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OIIHcaH IlOllXOll K OITTHMH38WIH BbI6opa napaMeTpoB R'leHKH rHCTorpaMMbl WHpoKoro 

KJiacca perpeccHH - cneKTpaJI&HblX pacnpeAeneHHfi. IloKalaHO, '!TO MR perpeccHH s(x) MH

HHMaJI&Hbie CT8THCTH'lecKHe norpeWHOCTH llaIOT R'leHKH paBHoro Beca: TaKHe HHTepBaJibl Xk , 
'!TO J s(x)dx = f s(x)dx MR mo6oro k /, i, a MHHHMaJibHbie norpeWHOCTH npe):lCTaBJieHHR 

Xk X1 

racrorpaMMOH <l>YHKUHH nony'laIOTCR, ecnH npHIIHCblB8Tb a6cW1CCy Op,llHHaTbl rHCTorpaMMbl 

TO'!Ke, B KOTOpoH q>yaKUHR paBHa CBOeMy HHTerpaJibHOMY CpeAHeMY (npH HCDOJib30BaHHH 

KB&.npaTH'IHOH norpewHOCTH (HJIH aMMffTYllHOMY cpeAHeMy) B cnyqae paBHOMepHOH MeT• 

pHKH) • B OOOHX cny'laRX 3Ta a6cW1CCa He o6R3aTeJibHO COBna):laeT C cepe)lHHOH R'lettKH. Onu
CaHHble MeTOllbl OITTHMH3ailHH npHMeaeHbl K HaH6onee 11:acTO BCTpellaIOWHMCR MO):leJIRM 

cneKTpanbHblX <l>YHKUHH .:_ 3KCDOHeHTe, q>yHKUWIM raycca H JlopeHl.la. 

Pa6oTa BblDOJIHeHa B Jla6opaTopHH Bbl'IHCJIHTeJibHOH TeXHHKH H aBTOMaTH3ailHH 011Hl1. 
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The paper describes A method of the optimation of the selection of parameters of a histo
gram bin for a very large class of regressions - those of spectral distributions is described. It is 
shown that for a regression· s(x) the minimal statistical errors are given by bins of equal weights: 
they are such intervals Xk that. the integrals of s(x) over them are equal for any pair of inde
xes ( It , j) , J ,- k ; whereas the minimal errors of the representation of a function by a histo
gram are obtained, when the abscissa of any histogram ordinate is assigned to the value, where. 
the function is equal to its integral mean (while using the quadratic metrics) or to the ampli
tude mean (while using the uniform metrics). In both cases this abscissa may differ from the 
middle of the bin. The described method of the optimation has been applied to the most fre
quenUy used models of spectral functions - exponential, Gaussian and Lorentzian. 
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noA rHCTOrpaMMHpOBaHHeM nOHHMaeTCR conocTaBneHHe $YHKL1HH 
Henpep~BHOro apryMeHTa s(x) ee rHCTOrpaMM~ - $YHKLIHH AHCKpeT
HOro apryMeHTa s(k) , KOTOpaR RBnReTCR npeACTaBHTeneM $YHKL1HH 
s(x) • 

_ApryMeHT k, Ha3~BaeMblH R4eHKOH rHCTOrpaMMbl, COOTBeTCTByeT 
HeKOTOPOH TIOA06naCTH 3Ha4eHHH Henpep~aHoro apryMeHTa x. 

OcHOBHaR 3aAa4a rHCTOrpaMMHpOBaHHR - 3TO 3aAa4a OnTHManb
Horo 6HHHHHra. 6HHHHHr (bin) - TpaHcnHTepHpOBaHHblii aHrnHHCKHH 
TepMHH AflR o6paHa4eHHR npo1..1eAYP~ B~6opa xapaKTepHCTHK R4eHKH 
rHCTOrpaMM~. 

npRMaR 3aAa4a 6HHHHHra COCTOHT B TOM, 4T06bl no HMelO~eHCR 
HH$OpMa4HH /6onee HflH MeHee nonHOH/ 0 $YHKL1HH s{x) B~6paTb 
xapaKTepHCTHKH R4eHKH ·rHCTOrpaMM~, 'npeACTaBnR~eH S(X) , OnTH
MaflbH~M B TOM ~nH HHOM CM~cne cnoco6oM. 

