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BBEAEHV1E 
'.,lI 3aAa4a BOCCTaHOBneH~R $OpMbl Kp~BO~ BTOpOrO nopAAKa no pe3ynb

TaTaM ~3MepeH~~ 4aCTO ~cnonb3yeTcA Ha npaKT~Ke np~ npOBeAeH~~ 

~ccneAOBaH~~ BO MHor~x 06naCTAx HaYK~ ~ TeXH~K~ 106pa60TKa 
3Kcnep~MeHTanbH~X AaHH~X, np~6n~meH~e $YHK~~~ Ha OTpe3Ke, 3aAa
4~ ~HTepnonR~~~, 3KCTpanonA~~~ ~ AP.I. 3Ta 3aAa4a ~rpaeT BamHY~ 

ponb B C~CTeMax no pacn03HasaH~IO 06pa30e, Hanp~Mep, np~ on~ca

H~~ n~H~H ~ $OpM Ha ~306pameH~AX /1/, np~ $~nbTpa~~~ ~ cmaTH~ 
~H$opMa~H~ ~ T.A. 

Oc060e np~MeHeH~e OHa HaxoA~T B 3aAa4ax MaccoBoH 06pa60TK~ 

AaHH~X e coepeMeHHoM $~3~4ecKoM 3Kcnep~MeHTe, rAe Tpe6yeTcA 3a 
04eHb KopoTKoe epeMA nony4aTb o~eHK~ .napaMeTpOB ~3y4aeMwx co6w
T~~. Be~AY orpOMHoro nOTOKa AaHH~X, xapaKTepHoro AnA TaK~X 

3Kcnep~MeHTOB, anrop~TM~ 06pa60TK~ AonmHbl ~MeTb AocTaT04Ho 60nb
wY~ CKOpOCTb BW4~cneH~H np~ M~H~ManbH~X 3aTpaTax naMATH H oGec
ne4~BaTb 3aAaHHy~ T04HOCTb 06pa60TK~. 

Knacc~4ec.(~H MeTOA nOA60pa K03$$~~~eHTOB AnR KP~BOH BToporo 
nopAAKa COCTO~T B HaxomAeH~~ Kp~BO~, KOTopa~ M~H~M~3~pyeT CYMMY 
KBaApaTOB OW~60K - 3TO W~pOKO ~3eeCTH~~ MeTOA Ha~MeHbW~X KBaA
paTOB IMHK/. 

B HaCTOA~eH pa60Te Bonpoc BOCCTaHOBneH~A $OpMbl Kp~BO~ BToporo 

I . 
nopAAKa, B 4acTHoCT~ napa60nbl, paccMaTp~eaeTcA c T04K~ 3peH~A 

peweHHR 3TO~ 3aAa4~ B paMKax npo6neM~ pacno3HaBaH~A, rAe Tpe6y
~TCA 6~CTp~e ~ 3$$eKT~BHwe anrop~TM~ AnA nonY4eHHA o~eHOK napa
MeTpOB Inp~3HakoB/. np~MeHeH~e B 3TOM cnY4ae MHK, KaK npaB~no, 

" Tpe6yeT 60nbworo BpeMeH~ B~4~cneH~~. 

B pa60Te AaeTCA T04Hoe peweH~e npOCTe~we~ 06paTHOH 3aAa4~ 
onpeAeneH~e napaMeTpOB KBaApaT~4HOH ~apa60nbl no ee 4eT~peM T04
KaM H npHBOAATCR o~eHK~ norpewHOCTe~"s onpeAeneHH~ napaMeTpOB 
Kp~BOH c Y4eTOM H3MepHTenbH~X OWH60K. nonY4eHH~e $OpMyn~ MorYT 
6WTb Hcnonb30BaH~ B Ka4eCTBe pa604ero HHCTpYMeHTa np~ peweHH~ 

w~poKoro Kpyra 3aAa4. 

nOCTAHOBKA ~ PEWEHHE 3AAA4V1 B CnY4AE OTCYTCTBV1~ nOMEX 

,

~~:nõi'éJiHlíeHHbn~:; HHC;"TyT RAepHblX 
f f 

HCClle.tlOBIlHHH ,Uy6H8. 1~86·.
,I' 

nYCTb B nnOCKOCTH xoy 3aAaHO MHomeCTBO T04eK 

m: I P (X, y) I , 11/ 

nema~HX Ha KpH80H BToporo nopAAKa 

I' 
Or,va'tifUHw9 _RHcnn'Yt , 

1 

U~HW1 ICC~eIOBtual 
~ r=U~_ (H..I~""'c:'U A 



- - - - - -

'.I = ax 2 + bx + c /2/ H3 /7/ HenocpeACTBeHHO CJ1eAyeT KOMnJ1aHapHOCTb CJ1eAYiOU4HX BeKTO
POB: 

c HeH3BeCTHblMH K03<P<PH~HeHTaMH a, b H C / a, b, c - J1I06ble Aei:1cTBH -2 , 2
rens aue 4HCJ1a, a:/: O / • X =}S ~Xl U i' X = I ~iui y I L\Yi Ui 

i 
/8/1 I6YAeM pewaTb CJ1eAYiOLl\YiO /o6paTHYiO/ 3aAa4Y: no 3aAaHHblM 4eTbl

peM T04KaM 1013 MHomeCTBa /1/ Hai:1TH K03<P<PH~HeHTbI KPHBOi:1 /2/. /X2 
- o603Ha4eHHe BeKTopa, a He ero KBaApaT/.
 

