
Pll - 10207 

H.<I> .TpycKoBa 

OOPE,aEJIEHJ1E C 3A,aAHHOM TOlJHOCTbiO 

COBCTBEHHhiX <I>YHKUJ1M 

J1 COBCTBEHHhiX 3HAlJEHJ1M 3A,aAliJ1 

,aBYX UEHTPOB KBAHTOBOM MEXAHJ1KJ1 



957/2-77 nP· 

lrpycKOBa,H.<l>• 
Onpe,rr.eJieH:vre c 

Pll - 10207 

H.q>.TpycKoBa 

Onl?E,aE.JIEHHE C 3A,aAHHOH TOqHOCTbiO 

COBCTBEHHWX q>YHKUMH 

M COBCTBEHHhiX 3HA qEHMH 3A,aA q£1 

,aBYX UEHTPOB KBAHTOBOH MEXAHMKM 



TpycKosa H.cl>. Pll - 10207 
OnpeaenenHe c aanauuoA ToquocTb~ co6cTseuuhlx ~YHKUHH 
H C06CTBeHHhlX 3HaqeHHA aanaqH llBYX UeHTpOB KBAHTOBOH MeXaHHKH 

Coanaua nporpaMMa onpeneneHHSI c aanauuoA ToquocTb~ co6cTBeHHhiX 

~HKUHH H C06CTBeHHhlX 3HaqenHA aanaqH llBYX UeHTpOB KB8HTOBOH MeX8HHKH. 

Co6cTseHHhie auaqeHHSI p, A uaxonSITCSI c noMOWb~ MRHHMH38UHH 

o6epnyThiX uenHhiX npo6eA, BhiqHcnenuhiX c Heo6xonHMOA ToquocTb~. 

Co6cTBeHHhie ~YHKUHH OUpeAenSI~TCH nocpencTBOM CyMMHpOB8HHSI COOTBeT

CTBY~WHX pSinos. HcnonbayeMhiA anropHTM noasonSieT nonyqHTb Tpe6yeMhie 

peweHHSI npH Cp8BHHTenbHO He60nbWHX 38Tp8T8X MSWHHHOrO BpeMeHH. npH 

3TOM BhiqHc.neHHSI MO>KHO npOH3BOllHTb He TO.IlbKO C MAnhiM, HO H C llOCTA

TOqHO 6onbWHM waroM no R · ~JE!I ueo6xonHMOCTH nporpaMMa onpene.nSieT 

TAK>Ke npOH3BOllHbie .d.4.. , ilf._ , -- . 
!1R aR aR 

Pa60T8 Bbin0.11HeHa B na6opaTOpHH BhiqHC.IlHTe.nbHOH TeXHRKR R 8BTO

MATH3AUHH Ol1.Rl1. 

Coo611{eHHe 06"be,nHnennoro HHCTHryTa B,nepnblx HCcJie,nosanHi 

,ll;y6na 1976 

Truskova N.F. Pll - 10207 
Calculation with the Accuracy Needed of the Eigenvalues 
and the Eigenfunctions of the Two-Centre in Quantum 

Mechanics 
A computer program is prepared for the calculation 

with the accuracy ne~ded of the eigenvalues and the eigen
functions of the two-centre problem in quantum mechanics. 
The eigenvalues p, A are obtained using the minimization 
of the enveloped continued fractions, which are calculated 
with the accuracy required. The eigenfunctions are calcu
lated by means of the summation of suitable series. The 
algorithm allows one to get the solutions for comparative
ly little computing time. One can carry out calculations 
using not only a small step in internuclear distance R, 
but also one lar~e enough. If needed the program evaluates 
derivatives fftr, -Ji-· ~~ too. 

Communication of the Joint Institute for Nuclear Research 

Dubna 1976 

0 1976 061>eCJUHeHHWii UHC•U•JI• ACJepHWX UCC.IIeCJ06aHuii,.l{)ltiHa 

1. BBE,l{EHHE 

B nocne.I\HHe rO.I\hl B OHRH, a TaK)I(e B .1\pyrax HHCTH

TyTax HHTeHCHBHO DpOBO)\JITCJI 3KCDepHMeHTbl DO pacceJIHHIO 

TJI)I(enhiX HOHOB /l-6 /. YcTaHoaneHo, 'ITO Ha6nJO.I\aeMhlii 

B 3THX 3KCDepHMeHTaX KOHTHHYYM y - KBaHTOB JIBnJieTCJI 

KBa3aMoneKynJipHhiM I 1-6/. 
llpa WHKcapoaaHHhiX JHa'leHHJIX Me)l("hJI.I\epHoro pac

CTOJIHBJI paCCeHBaeMhle HOHhl o6pa3yJOT KBa3HMOneKynJip

Hble COCTOJIHHJI, KOTOpble DpH ManbiX H cpe.I\HHX 3Ha'leHHJIX 

3apJI.I\OB JI)\ep MO)I(HO ODHCbiBaTh C DOMOI.QhiO peiUeHBH 

ypaaHeHHJI Wpe.I\HHrepa c .1\ByxueuTpOBhiM noTeHuaanoM. 

B CBJI3H c 3THM onpe.l\eneuae co6cTBeHHhlx 3Ha'leHaii a co6-

CTBeHHhiX WYHKUHii ypaaHeHHJI Wpe.I\HHrepa c TaKHM no

TeHuaanoM, o6hi'IHO Ha3hiBaeMoe Ja.l\a'leii .1\BYX ueuTpoa 

KBaHTOBOH MeXaHHKH 171 , npH HCDORh3yeMhiX B 3KCDepa

MeHTaX 3Ha'leHHJIX 3apJI.I\OB JI)\ep npe)\CTaBnJieT Cyi.QeCTBeH

HhiH HHTepec. 

