • 3~6Cb He 6y

~6M UpHBO~HTb UO~o6HOe Ofii!CaHH6 aJirOpHTMa, UOCKOHbKY OH fiOqfH 
aHaJIOrHqea MO~H~B~pOBaHHOMY CHMnneKCHOYY MeTo~y, KOTOpHI XOpomo 
HSBeCT6H B JlHTepaType. nns TOI'O ~To6H MO~H~H~HpOBaHHY! CHMUJ18KC
Hui aJirOpHTM MOI' 6HTb npHY8H8H K pemeHHD a~a1Ul paaMe~eHHH, H6-
o6XO~HMO HaY6HHTb npaBBJIO BU60pa nep8Y6HHOI 1 KOTOpaH BHKJIDqaeTCH 
Ha 6aaHCa H KpHT8pHH OUTHMaJibHOCTH. C ~6JlbD COXpaH8HHH ~6Jl01UICJ18H-

HOCTH OnOpHHX nHaHOB j -H BH86SSHCHaB nepeueHHaH 1 KOTOpaH HM8-

6T OTPH~ST8JlbHHa KOS~H~H8HT dj B ~eJieBOI ~YHK~HH 1 YO!~T 6HTb 
BKJIDqeaa B 6aaHC, 6CJ1H cy~eCTBY6'f r TaK08, q'fo min ol~~ ~OCTH-

« ·· )0 '-J 
rae'fCH ~JlH i=r H ol..._J =1 (oliJ , o<.i.o - KOS~B~H6HTH paSJIO&eHHH I, 

,i -ro CTOJ16~a MaTpH~ A ( b ) no 6aaHCHHM B6K'fOpaM) • ECJIH r 
cy~eCTByeT, Ha 6aaHCa HCKJIDqaeTCH nepeYSHHaa, HaxO~H~aHCH Ha r-OM 
Y6CTe. ECJIH TaKOI'O r H6T, TO ~BHZ6HH6 no .i -oa KOOp~HHaTe B npo
CTpaHCTBe BHe6aaHCHHX nep6Y6HHUX BUBO~HT HS YHO&eCTBa C

0 
1 UOSTO

MY ,i -aH nepeYeHHaH BHKJl~~aeTCH HS YHOlleCTBa KaH~H~aTOB 
( K= [.i! Llj < 0 } ) H8 Blt1IXReHHe B TeKy~HI 6aaHC. CornaCHO Teope
Ye 3 KpHT6pHa OUTHMaJibHOCTH ~aHHOI'O OUOpHOI'O nJiaHa COCTOHT B npo

BepKe ycJio:sd: 
I) K= </J HJIH 2) ,ll;HH Kalt~OI'O j E K B!ipaJiteHHe ~~~ ~OCTHraeT 

U\. ·d 
CB06I'O MRffi!MYMS. H8 MHOJteCTBe .,( i · '> O~JIH ol. "-j > f . 

ITpHBe~eY ~OPYYJIH, a~aD~Hdf OCHOBHHe BH1UICJlHT6JlbHH6 onepauHH 
~JlH a~aHHOI HT6pSUHH, 06YCJIOBJ16HHH6 OCo66HHOCTHYH XpaH6HHH o6paT

HOI MaTpH~ (2 .I) H Cfi6W!~HKO~ MaTpH~ A • nmi STOI'O npHB6~6M 
a~aqy (I.I)-(I.4) B KaHOHH~6CKOM ~H~e, ,D;06aBJIHH ,ll;OUOHHHT6JlbHH6 
nepeueHHHe 8 .. >-- o B ycnoBHHX (I .3) 1r1 npoHyMepyew nepeweHHHe a~a-

l.,l ' 
1Ul paaue~eHHH npH UOYO~ H6KOTOpOI'O BaaHMHOO,ll;HOaHaQHOI'O COOTB6TCT-

BHH f' 'r,ne:f811'""Bmn'x11'"""'xmn'x1'"""xm} ~{-1,-2, •.• -mn, 
1,2, •• mn,mn+1, •• mn+m} Onpe~enHM ~YHK~HH: 