PeweHHe 3Toi:1 nepeonpeAeJ1eHHoi:1 3aAa4H, BamHo~ AnR npaKTH4ec
 B 3TOM CJ1Y4ae aeKTop 
KHX npHJ10meHHi:1, MeToAoM HaHMeHbWHX KBaApaTOB n0J1Y4aeTCR 1013 YCJ10

11) - - -2 
BHR ~=[XxX ] /9/ 

I ('.Ij - ax ~ - bx j - c)
2 

min, j = 1 -:- 4.4 6YAeT opTOrOHaJ1eH BeKTopaM /8/: 
j 

C HCn0J1b30BaHHeM BeKTopHoro npeACTaBJ1eHHR ypaBHeHHR /2/ H (~, X 2) = (~, X) = (~, Y) c O. /10/
CBOi:1CTB T04eK, J1emaLl\HX Ha KPHBoi:1 /2/, peweHHe 3T0i:1 3aAa4H H 
o~eHKH norpewHocTei:1 n0J1Y4aiOT HarJ1RAHYiO reOMeTpH4eCKYiO HHTepnpe TaK KaK BeKTopHoe npOH3BeAeHHe RBJ1ReTCR aHTHCHMMeTpH4HWM Te H
Ta~HiO B BHAe onepa~Hi:1 HaA BeKTopaMH, nOCTpoeHHblMH no KOOPAHHa 30pOM 2-ro paHra /2/, ero KOMnoHeHTbI B HaweM CJ1Y4ae 3anHWYTCR 
TaM T04eK /1/, H n03B0J1RiOT 6oJ1ee 3KOHOMHO n0J1Y4aTb pe3YJ1bTaT B BHAe 
npH Bbl4HCJ1eHHRX. 

CHa4aJ1a paCCMOTpHM rpexxepuoe _BeKTopHoe npOCTpaHCTBO 'U3 H Bbl L\ lj = !1x i L\x ~ - ~x J fj.x 21 ' i, j = 1, 2, 3. /11/ 
6epeM B HeM npOH3B0J1bHbI~ 6a3HC lu i I, i = 1,2,3. B npOCTpaHCTBe 
'U s / 2 / 3anHweTCR KaK ypaBHeHHe nJ10CKOCTH B 4aCTHOCTH, 1013 /11/ CJ1eAyeT, 4TO L\lj = - ~ jl • 

npH 3TOM BblpameHHe(n, r) =-c, /3/ 

~(p, q)rAe fi= I niui = (a, b, -1) - HOpMaJ1bHbli:1 BeKTOp nJ10CKOCTH, a f = L I ~ IJ P I q j /12/ 
- i 2 i j 

= f r i ui = (x , x, y) - paAHYC-BeKTOp TeKYU4ei:1 T04KH. Ha nJ10CKOCTH. 
RBJ1ReTCR HHBapHaHToM OTHOCHTeJ1bHO J1HHei:1Hblx np~o6pa30BaHHi:1 CHCTe

Bbl6epeM B /1/ npOH3B0J1bHYiO 4eTBepKY HeCOBnaAaiOLl\HX T04eK c Mbl KOOPAHHaT /3/. Oneparopox g) CP: <D 3AeCb o6q;3Ha4eHa oriepauaa 
KOOPAHHaTaMH x j , Yj : CBepTblBaHHR TeH30pa ~ I' c ABYMR npOH380J1bHblMH BeKTopaMH ~ H ij 

1013 11 • J
3

Qj(Xj-,y j ) , QJ~m, j=1-:-4 /41 H3BeCTHO, 4TO onepa~HR CBepTblBaHHR TeH30pa ~I' c OAHHM BeK
ropoa , HélnpHMep p z: 2: P j Üj , nae r B pe3YJ1bTaTe HOB~Ii:1 BeKTOp. ,Llei:1

H, He HapYWaR 06Ll\HOCTH paccymAeHHi:1, ynopRAo4HM T04KH B Ha60pe j 

CTBHTcnbHO, /AnR i = 1,2,3/ HMeeM/4/ no KOOPAHHaTe x j : 

Q x: [x 1 .< x 2 .< x s <x 4 I, /5/ :t ó. Ij P j ~ ~ ~x l.1x f P j - I ~ J &t ~ P J = ~x I L ~x fP J - rue1L ~x j P j • 
J j j j J 
B BCKTOplfOH Ip()~)Me 3TO aupexeuue npHMeT BHA
 

no KOOPAHHaTaM T04eK /4/ nOCTpOHM TPH BeKTopa:
 