B npa6na)l(eHHB a)\aa6a TH'IHOCTH npa .1\aHHhiX Z 1 , Z 2, R 
ne, 0 1J, m 3a)\a'la CBO.I\HTCJI K HaXO)I()\eHHIO C06CTBeHHhiX 

3Ha'leHHH A' p H orpaHH'IeHHhiX co6CTBeHHhiX WYHKUHH F (e)' 
ell (1J) CHCTeMhl ypaBHeHHH 

2 a2 a 2 2 m 2 
[(( -1)-- + 2(--p (( - 1 )+b'(+A- --]F(e>=o 

a(2 ae (2-1 

r 2 a2 a 2 2 m2 L(1--q )-- 21J-- p (1-TJ )+bTJ-A- --] 
a112 a11 1-11 2 

cll(TJ) =0. I I/ 
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3.LJ;ecb: R - paccTOHHHe Me)I(.LJ;Y H.LJ;paMH; Z 1 , Z 2 - JapH.LJ;LI 

H.LJ;ep; m - MarHHTHOe KBaHTOBOe 'IHCJIO; n.;: - 'IHCJIO HyJieH 

$yHKUHH F( f) npu Is.;:< oo , nTJ- 'IHcno Hyneif $yHKUHH 

<1> ( TJ) npu -1~ TJ ~ 1 ; E - 3HeprHH 3JieKTpoHa. 
2 

b,..R(Z
2
-Z

1
); b'·R(Z 2 +Z

1
), m=!m!;p

2
,.._ R

2
E __ /2/ 

11cnOJib3yeMaJI 3.LJ;eCb CHCTeMa e.LJ;HHHU h= me= C = 1 
BMeCTO 'IHCeJI n,;,nTJ ,m .LJ;JIH KJiaCCH$HKaUHH COCTOHHHH 06bi'I

HO nonLJyiOTCH c$epuqecKHMH KBaHTOBLIMH 'IHcnaMH N, L,M 

06'be.LJ;HHeHHOrO aTOMa C 3apH.LJ;OM Z 
1
+-Z

2
: 

N"'n,;+L+l; L=n +M; M=lml. 
TJ ' ' /3/ 

l.lucna N , L , M caHJaHbi c napa6oJIH'IeCKHMH KBaHTOBbiMH 

· 'IHCJiaMH n l, 0 
2 

, n '
1
, n '

2 
H30JIHpOBaHHbiX aTOMOB C JapH.LJ;aMH 

Z 1 H Z 2 , COOTBeTCTBeHHO, C nOMOil.\blO COOTHOllleHHH B : 

.LJ;JIH eZ1 TepMoB: N=n 1 +L+l; n=n 1 +n 2 tMtl 

(Z2-Zl) z2 
2n 2 + M + n -z--. e cnu n. -- = uenoMy 'IHcny; 

"I Z 1 L= /4/ 

0 2 +M +1 +Ent(n + _':(Z 2-Z I) 2 --z:---), 
" I 

eCJIH 
n-Z 2 , 
---- t=- uenoMy 'IHcny. 

ZI 

.LJ;JIHeZ2 TepMOB: N=ni' + L+l; n'=n'I +n; +M+l 

L= 

, , (Z2 -Z I) 
ecnH n 

2 
< n --z--- ; 

2 ~
n;+M, 

n' Z -Z 
n +M +1 +Ent(n ·- _(_:.2.-~) 

2 2 z ' 
'2 

eCJIH 

/5/ 

n ,2 > n , (Z2-~I ) 
z2 --

)l,aHHaH 3a.LJ;a'la HCCJie.LJ;OBaJiaCb MHOrHMH aBTOpaMH 

/cM./7,8-18/. K co)l(aJieHHIO, no.LJ;po6Hbie pe3yJILTaTbi ony6-

JIHKOBaHbi, B OCHOBHOM, JIHlllb .LJ;JIH Z I =Z 2= 1 H, 'laCTH'IHO, 

Z 1 Z 3 
/II-17/H _ 

.Ll;JIH I = , 2 = 2, , ... , 8 . CnOJIL3yeMLie )l(e B 3KCIIepH 

MeHTaX IIO pacceHHHlO TH)I(eJibiX HOHOB 3Ha'leHHH 3apH.LJ;OB 

4 

H.LJ;ep TaKOBbl: Z l =28 , Z 2 =41 ; Z 1 =36 , Z 2=41 ; Z 1 =35 , 

Z2=4o 11 - 61 H T.)l;. 
B OlUIH c 1966 ro.LJ;a cymecTayeT nporpaMMa "TERMN ", 

KOTOpaH onpe.LJ;eJIHeT C06CTBeHHble 3Ha'leHHH H C06CTBeH

Hble $yHKUHH HCCJie.LJ;yeMOH 3a.LJ;a'IH. AJirOpHTM Bbl'IHCJieHHH 

MHOrO'IJieHOB, 83 paaeHCTBa HYJIIO KOTOpbiX HaXO)l;HTCJI 

co6cTaeHHble JHa'leHBH A , p a 3TOH nporpaMMe, H3JIO)I(eH 

a pa6oTax 114 •15/. 
Ilo nporpaMMe "TERMN ", mo6e 3HO npe.LJ;ocTaaneHHOH 

JI.H.IloHoMapeBhiM B T .II.Ily3LIHBHOH aaTopy, npB ManoM 

ware no R, Tpe6yeMOM 3TOH nporpaMMOH, noc'IHTaHo 

HeCKOJibKO TepMOB )l;JIH CJiy'laH Z l'"'Z 2=1, a TaK)I(e .LJ;JIH 

CJiy'laH z I =41 ' z2 =49. O.LJ;HaKO BBH.LJ;Y TOrO, 'ITO )l;JIH Bhl" 

'IHCJieHHH 60JibWOrO 'IHCJia TepMOB no 3TOH nporpaMMe 

IIOTpe6oaaJIOCh 6hl 3Ha'IHTeJILHOe KOJIB'IeCTBO MaWBHHOrO 

apeMeHH, 6LIJia npe.LJ;npHHHTa nonbiTKa HeCKOJibKO HHa'le, 

'I eM B nporpaMMe "TERMN "', no.LJ;OHTH K peweHBIO nocTaBJieH

HOB 3a.LJ;a'IH, a HMeHHO: MBHHMB3HpOBaTL n.;,n7/ pa3 o6epHy

Tble uenHble .LJ;p06H, Bbl'IHCJieHHble C He06XO.LJ;HMOH TO'IHOCTLIO 

f • )l,JIH MHHHMH3aUHH HCnOJib30BaH yrrpOIUeHHbiH Ba~HaHT 
MeTo.LJ;a JIHHeapu3aUHH, npe.LJ;JIO)I(eHHoro H.H.CHJIBHhiM 

