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E8~lT8p 11. H !IP· Pll - 11801 

'lncneJUroe pemeHHe I!HTerpOAH<jMpepeHUHBnbHOf'O ypBBHeHIUI 

HB C06CTBeHHOe 3H8'teHHe 

npeAn8f'8CTC5! 'tRCneHHbiH MeTOil pemeHH5! HennHefiHb!X IIHTerpOAHcPcPepeH

UI!8nbHbiX ypaBHCHIIfi 118 C06CTBCHHOe 3H8'tei!He Ha OCHOBe HenpepbiBHOf'O 

an8nora MeTona HbiOTOHa. C noMOllihiO napaMeTpuaauan HHTerp8nbHhiil qnen 

BblllenHeTC5! D Ka'teCTBe llOIIO.'IIIUTenbHOf'O ycnOBH51, 'tTO ll03BOn51eT UCXOAHOe 

liHTerpOAJHIJcPepeHJ.li!BnbHOe ypaBHeHUe CBeCTH K HeOAHOpOAHOMy llllcPcPepeHUUBnb

HOMy ypan!lCI!HIO, 

B K8'teCTBe npHMep8 npitMeHeHR5! MeTOA8 K pemeHuiO ¢nanqecKuil 38A8't 

lnlpi'tnciulroTC5!. BOJlHOBbie ¢YHKURH n aneprnu aoa6y)KAeHH5! anb<jJa-qacTH'tHbiX 

~OCTOHHI!fi B nerKux 5!Apax. nonyqeHo xopomee corn8cue TeopeTn'teCKHX 

·3BB'teHHil 31!Cpr'H11 B036y)KileHH5! C 3KCilepnMeHT8nhHbiMH, 

P860T8 BbmonneH8 B lla6opaTopnn Bbi'tHcnnTenbHOil TeXHHKH 

\1 8BToMa'1'Itaau~H biHIH. ' 

Coo6menne 06bennnennoro nncTnTyTa ru:tepHhiX 11ccnenoaannii. lly6H8 1978 

Baater D. et al. Pll - 11801 

Numericq.l Solution of Integrodifferential Equation of 
Eigenvalue Problem 

A numerical method is presented fqr the solution. of nonlinear 
integrodifferential equations of eigenvalue problem using a continuous 
letnalogue of the Newton method. With the help of parametrization an 
integral part is separated as an additional condition. This allows to 
reduce a primary integrodifferential equation to a nonhomogeneous 
differential equation. As an example of application of the method to 
solution of physical problems, the wave functions and excitation ener 
gies of alpha cluster states in light nuclei are calculated. A good 
rgreement of theoretically calculated excitation energy values with 
:experimental ones has been obtained. 

The investigation has been performed at the Laboratory of 
lcomputing Techniques and Automation, JINR. 
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1. MATEMATHqECKA.R IIOCTAHOBKA 3A,4AqH 
H MET0,4 BE PElllEHH.R 

11 I B pa6ore' 6Lm npe,IJ,Jio:>KeH MeTo,IJ, qucneHHoro pemeHHH 
HHTerpO.IJ.H<iJ<iJepeHUHaJILHLIX ypaBHeHHH Ha C06CTBeHHOe 3Ha
'IeHne Ha ocHOBe HenpepLIBHoro aHanora Mero.n.a HLIOTOHa. 

MareMaruqecKaH nocraHOBKa paccMarpuBaeMoil 3a,IJ,a
qu <iJopMyJiupyeTCH CJie,IJ,yJOIUHM o6pa30M. )J,JIH HHTerpO.IJ.H<iJ

