
-
::::

1 
::::

1 
~
 

. --3
 

'"t
l 

("
) 

a:
 

co
 

:s:
 
~
 

0 
t:O

 
("

) 
"0

 
::::

1 
1:::

::1 
0 

::s:
 

0 
0 

"0
 

::0
 

0 
a:

 
0 

::0
: 

3::
 

0 
tn

 
0 

co
 

.e
 

'"t
l 

~
 

:s:
 

>
 

0 ):
::l

 
("

) 
.e

 
!:l

l 
~
 

:s:
 

:I
: 

:I
: 

:s:
 

-:
l 
~
 

« ~
 

::0
 

'"t
l 

:I
: 

0 -:
l 

0 
~
 

'"t
l 

:I
E

 
~
 

>
 

C
":

t 
cr

 
w

 
C

":
t 

C
D

 
~
 

=-
:I

E
 
~
C
"
:
t
 

0 
'"t

l 
C

D
 

::
a

 
:a

:: 
:
I
E
~
 

:;.;
: 

.....
.. 

:
a
:
:
~
 

0 
~
~
 

C
":

t 
... 

~
 

I 
~
C
D
 

.....
 C
D
~
 

:I
: 

co
 

~
 

:I
E

 
:a

::
.E

 
U

) 
0 

C
D

 
:s:

 
I 

'C
 

C
»

 "
'C

S
 

.....
 :a

:: 
C

D
 

Q
) 

::0
 

-
l
 

~
 

:a
:: 

:a
:: 

'C
 
~
 

:a
:: 

~~
 

:a
:: 

:I
E

 
!!

: 
.....

 -
-. 

:I
E

 
0 

C
»

 
:l

E
e 

>
C

 
C

»
 
~
 

::
a

 

~
 

+(
D 



BseAeHHe. PaccMoTpHM CHCTeMy H3 Tpex nHHeC1HbiX ypasHeHHe:i 

c ABYM.R H€\.113B€CTHbiMH: 

2X 1 +X 2 =4, 

X
1

+2X
2

==5, 

x 1 -x 2 =-l, 

KOTOpa.R xapaKTepH3Y€TC.R np.AMOyrOJ1bHO~ MaTpH~€~ 

[
2 1] 

[ Hl" 1 2 

1 -1 

HHKaKHX anp!.10PHbiX AaHHbiX 06 HCKOMOM 

H38€CTHO. KaK peWHTb TaKy~ CHCTeMy? 

B€KTOpe i = (x
1

,x 2 ) He 

EcnH 111 npeACTaenReT 

/1/ 

/2/ 

COBM€CTHY~ CHCT€MY ypaBH€HHiil, TO HX ~HCJ10 MO~HO YM€HbWHTb AO 

~lt1C!ta HeltlasecTHbiX KOMnoHeHT seKTopa X npH noM0\.4H n~r~HeliiHbiX 
KOM61-1Hau,1-1i1 M€}1(AY HCXOAHbiMH ypasHeHHRMH 3Tolil Ci-1CTeMbl. Ecm1 I 1 I 
RBJ1R€TCR H€COBM€CTHO~ CHCT€MOiil ypaBH€HHiil, TO ee pewa~T M€TO

AaMI-1 perpecci-10HHOro aHaJ1H3a. TaK KaK 3apaHee HeH3BeCTHO, 11B.nR

erc.R J1H CJ.1CT€Ma ypaBH€HHiil COBM€CTHOiil HJ1H HeT, TO H€06XOAHMO 

nOJlb30BaTbCR YHI-18€pCaJlbHbiM anrOpHTMOM, KOTOpbl~ OXBaTbiBaeT 06a 

3Tvt cny~aR 1-1 AOnycKaeT asroMaTH~ecKoe peweHHe CI-1CTeMbl ypasHeHvtH 

/1/ np" nOMO~" 3BM. 
0Alt1H 1-13 MeTOAOB peweHII111 CIIICTeMbl ypaeHeHHiil I 1 I aaKn~l.laerc.R 