191. 
CooTBeTcTBYIOIUaJI nporpaMMa peaJIH30BaHa Ha Jl3b1Ke 

FORTRAN(CDC-6500) H npHMeHHMa .LJ;JIH peweHHJI nocTaa

JieHHOH 3a.LJ;a'IH B WHPOKOH o6JiaCTH 3Ha'leHHH zl' z 2' R ' 

N, L , M. )l.nH noJiy'leHHJI peweHHH c OTHOCBTeJILHOH TO'I

HOCTLIO ; = 10·12 -:- 10 •7 Tpe6yeTCH cpaBHHTeJILHO He60JibWOe 

apeMJI cqeTa. TaK KaK Bhl'IBCJieHHJI MO)I(HO npoH3BO.LJ;BTL 

He TOJILKO C MaJihiM, HO H C )l;OCTaTO'IHO 60JILWHM waroM 

no R, noJIBJIJleTcJI B03MO)I(HOCTL Bhl'IHCJIHTL .LJ;OBOJILHO 6oJIL

woe 'IHCJIO TepMOB 3a KOpOTKOe BpeMJI. IlpH He06XO.LJ;HMOCTH 

nporpaMMa onpe.LJ;eJIJleT C 3a.LJ;aHHOH TO'IHOCTLIO TaK)I(e H 

rrpOH3BO.LJ;Hble ~ '..d.JL, aE ' npHMeHJleMble B PJI.LJ;e $H3H" 

qecKBX 3a.LJ;a'l. aR ()R 

2. OIIHCAHHE AJIFOPHTMA 

)l,JIJI onpe.LJ;eJieHHJI <l!YHKUHH F(,;) , <I>(TJ) ucnoJILJyeM paJno

)l(eHHJI /9-11/ 

2 !!!.. a -p(f-1} 00 e -1 e 
F(f) =(f -1)2 (f+l) e I Ae (-t:-) ; 

f=o s+l 

/6/ 
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b' 
a = -2 -m -1· p , 

-pO+ry) oo m 

<l>(ry) =e -L B n PI) c'l) ~JUI ez -TepMOB -1 <ry < 0; 
~O L L +m I - -

-p(l-ry )oo - m 
<I> (ry) = e 2 B 0 Po ( 1] ) 

f=O L r +m 

00 

ct> (7] ) = e: 0 c r lfe +m+ 0 ( 1] ) ; 

/7/ 

.n.m• eZ2 -TepMoa Os:ry s: 1 ; 

/8/ 

0 = I 0 e CJIH L- m = 2 n ; 

1ecnu L-m =2n+1 ;n=0,1,2, ... 

/9/ 
Ecnu Z 1 f, Z 2, To, ue orpaHH'IHBaH o6muocTH, rronaraeM 

Z 1<Z 2 . Pa3JIO)f{eHHeM /?/ IIOJIL3yeMcH TOJILKO rrpu z 
1
=Z 

2
:2. 

Ko3cWJuuueHTLI Ap, Bp, Bp, Cp y~oaneTBOPHIOT peKyppenT
HLIM COOTHOilleHHHM: 

6 

Af+I af +Ap_ 1 Yp +Apf3p = 0; A_
1

= 0; A 0 =1 /10/ 

ar=(f+m)(f+m+1); f3p=2P U+2p-a)-2pa-A-(m+l)(mw); 

Yp = ( f -1- a ) ( P - m -1 - a ) ; 

B f+ I ;; f + Bp_ I y f + Bp f3e = 0 ; B -I = 0 ; B o = 1 . /11/ 

ae ( e +2m+ 1)(b-2p( f +m + 1)) ; ~ e = ,.\ + (f + m )( f ·+m+l); 
2(e +m) +3 

-y = 
f 

f ( b +2p ( f + m )) . ______ , 

2 (P +m)-1 

f 
Bp(b)=(-1) Bp(-b). 

cl) ~~~+CI) Yn+Cnf3o=0; c =0; c =1 
L+ I [_ L-1 (_ [_ L -1 0 

/12/ 

ae 
-p2(2f +0+2m+2)(2e +O+ 2m+ 1 ) 

---' 
( 4 e + 2 0 + 2m + 1 )( 4 e + 2 0 + 2 m + 3 ) 

2 
= - p ( 2P + 0 )( 2f + p - 1 ) . 
y = ------, 

P (4P +2o+ 2m-1)(4P +28+ 2m +1) 

= 2 
f3 f =A+ (2 f +O + ?"' )(2 f + o + m+l) + p -

_ P 2 [ (2 1._2:.§ )( 2 e + o + 2~) + 

( 4 e + 2 0 +2m+ 1 )( 4 r + 2 0 + 2m -1 ) 

+ _ _i2f- + 0 + 2 n::_0(2 f ~~_:_1_) ---- ]. 
(4f +2o+2m+1)(4f +2o+2m +3) 

Bae~eM aeJIH'IHHY 

N +I =-a A +I /A ; nc =N-L-1; "e "t n e "e c. 
/13/ 

HcrroJIL3YH COOTHOilleHHH /10/' rronyqaeM, 'ITO Nne I 
paBHa 6eCKOHe'IHOH uerrHOH ~po6H + 

an y 
N =(~-~ 

n t:+l 0 " "e +I 

( ~· ) -
0 

ne+l 

ane+ I y ne+2 
(------) 

0 0 
ne+ I n e+2 

--( -o~--n e+ 2 ) -

0 
ne+2 

ane+'i' ne-3 
( ) 
0ne+2° "e+3 

--------. 

