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3noKa3oB B.E. 

OporpaMMa t1m1 nocrpoeHHSI oueHoK napaMeTpa 
8KCnOH0HUHanhHOro pacnpeneneHRSI B ycnOBHSIX Manon 
CTBTHCTIIXH 

PIO - 10855 

OpHBOJlSITCSI ITOCTaHOBKa aanaqH nocTpOeHHSI OU0HOK napaMeTpa 8KCilO
H0HUB81IbHOPO pacnpeneneHHSI H HX JlOBepHTenbRblX HHTepBanOB B ycnOBHSIX 
Manon CT8THCTRKH, a T8UKe cnoco6b1 ee peweHHSI. 

OporpaMMa, peanR3yJOma!I H3noJKeHHbie anrop11TMb1, 6bma 11cnonb30Ba
ua B 8KCnepHM0HTax no CIIHTe3y aneMeHTOB 104, 106, 107 (011fll1, Lly6uaJ. 

Pa6ora Bhmonueua 11 na6oparop1111 Bb1qacnHTenhnon reXHIIKH 
H 8BTOM8TB38UHH OH.HH. 

IlpeDpllJIT 06w.:t112ea11oro BBCT■TYT& •J1.epawx 11cc.11e.11o&aJ1llli. ,lb6HA 1977 

Zlokazov V. B, PIO - 10855 
A Program for the Estimation of the Parameter 
of an Exponential Distribution under the 
Conditions of Low Statistics 

A problem formulation and algorithms to obtain esti
mates and their confidence intervals for the parameter 
of an exponential distribution under conditions of low 
statistics are give~. The proiram, whiih implements the 
algorithms described, was applied to the analysis of data 
of the experiments on the synthesis of 104, 106, and 107 
elements. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automation, 
JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1977 

© 1977 06wOuHe1u1wll UHC■U!lly■ AOepH:.,x f4CCAe0oeaHUi.iJ!J,6Na 

BeeoeHue 

MaJiaJI CTa TBCTHKa perHCTpepyeMblX npo,nyKTOB pacna.na 
HeKOTopoii aKTHBHOCTH ,I\eJiaeT HeB03MO)KllblM 34>¢>eKTHBHOe 
HCilOJIL30BaHHe TeXHHKH perpecCHOHHOro aHaJIH3a ,IJ;JIJI oneH • 
KB nepeo.na nonypacna,I\a 3THX aKTHBHOCTeii. ,IJ;pyree Me· 
TO,IJ;bl /a HMeHHO Te, KOTOpble HCilOJIL3YJOT nom1y10 4>YHK· 
nero pacnpe,neJieHHJI: MeTOJ]; MOMeHTOB, MeTO,I\ MaKCHMaJIL• 
Horo npaa.nono.no6HJI, 6aiieCOBCKHH MeTO,IJ; H T.,I\./1,2,1 ,I\alOT 
6onee TOqHble pe3yJILTaTLI; O,IJ;HaKO B o6ineM CJiyqae cy
inecTBCHHOe YJiytl1UeHHe HCKOMblX oneHOK Tpe6yeT ,IJ;OilOJIHH· 
TeJILHO cae,neHHJI 3a,naqe K 6onee npocToii 4>opMe. 

UenLro HacTo.11ineii pa6oThl 6blJIO Bblpa6oTaTL pa3yMHhlii 
KOMilPOMHCC Me.>K,IJ;y npoCTOTOH 4>opMyJIHPOBKH 3a,naqe H ee 
peaJIHCTHqHo_CTLIO, C03,I\aTL ,IJ;OCTaToqHo MOl1{HblH annapaT 
,IJ;JIJI peweHHJI 3TOH 3a,naqe, KOTOphlii 6blJI 6bl opHeHTBpOBaH 
Ha aHaJIB3 ,naHHblX C MaJIOH CTaTHCTHKOH, H paCCMOTpeTL 
pa3neqHble acneKTbl BHTepnpeTanee nonyqaeMblX oneHoK. 
cJ>OPTP AH-4 - nporpaMMa, KOTopaJ1 peane3yeT onecaHHhlii 
no.nxo.n, 6wna npeMeHeHa K aHaJIH3Y apeMeHHLIX pacnpe
.neneHBH TPCKOB B 3KCilepHMCHTaX no CHHTC3Y TpaHccl>epMHe • 
BLIX 3JICMCHTOB B Jla6opaTOPHH Jl,nepHLIX peaK:UHH Ol:UIH/3/. 