T. e. x 2' Xs ~ [x l' x 4 ]. 

- , .. ~.- -2 - 
f, (p) -' X. lX • (I) - X •(X, p) , /13/ 

àr i = r -;-i = (x 2 - x ~, x - x i ' '.I - '.I i) = (àx ~, ~ i' ÔY i ) /6/ 
rAe f(p~ - ullepalop 'CBepTbIBaHHR TeH30pa ~ Ij c npOH3B0J1bHbIM BeK

/3AeCb H AaJ1ee paAH YAo6cTBa 3anHCH HHAeKC Y x 4 onYLl\eH, T.e. r opoa p. 

x = X 4/ H aanuure» B KooPAHHaTHoi:1 <popMe YCJ10BHe KOMnJ1aHapHOCTH BeKrop 113/ o6n~AaeT aaMe4aTeJ1bHblM CBOi:1CTBOM. OH RBJ1ReTCR 
3THX BeKTopOB COnpAltleUIlt.I'" aeu r opy p. ,LleHcT8HTenbHO,
 

2"

~1 ~Xl ~Yl (~(p). p) ~ (K. P) .(1(~, p) _(X 2 , p) • (X, p) %: O./7/ 114/

=0.
 

. rueS
2 &ts ~Y3
 

rue 2 
2 

~2 ~Y2 

t

2 3 



BeKTopHYIO aanac s A11R ~(p, q) n011Y4I-1M, eC111-1 nOACTaBI-1M /11/ -TorAa 
B npaBYIO 4aCTb /12/: 

~(X, Y) 
a = ----_ /21/

:n(X, X 2)I. I. ~ lj Pi q j = I. ~x 1 P 1 I. ~x fq j - I. ~ ~ P i·I. f).x j q j 
1 j 1 j 1 j 

T04HO TaK >Ke, YMHO>KaR /18/ CKa11RpHO Ha BeKTOp 
1-1111-1 

- -2- -2 - -  /15/ Xl == :D (X 2) = X. (X 2 , X2 ) _ X:2 • (X, X2 ) , /22/:~(p: q) = (K, p) . (X ,q) - (X ,p). (X,q) . 

H3 /15/ 11erKO n011Y41-1Tb cneayoume CBo~CTBa A11R :~(p, <D : li'i n011Y41-1M 
I

/16,17/ - - 2 - - 2!D(p, q) = - ~(q, P>, ,~(p, p) =' O , I 

(Y, X..L) = b (X, X..L ), /23/ 

Ha~AeM/17a/~])(a p, ,sV = a,s'T, (p, q) , 
(V, X;) == (V, ,~(X2» =(V,X).(X2,X 2 ) _(Y,X2).(X,X~ T,(Y, i 2 

) /23a/ 
2 2 

/176/ 1-1:~(al Pl + a2P2' t3 1ql + f32q2) = I. ~ a1f3J· ,~(p i q j)'
i = 1 J= t 

(X,X;) = (X,',T(X 2 » =(X,X).(X 2,X2 ) _(X,X 2)(X,X 2
) ~(X, X2 ) • /236/

KpOMe Toro, nOACTaB11RR P* = ap + ,s<i B /13/, n011Y41-1M 

nOCIle nOACTaHOBKI-1 /23a/ 1-1 /236/ B /23/, Ha~AeM/17B/
~(ap + f3q) = a. ~ (p) + 13, ~ (ci) , -2 1(X ,Y) /24/

b = - ,rAe a,,s, ai' t3} - Ae~CTBI-1Te11bHble 41-1C11a. 
~(X,X 2)npl-1MeHI-1M Tenepb onepaTOpw /13/, /15/ 1-1 I-1X CBO~CTBa /16-17B/ TaKI-1M 06pa30M, napaMeTpbl KPI-1BO~ /2/ onpeAe11RIOTCA c nOMO~blO

K BeKTopaM /8/. A11R 3Toro nOACTaBI-1M T04KI-1 /4/ B /2/ 1-1 C Y4eTOM 
Ae~CTBI-1R onepaTopa ~ B B~Ae /15/ Ha COOTBeTCTBY!o~l-1e napw BeKTO

/6/ 1-1 /8/ aanl-1WeM BeKTOp Y B BI-1Ae pOB B 3aAaHHOM nopaaxe: X, Y; ir 2, Y 1-1 X, X2. cl>OPMY11bl /21/, 
/24/ BMeCTe c ypaBHeHl-1eM /3/ AalOT peWeHl-1e Hawe~ aaAa41-1. - -2 - /18/

Y = a·X + b· X , B npakruueckax npI-1IlO>KeHI-1RX Ha~AeHHble Bblpa>KeH'I-1R AIlR onpenene
HI-1R a 1-1 b n03BOIlRIOT AOCTaTo4HO 6WCTPO nOIlY4aTb O~eHKI-1 napaMeTpOB

rAe a. 1-1 b-He1-13BeCTHble napaaer pu 1-13 /2/. Ha~AeM a. A11R .aroro 
KPI-1BO~ /2/ no ee 4eTwpeM T04KaM 1-1 TeM caMWM MorYT CIlY>KI-1Tb OCHO

YMHO>KI-1M /18/ CKa11RpHO Ha BeKTOp X.1.' COnpR>KeHHW~ BeKTOpy X. no-
BO~ npl-1 Bwpa60TKe Kpl-1Tepl-1eB 1-1 pewalO~l-1x npaBI-1Il B aaAa4ax pacno


11Y41-1M
 3HaSaHI-1R, CmaTI-1R I-1H$opMa41-11-1, np1-16IlI-1>KeHI-1R cl>YHK~I-1~ Ha 3aAaHHOM 
OTpe3Ke 1-1 T.n. 