AaHHaR 3aAa4a HrpaeT 6onbwy~ ponb B npHKnaAHOH MaTeMaTHKe, 
HO OTHOCHTCR K HaHMeHee HCCneAOBaHH~M. ~MeeTCR PRA pa6oT no 
onHcaHHIO onTHManbHOH R4eHKH 8 HeKOTOp~x 4aCTH~X cny4aRX AflR 
$YHKLIHH H nnoTHOCTeH pacnpeAeneHHR 111 , HO BOnpoc O perpeCCHRX 
OCTaeTCR OTKP~T~M. Hawa pa6oTa o6R3aHa BOcnonHHTb 3TOT npo6en 
AflR 04eHb Ba)f{Horo Knacca perpeccHH - cneKTpanbH~x pacnpeAene
HHH RAePHOH $H3HKH. 

HaH6onee o6~HM TOflKOBaHHeM 3Ha4eHHR OPAHHaT~ AHCKpeTHOro 
cneKTpa s(k) B R4eHKe k 6yAeT 04eHeHH~11 c onpeAeneHHOH norpew
HOCTblO HHTerpan c $YHKL1HH s(x) no o6naCTH Xk. 

TaKHM o6pa30M, KOrAa M~ cTaBHM B COOTBeTCTBHe $YHK4HH s(x) 
ee rHcTorpaMMY s(k), TO nocneAHRR npeAcTaBnReT nepsy10 c norpew
HOCTblO, B KOTOPOH M~ MO)f{eM B~AeflHTb ABe KOMnOHeHT~, Aanee Ha-
3~BaeM~e norpeWHOCTRMH 6HHHHHra 1-ro H 2-ro POAa: 
1/ norpewHoCTb 1-ro poAa Ha-aa HeT04Horo npeAcTasneHHR OPAH

HaTaMH s{k) HHTerpanoB ( S(X) dx; 
Xk 

2/ norpeWHOCTb 2-ro POAa H3-3a HeT04HOrO npeACTaBneHHR OPAH
HaTaMH s (k) 3Ha4eHHH $YHKL1HH s (xk). 
TiyCTb 3aAaHO OTo6pa)f{eHHe o6nacTH X Ha MHO)f{eCTBO nap .<Xk, 

Xk>, rAe Xk - 3aMKHYT~e HHTepsan~, Ha KOTOp~e pa36HTa o6nacTb 
x, a·xk - B~AeneHH~e T04KH B 3THX HHTepsanax. 

M~ cTaBHM 8 COOTBeTCTBHe COBOKynHOCTH 3Ha4eHHH ~YHKLIHH 
<s(x) >, x .;. X, MHO)f{eCTBO .<s(k)>, rAe k npHHaAne)f{HT o6nacTH K, 
H C4HTaeM, 4TO s{k)-s(xk). 

ObUI!lilit'liHhitl BHC11'iTy'r I 
m:t~YBMK ~c.cni!onaoofil · 

swsm,10TEKA 
- er-tQ -------- -
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Mo)f{eM 3an1,1caTb 

s(k) = f s(x)dx + epsk = 
Xk 

= f ( s(xk) + (s(x) - s(xk))) dx + epsk = s( xk) • Lk + delk + epsk. 

Xk 

3AeCb epsk - norpewHOCTb . 6HHHHHra 1-ro POAa, delk - norpew
HOCTb 6HHHHHra 2-ro POAa, a Lk - AnHHa R4eHKH Xk. 

npHCTynHM Tenepb K ¢opManbHOMY onHcaHHIO npol.{eAYPW onTHManb
HOro rHCTOrpaMMHpoeaHHR, npeABapHTenbHO Mbl AOfl)f{Hbl yKa3aTb 
¢a KTOPW, BnHRIOll(He Ha OWH6KH 6HHHHHra delk H epsk. nocKOflb KY 
s (k) - cny4aHHaR eenH4HHa, ¢a KTopaMH, onpeAenR~HMH ee norpew

HOCTb, 6YAYT AHCnepCHR H CMell(eHHe, T.e. pa3HOCTb MEXP s(k) -
- fs(x)dx, a TaK)f{e cne4H¢H4eCKH CTaTHCTH4eCKHH ¢aKTOp: Koppe
nRL{HR MemAY OPAHHaTaMH s(k) H s(k + j), k = 0, ••• , m. ¢aKTO
paMH, onpeAenRIOll(HMH norpeWHOCTb .. de]k ' 6YAYT pa36HeHHe X Ha 
HHTepeanbl Xk H Bb16op T04eK xk 8 nocneAHHX. 

