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,llttKycap H.,ll., TopoK 11. PI0-99-223 
06 OJIHOM noaxoae K Cfna)KHBaHHIO IlOBepXH0CTett 

TiocTpoeHa 6ttKy6tttJeCKruI Moaenb M.ll JIOKaJihHOfO Cfna)KHBaHH.ll cpyttKUHH 
c npHB.llJKOH K onopHhIM (penepHhIM) TOtJKaM ttccneayeMott noBepxHoCTH. TaKott 
noaxoa Il03BOJI.lleT 6onee tJeM B aBa pa3a COKpaTHTh pa3MepHOCTh MaTpHUhl CHCTe
Mhl HOpMaJihHhIX ypaBHeHHH, 'ITO cymecTBeHHO IlOBhill!aeT CKOpOCTh Ii YCTOHlJH
BOCTh BhllJHCJieHHH. TiocTpOeHHhie Ha OCHOBe npeaJIO)KeHHOH MOJleJIH anropHTMhl 
MOryr 6h!Th HCilOJih30BaHhl KaK B npHJIO)KeHH.llX, TaK Ii nptt pa3pa60TKe mo6aJih
HhlX MeTOJIOB cma)KHBaHH.ll Ii annpOKCHMaUHH IlOBepXHOCTeH. 

Pa6orn BhIIlOJIHeHa B Jia6opaTOpHH BhllJHCJIHTeJihHOH TeXHHKH tt aBTOMaTHJa
UHH 0IDll1. 

Coo6me1me 06be)1HHeHHOro IIHCTHTyra llllepHblX 11ccne)10BaHHH . .!ly6Ha, 1999 

TiepeBOJI aBTOpOB 

Dikoussar N.D., Torok Cs. . PI0-99-223 
On the One Approach to Surface Smoothing 

A bicubic model for the local smoothing of functions related to pivot points 
(marks) of a searching surface is constructed. Such approach allows reducing 
the dimension of a matrix of normal equations more than twice. The model 
enables to raise essentially the speed and stability of calculations. The algorithms 
constructed using the offered model can be used both in applications and develop
ment of global methods of smoothing and approximation of surfaces. 

The investigation has been performed at the Laboratory of Computing Tech
niques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna, 1999 



BBCJ.J.CHIIC 
B pa6oTe ITpe,nrraraeTC.H HOBhlH ITO,nxo.n K 3a_naqe ITOJIHHOMHaJihHOro CrJia)KHBaHirn 

ITOBepXHOCTeii OT ,nByx ITepeMeHHhIX 6ttKy6nqecKOH MO,neJihIO C HCITOJih3OBaHHeM 

OITOpHhIX (peITepHhIX) TQqeK ITOBepXHOCTH. PaccMaTPHBaeTC.H Mo,nerrh ,nJI.H 

perpeccnottttoii 3a,naqn o B&1qncrreHHH B 3a,naHHoii To11Ke (x., y.) oueHKH P. 
HeKoTopoii cpyHKUHH F(x,y) ITO ee H3MepeHHhIM 3Ha11eHII.HM { Fk }. ArrropHTMhI, 

HCITOJih3YIOIUHe peITepHhie TO'IKH rrpH aITITpOKCHMaUHH H crna)KHBaHHH O,nHOMepHhIX 

q>YHKUHH, paccMaTpHBaJIHCh B pa6onix [3 - 7]. 
KaK H3BeCTHO, crna)KHBattne cpyHKUitil: ,nByx H 6orree nepeMeHHhIX 

xapaKTepH3yeTC.H ITOBhIIlleHHOH TPY.nOeMKOCThlO H CJIO)KHOCThIO,. B TOM <IHCJie H3-3a 

yBerrnqeHH.H pa3MepHOCTH MaTpHUhl CIICTeMhl HOpMaJihHhIX ypaBHeHHH. 3TO 

Harn.s,ntto ,neMOHCTPHpyeTC.H y)Ke npn HHTepnorrnpoBaHHH q>YHKUHii ,nByx 

nepeMeHHhIX, KOTOpoe . CTaHOBHTC.H 6orree rpoMO3,nKHM ITO cpaBHeHHIO C 

HHTepnorrnpoBaHHeM q>YHKUHII o,nHOH nepeMeHHOH. 

Tipn HCITOJih3OBaHHH IlOJIIIHOMHaJihHOH MO,nerrn qncrro K03!pq>HUHeHTOB, 

rro.nrre)Kamnx oITpe,nerreHHIO, 3aMeTHo pacTeT c yBerrnqettneM nop.s,nKa 

rrpH6JIH)KeHH.H. 113BeCTHhI TaK)Ke TPY.nHOCTII, CB.H3aHHhie C nrroxoil: 

o6ycrroBJieHHOCThlO ITOJIHHOMHaJihHhIX MO,nerreii perpecCHH .nrr.s IlOJIHHOMOB CTeneHII 

IlleCTh H Bhlllle, oco6eHHO npII paBHOMepHOM 3MaHHII Y3JIOB, Kor,na perpeCCHOHHa.H 

MaTpnua COOTBeTCTBy10meii MO,neJIH CTaHOBHTC.H nrroxo o6ycrroBJieHHOH [1, 2]. )];rr.s 

JIOKaJihHOro CrJia)KHBaHH.H ITOBepXHOCTH Mhl rrpe,nrraraeM HCilOJih3OBaTh Ky6nqecKyIO 

ITO Ka)K,nOH ITepeMeHHOH Mo,nerr&, B KOTOpoii o,nHa 11acTh rrapaMeTPOB (6IIKBa,npaTHa.H) 

BhI6npaeTC.H Ha ITOBepXHOCTH B BII,ne penepHhIX ToqeK, a .npyra.s 11aCTh 

(6nKy6nqecKa.s) BKJIIO'laeT CB06o,nHhie rrapaMeTphI. TaKa.H KOHCTPYKUH.H Mo,nerrn .naeT 

BO3MO)KHOCTh 6orree qeM B ,nBa pa3a IlOHH3HTh pa3MepHOCTh MaTPHUhl CHCTeMhI 

HOpMarrhHhIX ypaBHeHHH. 

