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)l(unKoB E.n., Hryeu M., XopoMCKHfi B.u. Pll - 12247 

0 CXOllHMOCTH HTep8UHOHHbiX npOUeCCOB npu6nu>KeHHOf'O 
pemeHHSI uenaueAuoro cuaryngpuoro uurerpanbuoro ypaaueHHSI floy 

PaccMaTpuaaiOTCSI aonpoCbi, caSiaaHHbie c npu6nu*eHHbiM peweuaeM 
HenuHefiHOf'O CHHryngpuoro HHTerpanbHOf'O ypaBHeHHSI noy. nonyqeHbl HeKo
TOpbie o6mue ycnOBHSI CXOllHMOCTH HTepaUHOHHbiX npoUeCCOB npu6nu>KeHHOf'O 
pemeuuSI oneparopuoro ypaaueauSI a MerpuqecKOM npocrpaucrae. 3ru peaynh 
T8Tbl DpHMeHSilOTCSI llnSI 8DDpOKCHMBUHH ypaBHeHHSI lloy CHCTeMOit anre6pau
qeCKHX ypaaHeHHfi. npoBOli.SITCSI OUeHKH norpeliiHOCTeH npu6nu;>KeHHbiX p:!llieHHfi 
ypaaHeHHSI lloy DpH KOHKpeTHbiX KBanpaTypHbiX ¢opMynaX B 38BHCHMOCTH OT 
CTeneHH rnatlKOCTH pellleHHSI. 3TH OUeHKH nonyqeHbl B paBHOMepHOfi MeTpHKe 
npocrpaacrsa aenpepbiBHbiX aa [0,1] <jlyaxuul!. 

Pa6ora BbiDonueua B lla6oparopuu Bbt'llucnurenhHoll TexnuKe u 
8BTOM8TH38UHH 0J1.HJ1. 

Coo6weaue 06LeiiHHenuoro uucruryra SlllepHbiX uccneQosanull. l]y6ua 1979 

Zhidkov E.P., Nguyen M., Khoromsky B.N. 

On a Convergence of Iterative Processes 
for Numerical Solution of Nonlinear Singular 
Low's Equation 

Pll - 12247 

Some questions are considered connected with the numerical 
solution of nonlinear singular Low's equation. Some general condi
tions for the convergence of iterative processes for numerical 
solution of operator equation in the metric space are obtained. 
These results are used to approximate the Low equation by a sys
tem of algebraic equations. Estimations of approximation solution 
errors for Low's equation are listed for concrete quadrature formu
la depending on a degree of solution smooth. These estimations 
are given in the uniform metric of eN [0.1]-space. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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© 1979 06•ellBB6BBbl/l BBCTB't'yT llll6pBb1X BCCRe/lOBBBB/1 Jly6BB 

B HaCTOR!118H pa60Te paCCMaTpiiBaiOTCR BO!lpOCbl, CBR3aHHbl8 C !lpli-

6JI!iJK8HHblM pei1I€Hii€M ypaBH€HiiR Jloy B CJienyKJm~ {flOpMe/I/: 

:X ( t) = 1 (t;) { Xz {t.) + U2 {t)} (I) 

r.n,e I 

U(t) _). _ !...... j-r:.x cr; d7: C Lj T.xcn dr 
- n 1::--t + n 7:+-t 

0 0 

X {i) = {X1 {i), X 2 (c) , .•. , -1: ,yf-t! ) - liCKOMaR B€KTOp-i{JyHKLIIiR; ~(t.J -

3a.n,aHHaR semecTBeHHaR i{JyHKLIHR, rrpHHa.n,JieJKamM rrpocTpaHcTBY Ho< [ 0, i] 
(eM. /I/); >. =: (A, , Az , •.• ,>.IV) - 143BeCTHbiH rrocTORHHbiH seKTOp napa-

MeTpOB, J,Il,OBJI€TBOpRIOmHx CJI€,Il,J!OmeMy JC~OB~IO: 

;\i "' - ~ Cq Aj ; 
J 

C;.j (i.,j .-1,2, ... , N J - aJieMeHTbl aa.n,aHHOH MaTplil..lbl C 

CBOHCTBO: C
2
=£, E- 8,11,1iHii'lliaR tl• tl - MaTplil..la; a 

, KOTOpaR liM€€T 

!10,11, :X
2 fiOHiiMa-

8TCR B8KTOp, COCTaBJieHHI:Iil! li3 KBa,Il,paTOB KOMI10H€HT BeKTOpa X : 

x 2 = (X~, ::t. ~ , , , , , X.~ ) • 

YKa3aHHOe ypasHeHHe pewaeTCR MeTo.n,oM MexaHMqecKHX KBa.n,paTyp. 