- - -2 - /19/ 
PaCCMOTpl-1M npocTO~ npl-1Mep. nYCTb 3aAaHW 4eTwpe T04KI-1 c KOOP

AI-1HaTaMI-1 (1,4), (2,1]), (3,40) 1-1 (4,.13), nexautae Ha KPI-1BO~ /2/. 
rAe cor11acHO /13/ 

(Y, Xl.) = a· (X ,X.1.)' 

Ha~AeM napaMeTpw a 1-1 b c HcnoIlb30BaHI-1eM cl>0PMYIl /8/, /20a/, /236/, 
/21/ 1-1 /24/. Pe3YIlbr aru Bb141-1CneHI-1~ pa3MeCTI-1M B cneAYlOll\e~ Ta6nl-1-' - - - -2 - -2 -- /20/

Xl. = ~ (X) = X· (X ,X) - X • (X, X) • ~e. 
Ta6mm;a 

nOACTaBI-1M /20/ B /19/. Ha~AeM Bcel"o2 x x x y ôi. X) ex, X2 ) Ô<2, xl!) (X. y) (xl!,Y) g:cx' X~) !r(x' Y> !t(X2, Y> a b 
J YJ orrepa_ _ _ - - - -2 - - -2 - - ,-- /20a/ IHfH~(Y, Xl.) = (Y, 5)(X») => (Y, X)· (X ,X) _(y,.X .>. (X, X) =-,9)(X,Y) 

1 4 3 15 69 
2 17 2 12 56 

1-1 3 40 I 7 33 
-2 - - 2 - - 2 - - 2 - - 2 - 2 -- /206/ 4 73 14 76 4]6 352 1936 76 360 -152 5 -2

(X ,X.1.) = (X ,~(X» = ,(X , X)· (X t X) - (X ,X ). (X, X) ... r 
tIlfcno 

'(7\ - -2 orre- 3 7 3 5 5 5 5 5 3 3 3 I ,I 49= - ,:v(X, X ) • 
pa~HH 

i 

54 



HaWIU1 a = 5 H b = -2. nOAcTaB11flR r eneps BeKTOp (5, -2, -1), H '- 2 . - 2 - 2 - - '2 - 2 - - 
,~(X " V') = 'SXa X + 2a~X, V') = a .5) (X , V') + 2a~.,~(X, V') , /31/

T04KY (1,4) B /3/, n011Y4HM: -c = (5, -2, -1),(1, 1',4)' = 5- 2 
- 4 = - 1 101111'1 C = 1. 2'~(X', X , ) == ,:D(aX, a 2X2 + 2af3X) = a3:~ (X, X2) + 2a 2 ~ ~(X, X) ==a 3:J)(X,X2) ,

B HH>KHeH CTpOKe Ta6111'14bl npHBeAeHO 4Hcno onepauaà , xo r opue 
Heo6xoAHMO Bwn011HflTb Ha Ka>KAOM ware BW4~~11eHI'1H. Bcero A11fl onpe TaK KaK :D (X, X) = o. nOAcTaBHM ./30/, /31/ H /32/ B /21/ H /24/.
Ae11eHl'1fl a H b nOTpe6oBa11ocb 49 onepa4HH. ~11fl cpaBHeHl'1fl OTMeTHM, n011Y4I'1M 
4TO npl'1 onpeAe11eHHH a 1'1 b no 4eTwpeM T04KaM B MeTOAe Hal'1MeHbWHX 
KBaApaTOB Heo6xoAHMO BbIn011l-iI'1T b' OK0110 85 onepauaã, 

,lI:" ~(X', y') a Tt.x,Y') ~(X, Y')3anHweM /21/ 1'1 /24/ B pa3sepHYToH $opMe, nOACTaBI'1B BMeCTo j a = --__ = = _• 

/33/
1,~CX, Y), ~ (}f2, Y) 1'1 ·~(X, X2) HX Bblpa>KeHHfl /20a/, /23a/ H /2'36/: I ,~(X',i2) a 3 j )(X, X2) a 2 .~.(X, X2 ) 

I " 1'1 
- -2 - - - - - 2  '" (Y, X ). (X, X) - (Y, X) •(X ,X)a = -- _ ~(X 2', Y') -a 2,~ (X2,Y') -2a{3:~(X,Y') - 5]ex2 , Y') 

- (X2,X).(X2 ,X) 
/25/ b _ _ =-.----::-=-----= _._ -2a~', /34/(X 2 ,i 2).(i, X) ·~(X '"X 2') a 3.g)(X, X 2) a.5] (X, X2 )

1'1 

(Y, X). (X 2, X2 ) _ (Y, i 2 ) . (X 2 , 5() rAe a onpeAe11eHO no /33/, a WTpl'1X YKa3WBaeT Ha TO, 4TO BeKTOpw
/26/b 