<iJepeHUHaJihHOrO ypaBHeHHH 

(1) d 2 
<D (A ,y(r)) ~ ----y(r) +V(r) y(r) -Ay(r) + 

dr 2 

e 
+ J K ( r . f) y (f) d( = 0 

0 

c rpaHH'IHLIMH ycnoBHHMH 

<D(2)(A,y(r))"'a 0 (A)y'(r)+b 0(A)y(r) I =0, 
r= 0 

(3) 
<D (A,y(r)) = a(A)y'(r) +h(A) y(r) I n =0 

f"'[ 

H ,IJ,OllOJIHHTeJILHLIM yCJIOBHeM HOpMHpOBKH 

<1>(4) (A ,y(r)) c, 
f 2 
f Y (r)dr~l = 0 
0 

/1.1/ 

/1.2/ 

/1.3/ 

Tpe6yeTCH BLJqHCJIHTL C06CTBeHHOe 3Ha'leHHe A H COOTBeT
CTBYJOIUee co6crBeHHOe pemeHHe y (r). Ilpe.n.nonaraercH, qro 
perneHne 3a.n.aqu /1.1/-/1.3/ cymecrByer. 
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B pa6oTe /1/ noxa3aHo, 'ITO HenpepbiBHblii aHanor MeTo
.na HLIOTOHa CBO,U:HT HCXO,U:HYIO 3a,naqy Ha C06CTBeHHOe 
3Ha'leHHe x peweHHIO xpaeaoii 3a,na'IH ,nnB JIHHeiiHoro 
HHTerpO,nH<i14>epeHU,HaJILHOrO ypaBHeHHJI Ha Ka)K,U:OM ware 
HTepaU,HOHHOH npou,e,nypbi. IlpH 'IHCJieHHOH peaJIH3aU,HH TaKOH 
npou,e,nypbi Ha OCHOBe MeTO,D;a KOHe'IHbiX pa3HOCTeH peWeHHe 
Ha Ka)K,nOM ware HTepau,HH xpaeaoii 3a,na'IH ,nn11 HHTerpo.nH41-
4JepeHu,HaJILHoro ypaBHeHHJI CBJI3aHO C o6paiiJ,eHHeM MaTpHU, 
BbiCOKOrO ITOpJI,U:Ka.C U,eJibiO ycTpaHeHHJI yKa3aHHOH Tpy,nHOC
TH B pafioTe/1/ npe,D;JIO)KeHa H peaJIH30BaHa MO,U:H4JHKaU,HJI 
npou,ecca nyTeM 3aMeHbi HCXO,U:HOH CHCTeMbi Ha "B03MyiiJ,eH· 
HYIO" CHCTeMy. II pH 3TOM HeH3BeCTHble Ha ,naHHOM Ware 
HTepaU,HH 4JyHKIJ,HH B HHTerpaJILHOM 'IJieHe 3aMeHJIIOTCJI Ha 
H3BeCTHble c npe,nbi,nyiiJ,ero wara. Ilo.no6HaJI MO,nH4JHxau,HJI 
yxy,nwaeT CXO,U:HMOCTL HTepaU,BOHHOH npou,e,nypbi, 'ITO JIBJIJI· 
eTCJI CyiiJ,eCTBeHHbiM He.IJ;OCTaTKOM npe,nJIO)KeHHOrO MeTo,na. 

B HacTOJIIIJ,eii pa6oTe 3a,naqa o6nerqaeTCJI KOHKpeTHhlM 
Bbi60pOM BH,na 4JyHKIJ,HH: 

N 
K ( r ,r ' ) = I 'I'. ( r) ¢ . ( r ' ) . 

i=1 1 1 
11.41 

C Y'leTOM 11.41 ypaBHeHHe 11.11 MO)KHO nepenHCaTL 
B CJie,nyiOIIJ,eM BH,ne: 

ciJ( 1) (A, y(r )) 
d2 

_ - 2 y(r) +V(r)y(r) +Ay(r) + 
dr 

N 
+ I C· 'I'. ( r) = 0 i=l 1 1 , 

e 
ciJ(

5
)(A ,y(r)) = ci- f¢i(r')y(r')dr' =0. 

0 

11.51 

/1.61 

CoOTHOWeHHJI 11.51, 11.61 COBMeCTHO C YCJIOBHJIMH 11.21-
11.31 npe,ncTaBJIJIIOT HeJIHHeHHOe 4JyHKIJ,HOHaJILHOe ypaBHeHHe 

4 

clJ(Z)=O, 

z = (A , y ( r) r;;;; R x L
2 

[ 0 , r] = H , 

ciJ(z)=lclJi I, i=1,2,3,4,5. clJ:H-+HxR. /1.7/ 

Ilpe.nnonaraeTCJI,'ITO A* - H30JIHpoaaHHOe npocToe co6-
CTBeHHoe 3Ha'leHHe, a C06CTBeHHLie lPYHKUHH y*(r) npHHa,n

Jie)l(aT 6aHaxoay npocTpaHcTBY B c HopMoii 
2 

II Y ( r ) II -= I max I / n) ( r ) I + L 
B n=O y 

r.ne L Y = inf I KOHCTaHTa JlHnwHua y<n)(r) l. 
TaKHM o6pa3oM, z*' =(A*, y*(r))c; R x B = z, npH'IeM B=Y. 