. -1 'f < 1, k > = 1 } , ecnH f' < k l =x. . I!JIH s .. l. ,l l.J 

lf(2 , "!!:) = .i 
(lf(1,k) H tf (2 . k) ,ll;OC'fSTOQHH ~HH onpe~eneHHH CTOJI6~a, COOTB6TCT

BYD~6I'O nepeueHHW xi ,· HJIH 8. . ) , 
' 1 ,1 

{

cij 

c (k) = 0 

ci 

6CJIH 

ecnH 

eCJIH 

f'-1 (k )=xi,i 

f'-1(k) = Bij' 

f"-1(1t) = xi 

Houep CTOJ16~a, KOTOpY! HaxO~HTCH Ha k -OM M6CT6 B 6aaHCe, 6y~eM 
o6oaHaqaTb qepea b( k) • ITycTb :T<. =-c8B-1 , n+mn -MepHHI :seKTOP 

0~6HOK 6aaHCHHX CTOJ16~0B, nep:sue n -KOMllOH6HTOB KOTOporo 6y~eM 
Cq)4'faTb HaBeC'fHHYH (Q6HQHO X BKJIDqaeTCH KaK HyneBaH CTpOKa MaT
pH~ B-1 , I! llOSTOMY 6I'O H~O a~aBaTD TOHbKO ,ll;JlH Ha~aJibHOI'O onop

HOI'O llJlaHa) • nanee ~JIB Y~06CTBa aanHCH 6y,neM OTO'K,1{6C'f:BllHTD ol;. H 
ot ( i, ] , I'~6 oL H i - JlOOHe CHJJBOJlH. 

a) O~eHHBaHI!e BHe6aaHCHHX cTon6noB ( .1.1< = c" -t :li a."). 

nna BXOll,11;6HI!H B 6aaHC BH6HpallTCH CTOJ16~, ~HH KOTOpHX A I<< 0 1 r,ne 



1 
c(k) +Ji[lf(2,k) + 'J< [< lf(l,k)-l)n + lf(2,k)] 

.4 = rc[(tf(1,k)-1)n + tf(2,kl], 
K 

r1.. 

c(k) - 'LT<((k-mn)n + ,;>], 
}=1 

r,11e JIJIH i > n: 

t
-c(b( i)) 

Tt [i] = 
o, 

- Ji [<f'(2,b(Ul] ,ecmt f'-1 (b(i)) = xi,i' 

eCJIH r-1 (b(i)) = sij · 

, 1 ~ k~ mn, 

k < 0 ' 

(2.2) 

k > mn, 

6~1PaSJIOE6HHe BHe6aaHCHOrO CTOJI6Ua sk . no B6KTOpaU 6a3HC8 

(ol. = B ek ) • 

J -1 
llyCTb j(i,j - (i,j) -H~ 8Jl6116HT UaTpHUH (C-DE) H JIJIH k>mn 

Sk = t j/f-1 ( e ) = lfi, e =(k-mn)n +:t,(k-mnln+n • llOJIOlltldll oL[i] =0, 

i=mn+1, mn+n. 
BHqHCJI6HH6 nepBHX n KOYUOH6HTOB B6KTOpa ~ 

EcJIR 1 ~ k ~ mn , TO 

6CJIH k <. 0 

oL[i) =f[i,<F<2,kl], i=G, 

aL[( 4'(1,1<)-l)n + o.f(2,k)] = 1; 

' TO 

cX.[i1 =- f-'Li, Cj1(2,k)], i=1,n, 

<X.[( \f(1,k)-1)n + 'f(2,k)] =1; 

6CJIH k > mn , TO 

~[i) = L.~[i,,iJ , i=1,n , 
jES• 

ol[(k-mn)n +,i] = -1, ,i =1,n • 

0KOHti8T6JlbH06 BHqHCJl6HHe oL • 

(2.3) 

(2.4) 

(2.5) 