/14/ 
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MHO)I(HTenb On ,(N+n)(N+n+l)BBO)J;HTCB BO H36e)l(aHHe 6onbWHX 

npoMe)l(yTo'iHbiX queen. BBe;:J;eHne TaKoro MHO)I(HTenB BBnB

eTCJI 3KBHBaneHTHbiM npeo6pa30BaHHeM, WHpOKO npHMeHJie

MblM B TeOpHH u;enHbiX ;:J;po6eif/20f.IJpH Bbl'iHClleHHH u;enHbiX 

J];po6eH B )J;aHHOH 3a)J;a'ie ll0;:J;06Hhle MHO)I(HTenH BBO)J;HllHCb 
B PB;:J;e pa6oT i9,I4,I5/. 

C ;:J;pyroH: cTopoHbi, aenH'iHHa N 
n c+ I 

paBHa KOHe'iHOH 
;:J;po6u: s 

Nn~f-bo= f3n~ - y a 
n~ nC'I 

-----
f3n .;I - y a 

n~-I n~-2 

f3 -
n~ -2 

f3 -
I ~..LL 

f3o 

IJpupaBHHBaB Bblpa)l(eHHB /14/ H /15/, nonyqaeM: 
/15/ 

a I a 2 a3 
U I = bo + ~ + ~ + -b + 

3 

3;:J;eCb BBe)J;eHbl 0603Ha'ieHHJI: 

a n~Y n.;c+I 
a -------I- ont I 

b 
{3 n~+n 

n 
0 

n .;:+n 

f3nf+l 
b ----
I~ on~+l 

0=2,3, ... 

= 0. /16/ 

a n I; + n -I Y n 1; +n 
a = - --~-----.:. __ 

n 0 0 
n.;:+n-I n~+n 

/17/ 

IlpOH3BO)J;JI aHanorH'iHhle BhlKna)J;KH C HCllOllb30BaHHeM pe

KyppeHTHbiX cooTHoweHHH /11/, nonyqaeM: 

a I 
u = bo + b-- + 

2 I 

a2 

b2+ 

8 

a:3 

b + 
3 

= 0. 
/18/ 

3;:J;ecb: 

-
an

11
Yn

71
+I 

a -------1- -
b - f3n11+l I--=----· 

0 n I ' 
11+ 

n = L -m; 
11 

0 n +I 
11 

o = (n+m )( n +ffi+ 1); 
n 

an + n- I Y n 
17

+n 
TJ • - ----------- ' a 

0 0 
n 17+n-I n 11 +n 

n 

Yn11anTJ-l 

f3 
n +n 2 3 4 ... 11 • n = , , b - ~----, 

n 'ij n +n 
11 

y a 

- bo = f3 n 

TJ f3 n -I 
11 

~!l~I_n_ T/2 

f3 n -2 
71 

... f3I -yia/f3o· 

IlpH Z I =Z 
2

, HCllOllb3YB COOTHOWeHHB /12/, MeTO)J;OM, 

pa3BHTbiM B pa6oTaX 'IS/, nonyqaeM BMeCTO _;:J;p06H U2 CO

OTBeTCTBYIOIUYIO 6eCKOHe'!_HYIO u;enHyiO J];p06bU2 .CXO;:J;HMOCTb 

u;eilHbiX J];po6eH U I , U 
2

, ll 2 , a TaK)I(e CXO)J;HMOCTb COOT BeT

CTBYIOIUHX pa3llO)I(eHHH /6/, /7-8/, /9/ )J;OKa3aHa B pa6o

Tax 'l.2I ,/. 

IlpH npaKTH'ieCKOM Bbl'iHCneHHH U I /a TaK)I(e U 2 HllH 

u2 I c 3a;:J;aHHOH TO'iHOCTblO ( npu mo6biX He06XO)J;HMbiX 

,, , p , R , N , L , m nonb3yeMCJI TeM, 'iTO n -ag annpoK

cnMaUHB u;enHOH J];p06H Ul, onpe;:J;enBeMaJI KaK 

a an () ai 2 __ 

U In = b 0 + ~+ b2-+ ... b n /19/ 

paBHa :w 

(n) An 

u = 8 
I n 

9 



r.n.e A,;- n-biH 'IHCnHTenb u.enuoii .n.po6u UI ; B ;-n-biH 3ua
MeHaTenb u.enuoii .n.po6H UI ; An' Bn y.n.oaneTBOp.RIOT COOT
HOllleHH.RM: 

A -I =1; Ao =bo; A k -=bk\-I +akA k-2; 

B_I = 0; B 0 = 1; B k = bk Bk-I + akBk_2 ; k =1,2, ... n. 

1201 
KaK H3BecTuol 20l.aenuquua cxo.n.H~eiic.R u.enuoii .n.po6u 

paaua npe.n.eny: 

An 
lim ---

n -.- B n 
1211 

IIporpaMMa nocne.n.oBaTenbHO Bbi'IHCn.ReT ace An, B n , 
uaquua.R c n = 1, .n.o Tex nop, noKa ue .n.ocTHrHeT TaKoro ni , 
'ITO fiY.IJ.YT BbiiiOilH.RTbC.R ycnOBH.R: 

I B I> 10-30 
n I-1 IB"I 1>10-30 

A"l- Aui-I_I :5 (I I-s B 
0 

-I 
"I I 

An 
1--I I· 

B "I 1221 

ITo .n.ocTH)f(eHHH 3TH X ycnoauii Bbi'IHcneuue A , B npe-
n n 

Kpa~aeTc.R, H Mbi nonyqaeM BeilH'IHHy u.enuoii .n.po6u 
An 

U I - - B I "'B 'uau.n.euuyro c 3a.n.auuou TO'IHOCTbiO f I . nporpaMMe 
"I 

acer.n.a nonaraeTc.R ~<f: r.n.e -; - TO'IHOCTb Bbi'IHcneuu.R A ,p. 
)J.n.R nro6biX R , Z I , Z 2 , N , L , m nporpaMMa onpe

.l!en.ReT aenuquuy I I lu auanorH'IHble eii aenH'IHHbl I 2 unu 
I 2 I, paauyro MaKCHManbHOMY 'IHcny H3 acex n.J- In 2 unu 
ii 2 I, ueo6XO,lJ.HMbiX .n.n.R Bbi'IHCneHH.R u I I u2 HnH u 2 I c 3a

,lJ.aHHOH TO'IHOCTbiO f I IIpH BCeX HCIIOilb3yeMbiX n:e_u 3TOM 
A ,p. KaK noKa3biBaeT auanH3 pe3ynbTaTOB, I I , I 2(1 2 ) npu 

10 

.. 