IlpH TaKHX npe,U:ITOJIO)I(eHHJIX B pa6oTe/1/ ,U:OKa3aHa JIOKaJIL· 

HaJI CXO,U:HMOCTL HTepaUHOHHOrO npou,ecca: 

<ll'(An,yn) (f1n,vn) =-<ll(An,yn ), 

yn+1 = yn + vn r 

A 1 =A + f1 T n+ n n 
11.81 

I ¢' - npoH3BO,nHaJI <Ppewe onepaTopa ¢ I c 3a,naHHLIMH 
Ha'laJILHbiMH yCJIOBHJIMH A O, yO ( r) B OKpeCTHOCTH HCKO

Moro peweHHJI. 
C yqeTOM yCJIOBHJI 11.61 HTepaUHOHHaJI CXeMa 11.81 

o6o6maeTCJI cne,nyiOIUHM o6pa3oM: 

<ll'(A ,c ,y (r))~fl ,d ,v (r))=-<ll(A ,c ,y (r)), n n n nn n nnn 

~+1 = Yn + vn r , An+ 1 =An + fln r 

c =C + d T 
n+1 n n 

11TepaU,HOHHLie CXeMLI 11.81 Hl1.9l JIBJIJIIOTCJI,U:HCKpeT
HLIM npe,ncTaBJieHHeM HenpepLIBHOrO HLIOTOHOBCKOrO npo
uecca Ha OCHOBe MeTo,na 3iinepa C ITOCTOJIHHLIM waroM 

HHTerpHpOBaHHJI r ( 0 < r S, 1) . 
Bao,n11 on epa TOpLI 

D 
d2 ~ e A A A 

-
2
-+V(r), S =fK(r,r') ( )dr', G =D +S , 

dr 0 

HTepau,HOHHYIO CXeMy 11.91 3aiTHWeM B BH,U:e 
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(D-A E)v +Sv ,.,-(0-A E)y 
n n n n n +11nYn' 

2(y ,v )=-[(y ,y )-1] 
n n n n /1.10/ 

-> -> -> 
y =Y +V r, 

n+l n n A 1 =A + 11 r n+ n n cn+l '"en +dr 

Tipe.ncraBHM perneHHe ypaaHeHHJI /1.10/ KaK cyMMY 

N 
v = v0 +l1 v 1 + l 

n n n n i=l 
d. w. 

m In 

Tor.na .IJ.JIJI onpe.neneHHJI v 0 , v 1 , w. " • d (0=1,2 ... N ) 
n n In, r n in 

noJiyqHM CJie)l,ylOliiYIO CHCTeMy .IJ.H<ixPepeHIJ;HaJILHhiX H aJire6-

pauqeCKHX ypaBHeHHH: 

6 

(i) -AnE)v0 n x-(G -AnE )yn 

(D -AnE)vln~yn 

(D -A E )w. = -'P. (i =1,2, ... N), 
n m m 

N 

11 n W ( Y n 'v 1 n) \; 
1 

d in ( Y n 'win ) = 

d_ -11 (¢. 
Jll n Jn 

"'- [ ( Y n 'Y n ) - 1 ] - 2 ( Y n 'VOn ) ' 

N 

'v ) + l 
in i"'1 

d. (¢. 'w. ) = 
m I In 

-[C. -(¢. ,y )) -(¢.,VOl)' 
Jn Jn n Jn 

Yn+l = Yn +Vn r 

A 1 =A n+ n +11n r 

c = c +d r 
in+l in n 

(i = 1 ,2 , . . . N ) . /1.12/ 

I 
\ 

~ 

CHCTeMa /1.12/ OTJIHqaeTCJI OT nepBOHaqaJILHOH CHC

TeMLI /1.10/, a TaK)Ke OT nO)l,06HOH CHCTeMLI, noJiyqeHHOH 

B pa6oTe /1~ TeM, qro B ypaBHeHHJIX Ha HC,KOMble ciiYHKUHH 

OTCYTCTByeT HHTerpaJILHhiH qJieH, qTO CyiUeCTBeHHO 06Jier

qaeT qucneHHoe perneHue. TaKHM o6pa3oM, npuae.neHHaJI 

HTepaiJ;HOHHaJI npou;e)l.ypa CBO)l,HT HCXO)l,HOe HHTerpO.IJ.Hcil

cilepeHIJ;HaJILHOe ypaBHeHHe Ha C06CTBeHHOe 3HaqeHHe K pe

liieHHIO Ha Ka:>K)l,OM mare HTepaiJ;HH 06LIKHOBeHHhiX .IJ.H<ixPepeH

UHaJILHhiX ypaaHeHHH c onpe.neneHHLIMH KpaeBLIMH ycnoBHJI

MH. 