PacCMOTPHM AeTanbHee BflHRHHe ¢aKTOpoe, onpeAenR~HX norpew
HOCTb epsk, Mw C4HTaeM, 4TO HenpepblBHaR nHHHR cneKTpa f(x) 
ecTb MaTeMaTH4eCKOe O)f{HAaHHe cny4aHHOH eenH4HHW s(x) - ¢YHKL{HH 
apryMeHTa X. MaTeMaTH4eCKOe O)f{HAaHHe eenH4HHbl s (k) 6yAeT pae
HO, 04eBHAHO, 

Mk= ff(x)dx. 
V 

C APYrOH CT(?POHbl, Mbl MO)f{eM eocnonb30BaTbCR MOAeflblO nocne
AOBaTenbHWX ABOH4HWX He3aBHCHMWX HcnwTaHHH H C4HTaTb, 4TO 
s(x) eCTb CYMMa He3aBHCHMblX co6blTHH, Ka)f{AOe H3 KOTOPblX npo1,1c

XOAHT C eepORTHOCTblO pk. EcnH pa3blrpweanocb n co6blTHH' TO Ma
TeMaTH4eCKOe O)f{HAaHHe H AHCnepcHR CYMMW co6blTHH, nona BWHX 
8 Xk , 6YAYT paBHbl COOTBeTCTBeHHO 

n-pk = Mk n • pk. (1.- pk) = Mk - Mk 2/n = Dk. 

nycTb Pk(z) - ¢YHKL{HR pacnpeAeneHHR cI1y4aHHOH sem14HHb1 s(k) -
OPAHHaTbl cneKTpa Ha HHTepeane Xk. Ha OCHOBaHHH HepaseHCTBa 
4e6b1weea AflR 3aAaHHOH eepORTHOCTH Pk MO)f{HO 3anHCaTb 

ABS(s(k) - Mk)< SQRT(Dk/Pk). 

3TO HepaeeHCTBO BblnOflHReTCR c· eepORTHOCTblO 1 - Pk, H OHO onpe
AenReT CTOXaCTH4eCKYIO T04HOCTb, C KOTOPOH S (k) paBHReTCR n -
KPaTHOMY HHTerpany OT f(x) Ha Xk. Bblpa)f{eHHe cnpaea MO)f{eT 6WTb 
3an1-1caHo KaK 

epsk = SQRT({Mk - Mk 2/n)/Pk). 

2 

/1/ 

~· 

EcnH 4HCno co6wTHH n 3aAaHo /cTaTHCTHKa 3KcnepHMeHTa ¢HKCHpo
BaHa/, TO npH ¢HKCHPOBaHHOM p = Pk 3TO ewpa)f{eHHe RBnReTCR 
¢YHKL{HeH eenH4HHbl Mk. 3aAa4y onTHMH3al.{HH rHcTorpaMMHpoeaHHR 
8 AaHHOM cny4ae MO)f{HO c¢opMyn1,1poeaTb TaK: nocTpOHTb onepaTop 
rHCTOrpaMMHPOBaHHR AflR ¢YHKL{HH f(x) H o6naCTH X T-elKOH, 4T06w 
CYMMa KBaApaTOB OTHOCHTenbHWX norpewHOCTeH OL{eHOK HHTerpanoe 
Mk 6wna MHHHManbHOH, T.e.4To6w 6wno MHHHManbHWM ewpa)f{eHHe 

I ( epsk/Mk) 2• 
k 

nonO)f{l,1M 4HCno HHTepeanoe paBHWM m. noACTaBHB /1/ BMeCTO epsk 
H y6pae nOCTORHHYIO eenH4HHY P, nepenHWeM onTHMH3HPY~HH KpH
TepHH cneAYKlll(HM o6pa3oM: 

; (Mk - Mk 
2
/n)/Mk 

2 

k= 1 

npH ycnOBHH 

m 
I Mk = con st, 0 < Mk. 

k= 1 

/2/ 

KOHCTaHTa B 3TOM YCflOBHH paBHReTCR HHTerpany OT f{x) no eceH 
o6naCTH x. Onpe,qenHM onTHManbHWe Mk H3 ycnOBHR MHHHMYMa /2/. 
~YHKL{HR ~arpaH)f{a HMeeT BHA 

m m 
I {1/Mk - 1/n) + ,\ I Mk. 

k=1 -k=1 

Ee CTal.{HOHapHaR T04Ka YAOBneTBOpReT ypaetteHHRM 

m 
2 

1/Mk = ,\, I Mk = const. 
k= 1 

0TCIOAa HaXOAHM Ml= M2 = ••• =Mm, H, cneAOBaTenbHO, Mk=const/m. 
MaTPHL{a BTopwx npOH3BOAHWX 6yAeT AHarottanbHOH H nonO)f{HTenbHO 
onpeAeneHHOH H, cneAOBaTenbHO, AaHHOe peweHHe AeHCTBHTenbHO 
COOTBeTCTByeT MHHHMYMY, TaKHM o6pa30M~ onTHManbHYIO B CMWcne 
KPHTepHR /2/ rHCTOrpaMMY MW nony4HM, pa3AenHB o6naCTb H3MeHe
HHR apryMeHTa X Ha HHTepeanY paettoro eeca. CyMMapttoe Ha1-1ny4-
wee KBaApaTH~HOe OTKnOHeHHe 6y,qeT, 04eBHAHO, paBHO 

m 
eps = (1/P) • I (1/Mk - Vn) = m. (m/ const- Vn)/ P. 