- 2 '- 2 =--::;---'2--=--=2':- , nonyveuu Ha HOBOM Ha60pe /27/. B 4aCTHOCTH, npH a = 1 1'1 ~ = O
(X , X ). (X, X) - (X , X) • (X , X) n011Y4I'1M HCXOAHble $OPMY11bl. 
- - 2 - n011Y4eHHble $OPMY11W /33/ H /34/ n03B011flIOT BW4HC11flTb a H b 4e

rAe X, X H Y n011Y4eHW no 4eTwpeM T04KaM /4/. 
pe3 BeKiop V', nocTpoeHHwH no T04KaM HOBoro Ha6opa, $I'1KCHpOBaH

_ B~~ 3T~X $OPMY11 TaK>Ke coxpaHfleTCfl, 'eC11H pa3MepHocTb BeKTopOB Hble /101111'1 6a3lttCHble/ sexropu X H X2 1'1 napaaerpu npeofipaaoaauaa
X "X H Y paBHa M > 4. 3TO cneayer 1'13 

a 1'1 (3. npltt 3TOM Bce BWpa>KeHlttfl, 3aBI'1Cfl~ltte T011bKO O~ 6a31'1CHblX 
M 2 2 BeKTopOB, OCTalOTCfl HeH3MeHHWMItt. C4lttTalOTCfl TonbKO ABa CKa11flpHWX
I(6ym-a'~m-b~xm) -+ min, - - -2 npOH3BeAeHlttR .<X, y') Itt (X ,Y') H onepauua HaA K03$$1tt4ItteHTaMIttm=l 

npeo6pa30BaHlttfl. B pe3Y11bTaTe o6~ee 41'1C110 On~pa4lttH A11fl Ka>KAOro
4TO MO>KeT C11Y>KHTb e~e OAHHM AOKa3aTe11bCTBOM npaBH11bHOCTI'1 n011Y Ha60pa T04eK COKpa~aeTC~ npl'1MepHO B 2,1 pa3a.
4eHH~X 3AeCb B~pa>KeHI'1H. ' 

Pacxpusaa oneparop ~ B /33/ 1'1 /34/, 3anlttWeM Bblpa>KeHlttfl AIlR 
Boo6~e rQBopfl, npH nepexoAe K HOBWM T04KaM ace Tpl'1 BeKTopa a Itt b B BHAe, YAo6HOM A11fl BW4IttC11eHI'1H:

6YAYT- H3MeHflTbcfl. Bexropa iH X23a BHcflT or Hawero Bbl6opa, a Y
OT KRHBOH /2/. ' _1_ [(X, X) . (X 2, V') _ (X, X 2)(X, V')]a = /35/

nYCTb npH nepexOAe K HOBOMY Ha60PY T04eK /4/ KooPAHHaT~ x~ 
a 

2 1L\12 
/ j = 1:-:- 4/ onpenenaorca npeoõpaaoeeuaex Itt 
xj = a,x J + {3, /27/ 1 - -2 -2 - -2 -2 - 

b = --_-[(X·,X )·(X ·Y') -(X ,X )(X"Y')] -2a~, /36/
rAe a, {3 - AeHcTBHTe11bHble 4I'1C11!, a_xJ~KoOPAI'1HaTW Ha60pa /4/, no 

a lôl 2 
KOTOp~M 6~11H nOCTpoeHbI BeKTOp~ X H X2'. 

llpeoõpeaoeaaae /27/ aanaer Ae$OpMa4HIO OTpe3Ka [x í- x] /C>KaTl'1e - 2 - -2
rAe 1L\ I = g:(X, X ).

10111101 paCTR>KeHHe B a pa3/ H ero, CMe~eHHe no OCH ox Ha Bel1H4HHY ~. 
EC111tt B~6paTb 6a3lttCHble sexropu opToroHa11bH~MItt /(X,X2) =0/,

HaHAeM, KaK npH 3TOM 6YAYT MeHflTbCfl $OPMY11bl /'4...1/ 1'1_/24/. A11fl_ TO /35/ Itt /36/ npHMYT 6011ee npocToH BI'1A:
3TOrO nOAcTaHoBKoH /27/ B /8/ HaHAeM BeKTOp~ X' H X2' 4epe3 X 

1ft X 2 : 

(X 2, Y') (X, Y')- - 101 bc - 2a. {3 • /37/,/38/
X' =a.X, X 2' a a 2 • X 2 +2a.~.X /28/,/29/ '1 a =--- ---2 a2 1X212' aiX1 

~
 /BeKTOp X' coxpaHfleT HanpaB11eHl'1e BeKTopa X/' OpTorOHa11bHOCTb BeKTopOB XItt i 2 MO>KHO n0l1Y4~Tb nOAXOAfl~I'1M
n0l1Y4HM, Hcn0l1b3YR CBO~CTBa /16/-/176/: BblfiopOM ue tupex T04eK Ha OTpe3Ke [x l' X]. Hanpaxep , 1tt3 YC110BHfl _.. - - -  (X, X2) =O cnenye r I (&t 1)2 (x + Xl) c O 1'1111'1' x. k (~;)2==_Ix i (~x 1) 2 ~(X', 'Y') == 1XaX, V') = a· :5) (X, V') /30/ 

r ae X = X 4. 1 i i 
6 7 



- - -

I

I 
l

Ecna Mbl 3aAaAltfM rpa TOlIKItf, Hanpltft!ep ~1' x 3' X, TO KOOPAItfHaTY II norauuo AI1H~,..: 
b