.n.aHHbiX; , z I , z2' N ' L , m ,LJ;OBOilbHO 3Ha'IHTenbHO H3-
MeH.RIOTC.R c H3MeueuueM R:.. I 1 npu yaenuqeuuu R, KaK 
npaauno, yMeHblllaeTcH, a I :fl ) yaenH'IHBaeTcH. HanpuMep, 
rrpH ZI=36, Z2=41 .n.nH 1soc5cTOHHHH npu ( =w-12 II =85, 

I 2= 14 npu R =0,02. Ilpu yaenuqeuuu R .n.o R = 1,8 aenuquua 
I I yMeHblllaeTc.R .n.o 11, a I2 yaenH'IHBaeTcH .n.o ?_9. )J.n.R 
ZI=Z =1 IIP.i!.R,.,l. H -;=10-I 2 .n.n.R 1so COCTOHHHH f2=5, 
a IIpH~=15 , J 2,.,37.,lJ.nH Ziz4l.Z 2,.,tf9l2po- COCTOHHHe, 
(,., 10 -I 2 I npu R ,.,0,03, I I"' 123 , I 2 = 18. Ilpu yaenH'IeHHH 
R .n.o R =2, O_I 1yMeHblllaeTc.R .n.o ? , 1 ~ yaenuquaaeTCH .n.o 76. 
0Tcro.n.a au.n.uo, 'ITO ecnl!_ npu Bbi'IHcneuuu UI I U 2unu 0 2 I 
nonO)f(HTb II I I 2 unu I 2 I paaHbiM_ ueKoTopoMy MaKcH
ManbHOMY 'IHCny I I max I I 2 max HnH I 2 max I, IIOCTOHHHOMY 
.n.nH acex R, N, L, m , Z 1 ,Z 2 , TO nony'IHTCH 3Ha4HTenbHbiH 
nepepacxo.n. MaliiHHHoro apeMeHH. 

au au au au 
IIpoH3BO.LJ;Hbie --1 , __ I_, --2, --~lu ecnu ueo6xo.n.u-

aA a p a A ap 
au I au2 

MO Th-, aR I onpe.n.enHIOTCH c noMOlllbiO uenocpe.n.cTBeH-
HOrO .n.u<b<bepeHU.HPOBaHHH COOTHOllleHHH 1201 H 121/. 

)J.nH onpe.n.eneHHH aenH'IHH A=A NLm (R) H P=PNLm(R) H3 
ypaBHeHHH /16/ H /1,8/ MHHHMH3HpyeM <i>YHKU.HOHan: 

F ( p ' A ) = max cr u I I , I u 2 I ) /231 

119/ 
MeTo.n.oM nuueapu3au.uu . Heo6xo.n.HMbie npu 3TOM ua4anb-
Hbie 3Ha'leHH.R "o =A~,L,m (R) •Po zp:Lm(R) .n.n.R nepaoro 
3Ha'leHH.R R,.,R 1 rronaraeM paBHbiMH acuMnToTH'IeCKHM Bbipa-
)f(eHH.RM .n.n.11 A3 u p npu R _.o /8/ : 

c CHMII aCHMfl 

R p =.,..,-y'-2E , 
aCHMII. L. aCHMII . 

2 
(ZI +Z 2) 

E =------
2 2 

2R .zi.z 2(Z I +Z2) 3m2 
(1- --) 

acuMn. 2N2 N 3( 2 L-1)(2L+1}(2L+3) L(L+l) 

11 



1 m2 
..\ = - L(L + 1)- - p2 (1 + ----)-

acHMn. 2 acHMn. L ( L + 1) 

2 3 2 1 2 (Z 2-ZI) m 
- . R ------- • (1- ----- ). 
8 N 2 L(L +1) 

/24/ 

EcTeCTBeHHo, 'ITO R I .IJ.OJDKHO 6hiTh Bhi6paHo TaKHM o6pa· 

30M, 'IT06hl 3TH acHMITTOTHKH Y.IJ.OBneTBOpHnHCh. B npo

rpaMMe Tpe6yeTCH, 'IT06hi 

z I"z2 R-· 1--<05. 
I v N - ' 

/25/ 

N,L,m N,L,m 
,!J.nH R=R

2 
Ha'lanhHhie JHa'leHHH P

0
=P

0 
(R2),A0 =..\ 0 (~) 

OITpe,IJ,eJIHeM y)l(e ITOCJie HaXO)I(,IJ,eHHH C He06XO,Il,HMOH TO 'I

HOCThlO 3Ha'leHHH p N ,L,m (R I), ,\ N ,L, m (RI ). 11CITOJih3YH HX, 

a TaK)I(e npOH3BO,Il,Hhie 

ap 
1 

_ apac11Mn 
1 -- -----

aR RI aR R 1 
H 

a..\ I a..\ aCHMri I 
JR HI= aR ---- HI' 

/26/ 

nonyqaeM 

N,L,m (R) = N,L,m (R ) ap_J • (R -R ) 
p o 2 p I + a R HI 2 I 

,\N,L,m(R )=o..\N,L,m(R )+ }..\ l • (R2-RI ). /27/ 
o 2 I JR H1 

llpH Be ex nocne.IJ.YIOIII.HX R= Ri , i =3, 4, 5 ... 3Ha4eHHH 

pN,L,m(R.), AN
0

,L,m (R.) Ja).l,aeM B BH,l.l,e: 
0 I I 

PN,L,m (R.) ~pN,L,m(R. I)-t ~~ .(R.-R. I)+ 
o I 1- aR R. I 1-

1-I 

12 

;. 