060SH8tiHY tie pea o[ 0 BeKTOp, KOYUOH6HTH KOTOpOrO BJ:.lqHCJI6HH 

no ~opuynau (2.3)-(2.5). Tor,11a oKoHqaTeJibHoe paaJioseHHe BeKTopa 

ak no B6KTOPBJ! 6aa~ca 38,11aeTCH B6KTOpOY o( 1t , KOTOp~ BHI.IHCJIH6T

CH no WOPYYJI6 <~,!: j(cl.' .J , i=1,n , HJIH no:ztpo6Hee: 

ecnH r-1 (b(i) )=x •• 
l.J 

HJIH 

oti. [~(1,b(i))-1)n + o.f(2,b(i) l] 

ecnH f'-1 (b(i)) =xi ' TO 

sij , TO 

=cf"l('f(l,b(i) )-1)n+ 4'(2 ,b(i) )]- cl[l); 
(2.6) 
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di.[in+,i]: oti.lin+,i] +d.[i] ,,; 1,n. 
(2. 7) 

B KOHKpeTHO~ nporpaYYHO~ peaJIH38UHH BHI.!HcneHHH no wopuyJiau (2.6), 

(2.7) ,liOJlllHH ClliiTD C,116JlaHH TOJlbKO JIJIH ol[i].i O,i=1,n, a oi.i. 

0003H81.186T TOJlbKO TeKy~ee COCTOHHH6 0,11HOY6pHOrO loi8CCHB8 ol[ 1 :mn+n]. 

) 
-1 

B llpeo6paaOBaHJd6 Y8TPidljH (C-DE) , 

llycu k -aa nepeueHHaH BXOJIIdT B 6aaHc Ha p-oe uecTo. Tor,11a B 

38BHCHYOCTH OT p HYeey Tpld B03YOllHOCTH: 

I) 1 .. p ~ n • 

E 3TOY CJiyl.lae Y8TPHU8 (C-DE J; COOTB6TCTBYD~aH HOBOYY 6a3HCy, 

npeo6paayeTca no ~opuyJie 

p[i,,;] =t(\.i] -d(i] y.[p,,;J i = 1,n, i.ip, j=l;n (2.8) 

2) p > n , b ( p) + k = 0. 

ITycTb BeKTop p[i) , i=~ onpe,11eJieH no ~opuyJie: 

{ 

1 b ( i h mn ( 4' ( 1 , b ( i) ) n + <f'( ? , b ( i ) ) = p , 

p[iJ= -1 b(i) >mn (b(i)-mn)n+1~p~ (b(i)-mn)n+n, 

0 B OCTaJibHbiX CJiyl.laHX,. 

(2.9) 

BHqHCJIH6Y B6KTOP t [i] ' i=~ no wopYyJie 

t [iJ = f p[k) p[k,i) , i=~n 
1(::1 

(2.!0) 

~OpYyJia (2.!0) 3KBidBaJI6HTH8 cyuuHpOBaHHD CTpOK Y8TPHUH (C-DE)-1
, 

COOTB6TCTBYIOII\HX HeHyJieBHY 3Jl61o16HT8Y BeKTopa P [i] , i= ~ • ECJIH 

p li] =-1, i -aH CTpOK8 CyYYidpyeTCH CO 3HaKOY YldHYC • 

0KOHI.I8T8JlbHO Y8TpldU8 ( C-DE T1 npeo6paayeTCH no ~opuyJie 

_fl[i,j] =J[i,,i) -ol[i]t[j] , i=1,n; j=1 ,n; (2.II) 

3) p > n , b~p) +k .i 0. 

llycTD JIJIH HeKOTOporo i 1f, 1 ~ i 1f ~ n , b ( i 1f )+p=O • 3aY6Hidlol C!pOKY 

j>(ilf,,i) ,,i=l;n B6KTOpOY t(i], i=1,n , Bl:ll.lldCJieHHIDI no (2.9)-(2.!0). 

Tor,lla OKOHqaT6JibHOe npeo6pa30BaHid6 npOB0,11HTCH no wopuyne (2.8) 
.)f 

,liJIH p=l. • 

II 



Paccwo~pHw no~o6Hee onepauHH npeo6paaoBaHHH B nocne~Hew cny
qae. YcnonHe b(p)+k~ o oasaqaeT, qTo ecnH k-aa nepeweHHaH nott
;z~eT B 6aaHC Ha p-Oe Y8CTO, TO HOB8.li YaTpHl\a I He 6y~eT e~HHHq
HO~ . B CHHY TeOp8YH, ;!IOKa3aHHO~ B /Sf, cy~eCTByeT TaKO~ 6aaHCHNi 
c~on6el\ i ]f 1 qTo npH aauese wecT i lf - ro H p - ro cToJI6uon 
YaTpHl\a I He H3MeHHeTC.ff. IlpH 3aMeHe MeCT CTOJI6UOB ;" -ro H P-:-ro MaT