OTOT M8TO,Il, 3aKJIIOqaeTCR B TOM, qTQ Ha K~OM mare np~6JiiiJK8HHOJ:'O 

peiii8HiiH ypaBHeH~R (I) pacCM&TpliBaeTCR H8KOTOpaR aJIJ:'e6paHQ8CKaR 

CliCTeMa ypaBH8HiiH, KOTOpaR B KaKOM-TO CMbiCJie annpOKCiiM!ipyeT ypaB

H€Hii8 (I). C llOMO~biO pemeH~R 3TOH CHCT€Mbl CTpOHTCR npii6JiiiJK8HHOe 

pei1IeHH8 ypaBH8HiiR (I). PaccMaTpliBaDTCR BOllpOCbl CXO,Il,liMOCTii HTepa

l..lliOHHbiX npo~eCCOB HaX0~8HHR pei1I8HiiH arrrrpOKCiiMiipJ!CmeH CliCTeMbl 1i 

!1pii6JiiiJKeHHbiX peweHHA ypaBH€HiiR (I). iloJiyqeHbl HeKOTOpbie JCJIOBiiR 

CXO~IiMOCTii 3TiiX I1p0l..I€CCOB ~R o6mliX orrepaTOpHbiX ypaBHeHiiH, a TaK

~e rrpliM€HHT8JibHO K ypaBH8HiiiO (I). Bee 0~8HKH ITOJiyqaDTCR B paBHO-
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MepHOft M6TpHKe ilpoCTpaHCTBa Herrpepmmwt Ha (0,1] ~ B SaBH

CHMOCTH OT rJia,IUWCTH pemelmJI ypaBHelmJI Jloy, 

OTMeTHM, 'ITO MeTo,n Me:xaHH'leCKHX KBaJU>B.T1P .D;nH nplll6.mme~oro 
pemeHRa ~efiHoro HHTerpaHLHoro ypaBHeHRH paccMaTp.lllBBACH B 2,3~ 
B .D;a.HHoft pa6oTe Mil npB.D;epJmBaeMCH o6111ei cxelllll, npeAIIO.KeHHoi af2 .:Y 
.D;nH npz6~eHHoro pemeHHH n.I~IHeiHoro onepaTopHoro ypaBHeHHa. 

B nepBOM napar~ .D;OKaSHBaeTCH TeopeMa 0 CXO~OCTH HTepa

~OHHHX npoueccoB .nnH Hen.IIIHeiHoro onepatopHoro ypaBHeHHH 

.:x:.=.Ax. 

r,14e )(- 3JieMeHT Met pir<recitoro n pocr pllll erDa X, a /1- oneparop,.J4elcr

BYJliiHii liS X B X • 
Bo BTOpoM naparpwpe paCCMaTpHBallTCH BOITpoC!l 0 rrpH6JnmeHIDI 

ypaBHeHHH Jloy CHCTeMOA anre6paH'I6CRHX ypaBHeHHA B H6KOTOpoM ilO.D;

XO,Itiiiii6M KOH6'1HOMepHOI\4 ilpoCTpaHCTBe, a TaK&e BOilpoC 0 CYill6CTBOBa

HHH H 6.D;HHCTB6HHOCTH pemeHHH annpOKCKMHPYDI!Ieii CHCTeM!l, 

B TpeToeM naparp~ npoBO~TCH Henocpe.ncTBeHHHe oueHKH nor

pemHOCTH BH'I.IIlCJieHHa B SaBHCHMOCTH OT CT9ll9H.IIl rJia,IUWCT.IIl pemeHRH 

ypaBHeHHH (I), KOTopaa B cBOD o'lepe.zu, srumcnT oT rJia,IUWcTH qJy1nt
UHH IJ (t.). 0U9HK.IIl ITOJJY'I9Hll B paBHOMepHOH MeTpHKe ilpoCTpaHCTBa He
npepllBHllX Ha (O,I) ~. 

§I • AnnpoKC:HMaUHH H CXO.D;HMOCTb 

llycTh paccMaTPHBaeTCH onepaTopHoe ypaBHeHHe: 

.:t: = Ax. , : (2) 

r.ne ;):. - aJieMeHT MeTpK'iecKoro npocTpaHC'l'Ba X, A,- orrepatop, oTo-

6paaao!tHi X B oe6a. . 

llycth Xn.- HeKO'l'OP:Oe (o6H'IHO KOHe'I:HoMepaoe) MeTpH'lecKOe npo

CTpaHCTBO, KOTOpoe B KaKOM-TO CMiiCJI9 annpoKCKMHpyeT ilpoCTpaHCT

BO X. CBHSL MeJI.D;Y X H Xn OCYill9CTBJIHeTCH onepatopaMH: 

lfn:X-Xn. 
ifn.:Xn--X. 

YpaBHeHHe (2) sB.MeHHeTCH Ha npH6~eHHoe: 

Xn"'AnXn. (3) 

npH BTOM x n E X n , A,- onepatop ns X n B X n R B KaKOM-TO CMllCJie 
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annpoKCHMIIpyeT onepatop A , a I'!Meirno: Mepoii rumpoKCllMB.Ulil1 orrepa·ro

pa A onepaTopoM An I-Ia30BeM no ananonm o/2 •3/ nemf'lHHy: 

!n (X)=. fxn (A,/f'n X , tf,Ax ) . 