r,IJ,e 

a ap 2 
(-L I ---I )(R .-R. I) 

t_L 
2 

aR R i-I aR Ri-2 I 1-

(Ri-I -Ri-2 ) 

N,L,m N,L,m 8..\ 
,\0 (R.)= ,\ (R. I)+ -IR .(R. -R. I )t 

1 1- aR . 1 ~-
1· 1 

a..\ I 
<alf ni-l 

i0_1 
- aR Ri-2 

){Ri-Ri-I )2 

1 
t-

2 

.£_e__l 
aR Hi-1 

a..\_1 
"'JR Hi-I 

( R i-l - R i-2 ) 

p(R i-I )-p(R i-2) 

R. -R .. 
1-I 1-2 

..\(R i-I )-..\(R i-2 ) · i =3 4,5 ... 
-~------, ' 

R. 1-R i-2 1-

/28/ 

Bhi6op KBa,IJ,pa TH'IHOH HHTepnonHIIHH /28/ .IJ.JIH Po (R i ), 

..\o(R i) ll03BOJIHeT /B OTJIH'IHe OT JIHHeHHOH/ TO'IHee Ja,IJ,aTh 

Ha'laJibHhie 3Ha'leHHH ,IJ,JIH HCKOMhiX BeJIH'IHH p,..\, 'ITO B KO

He4HOM HTOre ITpHBO,Il,HT K yMeHhllleHHIO 'IHCJia HTepaiiHH 

H COKpall(eHHIO BpeMeHH C'leTa. 

llpHpameHHH f\.p H ;\,..\ .IJ.JIH Ka)I(.LJ.OH j - oii HTepaii.HH 

HaXO).l,HTCH ITO !}JopMYJiaM: J 

f\.p_ 
J 

au2 au I 
(U --- U --) 

I a..\ 2 JA 

<au1 au 2 _ au 2 auL ) 
ap a..\ ap a..\ 

p=p. I,..\=..\ ]- j-1 

13 



au 2 au I 
(U --U 2 --) 

• ap ap 
;\ ,\ . 

J 

( au2 a ui au2 au I) --·---- --
ap a>. a>. ap 

p=p )..=;\ . I' - . I J- ]-

/29/ 

AnH nepaoi HTepaQHH awpa*eHHH /23/ Bhl'IHCnHIDTCH 
B TO'IKe Po= p ~,L,m (Ri ), A

0 
,.,)..~,L,m (Ri), a .nnH nocne.nyw-

mei (j+1)-oi - a TO'IKe P.=P. +~P.; A.=A. +~A.; 
. -1 2 3 J j-I J J ]-I J J- , , ... 

Ecnu *e .IJ;llH HeKOTOpoi (k+l) -oi HTepaQHH (k=0,1,2 ... ) 
,\ k, Pk oKa3hiBaiOTCH TaKHMH, 'ITO cPYHKQHoHan F(pk ,Ak) He 
MeHLIIIe, 'leM F(pk-I ,A k-I ), To .nnH :noi HTepaQuuAk ,pk no
naraiOTCH paBHhiMH 

A. =A +a·~A 
k k-I k pk =Pk-I + a·~Pk /30/ 

r.ne a nocne.noaaTenLHO no.n6upaeTcH paBHhiM KaKoi-nu6o 
H3 aenH'IHH (1, f3 ,{32 , ... f3'\am·d• noKa cPYHKQHOHan F(pk ,Ak) He 
6y.neT MeHbiiie F(pk-I , A k-I~" 3Ha'JeHHH f3 H a min 3a.IJ;aiDTCH 
npu o6pameHHH K nporpaMMe. 

0<{3:;. 1; O<a~ fJ 
Aanee npoQecc HTepupoaaHHH npo.non*aeTcH .no Tex 

nop, noKa He 6y.neT y.noaneTaopHThCH ycnoaue: 

IUIOI __ ' 
max( -au- aui I 

i>..a>..II+IPap-

IU21 ---- )< ;-' 
au2 au 2 -

!A.--I+ I P --1 a>. ap 

/31/ 

r.IJ;e f - Tpe6yeMaH TO'IHOCTh Bhl'IHClleHHi, KOTOpaH 3a,IJ;a
eTCH BO BXO.IJ;HhlX ,IJ;aHHhlX. 

KaK noKa3waaeT onwT pa6oTw c onucwaaeMoi 3.IJ;eCh 
nporpaMMOi, npoQeCC MHHHMH3aQHH C HCnOllh3yeMhlM Bhl-
6opOM Ao ' p 0 ' UI ' u 2 ' u 2 CXO.IJ;HTCH B 6onhiiiHHCTBe cny
qaea .na*e npu .nocTaTO'IHO 6onLIIIOM 111are Bhl'IHcneHHH no, R. 

14 

t 

' 

;\ 
'J 

HanpuMep, .nnH 1sa H 2pa cocTOHHHi npu ZI=36, Z 2:41 Mo*
HO B3HTh R"'0,01(0,01) 0,1(0,1)1,5(0,5)2, HJIH .na*eR=0,01(0,01) 
0,1(1 ,0) 3, a npH ZI =Z 2 =1 /.IJ;JIH 1sa, 2pa H npo'IHX 

COCTOHHHi/ R=0,5(0,5)30, H noJiy'IHTh pe3yJILTaThl C Tpe-
6yeMoi TO'IHOCThiO, HanpHMep, C ( = 10-I2. 