8 TOM, I..IT06bl HaliiTIII TaKy~ nceBA006paTHyiO npRMOyrOJ1bHYIO MaTp~-tu,y 

[H]+, KOTOpaR Aa€T peweHHe 3aAa4H B BHA€ OU,€HKH 

~ 

rAe z = (z1 ,z2 ,z !l) - eeKrop-cro.n6eu, npaaolil 1..1acn1 CIIICT€Mbl ypae-

HeHI-1171 I 1 I. l-1repau,HOHHble anropiiiTMbl nocrpoeHI-1R nceeAoo6parHolil 

MaTpHu,bl [ H] + AaHbl a 111 • .Qn.R c1o1creMbl ypasHeHHH I 1 f. nceeAoo6par

Ha.A Marp1.1u,a pasHa 

1 
3 

/4/ 

I 



"' AilR ;, = [ 4, 5, -1] nonyl..laeM OJ.,4eHKY peweH~t~R: 

X = (H) Z =-
,. +4 1[1 

3 0 

0 1 .:] [_i] [:] /5/ 

VlcKOMbl€ B€Ill.1l..li.1Hbl paBHbl X l = 1, X 2 = 2. MomHO y6eAHTbCR 8 TOM, l..JTO 
HCXOAHSR CHCTeMa ypaBH€HHi1 /1/ RBilReTCR COBMeCTHOH~ 

Ecn1.1 >Ke -;~ = I 4, 5, 0], TO 01.4eHKa peweHHR, HaHAeHHSR np1.1 no
MO~H TOH me nceBA006paTHOi1 MSTPI-11..4~ /4/, HM€€T BHA: 

: .: ]· [: 1 1 
3 [:] . /6/ 

Tenepb x; =4/3, 'x2 =5/3. BTopaR CHCTeMa ypasHeHHH c npaaoH 
l..JSCTbiO, 3SASBaeMOi1 B€KTOpOM Z ~: ( 4, 5, 0], RB!lR€TCR H€COBM€CTHOH. 
Hai1A€HH~H OTBeT /6/ YA0B!l€TBOPR€T KpHTepHIO HaHM€HbWHX KBa,Qpa
TOB. 

nceBA006par.qeHHe. Cyll.lecTayeT H€CKOilbKO BHAOB ncesAoo6-
p.aTHbiX MaTpH.Lt, Ka)I{,QblH Y13 KOTOPbiX npe,QHa3Hal..l€H A.fl.A peweHYIR 
pa3J1Hl..lHbiX KilSCCOB 3S,Qal..l. TaK, HanpHM€P, nC€BA006paTHSfl MSTpH-
1.4a [H]+, onpe,QenReMaR Bbrpa>KeHI-1eM Ill 

[H]+=lim [[H]T[H]+a 2 [1]]-l [H]T= 
a40 

171 
= lim [H) T [ [H)[ H) T +a 2 [I]] -1 , 

a4 0 

rAe [I] 
OT (H), 

T 
- €,QJ.1HJ.1l..JHSR MSTPYII.4a, a (H) - TpSHCnOHHpOBSHHaR MSTPHL4S 
n0380IlR€T HSHTI-1 B€KTop-Oi.4€HKY MI-1HYIMa!lbHOH HOpMbl 

JBJ 

KOTOpSR YAOB!leTBOpReT ypaBH€HI-1~ 

[H]f = ~ 191 

: -+ 2 
llf-[H]sll · /10/ 

2 



Ecn~ 4Hcno cton6~oa a Matp~r~~e [H] 6onbwe 4Hcna ctpoK, a ee 
CTpOKH IlHHel~fHo- He3aBHCHMbl, TO nceBA006patHaR taKOi:1 MatpH~bl, 
paaHaB 