X 2,	 06eCne4ItfBa~~y~ OpTOrOHanbHOCTb X Itf X2, MOmHO Ha~TItf ~3 pewe :~ - - 2 - -	 /45/HItfH	 Ky61tf4eCKOrO ypaBHeHItfH: ,', . (E, X o) . coa cf; -(E,Xo)
I 

\3 X 2 1 2 2 . 
1\ 2 - 2 -- À 2+ - (L - À3 x3 - À 3 X - 2x) = O,L L /39/ 

r Ae À i = ~x i/L, a L = X - x 1 = ÔX 1 • TorAa no Ae~CTBItfTenbHoMY KOP
H~ À~ HaxOAItfM T04KY } 

x2 = x - À ~. L, i/40/ 
KOTopaH BMeCTe c 1tf3BeCTHblMItf TpeMH AaeT Ha60p AnH nOCTpOeHItfH 
opTorOHanbH~X 6a3ItfCH~X BeKTopoBf Itf X• 

2 
npeAcTaBneHItfH a Itf b B opTorOHanbHOM 6a3ltfce HBnH~TCH Haltf60nee IE I . (1 + cos cf;)rIYAo6H~MItf AnH B~4ItfCneHItf~ Itf npltf peWeHItf~ npaKTltf4eCKltfX 3aAa4. ~3 1:& I .~ ----=..---- .	 /47/l. 

I/37/ ~ /38/ nerKO BItfAeTb, 4TO AnH B~4ItfCneHItfH a Itf b Tpe6yeTCH fi Ia I . Ixl. sin 2 rp 
~19 onepa41tf~, 4TO npltfMepHO B 5 pa3 MeHbwe, 4eM B MHK. ~ ~ ~3 /46/ 111 /47/ ~neA~eT, 4TO npenensuue aõcorucruue norpeWHOCTtt 

AnH napaMeTpOB ~ Itf 6 3aB~CHT KaK OT AnltfH 6a3ltfCHblX BeKTOpos IXI;! Itf IX 21, yrrta 4> MemAY 3TltfMItf BeKTOpaMItf, TaK Itf OT a -K03epep1tf41tfeHTa
Bn~RH~E nOMEX HA T04HOCTb PEWEH~H	 II Ae~opMa41tf~ OTpe3Ka [Xl' x]. 

. I B 4aCTHOCTItf, AnH cnyuaa op rorouans aor-o õaauca XItf X2 (cf; = rr/2),..	 .... ,4T06bl 04 eHItfTb T04HOCTb B onpeAeneHItf~ napaMeTpOB a Itf b Ha OT nonY4ltfM 
pe3Ke a[x 1, x] no $opMynaM /35/ Itf /36/, nOACTaBItfM B HItfX BMeCTO 
BeKTopa Y' BeKTOp 

Y' = Y' + E, /41/ 

rne E - ae k'rop OWItf60K: E.= I~:~iÜi' ~~i = :~4 -:l~i' ~j- OWltf6Ka 
i 

B 1tf3MepeHItfltf j -~ T04KItf, j = ·1 -:- 4. BBItfAY nItfHe~HOCTItf epopMyn, OWltf6KItf 
B onpeAeneH~1tf napaae rpo a ~ Itf:~ 3anltfWYTCH B BItfAe 

•	 â lJ
 
1 -- - - -- :8J,.. = ---[(X, X) . (X 2 I E) - (X, X 2) • (X, E)] /42/ 

a a21KI2 
Itf 

.~	 ... = - - ------ • /45/ 
b a.[X[,sin 2 c/J 

Hanpaaneuae E CI1Y4aHHo, Itf AI1H 04eHKItf npenensuax a6COn~THbJX 
norpeWHOCTeH KOCItfHYC yrna MemAY BeKTopOM E Itf 6a3ltfCHblMItf seKTopa
MItf npltfMeM 3a 1. TorAa 

IE I . (1 + coa cf; )
I:EiJ ,..1 < --_...._--- /46/ 

a - a 2p{" 21. sín 24> 
Itf 

. lEI	 . lEI
1·& .... 1< - I-l l·~ ""I < ---::..-. /46a/ ,/47a/ 

a	 - a 2.\X 21 b - la I . IXI 
AIlH 04eHKItf npeAenbHO~ OTHOCItfTenbHO~ nOrpeWHOCTItf napaMeTp~ i Itf t 
c Y4eTOM /35/ Itf /36/ 3anl-lWeM B BItfAe { . 

A ... 