Ea3HCHhie cpyHKUIIH npe,nrraraeMOH 6nKy6nqeCKOil: MO,nerrn 3aBHC.HT OT KOop,nHHaT 

Y3JIOB 9-TO'leqHOH rrp.sMoyrorrhHOH peITepHOH ceTKH II Bhlpa)KaIOTC.H 11epe3 

o,nHoMepH&Ie BeCOB&Ie cpyHKUHH 3~To11eqttoro Ky6n11ecKoro cnrrail:Ha, 

npe,nJIO)KeHHOro B pa6oTe [3]. B 3TOM CJIY'Jae Mhl IlOJIY'JaeM HeITOJIHyIO 

6nKy6n11ecKyIO ITOJIHHOMHaJihHyIO MO,nerrh (HEM), B KOTOpoii K03!p!pIIUIIeHT ITPII 

x
3 y3 paBeH ttyrr10. PerrepHa.s npHB.H3Ka HEM K noBepxHOCTH IIO3BOJI.HeT ocrra6HTh 

Bhl'lHCJIHTeJihHhie Tpy,nHOCTH, CB.H3aHHhie C ITJIOXOH o6ycJIOBJieHHOCThIO CIICTeMhl 
. . 

HOpMaJihHhIX ypaBHeHIIH ITpII yBeJIH'leHHH nop.s,nKa annpOKCHMIIpyIOmero IlOJIHHOMa 

[2], H noqTH B TPH pa3a IlOBhICHTh CKOpOCTh BhI'lHCJieHHil:. 3TH Ka11eCTBeHHhie 

xapaKTepIICTHKH .HBJI.HIOTC.H BeC&Ma aKTYaJihHhIMH ITpII HCilOJlh3OBaHIIII MO,nerrn .nrr.s 

pellleHH.H npaKTH'leCKHX 3a_naq, oco6eHHO B CHCTeMax, pa6oTaIOIUIIX B pearrhHOM 

BpeMeHH. 

Heo6xo,nnMOCTh B arrropHTMax arrrrpOKCHMaUHH n crJia)KHBaHII.H IlOBepXHOCTeil: 

BO3HHKaeT B p.s,ne Hay'lHhlX . H npHKJia,nHhlX .. 3a_naq npn 3aMeHe CJIO)KHOH 



cpyHKI.{HOHaJibHOH 3a!3HCHMOCTH 6orree rrpOCTOH (IIOJIHHOMHaJibHOH) )lJI}l 

crmu1mBaHHH 3KCrrepHMeHTaJibHhIX )laHHbIX, B qacTHOCTH, rrpH o6pa6oTKe 

H306pIDKeHHH, HCCJie)lOBaHHH IIOBepXHOCTeH OTKJIHKa [2), IIpH aHaJIH3e 

3aJ3HCHMOCTeH MarHHTHhIX CTPYKTyp H )lp. 

1. Ii11Ky611qecKHe MO,LJ.eJIH C penepHoii npHBH3KOM , 

1.1. HEM - MOOeJlb c i)eeRmblO O~OpHblMU mO'lKGMU 

PaCCMOTpHM npe)lCTaBJieHHe noBepXHOCTH,' B KOTOpOM npHMOyrorrhHM o6rraCTh 

'R·: a :<=; x :<=; b; c :<=; y :<=; d )leJIHTCH Ha rrpHMoyrorrhHHKH Ru : x,_1 :<=; x ~ x;, y 
1

_1 $ y :<=; y
1 

( i= 1), ... ,N; j = 1), ... ,M ). Ha Ka)K)lOM WKOM rrpHMoyrorrhHHKe orrpe)leJIJieTCH 

rroBepxHOCTh F(x,y), coBrra)la!OIUM B)lOJih Ka)l()lOH H3 ero 11eTbrpex CTopoH c O)lHOH 

H3 3a)laHHhIX KpHBhrx:J;(x), g/y)' orrpe)leJieHHhIX Ha OTpe3Kax, pa36HBa!OII.{HX R 

Ha Ril (rrpe)lcTaBJieHHe no KyHcy [I]). 

· PaJ)leJIHM Rlj Ha 'leThipe _ 'laCTH OTPe3KaMH B)lOJib KOOp)lHHaTHhIX oceq H_ IIOCTpOHM 

9-TO'le'IHYJO ceTKY (pHC. la), Ha KOTOpOH 6y)leM arrrrpqKCHMHpOBaTb 

IIOBepxHOCThF(x,y)' HCIIOJih3YH B Ka'leCTBe J; (x) H g/y) Ky6u'teCKUe <pyHKI.{Hll. 

'I10CTPOHM MO)leJih hOBepXHOCTH, JIOKaJihHO amrpOKCHMHPYJOIUY!O <pyHKI.{ll!O )lByx 

rrepeMeHHhIX F(x,y) Ha 9-TO'le'IHOH CeTKe /J.)J, = /J.A. X /J.A, IIpHMOyroJ1bHHKa 

R )J, : A,u ~ U $ Lu , Av $ V $ Lv , (I) 

r)le /J. A. : Au = X;,, - x0 < X 0 < XL. - X 0 = Lu /J. A, : Av = X ,,_ - X 0 < x0 < X !., - x0 = L, , 

a U = X - Xo,, V = y - Yo . ITycTb B y3rrax ceTKH /J. JJ, 3a)laHbl 3Ha'leHHH <pyHKI.{HH 

Fil = F(x;, y 1 ), i, j = 1,2,3. ,ll;rrH ynpomeHHH' <popMyrr rrepeHeceM Ha11arro 

KOOp)lHHaT B TO'IKY F(x0 ,y0 ): 

¢ = F(x-x0 ,y- y 0 )-F(x0 ,y0 ) = </J(u, v). 

Ha6op 3Ha'JeHHH <pyHKI.{Hll B y3JIOBhIX TO'IKax o6o3Ha'IHM qepe3 { ¢,j} (pHC. 16), 

rrapaMeTPbI CeTKH - 11epe3Auv :{Au;A.}, (Au =[Au,Lul, Av =[A,,L.]), a IIOJIHhIH 

Ha6op KOOp)lHHaT orropHbIX TO'leK - 11epe3 9t (penep ). 