/11 I 

COAepmHT 60ilbWe CTpOK, 4eM CTOI15~0B /pHC. 1/. 
Ecn~r~ 4Hcno ctpoK e MatpH~e [H] 6onbwe 4~cna cton6~oe, a ee 

CTOJ16~bl m1Hei:1Ho- He3SBHCI-1Mbl, TO nceBA006patHaR T8KOi:1 MaTpH~bl 
coAepmHT 6onbwe cton6~oa, 4eM ctpOK /pHc. 2/.B nepeo~ cny4ae 
MbJ HMeeM Aeno c HeonpeAe.neHHoH 
peAe.neHHOalt. 

3aAa4e~, eo etopoM - c nepeon
N 

= 

P~r~c.l. CxeMa HeAoonpegenea
aoH 3aga~H. 4ucno cTon6qoB 
B MaTpHqe [H) 6onbwe ~Hcna 
CTPOK, CBepxy IIOKa3aHO rpa
~HqecKoe H3o5p~eHHe ypaaHe
HHH /9/. CHH3Y- npouecc 
Haxo~eHHH nceagoo6paTHOH 
MaTpH~l [HJ + IlpH TIOMOIII,H 
COOTHOWeHHH /11/. 

S~=0·~f M•N 

MQ·0=i:.l 
LJ M>N LJ 

PHc.2. CxeMa nepeonpegeneHHOH 
3agaqH, 4HCfl0 CTpOK B MaTpH
u;e [ H] 6onbme ~Hen a cTon6u;oa. 
CBepxy - rpa~H~ecKoe H3o6pa
xeHHe ypaaHeHHH /9/. CHH3Y
npou;ecc Haxo~eHHH nceagoo6-
paTHoH MaTpHUbl [ H] + npH no
MOJIJ,H COOTHOllieHHH /11/. 

PaccMotp~r~M HeKOtOpble npHMepbl nceBA006patHbiX MatpH~. 
1 I EcnH [H] - 1 xl - Matp~<t'-'a ~<tillrl cKanRp h, to ee nceBAO

o6patHafl Matp~<t'-'a [ H] + pasHa 

1 ecnH h ,.; 0, 
h 

[H]+ = t /12/ 
0, eCilH h = 0. 

2/ Ecm1 [H] - A~rtaroHa.nbHaR NxN MSTPH'-'a BHA8 

3 



/13/ 

/14/ 

ec.mt \ ~ 0, 

/15/ 
0, ecn" A,~o. k~0,1, ... ,N-1. 

3/ ECnH [H] - CHMMeTpi-14HSR MSTpH~a paaMepOM NxN, TO npH no
M0~14 op·ToroHanbHoro npeo6paaoeaHVIR [ T] MaTpJ.1t.tY [H] MO>KHO np!-1-
aecTH K .QHaroHa!lbHOMY BVIAY 

[H]~[T][A][T]T , /16/ 

rAe [A] - Al-laroHanbHaR Ma:rplt1Lta c AVIaroHanbHbiMH 3neMeHTaMH 
Ak, k =0, 1, .•. , N-1. Ecm1 MaTPI-11..4Y opToroHanbHOro npeo6pa-
aoaaHHR [ T] aanHcaTb a BHAe 

-+ I -+ I 
[T) ~ [ tO I t 1 I /17/ 
~ 

rAetk,k =O,l, ••• ,N-1, 
"T Marp"4a [ T), TO 

- BeKTOPbi-CT0116ttbl 1 Vl3 KOTOPbiX COCTO-

T N-1 -+ -+ T 
[H]~[T][A][T) ~ :l: Aktk tk, 

k=O 
/18/ 

a ee nceBA006paTHaR pasHa 

/19/ 

-+ 4 T 4 4 T rAe tk t k - npRMOe npOlt13BeAeHVJe BeKTOpa t k Ha BeKTOp tk , KQ-
TOpoe npeACTSBJlReT co6o~ KB6AP6THYIO MaTpHt.tY p63MepOM NxN C 
paHrOM, paBHbiM 1. 