1. <PopMyAupoeKa 3aOa'IU 011.R 6bl6opa MOIIOZO 

061>eMa 

-IlycTL lti I j=l, ... ,M ecTL MHO)KCCTBo apeMeH, B KOTopLix 
6wne 3aperecTpepoaaHbl pacna,I\bl, H P(x),, 4>YHK:UHJI pacnpe
.neneHHJI pacna,na: 

P(t< x) = 1 - exp(-ln2x/'I). /1/ 
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IlycTL (To' T ]) e CTL BHTCpBaJI perBCTpaD,BB. y CJIOBHaJI Be -

POJITHOCTL Toro, '-ITO t j MCHLWe, '-ICM t • npB YCJIOBBB, '-ITO 

t ~ ('Io,T I)' paBHa: 

P(tj<t/t~(T0 ,T 1)) =P(tj<t, u t~(T
0

,T
1
))/P(t(;('l

0
,'f

1
))./2/ 

BepOJITHOCTL Toro, '-ITO t~('fo, 'l I) B OAHOBPCMCHHO t / t, 
CCTL 

P( t . < t , t ~ ( T , 'f 
1
) > = I 

exp(-ln2T
0 

/'f)-exp(-ln 2t/T),~('f
0 

,'f 
1
), 

J O 0, 
,t~('I ,T). 

0 ] 

/3/ 

BepoJITHOCT~ Toro, 1-1To t ~ (T0 ,T 1 ), ecTL 

P(t~ (T0 ,T 1 )) = exp(-ln2T0 /'f) - exp(-ln2'I 1 /T). /'!/, 

IlOACTaBJIJIJI /3/ B / 4/ B /2/, MLI IlOJIY'-IBM: 

P(t /tit ~ (T
0 

,T 
1

)) = 
exp(-ln2T

0 
/T) - exp(- ln2t/T) 

exp (-ln2T 
O 
/T) - exp (-ln2T /T) 

/5/ 

qaCTO . BCilOJIL3YCTCJI BpaID,aTCJILHaJI CXCMa perBCTpaD,BB, 

KOrAa BpeMeHa pacnaAa perBCTPBPYIOTCJI B lJ,BKJie. TorAa 

BepoJITHOCTL Toro, '-ITO ti MCHLWe, '-ICM t, paBHa: 

00 

P(t. <t)= ! (exp(-ln2(T 0 +T1 n)/T)-exp(-ln2T 1(n+l)/T))./6/ 
J . n=O 

HcnOJIL3Y.ll 4>opMyJiy 

-1 
00 

n 
<1-x) =!x 

n=O 
AJIJI I xi < 1 • 

MLI MO)KCM IlOKa3aTL, '-ITO /6/ CBOJ:ulTCJI K /5/, TaK ~no 

AaJiee MLI He 6YACM pa3JIB'-laTL 3TB CXCMLI B 6yACM ·uc-
IlOJIL30BaTL TOJILKO /5/. . 

4 

,. 
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CJICAYIOID,aJI 4>B3B'-ICCKaJI MOACJIL AJIJI B3MCPCHBJI pacnaAa 

IlPCACTaBJIJICTCJI AOCTaTO'-IHO peaJIBCTB'-ICCKOH. HMeeTCJI BH

TepecylOutBH Hae OCHOBHOH pacnaA, KOTOPOMY MLI npBilBWCM 

nepBOA nonypacnaAa T /B BLipa)KCHBB /5/ /, u BMCIOTCJI 

2 pacnaAa C CyllJ,CCTBCHHO MCHLWBM B 60JILWHM nonynepuo

AaMB Ta B T b,KOTOpLie o6pa3ylOT 4>oH. B '-laCTHLIX cny1-1aJIX 

OABH H3 3TBX 4>0HOB /HJIB o6a/ MoryT OTCYTCTBOBaTL. TorAa 

BCpOJITHOCTL Toro, '-ITO 3aperBCTPBPOBaHHoe BPCMJI /Aanee 

Ha3LIBaeMoe TpeKOM/ t. MCHLWe, '-ICM t , paBHa: 
J 

P( t . < t ) = qP
1
, ( t . < t) + q P ( t . < t) + q

1 
Pb ( t . < t ) , 

J J a a J i J 
/7/ 

rAe q,qa,q b JIBJIJIIOTCJI BCPOJITHOCTJIMB Toro, '-ITO j -ii TpeK 

npuHaA]IC)KHT pacnaAY OCHOBHoro 061,eKTa, JieBoro HJIH 

npaBoro 4>0Ha COOTBCTCTBCHHO, a PT,P a•pb CYTL COOTBCTCT

BYIOutBC 4>YHKlJ,HB pacnpeAeJieHHJI, Ka:>K,AaJI H3 KOTOpLIX OTHO

CHTCJI K THilY /5/ H 3aBHCHT OT napaMeTpOB T,Ta ,T1, COOT

BCTCTDCHHO. 