IlyoTh x';,- pemenne (3). CJie.nya 12 •3< nasoBeM x~ ItapKaOOM 

rrpl16JIIDKeHHoro pewenHH ypanHeiDm (2). 1Ipl16JUDKenHoe pemenHe ypanne

HHH (2) Bll'IHCJIH9TOH JIO QlopMyJie: 

:X (n J =- if n X;;_ 
!Ipe.D;IIOJIOJKilM, 'ITO ypaBHeHl19 (2) llM99T e.D;l1HOTB9HHOG pGill9HllG .X~ 

B.mi300Th rrpHOJllllKGHHOrO pemeHHH X {n) K TO'IHOMY ,xff- l13MepaeTCH BeJIH

'I:liHOit: 
- f: ( (n} ~') ~=xx 1x. 

Ilpe,noTaBJIHeT miTepeo raxxe Beml'll'!Ha 

7::n = .f'xn (<fn x*'' X~). 
KaK n D 12 •3{ npoueoo Haxo)!i.~eHHH KapKaooB npndJUDKiiHIIllX peme

Hnit Ha3!IBa8TO.fi OXO,J:VII$1MO.fl, GOJlll BGJlli'IHJ!a '(;' n. OTpeMJ1TOH I\ HYJUO IIpll 

n, CT peMRII(9MCil K 6eOI\OH8'!HOOTll, a JIPOI..\800 HaxOJK,ll.el!HH !Ipl16Jllll!t8IUWX 

pememrii. - oxo.D;.fillliiMOJI,eomr un -+O rrp11 n - oo . 

MMeeT Meoto oJie.ny1001ee yTBeplK,ll.eirne: 

TeopeMa I. 

llyoTL onepatop An.- CAtm&l.!OOIYill: 

f X n. (A n X~ , A n. X~ ) ~ iff X n (X 
1
n , X~ ) 1 0 < q, < 1. • 

Tor.na, e CJil1 

~ ,_ ( ::£.* ) ---- 0 , n -- oo , 

TO l1M89'l' M60'l'O OXO.D;llMOOT:O KapKaOOB IIp¥!6JUDKeHI!IlX pememtti, TO'I!Iee, 

OIIpaBG.D;Jll!BO HepaBeHOTBO: 

'[;fL !S -1-4 r n (X"). 

J].OKa3a'l'6Jl:OOTBO. 

'17rz.. =. 5'xn (lfn x*', x:) = .fxn (lfn. Ax", An x!) ~ 

.f fx ... (<f,.,Ax\An.tf',.x*) + Yx.._(A,_'f'.._x¥,AI1..x:) 
OTOIO,!J;a !S irz-(X") + q,.fx,.._(l.f,_x",x~), 

7:,_ ~ ~¥.._(:x*") 
TeopeMD. ,noKaSana. 
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KpoMe Toro,cnpaBe~Ba 

'l'eopeMa 2. 

ECJIR 
o - "- "')-O rx (t.f,.. tf,._ X, Cfn. X,.. n.- 00 

f'x (if,.._lf.._xlf, x") n=:. £ 
TO HMeeT MCCTO CXO~CTb rrpR6~eHHHX pemeHHH, 

( (n.) • 0 ( - " - "' ) p - Jf t') Px a: ,:X)~ JX <fn<fnX, <fn.X ... .,. x(tf,_t.p.._::c.,x . 
~oKasaTanbCTBO STOH TeopeMH o~e~o. 

TeopeMH I R 2 eCTb aaanorR ~oKasaHHHX B 121 TeopeM ~ cny
~aH, KOr~a A R A~-~eHHHe orrepaTOpH, ~CKCTB~e COOTBCTCTBCHHO 

B ~eHHHx HOpMRpoBaHHHX npocTpaHCTBaX X R X n . 

§2, ilpHOJIIDICeHRe ypaBHelUia Jloy CHCTBMOil: 

anre6pal1'1eclU!X ypaBHeiUtii 

o<:+m 
llycTb H ,m~o-u.eJioe ~HCJIO, O<cUi -

BCKTOP-wYHKIT.HH, HerrpepHBHHX ITO reJI~epy BMCCTe 

BO.IUWMH .n;om2!:2. liOPR.D;Ka BKJ.OO~HTeHbHO. H<~-t-m 
paJICTBO CO CJie~efi HOpMofi: 

ITpOCTpaHCTBO 

CO CBOHMH rrpoH3-

- 6aaaxoBO npocT-

I (m} {"'} 

II ~II"' max- {max /X~m(i} + Sup x. ~t}- ~~·ri-l') I ] , 
1f ibN o~tH o~t,t'~t t:-

ot+m ,IJltm 
llycTI> H o · - rrpocTpaaCTBO, OTJil1lla.DIIeeC.H oT n TeM, ~To 

BCB ero SJIBMCHThl 00 palll8JOTC.H B IfYJih llpl'I t = 0 H t = 1 BMeCTe CO CBO

HMH 11p0H3BO~ ~OmQ!:Q. llOPRJ(Ka BKJII)~TeJibHO. 
I<rut ITOKa38HO B / 4/, o6a m!Terpana Sx H S.,. x 

, 1 

S _ _L J T :>c{!:} d-r: s _ ..J_ f T X (L:JdT: 
::x:-n -r:-t '+-::x:-n -z::+t. 