V 
121 tJ---=i:-~-,,--ci22 3? 

u 

a) 6) 
PHc. I. Bhr6op y3rrOB II rrapaMeTPOB ceTKH /J.JJ_ (a) II cxeMa rroCTpoeHHH 

arrrrpoKCHMaHThl Ha IIOBepXHOCTH z = rp(u, v) (6) 

2 

Crre)lyH [3 ], Ha orropHbIX TO'IKaX { A, ,0, L, } (, = u , v) Ka)l()lOll JIHHHH ceTKH MO)l(HO 

rrocTpOHTh rroKarrhHhIH O)lHOMepHhIH 3-To'le'IHhIH Ky6H11ecKHH cnrraiiH (TPS) no 

rrepeMeHHOll 1' : 
3 

S;(,;A,) = L/;d;(,;A,)+ aQ(,;A,), (2) 
i=l 

r)le { J; } - 3Ha'leHirn <pyHKI.{HH B onopHhlX TO'IKax, a - CB060)lHblll rrapaM~, a 

d,(,;A,) H Q(,;A,) - 6aJHCHhie <pyHKUHH. C yqeTOM napaMeTPOB ceTKH /J.)J, 3TH 

<pyHKUHH rrpHHHMa!OT crre)lYJOII.{Hll BH)l: 

d1(,;A,) = -(J,H,r1,(, - L,), d2(,;l,,L,) = (L,H,r1
,(, -A,), 

d3(,;l,,L,) = (l,L,f1
(, -A,)(, - L,) H Q(,;1,,L,) = ,(, -1,)(, - L,)' (3) 

r)le H, = L, - A, (, = u , v ; i = 1, 2, 3 ). Ha pHc. I npHBe)leHbI ocHOBHhie napaMeTPhl 

orropHoro rrpHMoyrorrhHHKa (a), no KOTOpbIM onpe)lemnoTC}l <pyHKI.{Hll d;(,;A,) If 

Q(,;A,), a TaK)Ke penepHbie TO'IKH noBepXHOCTH {¢ii}, cooTBeTCTBYJOII.{He Y3JiaM 

l!,,JJ_ (pHC. 16). I1crrOJih3Y}l (2) II (3), 3arrmneM )lJIH Ka)K)lOll JIHHHH ceTKH l!,,)J, IIIeCTb 

Ky6H'leCKHX napa6orr, npOXO)l}lll{HX qepe3 TPOHKH TO'leK H3 Ha6opa {</Jij} , B BH)le 

3 

C/u;9t)= L¢A(u;AJ+au1Q(u;AJ, 
i=I 

3 

C;(v;9t)= L¢iidiv;A.)+av;Q(v;A.), (i,j=l,2,3). (4) 
J=I 

B 3THX ypaBHeHHHX BeJIH'IHHhl {¢ij} }IBJIHIOTC}l <pHKCHpOBaHHbIMH, a CB060)lHbie 

K034)4)lll{HeHTbI auJ H avi He H3BeCTHhl. <l>opMyJihl ( 4) MO)l(HO HCnOJib3OBaTb )lJI}l 

Bhl'IHCJieHHH ¢(u, v) B npOH3B0JlbHOH TO'IKe (u, v) H3 o6rraCTH R)J,. ,n;JI}l 3Toro 

BO3bMeM Ha Ka)l()lOH KpHBOH H3 (4) no , O)lHOH (11eTBepToH) TO'IKe 

</J14,<p34,</J24 ,<p4pip43,</J42, (pHC. 16) II, crre)lyH (2), 3aIIHIIIeM ypaBHeHH}l Ky6H11eCKHX 

rrapa6orr C
4

u H C4v, npOXO)l,8Il{llX qepe3 COOTBeTCTB}'IOII.{He TpH TO'IKH H TeKYIUYJO 

TO'IKY (u, v): 

r)le 

3 

c4u = LC;(v,9t)d;(u;Au) + au4Q(u;AJ = 
i=I 

3 3 

= L[L¢iid/v;A.)+a,;Q(v;A.)]d;(u;AJ+au4Q(u;AJ = 
i=I J=I 

3 3 3 

= LL¢!iwy(u, v;Au,)+ La,kmk(u, v;Au,)+au4Q(u;AJ= 
i=I J=I k=I 

4 

=Sg(u, v; 9t)+ Laukmk(u, v;Au,), 
k=I 

3 3 

S/u, v;9t) = LL¢;;w/u, v;Au,) 
i=I j=I 

3 



npencrnamieT 6HKBa.zi.paTH)'IO COCTaBJUIIOII()'IO c4u C 6a:mcHblMH <pyHKUH}!MH 

wy(u, v;A.,)=d;(u;A.)div;A,), (i,j = 1,2,3 ), 

a 6nKy6w1eCKa}l tJaCTb npencTaaneHa CBepTKoil: K03<p<pHUHeHTOB auk C 6a:mCHblMH 

<pyttKUH}!MH OJk(u, v;A.,). AHanOrnlJHOe Bblpa)Kettne MO)KHO nonytJHTb H ,llJl}l 

Kpnaoil: C4, no nepeMeHHoil: v. Torna. B KatJecrne npn6JIH)KeHH}l nn}l </J(u, v) B 

TOlJKe ( 44) B03bMeM cpen~ee 3THX <pyHKUHll. IIonyqHM 

4 

</144 = C(u, v; 9i) = [C4• + C4,]/2= Sq(u, v;9i)+L½(a.k + a,k )wk (u, v;A,,..), · 
. k=I. -

rne 6aJHCHbie <pyHKUHH wk(u, v;Au,) Bbrpa)KaIOTC}l qepeJ npon~aeneHH}l 

d;(u;A.)Q(v;A,), d;(v;A,)Q(~;Au) (i = 1,2,3_) H qiyHKUHH Q(u;A.), Q(v;A,). 