2. IIPHJIO)J(EHHE K C/>H3HlJECKOH 3A,4A tiE 

B Kaqecrae npHMepa ciiH3HqecKoH 3a.naqu, npHBO.IJ.JIIUeB 

K HHTerpo,n;ucllcilepeHIJ;HaJILHOMY ypaBHeHHIO, paCCMOTpHM He

)l,aBHO 06Hapy:>KeHHble aJILcila- qacTHqHhle COCTOJIHHJI B JierKHX 

JI.IJ.pax,HanpHMep B ~0Ne / 2/. B nepaoM npu6JIH:>KeHHH no.no6HLie 

COCTOJIHHJI MO:>KHO HHTepnpeTHpOBaTL KaK )l,BH:>KeHHe aJILcila

qacTHUhl B noTeHIJ;HaJILHOM none OCTOBa C yqeTOM npHHIJ;Hna 

Tiaynu, 3anpeliiaiOIUero HYKJIOHaM anLclla-Knacrepa 3aHHMaTL 

COCTOJIHHJI, 3aCeJieHHble HYKJIOHaMH OCTOBa. 3TO npHBO)l,HT K 

He06XO)l,HMOCTH Bhl)l,eJieHHJI. H3 ciiYHKUHH OTHOCHTeJILHOro 

)l,BH:>KeHHJI. aJILcila- qaCTHUhl HeciiH3HqecKHX peliieHHH, npH 3TOM 

npaBHJILHaJI ciiYHKUHJI OTHOCHTeJILHOrO )l,BH:>KeHHJI )l,OJI)I(Ha 

6LITh OpTorOHaJILHa 3anpeiUeHHhiM ciiYHKUHJI.M /3/, 

B .naHHOH ciiH3HqecKoH 3a.naqe ypaaHeHHe .IJ.JIJI. pa.nuaJIL

HOB qacTH BOJIHOBOH ciiYHKUHH OTHOCHTeJILHOro )l.BH:>KeHHJI. 

HMeeT BH)l, 

d2 N 
[-+(A -V(r)]y(r)= l ci Ui(r), 
~2 ~1 

/2.1/ 

r )l,e U i ( r) - TaK Ha3LIBaeMLie 3anpeiUeHHble ciiYHKUHH, 

KOTOpble MO:>KHO B3JI.Th no OCIJ;HJIJIJI.TOpHOB MO)l,eJIH o60JIOqeK 

B BH)l,e BOJIHOBLIX ciiYHKUHB rapMOHHqecKoro OCUHJIJIJI.TOpa; 

N - qucJIO 3anpeiUeHHhiX COCTOJI.HHH. 

<l>yHKIJ;HOHaJI C i HMeeT BH)l, /2/ : 
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C. 
I 

e d 2 
f U. ( r ) [ - - V ( r ) ] y ( r) dr 

I dr2 
/2.2/ 

0 

IJo OITHCaHHOMY BbiWe anropHTMY npOBO,IJ;HnHCb qHcneH

Hbie pacqeTbi ,n;Byx Bpa~aTenbHbiX nonoc pe3oHaHCHbiX 

anb«l>a- KnacTepHbiX cocTOHHHH H,n;pa 20 Ne . IlpHMeHHncH no

TeHn.Han THrra By,n;ca- CaKcoHa co cne,n;yro~HMH napaMeTpa

MH: rny6HHa V0 =-llO M3B, pa,n;Hyc ro =1,26 cl>M /RNe= 
= r 0 16 1/3 / H ,n;H4>4>Y3HOCTb a = 0,7 cl>M. 

,[(nH nonoCbl OTpHIJ,a TenbHOH qeTHOCTH, llOCTpOeHHOH Ha 

COCTOHHHH 1- /E * =5, 78 M 3B/, TeopeTHqeCKHe H 3KCrre

pHMeHTanbHbie 3HaqeHHH 3HeprHH B036y:>K,IJ;eHHH ,D;nH pa3HbiX 

3HaqeHHH op6HTanbHbiX MOMeHTOB rrpHBe,IJ;eHbl B ma6AUije 1. 
B ma6Aut~e 2 npHBe,n;eHbi TeopeTHqecKHe H 3KcnepHMeHTanb

Hbie 3HaqeHHH 3HeprHH B036y:>K,n;eHHH ,D;nH BTOpOH IIOnOCbl 

e 

E * Teop. 

(M8B) 
--
E * 3Kcn. 

8 

(M8B) 

e 

E * Teop. 

(M8B) 

E * 3Kcn. 

(M8B) 

1 

5,77 

5,78 

0 

7,47 

8,30 

Ta6Aut~a 1 

-
3 5 7 

7,63 11,04 15,77 

7,17 10,26 15,35 

Ta6Aut~a 2 

2 4 6 

8,59 11,00 14,42 

8,80 10,80 12,56 

llOnO:>KHTenbHOH qeTHOCTH, llOCTpOeHHOH Ha COCTOHHHH 

o; /E *=8,3 M3B/. 
KaK BH,n;Ho H3 Ta6nHn., HMeeTCH xopowee cornacHe 

TeopeTHqeCKHX 3HaqeHHH 3HeprHH B036y:>K,IJ;eHHH C 3KCrrepH

MeHTanbHbiMH. 
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