PHUH B B B-l Ha;!IO llOY8HHT:& Y8CTaYH ilf-Jl H p-Il l CTpOKB. Co
rnaCHO (2.I) nepnHe aneweH~H p - ~ CTpoKB wa~pBl\H B-1 BHqHcna
DTCH no ~OpYynau (2.8)-(2.9). Kopp8KTHOCT:& npHB8~8HHNX ~opwyn cne
~yeT H3 (2.I) H C~pyK~ypH YaTpHl\H A (B ~aHHOY cnyqae HX cne~yeT 

paccwaTpHBaT:& KSK BHPSE8HHH OCHOBHNX BHqHCHHTeH:&HNX onepal\B~ an
ropHTYa pemeHBH aa;z~aqH paawe~eHHa). 

3. BsqHCHHTen:&HH~ aKcnepBueHT 

nna SKCnepHMeHTSH:&HO~ npOB8pKH BRqHCHHTeH:&HO~ 3~8KTHBHOCTH 
anropHTYa Ha H3HKe ~OPTPAH IY HanHCaHa nporpauwa 1 KO~OpaH BHTIOH
HHHSC:& Ha 9BM CDC-6500 • 3~80:& KOpOTKO nepeqHCH8HH T8 nyHKTR npo
rpaYYHO~ peaHHBSUBH anropBTYS 1 KOTOpH8 HY8DT npHYOe OTHOW8HH8 K 
aHaJIH3Y nonyqeHHNX peayH:&TSTOBo 

a) CooTBeTCTBBe ~ (sywepa~HH nepeweHHNX) peaJIHaonaHa no ~op-

wyne { (i-1)n+,i , 

~(x)= -(i-Un-j 

mn+i 

ecnH x=x .. 
1,1 

ecnB X=S'ij 

ecnH x=xi 

0TY8THY 1 qTo npH TaKO~ Hywepal\HH B 6aaHce nocne n -ro wecTa wo
ryT HQXO~HT:&CH TOH:&KO nep8Y8HHH8 C HOY8paYH ±1, ± 2, ••• ,±mn B yKa
SaHHOY nopH;!IK8. 

6) HaqaJI:&HH~ 6aaHc b(i),i=1,mn+n co~epKHT nepeweHHHe c HO
wepauB: 
-(n-1) ,-(n-2), ••• -2,-1,mn+1,1,2,3, ••• ,n,-(n+l) ,-(n+2), •• ~n. 

-1 9TOYY 6aaHcy COOTB8TCTBY8T B8KTOp Ol\8HOK Jl =-eBB , nepBHYH 
n -KOYnOH6HTaYH KOTOporo HBHHJlTCH 

-c11'-c12'····-c1n-1'-cln-c1 
H YaTpHl\a (C -DE)-1 CO CX8;!1Yil~YH H8HYX8BHMH aneY8HTaYH! 
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(C-DE)-1 

-1 1 

-1 1 

-1 1 

-1 

0 0 0 • • • • 01 
~ 

B) ITpanHno BH6opa nepeweHHO~ ~a nxo~eHHH 6aaHca cne;z~yD~ee: 
KaH~H~aTOY Ha BX0~8HHe B OS3HC HBHH8TCH nepBaH nepeMeHH8.li, ;!IHH 
KOTOpO~ K03~Hl\H8HT ~"< 0 ( CY • ( 2 .2)). II pH STOW nopH~OK Bblq~iC
neHHH L'.K aa;z~ae~ca nocne;z~oBaTen:&HOCT:&Il { mn+1 ,mn+2, ••• mn+m, 
-b(1) ,-b(2), ••• ,-b(mn)} • 

IlepeY8HH8.li, ~HH KOTOpO~ 4~< 0 1 BBO~HTCH B OS3HC 1 8CJIH COXpaHHeT
CH U8JIQqHCJI8HHOCT:& OllOpHoro nJiaHa. 