0 0 

HMCIOT O,IUIHaKOBYJO CTCIICHb rJ.Ia,IUtOCTH, 113BCCTHO, ~TO So:. OCYI!ICCT-
ottm ol.+m 

BJIJJ:eT HenpepuBHoe OT06pa:ateHRe npocTpaHCTBa Ho B H . HeTpy~-
HO B~eTb, ~TO CCJIR qiyHKu.:M 9 (t) m pa3 ,l\Hqxpe peH!lHpyeMa H 

a(mJ (t) € H': , TO orrepaTop. onpe~eJieHHhlit llpa.BOH qacTI>IO (l ), OTO

OpaJKaeT npocTpaaCTBO H<f+m B ce6.H. Eo;ree Toro, c IIOMOll!.biO TeopeMbl 

o6 odpaTHOM orrepaTope MOJKHO llOKaSaTb, ~TO ypaBHeHRe (1) HMC6T B 

Hol.+m 
HBKOTopoii OKpeCTHOCTH IfYJia npoCTpaHCTBa • e,IUIHCTBeHHOe p?¥e-

HRe -::x:*(tJ, eCJIR TOJibKO Be~a IAH;m{lX lAd ~ocTaTO~o MaJia: I~ 
llycTb n.-.mo6oe u.eJioe ~CJIO,l! sa.Ji'aao paa6HeHRe oTpesKa (U,I] 

6 

0 = t f < i~ < • • • < t n = 1.., (4) 

B .. H"~m 
BC)WM rrpOCTpai!CTBO o, n. , COCTaBJICHHOC 113 3JICMCHTOB o:t.._, 

KO'l'OPHC llOJIY'IaiOTCJI 113 X {t:) t: re~m CYJtBHRCM Ha !vUIOJKCCTBO TO~Cit 

Tuna (4), T.e. 

( 

.x11, x,2, ... ,x, ... ) 
X 11 :(X(i,), ... ,x(t,.)).:::: ::2.1:~2~•-":'.x_z~ . (b) 

~N-f ,..:t'Nt, ... ,X..vrt 

oi+m 

H o, n. HBJlllCTCR JlliHe:fuwM HOpl'lmpoBaHHI:lM rrpocTpaHCTBOM co 

CJIC.IJY!Oll!Cll JIO pt.IOH: 

//a:: .... /I= max 
-~~ i. ~"' 

max /::rijl. 
16: ti 6:n. 

«:HTt co(+m 
Crumb MeJK.ey H o 11 H.,.. ocymecTBJmeTCR orrepaTopCU>Ui l.f,. ~i 

lfn. OnepaTOp Lfn COIIOCTaBJllleT' Ka.lK,eyJO BCI\TOP-<JIYHIUUUO x(tJ IVJa'rpnu;e 

Xn, onpe~eJIEiHHOii paBeHCTBOM (5). Onepa·rop 'f .... onpe~eJUIM B ).(a.JibHeil:

IlleM. 

3UMeHHM Terrepb orrepaTopu Sx n S+x cooTBeTCTBeHHo ua Koncwo-
.. 51 B2 u Houm 

MCpime JIUIIerume orrepa•rophl Xn H Xn,~encTDY'JOI!IUC B o,"" , n 

paCCMOTpHM CJIB)zylOOiy!O a.JiredpanqeceyiO CUCTBMY ypanHeHnii:: 

X... =An. x,_ , (G) 

r~e An. -orrepaTop, rrepeBO.D;Billllli KaJK.IU.r:ii aJieMeHT Xn.. rrpoC'l'paHCTBa 

H:,:._m B sJieMeH'l' 'jrt aToro rrpocTpaHCTBa, KOTOpbli1 s~aeTc.H lJ!OPMY-

JIOfi: 

Art Xn = ijn. = G [.X~ + U2
(:Xn)} 

& = ( 'I rt,~_ . o ) 
0 ~(h) 

- - 1 2 
U(x,) = ). + B :;c, + c 8 .1:n. 

( 
,\1 0 ) 

A= 0·· .. AN' 

a ITO~ KBa.IJ;PaTOM MaTp~ IIOHRMaCTCR IAaTpHrJ.a, COCTaBJICHHaR H3 KBa

~paTOB COOTBCTCTB~ SJICMCHTOB, 

ilyCTh U.>O HI!, )0 TaKHe ~HCJia, qTo 

l/& 1x ... t e/x, II ~a 1a:...u • {7) 
- - z PI 1 ZH /!U(X~)-U(Xnll6o x,.-.x,. • (8) 

1 2 o( f-m 
'tf X n 1 X n , X, E H o, n • CrrpaBe.D;JlliBa CJIC.DYKJ.IlaR 
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TeopeMB. 3. 