- -2 - 
.... (Y , , X o) - (Y' , X o) coa fjJ 
a == ---------	 /48/

2a	 1X2113in 2 4> 

:: -2 :: 
(Y, , X o) coa cP - (Y", Xo)


b == . 1 - -2 -2 - -2 -2 --	 ,..----- . /49/
8J",,=_ --=--[(X,X ).(X IE) -(X,X ).(X, E)] /43/ I aIX!sin2 cf;

b alLil2 I 
npltf	 f3 = O. OTHOCItfTeI1bHble norpeWHOCTI-l 8"" Itf ~S c Y4eTOM /44/, /45/, /48/

~3 /42/ Itf /43/ Ha~AeM npeAenbHble aõcoruoruue norpeuraocra. Itf /49/ npltfMYT SItfA: & 
Cua-rane aaruuuea: 

- -2 - j :~,.. (E, Xo) - (E, X o) coa rfJ . 1 - 2 -2 - -2 - 2 -2 - -	 a.~"" = -.:-[(XI ·IX [.(E,X ) -IXI . IX l,cos<p(E,X )] = 
2 o o 5 .... --- == --------	 /50/.... 

a	 a21~ 1 a a 
/44/	 

CY') , X~) - (~, ,i.Jcoa cp 
-	 -2 -- Itf

!X\2 IX21 - -2 - - . (E,X) - (E,X O) • coa 4> 
=	 - • • [ (E, X ) - (E I X o) . cos </I] = ----_--------- , 11 - - --2

(E, X o) - (E, X o) coa ifJ 
/51/cc.21XI ~ a2 1X 2] sin2 </I	 

&6 
5 ... 

~ - ~-2fi b ( Y , , X o) - (Y , t X o) COa c/J
r,qe Xo M Xõ eAItfHItf4H~e aex'ropu AI1H XItf X2, a </I ==<{ ôi, X2 ) . AHa-

OTCIOAa BI-lAJ.1~, 4TO OTHOCJ.1Tel1b~ble norpeWHOCTItf 5â Itf 8'Ô aaeacar 
KaK OT B3a~MH0J.1 Opl-leHTa41-l1-l 6a3~cH~x BeKTOpos /yro~ cf;/, TaK Itf OT 
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op~eHTa4~~ BeKTOpa ~3MepeH~~ Y' no OTHoweH~~ K 3T~M BeKTopaM. 
E"CfI~ np~HflTb HanpaBfleH~e aexrope OW~60K E paBHblM HanpaBfleH~1O 

Y'	 /MaKC~MaflbHaR ow~6Ka B AfI~He BeKTopa/, /50/ ~ /51/ np~MYT 
B~A /np~ rP = 17/2/: 

lEI8"	 =8" =_. 
/52/

& b li'l 
B 3TOM cflY4ae OTHoc~TeflbHaR norpeWHOCTb B onpeAefleH~ napa

MeTpOB ~ ~ b c aex'ropos, OW~60K E ~ BeKTopOM ~3MepeH~~ Y' Ha 
OTpe3Ke a[xl'x] paBHa OTHoweH~~ AfI~H 3T~X BeKTopOB. 

np~Mep. CAenaeM 04 e HKY norpeWHOCTe~ AflR Ha~XYAwero cnY4aR, 
KorAa OW~6K~ ~3Mep~H~f1 BO Bcex T04Kax paBH~~max, np~4eM 3HaK 
OW~6K~ B T04Ke x 4 npoT~~ononomeH 3HaKY OW~6K~ B OCTanbH~X T04
Kax. Ha~AeM 

IE I	 5 JI (~'~i )2 .~ '/"i (~max + :~max)~ :.; /121'~max I 
i i 

~ 

,.--- r--	 " "'"A	 A

IY I	 = y I (l\Y i ) 2 > Y max {( ~ Yi) 2 I > max I~y i I, r Ae ~y i = Y - Yi . 
i i 

y12j'~ I " 
Torna 8 .... = 8" < ---~~- , rne rnax l áy I - Ha~60flbW~~ nepenan 

a b- maxl6y I	 i 
" i 

no Yi - ~ooPA~HaTe Ha or pe a «e a [x l' X]. OTcIOAa, Hanp~,tiep, ....cnenya-r , 
4TO np~/.~ mas I = 1O MI<~ ~ Tpe6yeMO~ T04HOCT~ AnR a ~ b B 1% 
nepenaA AflR KOOPA~HaT~ y Ha OTpe3Ke AonmeH 6~Tb nopflAKa 

.... y 12 ·10 MKM	 .
maxl~i-I "" ---- == 1000y12 '" 3,5 MM. 

0,01
 
npeAenbH~e a6conlOTH~e 04eHI<~ np~ 3TOM paBH~
 

. yi2r~ I y12 I'~maslI.~ .... / < . mu 
8.	 I'~ s1 <- 2 X 2 1a 1 [u ] ·IXI 
OTCIOAa, B. 4aCTHOCT~, cneayer , 4TO T04HOCTb onpeACJlt"~~" nnpn

MeTpOB â H b Ha OTpe3Ke a[x .x ] 3aB~C~T OT op~eHTall~H J(~HHitl'1 
. 1 vOTHOCHTenbHO KOOPA~HaTH~x oce~. 