k= 1 

.3 



Ecnw eenH4HHa m <!>HKCHpoeaHa, onTwManbHaR OTHOCHTenbHaR no
rpewHOCTb 1-ro poAa eps 6yAeT <l>YHK4weH SQRT(l/ n). Ecnw m = 
= ri a. TO MR yny4WeHHR OTHOCHTenbHOH norpeWHOCTH 1-ro POAa 
npw pocTe n K ""• HaAO noTpe6oeaTb, 4T06bl a 6blno cTporo MeHbWe 
0,5; nOCKOnbKY 

eps = const. (n< 2 a- tl_ n(a:-t) ). 

04eBHAHO, 4TO AaHHblH KPHTepwH no Ka HH4ero He roeopwT o ebl6ope 
yanoe R4eeK. 

Ecnw OTKa3aTbCR OT Tpe6oeaHHR coxpaHeHHR 4HCna R4eeK, TO 
peaynbTaT 6yAeT TaKHM! OnTHManbHY~ B CMblCne /2/ rHCTorpaMMY 
AaeT pa3AeneHwe o6nacTH X Ha MHHHManbHO AOnycTHMOe 4HCno R4eeK 
paeHoro eeca. 3To YTBeP>KAeHwe nerKo cneAyeT wa TaKoro cooTHO
weHHR: 

t t+ r 

MIN I. (1/Mk - 1/n) <MIN I. (1/Mk- 1/n) 0 .<Mk.< 1, t, r> 1 
k= 1 k= 1 - -

t t+ r 
npw ycnOBHRX I Mk= 1 w I. Mk = 1 COOTBeTCTBeHHO, KOTOpble no-

k= 1 k=L 
ny4a~TCR nocne HOPMHPOBKH Mk Ha const •. 

AnR AOKa3aTenbCTBa 3TOro COOTHOWeHHR 3aMeTHM, 4TO nepBblH 
MHHHMYM AaeTCR peweHHeM Mk= 1/t , BTOPOH - Mk= 1/(t + r). 
CpaeHwe · 

t 2 
I (t - 1) = t - t 

k= 1 

t+ r 
2 

w I ( t + r - 1) = (t + r) - (t + r) 
k= 1 

H Y4HTb1BaR, 4TO t, r ~ 1 , nony4HM Hawe yTBep)l(AeHHe. 
BblBOA! 4eM wwpe R4eHKH, TeM rHCTorpaMMa ny4we B CMblcne 

KPHTepHR /2/. 

nPHMEP 1. 4wcTaR 3KcnoHeHTa. 
nycTb f(x) = a• exp(-a ,t), t {; (0, oe), nycTb <Tk> , k = 1, 

••• , m - onTHManbHOe paa6weHwe oc1-1 (0, oe) Ha m R4eeK paeHoro 
eeca, paeHoro 1/m. nonblTaeMCR BblBeCTH RBHble <!>OpMynbl MR KOH-
408 3THX HHTepeanoe. nycTb t ( i - 1) H t(i) - KOH4bl i -ro wH
Tepeana. HHTerpan OT f(x) Ha i + 1 -OM HHTepeane paeeH 

ff(x)dx = exp(-a. t(i)) - exp(-a. t(i + 1)) = 

exp(-a. t(i)) • (1 - exp(-a, d(i, i + 1))) = 1/m, 

4 

~ 

., 

"' 

rAe 

d(i, i + 1) = t(i + 1) - t(i). 

HMeeM 

exp(-a. d(i, i + 1)) = 1-exp(a, t(i))/m, 

OTKYAa 

d(i, i + 1) = (-1/a) . ln(l - exp(a. t(i))/m), t(O) = O. 