C yqeToM ycnoanil: HOpMHpoBKH <pyHKUHii d; n d
1 

( d3 ""'1 - d
1 

- d2 ), nocne 

pacKpbITH}l _CK06oK H npnaeneHH}l nono6HbIX Bbipa)KeHne ,llJl}l C(u, v; 9i) npHMeT BH,ll 

3 6 

C(u, v) = L¢iiwu(u, v;Au,) + L0mwm(u, v;Au,) =Sq(u, v; 9i)+Sc(u, v;Au,), (5) 
i,J=l. m=I 

rne 0m - npnaeneHHbie CB06onHbie K03<p-<pHUHeHTbI. <l>yHKUHH 
,; 

Sq(u, v;9i) H 

Sc(u, v;Au,) npencTaaJrnIOT COOTBeTCTBeHHO 6uKeaiJpam11y10 n 6uKy6u1JecKy10 

COCTaBJl}!IOII(He armpOKCHMaHTbI C( u, v; 9i). Jierno BH,lleTb, lJTO IIOBepxHOCTb ( 5) 

}!BJl}leTC}l JIOKanbHbIM 6nKy6ntJeCKHM cnnail:HOM Ha 8 M, ' Ta,K KaK B y3nax CeTKH 

}!BJI}leTC}l HenpepbIBHHOil: He TOJlbKO <pyttKUH}l, HO H ee npOH3B0,llHbie. 

PaccMOTPHM oco6eHHOCTH 6aJHCHbIX <pyHKUHii wiJ(u, v;AuJ n OJm(u, v;Au,). 

<l>yHKUHH wiJ(u, v;Au,) o6JIMaIOT cnenyiomHMH CBOllCTBaMH: 

., ., { 1, ec!lu i = i' u j = j', 
W l = J ,J, = 

lj ( ,J ) II j} 0 • •I • •1 , eCJIU l 7' l U j 7' j , 
3 3 

LLwiJ(u, v;A.,) = 1. 
i=I J=I 

3 

_neil:crnnTenbHO, TaK KaK Ld;(-r;A,) = 1 (, =u, v ), To 
t=I 

3 3 3 3 3 

LLwiJ(u, v;A.,) = Ld;(Ld) = lLd; = 1-1 = 1. 
i=I J=I i=I J=I i=I 

(6) 

(7) 

B curry ( 6) ,llJI}l ( i'' j' ) O,llHOll H3 neB}!TH TOlJeK ceTKH 8 AL cnpaaennHBO paBeHCTBO 

Sq(i' ,j') = LwiJ(i' ,j')</Jii = LJii'J1r<Pu = ¢,.J', 
,., i,j 

TO eCTb Sq(u, v; 9i) COBila,llaeT C </J(u, v) B Ka)Knoil: onopHoii TOlJKe. 

KaK OTMetJanOCb BbIIIIe, 6aJHCHbie <pyHKUHH OJm(u, v;A.,) onpeneJI}!IOTC}l qepe3 

d;(u;A.)Q(v;A,), div;A,)Q(u;A.) (i,j = 1,2), <pyHKUHH Q(u;A.), Q(v;Av) H 

4 

06pama10TC}l B ttynb B yJnax ceTKH l'l;1_, T.e. 01,,,(u,,v)=O (m=l,2, ... ,6; 

i, j = 1.2,3 ). IIpnMepbl rpa<pHKOB .QBYX 6aJHCHblX <pyHKUHH npnaeneHbl Ha pnc. 2. 

TaK KaK a 6aJnce C(u, v; '.H) oTcyTcrnyeT tJJieH c npomaenettneM u3v 3
, TO (5) 

npencrnBJI}leT 11eno.111y1O 6w,y6111Jechy10 .,wiJe.ib (HEM) noaepxHOCTH, T.e. otta 

COOTBeTCTByeT KJiaCCHlJeCKOH MonenH IIOJIHHOMa nayx nepeMeHHbIX c 15 

K03<p<pHUHeHTaMH H 6aJHCOM 

{ l,x,y,x2 ,-xy,y2 ,xy2 ,x2 y,x3 ,y3,xy3 ,x2 y2 ,xJy,x2 y3,x3y2 }. (8) 

Oco6eHHOCTb - KOHCTPYKUHH HEM . COCTOHT a TOM, lJT~ . ee 9 napaMerpoB 

(K03<p<pHUHeHTbI npH w,,)) coBnMaIOt co JHatJeHH}!MH {¢,,} nc.cnenyeMoii 

IIOBepXHOCTH, a OCTanbHbie napaMeTpbl ( 0,,,) }!BJl}!IOTC}l ceo6oiJJtbl.1!U· 

zo 5 

0 

1 1 

0.2 

zO 

-0.2 

,., -1 
0 

V -·- 1 1 U 

Pnc.2. EaJHCHbie <pyHKUHH w33 (u, v;A,,,) H 014(11, v;A,,,.) nn}l A,,.,: {-1,1;-1,1} 

EcnH JHatJeHH}l onopHbIX KOOp,llHHaT JanaHbI 6e3 OIIIH60K, TO lJHCJIO HeHJBeCTHbIX 

napaMeTpoa a MoneJm (5) 6yneT noqrn B naa c nonoanttofl paJa MeHbIIIe, tJeM a 

KJiaCCHlJeCKOH MonenH 6nKy6ntJeCKOro HHTepIIOJI}!UHOHHOro cnnaflHa (KEM) HJIH 

npocmozo iJea:JJCdb1 ,;:y6u1Jec1..020 cnJ1au11a OTHOCHTeJibHO ceTKH t'l-'Y = 8-' x 8
1 

[1]: 

3 3 

s(x,y) = LLaaµXa yP, x,_1 $ X $ x,, Y;-1 $ Y $ Y,. (9) 
a=O P=O 

IIonHHOM s(x,y) HHTepnOJmpyeT IIOBepXHOCTb a ij-fl }l'IeiiKe ceTKH 8,,. H JaBHCHT 

OT 16 cao6onHbIX K03<p<pHUHeHTOB a;µ. l1cnoJib30BaHHe MO,lleJIH (5) ,llJl}l JIOKanbHOro 

npn6JJH)KeHirn <pyHKUHH F(x,y) HMeeT npenMymecrno nepen s(x,y) TOr.na. Kor.na 

{¢,,} JanaHbl C IIOBbIIIIeHHOH TOlJHOCTb!O, a caMH onopHbie TO'IKH pacnonaraIOTC}l B 

YJJJax npJ1Moy20Jlbl/OU cemKU 8),J,. Ha npaKTHKe 3TH orpaHH'IeHH}l He CJIHIIIKOM 

)KeCTKHe. 0HH CBO,ll}!TC}l K BbI6opy YJJIOB penepttoro Ilp}!MOyronbHHKa n 6onee 

Tll(aTeJibHOMY HJMepeHHIO onopHbIX TOtJeK no cpaBHeHHIO C OCTanbHbIMH, qero 

MO)KHO no6HTbC}l, HanpnMep, IlOBTOpHbIMH HJMepeHH}!MH. 3TH Tpe6oaaHH}l 

}!BJI}!IOTC}l ocHOBHbIMH orpaHHtJeHH}!MH npn pa6oTe c HEM. CnenyeT OTMeTHTh, tJTO 