KoHe'-IHO, MLI MO:>KCM paCCMOTi)CTL 3aAa'-ly OlJ,CHHBaHHJI 

BCCX BCJIH'-IHH: q ,qa ,q b' T, 'fa, 'f b, B IlPCADOJIO)KCHBH, '-ITO OHH 

HCH3BCCTHLI. OAHaKo TaKaJI 3aAa'-la HMCCT Mano waHCOB Ha 

ycnewuoe peweHHe, eCJIH CTaTlfCTHKa HMCIOutBXCJI AaHHLIX 

HCBCJIHKa. Hau6onee BCPOJITHO, '-ITO TaKoe peweHHe 6yAeT 

AaBaTL CHJILHO KOppenepoBaHHLIC OlJ,eHKH C orpoMHLIMH 

AUCnepcuJIMH. )];M Toro, 1-1To6L1 ynpocTHTL 3aAa1-1y, ecnonL-

3yeM CJICAYIOutBH IlOAXOA: 

1/ IIPCAIIOJiaraeTCJI, 1-ITO 'Ib MHOro 60JILWC, '-ICM TB Ta• 

H MLI MOlKCM C'-IBTaTL, '-ITO pacnpeACJICHHC Pb6JIH3KO K paB

HOMCPHOMY pacnpeACJICHHIO C IIOCTOJIHHOH IIJIOTHOCTLIO 

1/('I -T ) · J O • 2i npeAIIOJiaraeTCJI /HJIH Tpe6yeTcJI/, '-IT0/61.1/ BCJIH'l{H-

HLI q,q a' q b /6w.JIH/ H3BCCTHLI /6onee HJIH MeHee TO'-IHO/ 

H ii>HKCHpoBaHLli 

3/ 3aTeM IIPCADOJiaraeTCJI, '-ITO JIB6o 'I/'IH3BCCTHO H 

HaM HaAO OlJ,CHHTL T. JIH6o H3BCCTHO .'fa H HaM HaAO oue

HHTL OTHOWCHHe R='I a/'f; CCJIH qa =0, TOrAa HaM HaAO 

OilCHHTL TOJILKO 'f • 

TaKaJI 4>opMyJIHPOBKa npocTa, T .K. 3aAa'-la CBOAHTCJI 

K OlJ,CHHBaHHIO OAHOro napaMeTpa, H AOCTaTO'-IHO peaJIHCTH'-1-

Ha, IIOCKOJILKY B03MO)KHOCTH BLIIIOJIHHTL Tpe6oBaHHJI /1-3/ 
CyID,CCTBYJOT 1-1aCTO. 
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2. O11eHueaHue 0CH0BH0Z0 napaMempa 

TaKHM o6pa30M, Mbl OKOH'laTenLHO HMeeM cne.ny10myw 
~YHKIUIIOPaCnpe.neneHHJI: 

P(t .<t> = qP('f) + q P('IR) + qbt/'f , /8/ 
J a 

r.ne ~YHKUHH pacnpe.neneHHH P(X) HMeeT cne,ny10maii Ba,n: 

exp (-T 0ln2/X)- exp(-tln2/X) 
P(X) = 

exp (-'I O ln 2/X)- exp (-'I 1 ln 2/X) 

HcnonL3YH /8/, Mbl ,noIDKHbl oueHHTL na6o 'I , na6o R • 

1.O1.{eHKa MeTo,na MOMeH~OB 
/M.M.E./ 

IlOCKOnLKy 

Tl 

J tdP(t_<t)= q'I/C('f)+ q 'fR/C('fR)+ qb'I /2= f('f,R), 
T 1 a 1 

0 

r.ne C(T) = ln2(exp (-'I O ln2/'I) :- exp (- 'I 
1 

ln2/'f)), TO Bbl"IHCnHH 
Bbl6opo11Hoe cpe,nHee MHO)KeCTBa TpeKOB It i l /nycTL :no 
6y,neT t /, Mbl HMeeM ypaBHeHHe 

m 

t m = f(T ,R). 