IIycTh II All .nocTaTO'IHO MaJia, a R >O Trutoe, 'ITO 

HG-II[RL..-(1/).1/+aR)"']~R, (9) 

tp::: Z/(GQ(R + (//).Jr+a.R)g] < 1... (10) 

Tor.na onepaTOp An,onpe.ne~eHHWR npaBOtl: 'iaCTI>m c:acTeMH (6), 
oc~ecTanaeT cxaToe oTo6p~eHHe mapa 

SR:(Xn, HXn(ft:-R) 

B ceoa: 
II A,_ a:~ -A,_ .x~ H ~ q; l.x: - x ;._ II (II) 

JlOI<aaaTe~hCTBO. llyCTh ;:c ,J: SR. , TOr,Ita 

II~"' II£, 6 G V [If x._ tiL-t If tJ ( ;v,_JIL] !:. /16-l/ [RL +(!)./I+ aR)L}, 

OTC~a, a TaK&e HS ycnOBHH (9), nony'IHY 

/1 An Xn K ~ R. • 
lloMe,ItHee HepaBeHCTBO OaHa'iaeT. qTo An OTOOpaJKaeT SR B ceoa. 

IlycT:b X~ ,X~ E SR. }!MeeM: 

Anx~ -A .. a:~ =:cG- {Ca:~rx~)*(X~-x!..) -t 

+ [iJ(:l~) + ur:x~)] *[ii(x!.J-l- i](x~J] J • 
r.ne no.n V'* V2 

noHHMB.eTCJI MB.Tp~. cocT~eHHaa :aa npo:aaBe.zteHd 
COOTBeTCTBel:IHWC a~eMeHTOB MB.TPHU V 1 

H V L. 

0Tc~a 

u An X~-A .. :r~f 6. II G ({ [ ztd X~ -x~/1 +:L (II).,, +aR )!J /IX~ -~;.tt}. 

R B CMY YMOBHH (IO) llOJIYllaeTCJl HepaBeHCTBO (II). TaiUIM oopaaoM, 
A n -ClltHMai!llllitl: one pa Top f! R. B ceoa. 

r.ne 

TeopeMB. .noroaaaHa. 
B ,ItaHHOM CJIYllae Mepa annpOKC~ RMeeT Bll,It: 

( n. (X-11-) =nAn. lfn X*"- tfn Ax*/(. 

An lf.._ x* = cr [( lfn. xll /- t u.z. (<f,_ x'')], 
<.f,._ Ax.~ = G- [ (lf.._x* f -t- (if,_ U(:X:*J):t.-) 

' I ,. J1 ,. U(x~)-'- i.J 'tx ('tl d'L + Ci.. 1:.x (-r:J d'L =A-S::t."" ~S :x*" 
-" 1i 1:- t 1i 't. +t - + +- • 

0 0 
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' 

I 
\ 

0Tc~a 

An. 'fn. X* - tf"' A:x * = G-[ U(<f,.;x;*) 1- tf,._ U(X~)j¥' [ (j (<fnx'')- 'fn- U(:t*)}. 

HeTpy,ItHo no~Th Me~ee BHp~eHHe: 

u(tfn.x~J- 'f'Y!.u(x 11)= B1tf.._x1'- <P.._sa:~ .,.c[52 !f .. :x*-'f.,s+-r]. 

C~e.ztoBaTe~hHo, 

HAn lfn .:x::-1-- 'fn A x~/1 £, II G- H d (j (<Pn X,()+ tfn U(.X"'J/( X 

)( ( If B 1 tf ,_ X* - 'f n. S X *"II .,.. If C/1 Ill!/· 'fn x* - t.fn. S + X I ) . 
llyCTh r~ (a:*) H (~ (,;t,.)- Mepll annpoKC~ onepaTOpOB Sx'" 

n st~* COOTBeTCTBeHHO onepaTopaMH B1cf,.x'" H 87-'(',..:r*, T.e. 

vi * " 1 * "' a ,.., (X ) = II 5 lf'n. X -lfn. S X n , 
'(.; (X 11

) == If 13~ 'fn x* - <.f .... S.,.. .l: * If. 
Tor.na HeTpy,ItHo BH,IteTh, 'ITO 

rn.(x*) ~ M('(~(.xll')+ /(C/I'(*(x*)), M=const. 

TaiUIM 00pa30M, Yll yc5e,ZVIJ!CH B TOll, 'ITO '18M ~e onepaTOpll 1!/ X.._ 

R B~~ ... annpoKCHMHPYJOT COOTB6TCTB8HHO onepaTOPll S:x: H s+x, TeM JIY'I
rne onepaTopu An annpoKCHMHPYJOT onepaTop A. To'iHee, cnpaBe.IVIRBa 
Me.nyni~aa 

TeooeMB. 4. 