·6naronap}l 3THM orpaHH'IeHH}!M, cymecTBeHHO B03pacrneT 3<p<peKTHBHOCTb 

npouenypbi CrJia)KHBaHirn, TaK KaK paJMepHOCTb MaTpHUbl CHCTeMbI HOpManbHbIX 

ypaaneHHH coKpamaeTC}l 6onee 'IeM B naa paJa. 3TO yny11IIIaeT o6ycnoaneHHOCTh 

CHCTeMbl, IlOBb!IIIaeT ycTOH'IHBOCTb H yaeJJH'IHBaeT CKOpOCTb Bbl'IHCJJeHHH. IIpH 

peIIIeHHH Ja,lla'IH IlOJIHHOMH~bHOH annpOKCHMaUHH F( X, y) , Ja,llaHHOH 

aHanHTH'ICCKH a np}!MOyroJJbHHKe R;.,., MO,llCJ!b C(u, v; 9?) MO)KeT CJIY)KHTb yno6Hoii 
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6HKy6II'IeCKOH armpoKCHMaHTOH, B KOTOpOH 6onee noJIOBHHbl KOJq>q>HUHeHTOB 

(penepHbie TOqKH) MOryT 6hITh BbJqIICJieHhI JapaHee c oqeHh xopomei1 TOqHOCThlO no 

JHaqeHHHM F(x,y) B y:max ceTKII. 

1.2. IIo.rnG.R 6ui,:y6u'leCKG.R ;wooeflb (EM) 

Ha npHMoyroJihHOH ceTKe c 16 yJnaMH (see ToqKH Ha pHc. la) nocTpOHM noJIHYIO 

6HKy6HqeCKYJO MO.[(eJih (EM),3KBHBaJieHTHYIO MO.[(eJIH (9), C 6aJHCOM,OTJIHqHhIM OT 

(8) H napaMeTPHJ0BaHHYJO 16 onopHh!MH KOop.nmiaTaMII IICCJiet(yeMOH nosepXH0CTII 

z=F(x,y). O60JHaqI1M cerKy qepeJ L\lµv II Bh16epeM Bee yJnax orropHhre rnqKII 
. . 

{ <Py } (i, j = 1, ... , 4 ). reoMeTPI1qecKI1H CMhICJI rrapaMeTpOB ceTKII noKaJaH Ha cxeMe 

pIIC. 3. 

·t 
M, 

0 

0 N 
T 

~ 
~T 

➔ -r 

PIie. 3. IlapaMeTPhI ceTKII L\lµv MH m,(-r;A,) B.[(OJih o,nHOH OCII 

I1CIIOJihJYH Ky6I1qecKI1e IIHTepIIOJIHllIIOHHhie MHoroqJieHhI Jlarpam1<a, BBe,neM 

rrapaMeTPhI 1,, µ,, v, II nocTpOIIM qeTupe q>yHKllHH B Bil.[(e 

m, (,;A,)= (1,N,M,r' -r(-r - µ,)(, - v,), 

m2 (-r;A,) = -(µ,M,L,r' ,(, -1, )(, -v,) ,_ 

m 3(-r;Ar) = (v,L,N,r',(-r -1,)(-r - µ,), 

m4 (,;A,)= -(1,µ,vrf1 (-r -1,)(-r - v,)(-r - µ,), (10) 

r.ne L,=v,-µ,, M,=µ,-1,,N,=v,-1,, (,=u,v), a qepeJ A,o6oJHaqeH 

Ha6op qI1cen A,= {l,,µ,, v,,L,,M,,N,}. 

Ilo aHaJIOfIIII c HEM onpe,neJIIIM 6aJIICHhie q>yHKllIIII wlj B Bil,ne rrpoI1Jse,neHI1i1 

wu(u, v;Auv) = m;(u;Au)m/v;A.). Tor.na nOJ/1-/G.R 6uKy6u'leCKG.R MOOef/b (EM) 

JaIIIIIIIeTCH B Bil,[(e. 
4 4 

CBM = LL~\wiu, v;Au.), 
i=I J=I 

r.ne Auv = {Au,A.}~ napaMeTpbI CeTKII L\lµv. 

KaK II B cnyqae 9-ToqeqHoH CeTKII, JierKO y6e,nI1ThCH, qTO 6aJHCHhie <PYHKLIHII 

wu(u, v;A •• )o6na,na!OT CBOHCTBaMII (6) II (7). 

(11) 

IlpH TOqHOM Ja,[(aHHII {¢y} (i,j=l, ... ,4) MO,[(eJih (11) HBJIHeTCH HHTepII0JIHHTOM 

II0JIIIHOMa (9). I1CIIOJih30BaHile EM .[(JIH crmnrmBaHHH q>parMeHTa IIOBepXHOCTII ITO 

IIJMepeHHhIM ToqKaM {l}, k=l,2, ... ,N (N>>l6)rrpI1HeI1JsecrnoMpenepe {~} 

6onee ycTofiqIIBO no cpaBHeHIIIO c KJiaCCilqecKOH MO,[(eJihlO (9), TaK KaK 

6 

J 
/ 

,j 

onpe,neJIHTeJih MaTpilllhl CHCTeMhI HOpMaJihHhIX ypaBHeHHH "ynyqmaeTCH
11 

Ha 

1-1eCKO.%KO nopROK06 H BhJqHCJieHHe oueHOK { ~ij } CTaHOBHTCH 6onee ycTofiqHBhIM. 

. . 

2 . .6m~y6HqecKoe er JiaiKHBaHHe U0BepxH0CTH 

B 3TOM paJ,nene Ha ocHose HEM . paccMaTPIIBaeTCH MHK - npoue.nypa .[(JIH 

JIOKaJihHOro CfJIIDKHBaHIIH (arrrrpOKCHMallHII) noaepxHOCTeH 6HKy6uqecKHMII 

IIOJIIIHOMaMII B o6naCTH, orpaHiiqeHHOH. IIPHMOyro.irbHHKOM Ru. Ha 0CHOBe 

qIICJieHHhIX pacqeTOB c,neJiaHhl cpaBHeHHH peJyJihTaTOB o6pa6oTKII 0.[(HHX H Tex )Ke 

BhI6opoK C HCIIOJihJOBaHHeM MO,[(eJiei1 C( u, v; 9?) H s( x, y) , iwr.na a33 = 0 . 