BMecTe c <1>opMynoH 

i- 1 
t(i) = I d(k, k + 1) 

k=O 

3TO AaeT peKyppeHTHblH anropHTM MR Bb14HcneHHR KOH40B HHTepea
noe onTwManbHoro paa6weHHR. 

nocneAHHH m-blH HHTepean 6yAeT 6ecKOHe4HblM, T.e. d(m-1,m)= 
= 00 • Ecnw, KaK o6bl4HO B cneKTPOMeTpHH. a = ln(2)/ T 12, rAe 
Tl2 - nepHOA nonypacnaAa, TO nerKo BblBeCTH RBHble BblpameHHR 
AnR t(i) H d(i, i + 1): 

d(O, 1) = Tl2, ln(m/(m - 1))/ln(2) 

d(l, 2) = Tl2. ln((m - 1)/(m - 2))/ln(2) 

/3/ 

d(i, i + 1) = T12, ln((m - i)/(m - i - l))/Jn(2) 

. . . .. . . . . ... 
nepeHAeM Tenepb K norpeWHOCTRM 2-ro POAa, 
6yAeM npeAnonaraTb, 4TO onTHManbHoe pos511eH11e 06.nae1v. X 1-:e 

HHTepeanbl .<Xk>, k = 1 ' ••• , m y>Ke npOH3BeAeHO, H Tenep1, HoAO 
Bb16paTb Te T04KH xk BHYTPH Ka>KAOro HHTepeana, B KOTOP~X OPAV" 
HaTa yk, paeHaR np116nw>1<eHHO Mk/lk, 6yAeT npe,qcTaB.n.RTb si-ro~e
HHe HenpepblBHOH <l>YHK4"1H s(xk) e onTHMa.nbHOM CMblC.ne. norpeu.;
HOCTb TaKoro npeACTaeneHHR 6yAeT <l>YHK4HeH paccTO.RHH.R s(x) 
OT yk Ha HHTepeane Xk, H 3aAa4y onTHMH3a4HH 2-ro po,qa MOW.~O 
c<1>opMyn1-1poeaTb, 04eBHAHO TaK: Bb16paTb xk TaKoe, 4T06bl paCClOF.-
HHe OT s(x) AO KOHCTaHTbl s(xk) Ha HHTepea.ne Xk 6blnO MHHHMclJ"lb-
HblM. 

3aAaAHMCR, KaK H paHee, KBaApaTH4HOH MeTpHKOH. KpHTepHeM 
onTHManbHOCTH 2-ro POAa MO>KHO 6yAeT aan1-1caTb TaK: 
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xk = ARG MIN f(s(x) - s(xk)) 2dx. 
xk Xk 

3To eap11a1.1110HHaR 3a,qa1.1a, KOTOpaR B 1<11acce HenpepblBHblX <l>YHK1.111A 
s (x) ,qJ'IR KOHe4HOro Xk 11MeeT npoCTO Bbl411CJ1ReMoe peweH11e. HM 6y
,qeT apryMeHT 

s(xk) = (1/lk). f s(x)dx, 
Xk 

/4/ 

T.e. B Ka4eCTBe onTl1MaJ1bHOro B CMblCJle KBa,qpaTl14HOA MeTPl1Kl1 
y311a R4eAKl1 cne,qyeT Bb1611paTb T04KY, B KOTOpoA S (x) paBHa ceo
eMy 11HTerpaJ1bHOMY cpe,qHeMy Ha 11HTepsane /3TO 6y,qeT He o6R3a
TeJ1bHO cepe,qi1Ha 11HTepsana, KaK 06bl4HO np11HRTO C411TaTb ,qJ'IR 

r11cTorpaMM/. 
Ec1111 cpe,q11 11HTepeanos Xk eCTb 6eCKOHe4Hble, TO KBa,qpaTl14HaR 

MeTPl1Ka He no,qxo,q11T. 803bMeM AJ1R onpe,qe11eHHOCTl1 MeTp11Ky C. 
HeTPYAHO y6e,ql1TbCR, 4TO peweH11eM 3a,qa1.111 

xk = ARG INF SUP ABS( s(x) - s(xk)) 
Xk x 

6y,qeT apryMeHT 

s(xk) = (SUP s(x) -INF s(x))/2, /5/ 
X X 

T.e. B Kal.leCTBe onTl1MaJ1bHOro B CMblCJle paeHOMepHOH MeTPl1Kl1 y3-
11a R4eAK11 cne,qyeT Bbl611paTb apryMeHT aMnJ111Ty,qHoro cpe,qHero 3Ha-
1.1eH11R cf>YHK'-11111 Ha 11HTepsa11e /Tome e o6~eM c11y1.1ae He cosna,qa10-
~11A C ero cepe,q11HOH/. B 06011x c11y1.1aRX TaKl1X apryMeHTOB MOmeT 
6b1Tb HeCKOJlbKO, 8bl6op O,qHoro 113 H11X B03MomeH TOJlbKO Ha OCHOBe 
,qono11H11TeJ1bHblX yc11os11A 3a,qa1.111, o 1.1eM pe1.1b noA,qeT H11me. 3aMe
T11M cpa3y, 4TO onT11M113a1.111R r11cTorpaMM11poeaH11R e CMblCJle norpew
HOCTl1 2-ro po,qa 3a11HTepecosaHa e o6~eM c11y1.1ae s MaKc11MaJ1bHO 
B03MOmHOM cymeH1111 11HTepea11os. 