4/ nceBA006paTHa" OT CyMM~ ABYX MaTP"4 [A) " [B) pasHa 

[[A] +[BJl+ ~[[!]+[A]+ [ B]J-1 [A]+ , /20/ 

[[A]+[.B]J+~[[I]+[B]+[AJr1 [B]+, 

ecm1 H3BeCTHa ncea.Qoo6paTHafl [ B] + • 

/21/ 

4 



5/ .[lOCTaTOI..!HbiMI-1 np\113HaKaMI-1 nceBA006paTHOJII MaTpl-1t.tb1 RBDRIOT-

CR: 

a/ [H][H]+ " 

6/ [H][H]+[H] =[H], 

s/ [ Ht [ H][H ]+ = [H] + 

/22/ 

6/ nce8Aoo6paTHaH OT np0"3BeAeH"H ABYX MaTp"~ [A] " [B] 
pasHa 

rAe 

[B
1
]=[A]+[A][B] 

[A
1
]=[A][B 1][B 1]+ . t 

7 I EcniO! paaMepbl MaTp"~ [A] 

BeTCTB6HHO, a paHr MaTpl-lt.t (A] 

/23/ 

/24/ 

J..1 [B] paBHbl Nxr ~ Mxr cooT

" [ B] pa BeH r , TO 

/25/ 

CJ..1HrYnRpHoe pasno)f{eH!-1e. HaJ..16onee MOLI.lHbiM anropi-1TMOM 

nOCTpOeHI-1R nceBA006paTHOJII MaTp\llt.tbl (H]+ RB!lReTCR MeTOA C\IIHry

IlRpHbiX pa3JlO)f(eHV!JII 
12 •3 •

41, KOTOpbiJII 6yAeT \113JlO}f(eH Hl-l}l{e, nycTb 

1-lCXOAHaR MSTp1-1u,a [ H] pasMepoM MxN J..1Mee-T paHr, paBHbllls r. TorAa 

CYLI.leCTBYIOT ABe MaTplr!LJ,bl OpTOrOHS!lbHbiX npeo6pa30BSH\IIH [ U) 1r1 (V] 

paaMepSMirl MxM \II NxN COOTBeTCTBeHHO, TaKir!e, '-ITO 

[ 

[A] : [ 0]] 
[U] T[HJ[V] = -- - .L- - , 

[0] : [O] 
/26/ 

rAe [A} - A\llaroHa!lbHSR MaTPJ..1U.a pa3MepoM rxr C nOJ10)f{J..1Te!lbHO 

onpeAeneHHbiMirl A~t~aroHanbHb1MJ..1 3!1eMeHTSM\II. Ecn~r~ MaTplriLJ.bl ( U] \II 

( V) san~t~CaTb B BHAe /5/ 

I U] = [ 
~ ~ ·~ l' uo I ul I ·•• I u r-1 

' 
[Vl=[v

0 
~ .~ 

l ' v 
/27/ 

I VI I"' I ,-1 

rAe ·ui, i =. 0,1, .. , (r-l), 7 .l'v'J ':'KOMnOHeHTHble BeKTOpbi-CTOI16U.bl MaT-

PIIIU,bl [U], a Vi, i=0,1, .... (r-1),-N -KOMnOH6HTHble aeKTOpbi

CT0!16U.bl MaTpir1t.\bl [ V], TO 

5 



r-1 ..., ... T 
[ H] ~ ~ A. v. u. , 

i=O 1 1 1 
/28/ 

r,qe A~, i = 0,1, .... (r -1)',- nono}f{HTenbHO onpeAeneHHble co5cTBeH-
Hble aHa~eHHR MaTPH4 [H][H] T " [H] T [H]. BeKTOpbl u1 , 1 ~ 
= 0,1, ... ,(r-1), FIBJlfiiOTCFI OpTOHOpMVJpOBSHHbiMH C05CTBeHHbiMH SeKTOPSMH 
MaTpH4bl [H)[ H) T , a BeKTOpbl y., i~O,l, ... , (r-1), - OpTOHOPMHpo
BBHHbiMH co5CTBeHHbiMH eeKTOpSMH 