E~ onepaTopu 81:r.n. :a B~n TaKOBH, 'ITO cnpaBe~ HepaBeH
CTBa (7) H (8), a ~~(:X*) H ¥~(X") CTpeMSITCJl K HYJJIO llpR n-+-oo, 
TO HMeeT M8CTO CXO,ItBMOCTh KapKaCOB npHO~eHHHX pemeHHH: 

'T:n ~ /tt M {Y~ (X*) -r (fc II t~ (X*)) . (12) 

B C~e~eM naparpa4e paCCMOTpHM KOWtpeTHHe paaHOCTHlle pea
Jm3a.LUfl'I onepaTopa A . 

§3. Cxo,ItRMOCTh HTepauHOHHHX npoueccoB 
np:ao~eHHoro perneHHH ypaBHeHHH ~oy 

llyCTh CHa'i~ rrt=O. B i4/eCTBe onepaTOpa &i.Xn. B03hMeM Me;rr;y

BlJlYIO KBa.ztpaTYPHYJO <Ix>PMY~ 4 : 
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{ 1.f1tx(tJdt}n ""81("" >-[it.x-en -f-ti +-
n t- -t · . ~ '"'-" - :n J "d t · 

o I J=1 d 
n. t t }i.~1N -r...L"" (t -t) JCX.;"- iXi.l , (13) 

:Jl ~ /( ~1 I< T K - t i . 1 
1<•1 • J=,n... 
kf i ,.j-1 

YsJDl t1 Bh!Ollpa.JOTCJI no tpopMyJie 

t -f .LdJ"=;;-t:tv' 
r.n;e dJ - TO"'IGI 0Tp83Ka [ -1,1) , paCTIOJIOJK8HII!le Clll,Jl.18'l'pl!qi!o OTHOCH
T8JlbHO Toqror t = 0 . 

B rmqecTBo B.txn HCJIOJib3yeTCJI CJl8.I\YlilJlaH ICBal\.PU'l'YflHaH lJ.lOpr.ry-
Jia/5/: n · · 

f
1 
t:x (tJ dt} . 2 [..J_ ""' J }L.= f,/11 

[ .1.. t t. . ~ /3 Xn = 2Ji ~ ])K il( X.LK . - '(14) 
']l + d d ~ 1 n 1<=1 a -1, n 0 , 

r,n;e 1 

])j = fpo(t t.·) rl t -de d.t 
IC -"' ' d I! tiC cf.IC -de 1 

2 + t. . 
po(t,t/} = 2.+i.+2"tJ 

O"!eiDl.JJ;Ho, qTo B1x, 11 Ffxn... Bhl"'MCJIIIeMHe no WOPMYJID.M (13) n 
(14), Y.I\OBJI8TBOflHIOT HepaBeHCTBa.M (7) 11 (8) Tipli H8KOTOpWC <1>0 li 

Q,>O. CJie.JJ;OBaT8JibHO, B HeKoTopoM mape SR= (Xn, 1/Qn/( ~ R.) upocT-

pancTBa H:,,_ ypaBHemre (6), COOTBeTCTBYIOOlee WoPMYJiaM (13) H (l4), 

HMeeT 8,n;HHCTB8HHOe pewemre X~ , KOTO poe MOJK8T 6iiTb ITOJiy"'8HO M8'l'O
.I\OM npocToi1: nTep~u (eM. TeopeMY 3). 

Ka.K noKasaHo B I 41 n 15~ UMeiOTCJI CJI8,llyiOOil!e OI\8HIDI: 

y ~ (X
11

) ~ M1 n.-"' fn 2n j H 1 = const; 

r~ (X*)~ H:L EznH (:x*); Hz = const ' 
r.n;e £2nH (X*) - HWIJiy"'llee npH6.1IIDKeHHe WYHKI\lill x*(t) MHoro"'JJeHa.Mn 
cTeneun ne Blm!e qeM 2 rz. + 1 . 

0TCIO,I\a TIOJiy"'UM, 'ITO r:. (X¥) u t~ (x*) CTP8Ml1TCJI K HYJilO npn 
n_-+ a>, H ,CJI8,l\OBaT8JlbHO, ITO T80p8M8 4 npOI\8CC HUXOlK,Il;eHliJI KapKa

COB ;1'~ IIpl16JIHJKiiHHWC pewemlli ypa.BH8IIM (I) CXO,JUITCJI CO CJI8.I\YIOOl9H 
CKOpoCTb!O: 

II ifn x*"- x/;,_/1 ~ 1! 4- (H 1 n.-o<fn 2n + 1/C !/Hz E2n+1 {X¥) ) • (15) 

)l.Jia liOCTpOeHliJI llpl16JIHJKeHH!IX pemeHiili ypa.BHeHliJI (I) paCCMaTpl1-
Ba8TCJI rrapa60JIH'iec:radt ciiJiaiH/6~ 

- 11 - f -~ i t 2 ( tj .. o.;t.j+t.,!J-1 lf.,a::,_ = t 'X.i.i 1" j'Jo (t. -t..d) + z_fi (t- J) + J> t- It- i:::1
1 

II (16) 
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np.11 -t E. ( t d , t J ~ .. ) , 
....:t!:_ . . 