nPHMEP 1. C11y1.1aA 1.111cToA 3KcnoHeHTbl /npo,qo11meH11e/. 
Onpe,qe1111M Tenepb Y3Jlbl tk onT11MaJ1bHblX 11HTepea11oe Tk. 6y,qeM 

nonaraTb, 4TO a=• ln(2)/T12. Ha OCHOBaH1111 /3/ 11 /4/ 11MeeM 

ln(2). exp (-a. t(i-1)) · (1-exp (-ln(( m-i + 1)/(m-i)))/(Tl2• ln((m-i+1)/(m-i)= 

= ln(2) • exp ( - a • t ( i - 1))/ ( m - i + 1)- ln ((m - i + 1)/ (m - i )) . T12 = 

= exp ( - a . ( t ( i - 1) + h )) • 

0Tcio,qa HaXOA11M 

h = (T12/ln(2)) . ln(T12. ln((m -i+ 1 )/)m - i )) • (m - i + 1)/ln(2)) /6/ 
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[) 

J 

ni:,11 i / m. ,llJlR i = m, 11MeeM, Ha OCHOBaHl111 /5/, 
a• exp(-a. t(m- 1))/2 =a• exp(- a .. (t(m -1) + h)). 

0Tcio,qa no11y1.1aeM 

h = T12. 

nPHMEP 2. rayccoea cf>YHK1.111R, 
raycc11aH 

s ( x) = (1/ SQRT(2 • pi) • w) . exp(-( x - p) 
2 

/ w2
) 

171 

RBJlReTCR HeMOHOTOHHOH cf>YHK1.111eA; KpoMe Toro, nepsoo6pa3HaR B 
RBHOM 011,qe OT Hero He 6epeTCR, 8011,qy 3TOro nOCTP011Tb RBHble 
cf>OPMYJlbl ,qJ'IR Bbl411CJ1eHl1R KOH'-108 m 11HTepsaJ108 paeHoro seca He 
y,qaeTCR. 3,qecb MOmHo yKa3aTb c11e,qy10~11A a11rop11TM. nycTb m = 
= 2 • k + 1.PewaeM 411CJ1eHHO· 111111 C nOMO~blO Ta611114 ypasHeH11e 

p+h 
f s(x)dx = (1/m) 

p-h 

OTHOCl1TeJ1bHO h 11 nonaraeM t(l) = p - h' t(2) = p + h; 3aTeM npo-
1.1ecc peweH11R ypasHeH11A · 

t (I) 
f s(x) = (1/m) 

t (i- 1) 

npo,qonmaeM no o6e CTOPOHbl OT T04Kl1 11 no11y1.1aeM noc11e,qosaTe11b-
HO napbl HHTepeanoe <t(i-1),t(i)>, <t(j-1), t(j)> 1,1 T.,q. 

To4Kl1 t(i) ' t(j) np11 i = j = k 3a,qa,qyT KOHl.lbl ,qeyx 6eCKOHe1.1-
HblX 11HTepsa'110s. Ec1111 m = 2 . k, TO npo1.1ecc cne,qyeT Hal.la Tb , no110-
m11e t(l) = p 11 Bbl411CJ1RR napbl 11HTepsa11oe < t(i - 1), t(i) >, 
<t(j - 1) , t(j) > 11 T ,A, 

TaKoA a11rop11TM nepeHOCl1T Ha op,q11HaTbl KOHe4HblX R1.1eeK r11cTo
rpaMMbl eamHoe CBOHCTBO <l>YHK'-11111 - Cl1MMeTP11IO OTHOCl1TeJ1bHO T04-
Kl1 p • 

AHa11or111.1HO 411CJ1eHHO 111111 C noMO~blO Ta611111.1 onpe,qeJ1RIOTCR Y3Jlbl 
R1.1eeK. np11 3TOM y3Jlbl 6ecKoHe4HblX Rl.leeK onpe,qeJlRIOTCR RBHO 

2 2 
h = SQRT(l + 2 · w • ln(2)) - q, 

r,qe q paBHO o,qHOMY 113 (t(k) - p). 
Ec1111 m = 2 • k + 1 , To B03MomHblX y311os R1.1eAK11 .< t(l) , t(2) > 