1 
MSTpHU,bl [H]T[HJ. npFIMOe npOI-13-

BeAeHHe eeKTOpOB Vi tl; npeACTSBJl.AeT C050W MSTpHU,Y pa3MepOM 
MxN,paHr KOTOpOW paBeH /pHC. 3/. 

TorAa nceeAoo5paTHBFI [ H]+ pas-vT Ha /3,4/ 

PHc.4. CxeMa $opMH
poBaHHH rrpHMoro/saepxy/ 
H CKaiTHPHOrO /BHH3Y/ 
rrpOH3BeAeHHH ABYX 
aeKTOPOB. 

r-1 
[HJ+~ ~ A-:-1\i v T 

i=O I 1 
/29/ 

BenH4HHbl ..\ i, i = 0, 1, ... , (r -1) , HS3bl
saiOTCR CHHryJlfiPHbiMI-1 3HS4eHH.AMH MST
PHU.bl [Hl, a eeKTOpbl liiHVi,i=0,1, ... ,(r-1), 

ee CHHryll.ApHbiMI-1 BeKTOPSMH • 
HanOMHHM' llTO BeKTOpbr u i "' v·i ' 
i=0,1 , ... ,(r-1), .ABJlfiiOTC.A C05CTBeHHbiMH 
BeKTOpaMH npOH3BeAeHHii [H)[ H) T H 
[ H]T [ H] cooTBeTCTBeHHO. B CHJ1Y 
HHBSpHSHTHOCTH C05CTSeHHbiX 3HSlleHHH 
OTHOCHTeRbHO onepBU,HH TpaHCnOHHpoea-

HHR YtCXOAHOW MSTpvtU,bl C06CTBeHHble 3Ha4eHHR ..\~, i =O,l, ... ,(r-1), 
.ABJl.AIOTCR 06LQHMH KSK Ail.A MSTPHU.bl [H) (H) T , TaK

1 
H A!l.A MBTPHU.bl [H]T[H]. 

EcnH BMecTo nonHoW cyMMbt /28/ B3.ATb ycel.leHHyiO cyMMY B~~tAa 

k-1 
[ l ~ ~ T Hk ~ ~ A. u v 1 , 

i= 0 1 i 
k<r, /30/ 

~ .~ TO B CHilY OpTOHOpMYIPOBBHHOCTII! seKTOPOB Ui H Vj HOpMB pa3HOCTH 
Me"'AY [H) H [Hk] 6YAeT pasHa 

CooTHOWeH~~te /31/ o3Ha4aeT, 4TO npou.eAypa yce4eHYtR cyMMbl /28/ 
OTBe4aeT KpHTepHIO HBHMeHbWHX KBSApaTOB 1-1 4T0 B paMKBX KpvtTepH.A 
MHHHMYMB CpeAHeKBSAPBTH4HOH OWH6KH yCe4eHHR He cy~eCTByeT 
APYroro, OnTHMBJ1bHOrO,I1HHeHHor6 pa3JlO~eHHR MBTPHU.bi[H), 4eM 
CHHryn.ApHoe paano~eHHe. 