r.n;e AJ. ~ .t. (t-J -t
2
J) 

F 1- t.J. .t I ( i = 1, 2, • ·•, J'l) • 

fo~~p BWI.IlCJIJIIOTCJI ll3 YCJIOBlili: 

- j< { *" } 
'fn- ,{1:,._ (tJ+<) = :f.;_ jd i-=f,/11 I 

[ - • ]w 'f,._ OCn {t) -= fiJ 
1 

a ( t -1:}~ = [ max ( o, r~ --;;)) ]'" 

Ms (16) HeTpy.n;no BH.n;eTo, ~To ~,._-orpaH11"'eHIIHH orrepaTop rrpocT-
~ ~ /6/ 

pa.HCTBa Ho,n B H 0 'a H3 CJie.n;yeT, ~TO 
- ~ ~ ~« 

ff 'f'n lf'n X -X n !: M.J I tbtf/ #3 == const 
' J 

r.n;e /1 Lhll= mpx lt1• 1 - t;J I . 
J 

.na.Jiee, H cfn lfn x*- ~ .. X~ II~ II if ... II rYL (X*). 

0Tc~a no TeopeMe 2 cJie.n;yeT, 'ITO IIpol\ecc na.xolK,l\eima rrpn6Jll1-
~eHHWC perneHRR CXO.n;HTCJI: 

I/ X { n)- .X* 1/ £, H J If J n./{c( t- d lf n If 0 n {X,_} 
1 

(I7) 

r.n;e on{x*) onpe~eJIJieTcH rrpa.ooa "!a.CTbiD Hepa.BeHCTBa (15). 
DlNh 

06pa.TUMCJI Teuep:r, K CJiy"'aJJ, Kor.n;a. m?:-:1., T.e. nyTo .x"(t}E If. . 
B Ka.~ecTBe orrepa.Topa B1x~ pacc~TPRBaeTCJI KBa.IJ;paTypHaR qJop-

MYJia., npe.IJ;Jio~eHHM A.A.Kopneittl:yrtm/"71: 

na..n;o 

{ 
i } { ~ ·-.1.... f b:(t)_dt . -- xe,'xn= -t-f.t~l:i-i .IJ_ .. :t.)-lj .. (iJr=1,n. 

:Jr. t-tl J:1,n. K,,p.,Li.l -t"'-ti i•f,N(IB) 

ECJIH K~j,TO BM8CTO 

q..._ (id- q, ... (t~) 
t~~: - ti 

B3HTb q. ~ ( t.-.) , 
3~ec:r, Pe. (t.l - rroJIHHOMH JielUUJ,IU)a.: 

1/z dl z 1e n(tl-(Zt+f) ...1._ {t-1 
re - 2. 2ee! dte 

'te(i) = -_ r Pe ~~~~I 
OnepaTop &2 x ... ocTa.eTCJI npexHHM (14). 

t .t M B aToM CJIY'W.e HeTp~o BH.n;eTo, ~TO B -4.. R B .-r.._ y,u;oBJieTBO-
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pmoT nepaBeHCTBa.M (7) H (8) 11 ,cJie,n;oBa.TeJI:OHO, crrpaBe~ Teope

Ma 3 np:u neKo'ropwc (L>o,&>o 11 f<>o. boJiee Toro, 113171 CJie.nyeT, 

'ITO 
~~ (x~'-) ~ u~E2~_ 1 (x"J 

r.n;e E;,_
1
( a:*)- HaHJIY'llilee npH6JIHlKeHl1e npoHaBO.n;nol1: c.i.Jymunm x*' (6) 

MliOrotJJieHaMH cTenenn He Bhlllle, '!eM 2 n- 1.. • 

Jl03TOMy, (~{x"'J BMeCTC C t!(X*) CTpe!VlflTC.fi K HYJOO llpli n-oo. 
3To aHa'IHT, 'ITO crrpaBe.n;JIHB3. Teo per.ta. 4, T. e. npo~ecc Ha.XO]l(,Il;emm 

I<apKa.COB eX~ liplioJIHlKeHHWC peweHl1l1: CXO.n;HTC.fl l1 

H II- /{ f " <f .... .X - .x,_ If'"- 1-q, Ms on. (x J , 
r,n;e On (:x•) onpe,n;eJLfiC'l'CJI Hefk'lBeHCTBOM: 

On (X,.)!: fll~t E;n.dx~'"J-t !fell Ezn+f (x¥). (I~) 

,UJIH IIOCTpOeHIUI IIpllOJIHlKeHHWC peWeHHii ypaBHeiDUI (I) TOJi\e HC

llOJib3yeTCJI rrapa6o~eCiml1: ciiJia.l1:H ( IG). O.n;naKo, B ,n;a.HHoM CJIY'Iae, 

I\aK IIOI<a3aHO B /G • HMCeTCJI CJIC.IJYJCtllee HepaBeHCTBO; 

'' - .n If ¥ o -m ,, 'fn 'fn X - X If£ 1'16 n ' Nc ""const. 