6y,qeT ,qsa: cneea OT p, 11 cnpasa oT p. £c111.1 Bbl6paTb 1110601:i, 
Cl1MMeTpl1R r11cTorpaMMbl HapyUMTCR. MomHO B3RTb B Ka4eCTBe y3Jla 
11X nonycyMMY, T.e. T04KY p, HO 1,1 TOr,qa op,q11HaTa r11cTorpaMMbl 
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GyAeT npeACTaBJlRTb CHCTeMaTH4eCKH 3aHHmeHHOe 3Ha4eHHe s(x) 
B T04Ke MaKCHMYMa, T.e. B03HHKHeT CHCTeMaTH4eCKaR OWH6Ka npeA
CTaaneHHR. 

nPHMEP 3. nopeH4eaa ¢YHK4HR. 
npHMepy 2 aHanorn4eH cny4aH ¢YHK4HH s (x) = 1/(w • 2 •pi• (1 + z 1), 

rAe z = (x -p)/w. Ho 3AeCb 3aAa4a nocTpoeHHR HHTepaanoa paaHoro 
aeca pewaeTCR ner4e, TaK KaK nepaoo6pa3HaR OT s ( x) cyiqecTay
eT a RBHOM BHAe. HanpHMep, ecnH m = 2 , k + 1, TO, npHMeHRR Bb1We
H3JlOmeHHblH anropHTM, nony4HM 

p+h 
f s(x)dx= (1/2, pi), arctg(h/w) = 1/m. 

p-h 

0TCIOAa h = W• tg(1/m). ,llanee AnR i = 2, ••• , m-1 HMeeM 

t (i) 

f s(x)dx = (arctg(t(i)/w) - arctg(t(i - 1)/w))/(2 •Pi)= 1/m. 
t (i-1) 

0TCIOAa nocneAOBaTeJlbHO HaXOAHM 

t(i) = w • tg(2 • pi/m + arctg(t(i - 1)/w)). 

AHanorH4HO HaXOARTCR HHTepaaJlbl cneaa OT T04KH p • 
Y3nbl R4eeK x(k) MOmHo HaHTH no ¢opMynaM 

x(k) = p + w • SQRT(( t(k) -t(k-1))/ (arc tg(t(k)/w) -arc tg(t(k-1)/ w)) - 1). 

Y3en 6ecKoHe4HOH R4eHKH MomHo onpeAellHTb TaK: 

x(m) = p + ~. SQRT(2 • (1 + z2
)), z = (t(m -1)-p)/w. 

3AeCb .TaK me, KaK Ha cny4ae rayccoaoH ¢YHK4HH, oco6o pewaeT
CR aonpoc 06 y3ne 4eHTpaJ1bHOH R4eHKH. EcnH npHOPHTeT OTAaeTCR 
MHHHMYMY norpewHOCTH, TO peweHHeM 6yAeT OAHH H3 ABYX acHMMeT
pH4HblX Y3Jl0B. EcnH me npHOPHTeT OTAaeTCR CHMMeTpHH npeACTas
JieHHR, TO y3JlOM 6yAeT T04Ka p • 

nocneAHHe npHMepbl npoAeMOHCTpHpoaanH AeHCTBHe. AOnOJlHHTenb
HblX YCJlOBHH, npeAbRBilReMblX K rHCTOrpaMMaM, TaKHX, KaK CHMMeT
PHR H HecMetqeHHOCTb B T04Ke MaKCHMyMa. ,llpyrHMH TaKHMH ycno
BHRMH MoryT TaK>Ke 6b1Tb H HecMeiqeHHOCTb B T04Ke MHHHMyMa, co
xpaHeHHe nnoiqaAH /HHTerpana/ ¢YHK4HH H APYrHe. 

Ha npaKTHKe npH H3MepeHHH cneKTPOB onHCaHHble MeTOAbl rHCTO
rpaMMHPOBaHHR MOryT 6b1Tb npHMeHeH~ Ha OCHOBaHHH anpHOPHOH HH
(J>opMa4HH 06 H3MepReMOH ¢YHK4HH s(x) cneAylOlqHM o6pa30M: 

1/ HHOrAa HaCTPOHKOH H3MepHTenbHOH annapaTypbl; 
2/ 4aiqe npH nocTpOeHHH HHTerpaJlbHblX pacnpeAeJleHHH H3 OTAeJlb

HblX C06b1THH; 

8 

3/ H, HaK0He4, npH npeo6pa3oaaHHRX OAHHX KOOPAHHaT cneKT
poe K APYrHM • 

OnTHMaJlbHOe ntcTorpaMMHpOBaHHe MOmeT cyiqeCTBeHHO nOBblCHTb 
Ka4eCTBO aHaJlH3a AaHHblX C MaJlOH CTaTHCTHKOH. 