2. 1. Pe2peccuo1-11-1G.R npoqeiJypa oflR HEM 

PaccMOTPIIM Ja,naqy CrJia)KI1BaHHH HJMepeHHhIX Ha IIOBepXHOCTH z = F(x,y) 

rnqeK { Fk }, k = 1,2, ... , n ( n >'?" 15) c HCIIOJihJOBaHileM Mo,nenH (5). ,[{JIH 3TOro 

BhI6opKa { F;, } .[(0JI)KHa BKJIJOqaTh IIJMepeHIIH H ,neBHTH . orropHbIX . ToqeK 

{ Fif = Fu + ei/} . (i,j = 1,2,3 ), pacrrono)KeHHhIX B0Kpyr 6aJHCHOH TOqKH (O,O,F0 ), B 

. . 2 
yJnax rrpHMoyroJihHOH ceTKH L\u (1), H HcKa)KeHHhIX omH6KaMI1 eif ~ N(O, a,). Ha 

0CH0Be rrapaMeTPOB A,yorrpe.nenHM wy(x,y;A,y), wm(x,y;A,y) II II0CTPOHM 

"perrepHYJO II0BepxH0CTh
11 S/x,y;9?) B BH.[(e. 

3 3 3 3 

S/x,y;9?) = LLFiiwy(x,y;A,y)= LL(Fii + eii)wy(x,y;A,y). (12) 
i=I )=I i=I )=I 

OTCIO,na BH.[(H0, qTo rrpH CrJia)KHBaHIUI paJH0CTH Z = F - sq CYMMOH BH.[(a 

6 

Iomwm(x,y;A,y) ,x,y E Ru Heo6XO.[(HMO B 3Ty CYMMY .no6aBHTh rrapaMeTP C.[(BHra 
m=1 

Oo' qTo6hI yqecTh CMemeHHe, Bhl3hIBaeMoe BJIHHHileM OIIIH60K orropHhIX ToqeK ( eij) 

Ha BenHqHHY Sqk, K0T0poe B k -H T0'IKe, KaK cne.nyeT HJ (12), 6y,neT paBH0. 

3 3 

e!Jlk = LLeiiwy(xk,yk;A,y), x,y E Ru, k = 1,2, ... ,n. 
i=I )=I 

Cne,nyeT TaK)Ke OTMeTIITh, 'ITO rrapaMeTP CMell(eHIIH Oo He06XO.[(HMO yqIIThIBaTh H 

IIpII 0TCYTCTBHH OIIIH60K B perrepHhIX TQqKax, TaK KaK MO,[(eJih Sc M0)KeT 0KaJaThCH 

Hea,neKBaTHOH .[(JIH Z = F - sq IIJ-Ja Hey,na'IH0f0 BhI6opa rrapaMeTP0B ceTKH. 

IlycTh zr = [F; -Sqi, ... , Fn -Sqn] - BeKT0p, rronyqeHHhIH BhI'IHTaHHeM HJ 

Ha6mo,neHHH F;' F2 , ... , Fn JHaqeHHH sqk, Bhl'IHCJieHHhIX no q>opMyne (12) C perrepoM 

{Fii} H JHa'IeHIIHMH {w!fk}. Tor.na Z=Z+e!Jl +eF, r,ne eF- BeKTop omH6oK 

BhI6opKH { F;, } , a BeKT0p e~ = [ e '" e r2 , ... , e rn] rropo)K.[(eH CBepTKOH OIIIJI60K 
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penepHblX TO'l!eK { eij} n 3Ha'l!eHHM 6aJHCHb!X q>yHKUHM {w,,k = w,, (xk, Yk)}' 

k =·1,2, ... ,n .. 
PaccMOTPHM 6oriee no,npo6Ho noBe,neHne oum6oK e91 • TaK KaK L wu = 1, TO 

lj 

I e9lk I~ e,max 
( e ,max = max { I e ii I } ). KpoMe Toro, npn cnMMeTPH"IHOM Bb16ope 

lj 

napaMeTPOB A,y OTHOCHTenhHO 6aJHCHOM TO"IKH (x0 ,y0 ), .nm1 

Bbrnonmi:eTcsr ycnoBne 0.4 ~ L wik ~ 1 . Ilo3TOMY .nncnepc1rn ,nnsr e~1k 
ijk 

npeBbIIIlaTb a; (3KcnepnMeHTanbHM oueHKa COCTaBnSieT a;l ~ ~ a;). 
PaccMOTPHM npoue.nypy crna)KHBaHHsr Bb16opKn { Fk }, k = 1,2, ... ,n, 

MO,nenh (5), B Bn,ne 
Z=F-Sq= (0,B)+e, 

x,y E R;J. 

ue 6y,neT 

ncnonhJysr 

(13) 

T . · . T 
r.ne 0 = [0o, 0p••·, 06 ]- BeKTOp HeH3BeCTHbIX napaMeTPOB, B = [1, liJp••·,m6] -

6a3HCHbIM BeKTop,' a e - ornn6Ka. 
flo H3MepeHHSIM n (n >>>]5) TO'l!eK Ha IlOBepXHOCTH B npsrMOyronbHHKe RJ.L' 

IlOny"!llM BeKTop Z, Bbl"IHCnHM B Ka)K_nOM · mMepeHHOM TO'l!Ke 6aJHCHbie q>yHKUHH 
. T 

liJmk = liJm(Xk,yk;A,y), IlOCTPOHM BeKTOpbI [J,mmPliJm 2 , ••• ,liJmn] H Cq>OpMnpyeM 

perpeccnoHHyro MaTpnuy nnxn 
p 

C 3neMeHTaMH; liJmk ' r_ne k = 1,2, ... ,n; 

m = 1, 2, ... , n P - 1 . PaHr 3TOM MaTpHUhI paBeH n P ( n P = 7, B cnny nnueiiuoiI 