O.nHaKo 3a.IJ;aHue CJIHIIIKOM 6onLIIIoi aenH'IHHhi ~R 0 ao 
BXO.IJ;HhiX ,IJ;aHHhiX MO*eT npHBeCTH K TOMY, 'ITO npoQeCC 
MHHHMH3aQHH npH 3TOM ~RO H npH Tpe6yeMOi TO'IHOCTH 
"'; MO*eT He coiTHCh. B TaKoM cnyqae nporpaMMa aaTo
MaTH'IeCKH yMeHLIIIaeT IIIar ~ R u no.n6upaeT ero TaKHM 
06pa30M, 'IT06hi 6biJia .IJ;OCTHrHyTa CXO.IJ;HMOCTh H 'IT06hi 
3a,IJ;aHHaH TO'IHOCTh Bhl'IHCJieHHi BhlnOllHHJiaCh. L\R npH 3TOM 
nonaraeTCH paBHhiM ~R=11·~R 0 , r.ne 

"=1,v,v2, ... ,v",,. ; 0<v<1; 0<, mi· <v. r rmin - r n -

MHO*HTeJih v, pe*ymui IIIar ' a TaK*e BeJIH'IHHa 11 min 
3a,IJ;aiOTCH BO BXO.IJ;HhiX ,IJ;aHHhiX. Pe3yJihTaThl Bhl'IHCJieHHi npH 
TaKHX .npo6neHHHX R MO*HO no *enaHHIO ne'laTaTh. AnH 
KOHTpOnH Bhl'IHCJieHHi BMeCTe C pe3yJihTaTaMH nporpaMMa 
ne'laTaeT TaK*e acHMnTOTH'IeCKHe 3Ha'leHHH AaeHMn" EaeHMn 

zz 
npu R -+0 H R-+- . llpH R .1 l 2 <13TH 3Ha'leHHH Bhi'IHCJIHIOT-v N -

CH no cllopMynaM /24/, a npu acex ocTaJILHhiX R - no cllop
MymiM /119/ H /128/ .IJ;JIH aCHMnTOTH'IeCKHX 3Ha'leHHi A,E 
npu R-+ !. , npuae.neHHhlM B pa6oTe 17 I annoTL .no qneHOB 
nopH.IJ;Ka 1/R 6 . Bau.ny rpoM03.IJ;KOCTH 3TH cllopMynw 3.IJ;ecL 

He npHBO.IJ;HTCH. a>. a a E 
EcnH Tpe6yeTcH 3HaHue npou3BO.IJ;HhlX -- , _P_, --

aR aR aR 

TO nporpaMMa onpe,D;eJIHeT 3TH BeJIH'IHHhl_ C nOMOIQhiO .IJ;HcP
cPepeHQHpOBaHHH QenHhlX ,IJ;po6ei UI, U 2,(U 2)PaccMaTpHBaH 
A.,p, KaK HeHBHhle cPYHKUHH R, nonyqaeM 

(a u 2 au I au I au2 ) ------
~= aR ap aR ap 
aR 

( au2 aui aui au 2) ------a>. ap a>. ap 
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ap 
aR:= 

au1 au2 au2 au 1 (-- ----- --) 
aR all. aR all. 

------------------ ' 
au 2 au 1 au 1 a u 2 

( -- -- - -- --) 
a11. ap a11. ap 

a~ = ~~- ( ~ • ~£ - 1 ) ; 
aR R p aR 

/32/ 

aut au t au2 au 2 au 2 au2 floCKOJibKY npOH3BO.LJ.Hbie --,--,--, --(--- ___ ) 
a11. ao a11. ap a11. 'ap 

Bbi'IHCJIHIOTCH B npouecce MHHHMH3aUHH /23/, TO .LJ.JIH 

all. ap 
onpe.LJ.eJieHHH --, -- He06XO.LJ.HMO JIHWb Bbi'IHCJIHTb aR aR _ 
au1 au2 av2 ---,--. JaMeTHM, 'ITO - = 0. 
JR aR JR 

flocne onpe.LJ.eJieHHH co6cTBeHHbiX 3HaYeHHH A , p npo

rpaMMa Bbi'IHCJIHeT KO 3$$HUHeHTbl A e no peKyppeHTHbiM 

$opMynaM I 10/, a 3aTeM Bbi'IHCJIHeT <PYHKUHIO F(t) no 

$opMyne /6/. CyMMHpoBaHHe pH.LJ.a /6/ npoH3BO.Il.HTCH .LJ.O 

TeX nop, noKa He 6y.LJ.eT BblllOJIHHTbCH YCJIOBHe: 

~-1 n n ~-1 e I A n< ---- ) I s < 1: I L A e ( --) I, 
~+1 " e =o ~+ 1 

/33/ 

r .LJ.e l ~ - Tpe6yeMaH TOYHOCTb Bbi'IHCJieHHH $yHKUHH f( f). 
,[l,JIH onpe.LJ.eJieHHH $yHKUHH <J>(ry) HCIIOJib3YIOTCH paJJIO)Ke
HHH 9,I4, I5, 

IIpH O::;rl ::;.1 

LI _ n 
-p(l-ry) ~ c- r 

<J>(ry)=c _;.. Ae0-r1) 
e ~ o 

L 
-r(I+ryl 2- e 

<1> ( TJ ) =C. e L Ae (1 + 17 ) 
f=o 

/34/ 

IIPH -1_::: TJ :5 0. 
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Ko3$$HUHeHTbl A e Y.Il.OBJieTBOPHIOT COOTHOWeHHHM: 

A. e+ I a e +Ar-t re + A. e ~ e = o; A-t = o ; A o = 1 . 

a r = 2 U + 1 X e + m+ 1) ; y e =- b + 2 p ( e + m) ; I 3 s 1 

fJ =-(11.-b+ f( e +1)-(2£ +ffi+1)(2p+m)). 
e 

- '!:I 

Ko3$$HUHeHTbl Ap paBHbi: Ae =A r(-b). 
KOHCTaHTa C onpe.LJ.eJIHeTCH H3 COOTHOWeHHH: 

L-m 
c = (-1) 

LI "" 
L A o 

f= 0 L 

L2 -
L Ae 

e =o 

Y.ucna LI, L 2 onpe.LJ.eJIHIOTCH ycnoBHHMH: 

. Lt L 

/36/ 

- - - 2 
I A L l I ::: f n I L A o I ; I A L I~ f I L A o.l ; L , L > 20 

., f = 0 r. 2 TJ ~O r I 2 - ' 

/37/ 
r.LJ.e E TJ - Tpe6yeMaH TO'IHOCTb Bbi'IHCJieHHH $yHKUHH <l>(ry) . 
BbiYHcneHHbie TaKHM o6pa3oM <PYHKUHH ¢i =N 1 F(~) ·<l>(ry) 
Y.Il.OBJieTBOpHIOT ycnoBHIO HOPMHPOBKH: 

3 ~ I 2 2 
~I!_.N_ ·N. I d~ I dry(~ -TJ )¢.¢. ~'o .. 