B TaonHl\e noKaaaHbl peayn:&TaTbl peweHHH 9 aa;z~aq paaue~eHHa. 

nna ncex aa;z~aq cij H ci Bb16HpaJIHC:& cnyq~HO c PaBHOM8PHbiM pac-
npe~eneHHeY B HHT8pBaJI8 0 1 I00 36 HCKn~qeHH8Y 3a;llaq C HOMepaMH 
2 H 4 1 B KOTOpNX 50% H3 qlfiC8JI Ci ,i HW8JIH 3HaqeHH8 10000. 0603-
HaqeHHH B TaOJIHl\8 I HY8DT cne~y~~Hn CMHCJI! 

m( n) 

OITT 

110ITT 

iliAKT 

t\CYM 

t 

m - qlfiCJIO npoHano~CTB, n - qHcno noTpeoHTene~ 
(WSKC HM SP.:&Hble 3HaqeHHH m H n onpe~eJIHDTCH 

2 1 Ha HepaneHCTBa 3mn+2n+m+n ~ 2v 1 r~e v -
oo~ew onepaTHBHon nawaTH SBM B 6~Tax). 

OnTHYaJI:&HOe 3HaqeHB8 l\8JI8BOn ~YHKl\HH. 

qHcno HTepal\Hn ~o nonyqeHHH onTHYaJI:&Horo peweHHH. 

qHCJIO HTepal\H~ 1 B KOTOpbiX l\8JI8BSH ~YHKl\BH yueH:&-
WaJiaC:&. 

qJ.Icno HTepal\Hn ;z~o peweHHH aa;z~aqH. 

BpeYH pemeHHH 3a;zlaqlfi B YHHyTax (~JIH 3a;llaq, B KO
TOpNX BpeYH yKa3aHO B CKOOKax, BblqHCJI8HHH npepbi
BaJIHC:& llO HCTeqeHHH 3a;llaHHOrO Bp8Y8HH). 

B npol\ecce peweHHH aa;z~aq no yKaaaHHon nporpauwHo~ peanHaal\HH 
anrOpHT~a 0Tq8TJIHBO BHHBHXHC:& ;!IB8 waabl! nepBaH - ~OCTHKeHH8 OnTH
YaJI:&HO~ TOqKJ.I HJIH TOqKJ.1 1 OJIH3KO~ K OnTHMaJI:&HO~ (KaK B 3a;llaqe 4),H 
BTOpaH - ;!IOKa3aT8H:&CTBO 88 OnTHYaJI:&HOCTH. KOJIHqeCTBeHHbiW Bblpa*e
HH8M 3TOrO ~aKTS CJIYEHT qHCXO HTepauHn ;110 nonyqeHHH onTHMywa H 
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~o pemeHHH a~a~. Y~en»HH! :sec ~cna HTepauml BTopoA ~aau 6ucTpo 
paCT8T BM8CT8 C pOCTOM m(n) , qTo, HaB8pHoe, YOZHO o6~HCHHT» 
CHn»HOI BHp0~8HHOCT»~ a~aqH H orpaHHqeHHHMH Ba ~enoqgcneHHOCT»o 

B 3aKn~qesHe OTM8THM, qTo paCCMOTp8HHHI B ~aHHOI pa60T8 Me
TO~ pemeHHH a~aqm paaue~eHHH ~onycKaeT MHozecTBO ~yrHX nporpaM
MHHX peanHaauHit, HO <7.rHCKaHH8 nyllllleit Ha HHX HBnHeTCH npe~M8TOM 
OT~en»HOrO Hccne~OBaHHH. 

Ta6nm~a 

II! m n OUT HCYM .HB.KT HCYM t 

I !00 80 963 853 98 .,.!0000 (50) 
2 75 50 925 827 9I >!0000 (40) 
3 40 40 628 430 66 6IOO I2 
4 40 40 735 902 104 7000 14 

73I 5663 !05 
5 30 30 45I 978 7I I5IO I 
6 20 20 240 355 38 374 0.28 
7 20 20 308 234 44 236 O.I5 
8 20 20 296 253 43 278 O.I8 
9 II II 348 62 6 I97 0.03 
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