He3aBHCHMOCTH liJm, m = 0, ... ,6 ). _.Ilony'l!IIM CHCTeMy n ypaBHeHHM 

Z=00+e 
H BOCII0llb3yeMCSI KpHTepneM MHK .nnsr uaxo)K_neHHSI OilTHManbHOM oueHKH (:) 

n 

I:e; ➔ min, 
k=I e 

KOTOpbIM Il03BOMeT 3anncaTb perneuIIe B BH,ne 
(:),;, (QTQrlnrz. (14) 

2.2. IJpUMep] 

)];AA rrony'l!eHHSI pa60"IHX xapaKTepHCTIIK rrpoue.nypbl crna)KHBaHHSI C 

ncnonh30B_auneM HEM B Bn,ne (13) H HX cpaBHeHHSI C pa6o"IHMH xapaKTepHCTHKaMH 

Knaccn'l!eCKOM MO,nenn (KEM) (9) Mbl BbI6pann qiparMeHT IlOBepXHOCTH, 3a_naHHOli 

qiynKuneiI <I>pauKe, B3SITOM H3 naKeTa Matlab (v5.2.l) (cM. pnc. 4): 

<!J(X, y) = 0. 75ef-(9x-2/-(9y-2/)I-I + 0. 75i-(9x+l;2149-(9y+I/IIO) + 

0. si-(9x-7/-(9y-3/)!4 - 0. 2i-(9x-4/-(9y-7;2) (15) 

B npsrMoyronbHHKe RJJ. c napaMeTpaMn x0 = 0.62, Yo = 0.2; A, = -0.15, L, = 0.25 ; 

Ar= -0.25,LY = 0.25 reHepnpoBanacb Bb16opKa { Fk = F(xk,Yk) + ek }, k = 1,2, ... ,n 

~ 

I 

( n = 100, a; =.OJ), n no napaMeTpaM ceTKn q>opMnpoBannch Koop.nnuaTbI penepa 

{ F',, = F,, + e,, } , B K~pb!X BapbnpoBanHCb oum6Kn el/. 

0.5 

0 

0 
0.2 

0.4 
y 0.6 

0.8 0.8 

0 
0.2 

0.4 
0.6 X 

z04 

0.2 

0.2 

Pnc. 4. HoBepxuocTb <P(x,y) nee qiparMeHT Ha ceTKe !J.JJ_ c TO'l!KaMH { Fk} 

PeJynhTaThI crna)KnBannsr, nonyqenHhie ,nnsr HEM, cpaBHnBannch c 

pe3ynhTaTaMH o6pa60TKH O,nHHX H Tex )Ke BbI6opoK Ha OCHOBe KnaccnqecKOM 

perpeccnouuoiI Mo,nenn (KEM) (9) c I? napaMeTpaMH. ,ll;nsr K~)K_noiI Mo,nenn 
Bbl"IHCllSIJIHCb: 

a) MaKCHManhHOe OTKnoueune r.na~ = max I F - PI; 
x,yeR.ll. 

6) 3uaqeune onpe,nennTensr MaTpHUhI uopManbHhIX ypaBueuniI det = det(OrO); 

B) rno6anhHM OTHOCHTenbHM oum6Ka r,_ . 

r,=JI,(~-~)2 /II,F/;. 
k=I I k•I 

r) BpeMsr t n ( c ), 3aTpaqeuuoe ua BbI'l!ncneHne <:> n { Pk } ; 

.n) pacnpe,neneune ocrnTKOB rk 
7 

rk = Fk -(Sqk + s,k), r.ne s,k = L 0/llm/11 (xk, Yk). 
m=I 

Pe3yJihTaThI pacqernB npnBe,neHbI Ha rpaq>nKax n B rn6nnue Tl. 

0.4 

0.2 

Y -<""' -0.1 
0 

0.1X - ·-· 0.2 

0.02 

Ol 
Z-0.02 ~) 

-0.04 

-0.06 

-0.2 
-0.1 

0 
y 0.1 

0.2 0.2 

Pnc.5. Crna)KeHHblli n HCTHHHb!H q>parMeHTbl IlOBepXHOCTH (cneBa) n HX 

pa3HOCTb F(x,y)-P(x,y), x,yER).} 
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0.02 
0.01 

-0 01 
-0.02 
-0.03 

O ♦ 0 0 0 ♦ o 

•. • °o,o -• • • 4.~ • • •,.6,Q, • •• °o8Q° • ; • J()O 
V •• 0 

•• ,,o ••• 0 ~ '°'.t 0 0 •• 0 . ., ., . . . . . 
0.02 • 0 oo • 0 •• • .• 

0 01 0 0 ~ 0 • 0 ~ 0 ~ ... 

· • 
0••?0: 0

0
040' 0 qfiQ• •.8(1' 0 onfJ 

0 0 0 • 0 0 0 •• 0 ' •• 0 0 0 

-0.01 •o o o o o,:J'' •~ •o• ••••• o o o 

-0.02 
-0.03 

Pttc. 6. fpaqiHKH ocTaTKOB rk ivrn HEM (cneBa) H .11.m1 KEM 

~ ~ . . 10 

~ ~-1 

~ le-1 O .10e-1 
-0.02 0.02 

Pttc.7. fHCTOrpaMMhl .11.m1 OCTaTKOB rk (BBepxy) ll HX pa3HOCTh (cJieBa BHH3Y) 

CrrpaBa BHH3Y rrpttBe.11.eHa rncrnrpaMMa BX0.11.HhlX oum6oK { ek} 

Ta6Jim.{a Tl 
Pmodel C(u, v;~) s(x,y) p,I Pc 

rmax .027634635 .065944316 2.386 

re .032342485 .030555841 .94476 

ti/ 1.999 6.046 3.024 

det .l }24 10-LU .2741 104
' 2.4 10-Z5 

IToJIHHOMllaJihHru! oueHKa <P(x,y) B rrpHMOyroJihHHKe RAJ_paBHa 

P(x,y) = .4175140769 x + .3960975192 y + 153.7570490 x 3 y1 + 201.5982904x
2 y3-

I5.47776507x2 y - 2.357156253xy 2 - 21.61381719x3 
- 7.664238316y

3 
-

3 l.2953079 lx 2 y 2 + 7.81954 7029x y - I 8.19242050x3 
y - 68.64 I 78532xy

3 
+ 

3.374577403x]_- I.424124687y2 + .3811368802. (16) 