3AKJl104EHHE 

Hcnonb30BàH~e BeKTopH~X onepaij~~ AnR onpeAen~HH" h9~à~etpob 
KPHBO~,BToporo nopRAKa no ee T04KaM H AflR aHanH~8 oW'~Go~ 9tH~ 
napàMéTPOB npH HanH4HH npMex n03BonH~O nonY4HTh ~oPMyh~; OôNêe 
3KOHOMH~e, 4eM B cnY4ae TpaAH4HOHHorb Hc~onb30bgH~" MHK H~H 
He50nbwOM 4Hcne H3MepeHH~. BHA 3T~X $OpMyn COgHa~eet G t~MJ ~O. 
10 

TOPbl~ nonyvae r ca , ecnn IIlCnOnb30BaTb MHK AflR onpeneneuua a H b 1013 
nHHe~HO~ BeKTopHO~ lt>OPMbl Y = a. X2 + b- X npH ycnoaua 

- -2 - 2 
~(Yk -aX k -bX k) - m~. 
k 

Soriee AeTanbHbl~ auanua 4Hcna onepauaã , Heo6xOAHMblX AIlR onpenene
HlllfI a 11I b , B 3TOM cnyvae noxaasraae'r , 4TO lt>opMynbl /25/ ~ /26/ HnH 
/35/ 111 /36/ BblrOAHee np~MeHRTb, B TOM cnyvae , xor'na 4.~ N .~ 20 , 
rAe N - 4~cno ~3MepeHH~x T04eK. 

n~He~H~~ BHA B~pameHH~ ~ opToroHanbHocTb 6a3HcH~x BeKTopOB 
AalOT OCHOBY AnR nOCTpoeHIIlR 6blCTPblX anroparnos cnemeH~R H nporao
3a c B03MomHOCTblO caMOHaCTpO~KH no pe3ynbTaTaM ~Hlt>opMa4HH, Ha

I! KonneHHO~ B np04ecce cnemeH~f1. npe06pa30BaHHe /27/ H $OpMynbl 
I /35/-/38/ MorYT 6blTb ~cnonb30BaHbl r axxe AnR nOCTpoeHHR xaanpa

TH4Hb/X cnnaãaoa B aana-re npH6n~meH~f1 <l>YHK4I1lH Ha OTpe3 xe H T. n o 
B 3aKnlO4eH~e B~pamalO 6f1arOAapHOCTb HoH.rOBOpYHY 3a nOAAepmKY 

AaHHO~ pa60Tb/, a TaKme AoA.KopHe~4YKY 3a none3H~e o6cymAeHHRo 
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HsnatertbCKHR OTOen 06beDMHeHHOro MkcTHT,ta R~epHWX HctnenoaaHHP 

AHKycap H.~. 
MeTOA onpeAeneHHH napaMeTpoB KPHBOH BToporo nopHAKa 
C UOMO~biD aHTHCHMMeTpHqHoro TeHsopa 

PI0-86-385 

PaCCMOTpeH MeTOA onpeAeneHHH napaMeTpOB KPHBOH BTOporo no
PHAKa /napa6ona/ c noMO~biD onepa~HA HaA aeKTOPaMH, nocTpoeH
HMMH no KOOPAHHaTaM ToqeK Ha KPHBOH, B~pa.eHHH AnH napaMeTpOB 
H HX OWH60K HMeiDT HarnHAHyro reoMeTpHqeCKYID HHTepnpeT~, B~
qHcnHTenbHhle ¢oPMYnhl AflH o~eHOK napaMeTpOB H HX norpemHOCTeA 
Tpe6yroT B HeCKOnbKO pas MeHbWe apH~MeTHqeCKHX onep~HH no CpaB
HeHHID C MeTOAOM HaHMeHbmHX KBaApaTOB, fionyqeHHhle pesynbTaT~ 
MOryT cnyzHTb OCHOBOH AflH C03AaHHH 6~CTPhlX anropHTMOB H npo
rpaMM B 3aAaqax pacnosHaBaHHH H o6pa60TKH HS00pa.eHHA AUH 3BM 
H cne~npo~eccopoa,a TaK*e npH pemeHHH mHpoKoro Kpyra npHKnaAHWX 
SaAaq, 

Pa6oTa B~nonHeHa B na6opaTOPHH B~~CnHTenbHOH T8XHHKH 
H aBTOMaTHS~H OHHH. 

Coo6weHHe Ofi1.eJUIHeHHoro IDICTHTyra JJAepHWX HCCJJeAOaiHHi • .IlyfiHa )986 

llepeBOA O.C.BHHOTPaAOBOH 

Dikusar N.D. 
A Method for Defining the Parameters of the 
Second Order Curve by Antisymmetric Tensor 

PIG-86-385 

A method for defining parameters of the second order curve 
(parabola) through its coordinate points by using the vector 
operations is described, There is a clear geometrical interpre
tation for the expressions of parameters and their errors. The 
calculation formulas for estimating the parameters and their· 
errors require essentially fewer arithmetic operations than in 
the least square method, These results can be used as a base 
for creation of fast algorithms for pattern recognition and 
image processing in compute programs and special processor de
sign. It can be applied to many practical problems as well. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1986 