4 I .I I -I I ] I] 

/38/ 

HopMHPYIOIUHe MHO)KHTenu N i paBHbi 

N 
R3 ~- +l 

=1/yE- I d~ I dry(~2-ry2)¢_2 
4 I -l I 

/39/ 
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3. 3AKJI/O lJEHHE 

2 - 2p2 ziz2 
noJiy4eHHbie 3Ha4eHHH A =A- p, E ~- -- + --- npH 

R2 R 

Z I =Z 2 = 1 COBlla,D.aiOT C COOTB,eTCTBYJO~HMH 3Ha4eHHHMH, 

ony6JIHKOBaHHblMH B pa6oTaX I IB; C 3a,D.aHHOH TaM T04HOCTblO. 

fipH ZI = 1 , Z2 =2 A ,E .D.JIH 2 pa , 2s a COCTOHHHH COBlla

,D.aiOT C aHaJIOrH4HbiMH 3Ha4eHHHMH, llOJiy4eHHbiMH ,D.JIH 3THX 

ciiy4aeB B pa6oTe /IS/ 

C llOMO~biO ,D.aHHOH nporpaMMbl Bbi4HCJieHbl C06CTBeH

Hbie 3Ha4eHHH HH)I(HHX 20 YPOBHeH .D.JIH ZI =36 , z2 =41 
ZI=28, Z2 =41; Z I=41. Z 2=49;ZI=35.Z 2=40; Z I=Z 2=28,41. .. 
npH R =0,0001-'- 75. 

Bbi4HCJieHbl TaK)I(e COOTBeTCTBYIO~He C06CTBeHHbie 

¢YHKUHH F(t), ct>(ry) .D.IIH 3THx Z 
1
,Z 

2 
npH HeKoTopbiX qacTHhiX 

3Hal.feHHHX R. ~JIH HJIJIIOCTpaUHH qacTb pe3yJihTaToB .D.IIH 

ZI =28,36, Z 2=41 llpHBO.D.HTCH B HaCTOH~eH pafioTe B BH,D.e 

rpaqJHKOB. 

BpeMH c4eTa c noMomhiO npe,D.cTaBJieHHOH 3.D.ecb npo

rpaMMhi 3aBHCHT OT 3a,D.aBaeMOH TO'IHOCTH Bbi'IHCJieHHH 

( H oT mara i\R0 . HanpHMe p, Ha MaUIHHe CDC- 6500 npH 

ZI =41, Z 2 =49 nporpaMMa Bhi'IHCIIHeT 30 TepMOB R=D,Ol 
- 10-I 2 6 (0,01) 0,1 (0,05) ],5(0,1) 2 C TO'IHOCTbiO <= 3a 39 C. 

llpH Z b=Zz=1 , f= 10·I2 
nporpaMMa Bbi'IHCJIHeT 18 TepMOB 

R =0,5 ( ,5 ):H , 3a 192 c. BpeMH Cl.feTa O.D.Horo TepMa 

R=0,025(0,025)21, llpH Z =1 ,z =2 H t= 10·7 COCTaBJIHeT 

84 c. I 2 

Bbipa)l(aiO riiy6oi<yro npH3HaTeiihHOCTh JI.A.CMopo.IJ.HH

CKOMY 3a CTHMyJIHpyromHe 06Cy)I()J.eHHH H llOMOmb npH H3y

qeHHH 3a,D.a4H .D.BYX ueHTpOB. 

liJiaro.IJ.apiO JI.H.lloHoMapeaa H T .TI.lly3hiHHHY 3a npe,D.o

cTaBJieHHYIO B03MO)I(HOCTb pa6oTaTh C nporpaMMOH 'TERMN" 
H 3a llOJie3Hbie 3aMe4aHHH; n.rHnnHepa, K.- r .KayHa, TI.MaH

¢paca, li.~paHKa - 3a COTPY.D.HHl.fecTBO H o6cy)I(.LJ.eHHe pe-

3YIIbTaToB; Y.lipyxepT3aH:¢ep - 3a nocTpoeHHe rpa¢H

KOB. 
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'0 
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Puc. 1. 3a8ucuMocmb E om R c),;u z =36, z ::41. E OaHo 
8 K3B, R OQHO 8 f/)M. I 2 
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Puc. 2. 3a8UCUMOCmb A om R 0/1}1 z,=36,Zz:41. R OQHO 
8 tl>M. 
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06 

J 0 ..... ... 
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Puc. 3. clJyHKIJUJl F(f) npu R ,~22450cJJM,R =37450clJM, 
R ~52450cJJM ; 4£ 77 - cocmoJlHue; Z ,.36, Z = 41. 

' I . 2 
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02 

Puc. 4. fPyHKfiUJi <I>( TJ) npu R ,.,22450 tiJM, , R =374504J.M 
R"" 52450 f/J.M, 4 f" - cocmoJ~Hue; Z =36, Z = 41 . 

I 2 
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Puc.5. tiJyHKfiUJi F(t) npu R. =2200 tiJ.M; R = 5950 tiJ.M; R 
= 9700 fPM,4prr-cocmoJiHUe; Z

1
=28,Z

2 
=41. 
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Puc. 6. fl>yHKijUJI ~(11) npu R = 22004>M, R = 5950 tl>M, 
R = 9700 fl>M 4p7T - COCIIOJIHUe; Z 1 =28, Z2 =41. 
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