6 



Ecn~ nceBA006paTHy~ MaTpH~y [H]+ aanHcaTb a BHAe PRAa /29/, 
TO nceBA006paTHaR O~eHKa peweHHR ypaBHeHHR /9/ npHMeT BHA 

~ +~ 

! ~[H] s 
r-1 -.1 ~T..-. ~ 

~ ~ !c: ( u. s) v. 
i=O 1 . 1 1 /32/ 

rAe UT S - CKan~p /eM. p~ttc. 3/. B TaKotl! sam1C1o1 ou,eHKa 1 pasHa 

CYMMe 
1 
KOHe4HOrO 4HCJ1a COCTaBJlfi~~HX BeKTOpOB, HanpaaneHHbiX 

BA011b HOPMHpOaaHH~X BeKTOpOB ~ , C BeCOB~MH K03~¢H~HeHTaMH, 

p88Hb!MH 

/33/ 

0, 

nocneAoaaTenbHble ou.eHKIA f k 
~ 

H f k-l CBR3aHbl COOTHOWeHIAeM 

' ' ' 

Afk =fk-fk-1 =A-kt (~~ -;); k. 134/ 

npH Bbi41-1CileHHIA ou,eHKIA f a naMfiTH 38M AOJ1)f(Hbl 6b1Tb aanl4caHbl r 

CHHryilflpHbiX 3Ha4eHIAtl! Ai, i =O,l, ... ,(r-1), rAe r- paHr MaTpHtJ.bl 

lH], a TaK)f(e co6cTseHHble aeKTOpbl U 14 V , i=O,l, ... ,(r-1). Coao

KynHOCTb H3MepfleMbiX senH41AH npaaotl! 4acTH ypaaHeHHR /9/ a BHAe 

aeKTOpa S npeo6paayeM a r cKanRpoa: 

~ T ~ ( ) ui s, i=O,l, ... , r-1 , /35/ 

KOTOPble TaKM<e aam-tcblaaiOT s naMRTb 38M. 

10 

10-r 

_, 
10 

_, 
10 

_, 
10 

-5 
10 

-6 
10 

., 
10 

1/S-5.11 

MiN 

j 

· PHc. 4. 3aBHCHMOCTb HOPMhi 

H7~?3KH OT HOMepa HTepa~HH 
k . MHHHMYM pacnono~eH 
npH k = 47. Pa3Mep MaTpH-
Uhi H306paJKeHHfl paBeH 256x256, 

npHMeHeH~e. MeTOA CI4H

ryl1fiPHbiX paano)f(eHHtl! 6bln ycnewHo 

HcnonbaoaaH Al1R nceBA006pa~eHHfl 

KaK OAHOMepHbiX, TaK 14 AByMepHbiX 

cl4rHanoa, Hanpi4Mep npH ycTpaHe

HI4H pa3MbiTHR ~ttao6pa}f(eHHR14 • 51 • Anfl 

MaT-pHU,bl H306pa>KeHH~ pa3MepOM 

256x256 "~cno Tpe6yeM~x ~Tepa~~
paBHRnocb k ~ 40-100 a 3as~c~Moc
TH OT CTeneH~ pa3M~THR peri4CT

~~--~--~-1~~~--~~--K- pHpyeMoro ~ttao6pa)f(eHHR. HapHC. 4 
52 AaHa Kplo1BaR HOPMbl HeBR3KH /6/ 0 10 20 ~ 40 44 48 

7 



/36/ 

rAe ·s- H3B€CTHO€ MCXOAHO€ M306pa~eHH€, aanHCaHHO€ 8 BHA€ 
pacnaKOBSHHOro BeKTopa /7/ P83M€POM N 2 • a sk- O~€HK8 ~CXOA
Horo H3o6pameHH.R, noJ1YI..I€HH8R nocne k -i:i HT€P81.1HJ.1. MeTOA CYIHry
JlR,PHbiX pa3!10>K€HY111 6biJ1 V1COOilb3088H A11R BOCCT8HOBJ1€HJ.1R 1-1305pa
}f(€HVU::i, no.ny4€HHbiX OpH OOMOlJ..IH H€YI30nJlSH8TH4€CKOiiJ H306pam810tl.\€i1 
CI-1CT€Mbl /6,8/. 
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