2.2. Ilpu;wep 2 

B Ta6JIHI.{e T2 ll Ha pttc. 8 - 11 rrpHBe.11.eHhl pe3yJih TaThl CrJia)I(IIBaHHH rronyccpephl 

F(x,y)= /4-(;-1)2 :_(y-_-1)2, X,}'E[-1,1; -1,1] 

c rrapaMerpaMH ceTKH x0 = 1, Yo = 1; Ax = - I, Lx = I ; \ = -1,Ly = 1 JJ.JIH HEM H 

KEM (n = 150, 17; = .03). 
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2 
'1.9 

1.8 
z1 .7 

1.6 
1.5 

Ta6nttua T2 

P11mi.ld C(u, v;91) 

,;nax .03377820628 

r, .01662175319 

111 3.180 

det .76193 10➔ 

s(x,y) 

.042366500 

.016726239 

9.205 

.11439 10'" 

003 
ooi 
0.01 
zo 

-0.01 
-0.02 

-1 
-0.5 

p,I P, 

1.254255470 

1.006286103 

2.89465 

.1501319 10~ 

0 ~o· -o's -1 . • yO ~' ~ -0.5 
y X . 0.5 '-r-'o 's 0 

Puc.8. HaJIO)I(eHtte HCTHHHo'ro H crna)I(eHttoro cpparMeHTOB hoBepxno~rn 

ccpephr (cneBa) H HX pa3HOCTh F(x,y)-P(x,y), x,y E RAJ. (.11.JIH HEM) 

2j ·~ 0.03 

t:1 ~ ~~f 
z1.7 

1.6 

0.5 

zO 
-0 01 
-0.02 
-0.03 

X X 

Pttc,9. HaJIO)I(eHHe HCTHHHOro u CrJia)I(eHHOro cpparMeHTOB IIOBepXHOCTH ccpephl 
·(rneBa) Hux pmttoCTh B RAJ. (.U.JIH KEM) . 
~ 0 0 : 0 0 

0.05i,o,o 0 o ~ o/ 0° 0 o 
0
° 

0 O O •• O O ;/> O O ($> 

0 • oe,. J.,,_o-•oo o O ~o ,.t 
0 0 0 ¢0 Q tw Qo..A (> (> 

o o • o•'> o 50 ° o ~ 1 ~v oo ~ Q 
0 0 O O o (11)¢-0 O •• .fl (;$ 

-0.05 0 0 0 0 ,ti> 0 0 00 0 0 . . 

. 
......... ·····.:. 

0.05~ ••• • -i.: •• ·:·•·i-:.~· • 0 0: ~A : •<>~¢ A ¢- "- -

ofoo ~:<> ·: . ::i'o H-TO:o. ~o d~oo 0~ 0 • ..... 

. o 0 <>o ~ 00 00 ;t¢'0 04>0 

-0 .05 0 <> 0 0 0 <II:) 0 \ 0 0 

Pttc. 10. fpacpttKH ocrnTKOB rk .11.JIH HEM (cneBa) H .U.JIH KEM 

~ .1 

~ -~u~, ~ so~1 c=eW0~~1 k 
- .50e-1 .S0e-1 

~ 
•.10e-1 L {) .10e-1 

Puc. I I. fucrnrpaMMhI ocrnTKOB rk .11.Jill HEM u KEM (BBepxy) 
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OueHKa crna)lrnBmomero rroimHoMa Bb1pa)l{aeTcH cne.uy10meii qiopMynoii: 
P(x, y) = -.03073090818 xy 3 -.009867930550 xy +.03826875230 x 2 

/

.03152597740 x 2 y-.001729060898 x 3 +.003677417398 x +.03811583823 x 1y + 

.06483166127 x 3 y} -.05410740427 xy 2 -.003670835986 y 3 +.006565254986 y + 

2.000586591-.2724256710y 2 -.04084875440 x2 y 2 -.2603127485 x 2
• (17) 

Ilo xapaKTepy rrose.uemrn ocrnTKOB H nx mcrnrpaMMaM (pnc. 7, 8, I 0, I I, cnesa) 
MO)l{HO 3aKn!OqHTb, qTo rronyqeHHbie rronmIOMHMbHble oueHKH ( I 6) H ( 17) 
HBnHIOTCH a.ueKBaTHblMH BbI6paHHblM qiparMeHTaM IlOBepxHOCTeH n Ol!H Moryr 6bITb 
HCI10nh30BaHbl .um1 rrpn6nn)l{eHHH C0OTBeTCTByIOmnx IlOBepxnocTeH B R)./ .. 

3. 3aKJIIOqeuue . 

IlonyqeHHble BbIIIIe pe3ynhTaTbl 110Ka3MH, qTo rrpe.uno)l{eHHb!H B .uaHHOH pa6oTe 
110.uxo.u K rrocrpoeHH!O 6nKy6nqeCKOH Mo.uenH .unH crna)l{HBaHHH IlOBepxHOCTH C 
11pHBH3KOH K ee orropHb!M T0qKaM 1103BOnHeT cymecTBeHHO IlOBblCHTb CKOpOCTb H 
ycTOHqHB0CTb BbiqncneHHH 11 6onee qeM s .usa pma COKpaTHTb pa3MepHOCTb 
MaTpHUbl CHCTeMbl HOpMMbHblX ypasHeHHH. 3m Kaqecrnemihie xapaKTepHCTHKH 
MO,!lenn HBnHIOTCH BeCbMa aKTYMbHb!MH H Moryr 6bITb HCI10nh30BaHhl .unH 

pmpa60TKH anropHTMOB rno6anbHOH arrrrpoKCHMaUllH H crna)l{HBaHHH 
IlOBepxnocTeH. KaK H B 0,!lH0MepHOM cnyqae [7], KOHCTpyKUHH rrpe.uno)l{eHHOH 
6nKy6I:iqecKOH MO,!lenn MO)l{eT 6bITb HCI10nh30BaHa TaK)l{e .UnH pmpa60TKH 
anropHTM0B C pe)l{HMOM a.uarrrnunn B noKMbHOH 30He IlOBepXHOCTH. 
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