KaK YI B rrepnoM CJIY'laC, HMeCT MCCTO CXO.D;liMOCTb llpliOJOOiteHHilX perne

mili., 11 cnpaBe.n;JlllBa. o~em<a: 

!/Xr"1-x*//,;, M,n- 171 + 1/lf.,_//Q'.,_ {x*) (:GU) 
' 

r.ne t ~t-(x 11 J orpa.rmtJena He paBeHCTBOM (I 9) • 

Ha 181 uaBeCTHO, 'ITO ec.ID1 .x"(t}e H";,'"' 'l'O :HMeeT MecTo CJie-
' .IJYlOIUM o~emta: 

E.e (x¥) ~ fl{l [m-«. ' e ?0 - l..(eJIOe 'IHCJIO. 

IlO.D;C'l'aBJIIDI IIOCJie,n;nee HepaBeHCTBO B ( 15 )-(20) • ITOJIY'IHM CJIC.IJY1Ct1ll!H 

OKOH'IaTeJibHHH pe3yJibTaT: 

TeopeMB. 5. 
'p/H" 

IIycTb fJ{t) E Hu , a BeJlli'IHHa If). I/ .n;ocTaTO'lHO MaJia. ·hm 

Tor.n;a B HeKOTOpoM wape 1/X(t)/lb !?., (R.>o) npocTpanc•rna H. , 
ypaBHeHl1e HMeeT e,n;liHCTBeHHOe pemeHHe X 11(t) 1 ItoTopoe MOJKCT OUTh 

liOJIYtieHo Ka.K rrpe.n;eJI noCJie.n;oooTeJibHOCTH ;y:r"'='P,. :x~ , r.n;e tfn. -ciiJIEfui 

Tmra (16), a x~-e.n;HHCTBeHHoe pewenHe (npH Ra]l(,Il;OM n.) a.JII'edpalPlec

KOR CHCTeMU ypa.BHeHHli 

- [ 1. -J.( J Xn.. :=. A:t:n.. ;;=.{; Xn. + u Xn.) ' 

IIPH 3TOM: 
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I) npol..(ecc HB.XOli",D;eHBJI KtipKa.ccB ;;r;!_ np:ra:6JmlleHHWC pewemtit cxo

.n;MTCJI, H ClipaBe,l1)IKB8. OIJ;8HK8. 

-<>( 

f H, n..-«1!.-..J..n. r 1/C II Mz. (.1.n H) ' m=o 

I 'f,_ X¥- x: II:: f~'J- M 'f (Jn.-tr"'+<-ot. + f(c If Ms (.J n H rm-al.' m >d.' 

2) npouecc HaX~eHBJI npn6JmlleHHHX pewemdi cxo.n;MTCJI co CJie

,IJ;yl!lileii CKOpoCTbXl: 

II 
(n.J _ *' /( .(. Hl II J1,. If + ll!fn If 1- 'f M., n. m~n 1/eU Ht,~n+f) J,m=D, 

{ 

"' - 1 [ --,(0_ -d.J 

X X n. c - 11 -m - _j_ [ -,.,H-.< -m-el M' n + l'f,H 1_,. f.{., (Jn-1} + KCI/ Ms{2n·t1) 'J,m~{. 

B aaxnnqeHHe OTMeTHM, ~TO OCTaeTCJI OTKPHTHM BOllpoC ycTO~

BOCTK paCCMOTpeHHHX ll:Tepa:u;HOHHHX npo:u;eCCOB. 

ECJ!K BMeCTo paBHoMepHo! MeTPHKH pacCMaTpnnaeTca ~epoB

cKaa HOpMa: 
/:Xi j44 -X i.J I 

noc..lt=ma.x: sup /t· t·/a( ' (21) 
L j dH- J 

TO BM8CTO TeopeMH 3 MOllHO liOJJY'Ill:Tl> B.HaJIOrKlffiYJO TeOpelfiY, CllpaBe.D;

JmBYJ) cpaay A1I11 ypaBHeHBJI (I) H annpoKCHMHPYIOOieii CHCT8MH (6).0~
Ha.KO B 8TOM CJIYlllie Jiei'KO yeie.n;MTLCJI B TOM, ~TO OU8HK8.,liOJJY'i8HH8Jl 

B paBHOMepnoil: MeTpliiKe no OTHOWeHHIO K /IAR H fl. ~0, HaMHOI'O Jiy'We, 

~eM COOTB8TCTB~ B MeTpliiKe (21). 

ABTopu BHpaxaroT 6RarO.n;apHOCTI> A.A.KopHeHqYKY sa noJieaHHe 

3a.Me'I8.HBJI B XO.D;e BWIOJIH8HBJI .n;aHHOH pa60TH. 
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HeT JUt npo6eJIOB B Bamei1 6H6JIHOTeKe? 
8bl MOJKeTe TIOJIY'IMTb no TIO'!Te nepet!MCJieHHble HMJKe KHMrM, 

eCJIM OHM He 6b1JIM 38K838Hbl paHee. 
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