8 MaCCOBblX H3MepeHHRX MHOroKaHaJlbHblX cneKTPOB R4eHKH HMelOT, 
KaK npaBHJlO, OAHHaKOBYIO WHPHHY, H 3AeCb 3aAa4a onTHMaJlbHOro 
rHCTorpaMMHpoaaHHR RBJlReTCR 3aAa4eH onTHMaJlbHOro npeACTaane
HHR rHCTorpaMMOH ¢yHK4HH, 3aAaHHOH HHTerpanaMH Ha $HKCHpoBaH
HblX HHTepaanax c $HKCHpOBaHHblMH norpeWHOCTRMH 1-ro POAa. 

8 3aKJ1104eHHe OCTaeTCR paCCMOTpeTb eiqe aonpoc,o norpewHOCTH 
rHCTorpaMMHPOBaHHR B TeX CJlY4aRx, KOrAa no TeXHH4eCKHM npH4H
HaM HJlH BCJleACTBHe OTCYTCTBHR anpHOpHOH HH$OpMa4HH R4eHKH 
rHCTorpaMMbl H Y3Jlbl 3THX R4eeK $HKCHpOBaHbl. HTaK, nyCTb Xk -
K-aR R4eHKa rHCTorpaMMbl s(k) ¢YHK4HH s(x) H xk - $HKCl-1POBaHHl-:IH 
y3eJl 3TOH R4eHKH. Tpe6yeTCR 04eHHTb HOPMY pa3HOCTH s(xk)-s{k). 
6yAeM C4HTaTb, 4TO H3MepeHHe AaeT HaM npH6nHmeHHOe 3Ha4eHHe 
HHTerpana fs(x)dx no HHTepaany Xk. 

nycTb 3TO 6yAeT BeJlH4HHa yk • 
C APYrOH CTOPOHbl, TaKOH me 04eHKOH RBnReTcR aenH4HHa 

s(k) • L , rAe L = AnHHa R4eHKH. HMeeM 

r,: s(k) - s(xk) = (1/L) · f (s(x)-s(xk))dx. 

HMeeM cneAYIOU\YIO 04eHKy 

ABS(r),::; (1/L) • f ABS (s '(x), (xk- x )) dx = MAX ABS(s '(x)) • L/2 x ~ Xk. 

3TO 04eHKa norpeWHOCTH 2-ro POAa. nonHaR norpeWHOCTb 6yAeT 
BKJ1104aTb B ce6R eiqe H 4JleH 1-ro POAa. 

nPHMEP. PaccM0TpeHHb1e pa Hee ¢YHK4HH. 
nycTb 

f(t)=a• exp(-a. t), f'(t)=-a 2 ,exp(-a, t), 

. MaKCHMYM MOAYJlR 1-H npoH3BOAHOH 3TOH ¢YHK4HH AOCTHraeTcR npH 
t = 0 H o6paTHO nponop4HoHaneH KBaApaTy nepHOAa nonypacna
Aa. 

,llanee ao3bMeM 
2 2 f(x)=C•exp(-(x-p) /(2•w ), 

rAe c = 1/(SQRT(2 ·pi), w).,llnR 3TOH ¢YHK4HH MaKCHMYM MOAYJlR 
1-H npOH3BOAHOH AOCTHraeTCR B T04Kax 

x = p + - w/SQRT(2). 
2 2 H HaKOHe4, f(x)=c/(l+(x - p) /w ), rAe c = 1/(2. 11. w). 
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AnR 3TOH <l>YHKLtHH MaKCHMYM MOAYilR 1-.::i npo"13BOAHOH AOCTHraeTCR 
8 TO4KaX 

x =p+ -w/SQRT(3). 

Ka4eCTBeHHOe 3aKJ1~4eHHe H3JlOmeHHoro MaTep1-1a11a MOmHO ccJ>opMy

IlHPOBaTb CJleAY~~HM o6pa3oM. 
MaTeMaTH4CCK!-1e coo6pameHHR' 11ema~1-1e 8 OCHOBe Bb16opa WHPHHbl 

R4eeK cneKTpaJlbHOH r1-1cTorpaMMbl, OTBe4a~T ABYM npOTHBOno11omHblM 
Tpe6oeaHHRM! 
1/ CAeJlaTb pa3Mep R4eHKH AOCTaTO4HO WHPOKHM AJlR o6ecne4eHHR 

XOPOWHX CTaTH(.. TH4eCKHX CBOHCTB 6YAY~eH rHCTOrpaMMbl; 
2/ CAeJlaTb pa3Mep R4eHKH no 8O3MOmHOCTH Y3KHM J:IIlR Toro, 4T06bl 
I, 1-1006pamaeMaR rHCTorpaMMOH <l>YHKLtHR on1-1cblea11ac~ e~ MOCTaTO4HO 

TO4HO BHYTPH KamAOH R4eHKH. 
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