Ero peweHHe .nacT oueHKY T Jana R /. AHanora11Ho / onyc -
KaJI no.npo6Hble ~OpMynhl, T .K. OHH cnHWKOM rpoM03,nKH/ 
nony11aeM: 

T1 
2 

.ft dP(t
1
.<t)=g('f,R). 

T 0 

Tor.na ypaBHeHHe .nmi oueHKH .nacnepcaa HMeeT cne.nywmaii 
BH,n: 

g(T,R) - f2<T,R) = v, 

. r.ne V - . Bb16opo11HaJ1 .nacnepCHJI MHO)KeCTBa It j l . 3TOT 
MeTo,n Il03BOnHeT nony'IHTL 01.{eHKH 011eHL 6blCTp9 •. 

6 

.·~ 

\ 
' 

.'I 
11 

·1 
; 

2.O1.{eHKa MaKCHManLHOro 
n pa B .n On O .n O 6 H JI (M.L.E.) . 

OueHKa .nacnepcua, nony11aeMaJ1 acnonL30BaHHeM MME, 
'laCTO He,nocTaTO'IHO xopowa; KpOMe Toro, ecnH CTaTHCTHKa 
Mana, pacnpe.neneHHe 01.{eHOK 0'leHL' aCHMMeTpH'IHO H .no
BepHTenLHblH HHTepBan, IlOCTpoeHHblH C Il0MOI.llLIO cpe,nHero 
H .nacnepcaa, He .naeT HY)KHoro npe,ncTaBneHHH o Haa6onee · 
BepOHTHOM pacnono)KeHHH 01.{eH0K napaMeTpOB. Il03TOMY 
MLE .naeT B o6meM cny11ae 6onee xopowae pe3ynLTaTbl, 
11eM MME. 

<l>yHKl.{HJI npaB,nODO,n06HJI 3ailHCblBaeTCJI B cne,nywmeM 
BH,ne: 

M 
UT ,R) ll p(t.>, 

j = I J 

r.ne p( ti ) /nnoTHOCTL BepoHTH0CTH n .TO'IKe ti / paBHa: 
• 

2 . 
q0n2) exp(-t .ln2/'I)/TC('f) + 

J 

2 
+ q ( ln2) exp (- t . ln2/RT)/R'IC<RT) + q b/'I 1 , 

. a J 

4 

L(X) 

Lmax 

I 
I 

--t-----
1 
I 
I 
I 

Xleft Xmax X light 

HHmepeaA paeHblX UlaHC0B npaec)onoc)o6u.11. 

X 
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H Mbl HmeM ou.eHKH 'I /HJIH R/ H3 ycnoBHS: MaKCHMH3Hpo
BaTb L('f,R) Ha MH0)KeCTBe 3Ha'leHHH 'I /HnH R /. IIpH 
ycnoBBH Manoii CTaTHCTHKB pacnpe,neneHHe MLE 6y,neT 
.D;0CTaT0'IH0 aCBMMeTpH'IHblM. II03TOMY .nns Il0CTpoenns 
.D;0BepHTenbH0ro HHTepBana Mbl .D;0IDKHbl naiiTH TaKHe 'IHCna 
'I lef ,'I rig /cooTBeTCTBeHHO R lef ,R rig/, 'IT0 

HilH 
lnL<'I

1 
f) = lnL<'I . ) = lnL<'I ) - C 

e rig max·· 

lnL<R
1 

f) = lnL<'I. ) =lnL<R ) - C, 
e rig max 

r.ne 'I ,R - ou.eHKB MaKCHManbHoro npaB,nono.no6Hs 
ma](. m/x 

'I /HnH t{ / HHTepBanbl paBHblX waHC0B npaB,nono,no6m1, 
CM_/ 2//. . 

KoHCTaHTa C M0)KeT 6b1Tb Bbl'IHCneHa HCX0.D;JI B3 ycno
BH'1,• 'IT0 ,nng 3a,naHHOH Bep0RTH0CTH p /ypoBeHb Ha,D;e)K
HOCTH/ Bblil0ilHJIIOTCJI paBeHCTBa 

Trig 

I L('f)d'I = P, 
Tlef 

R rig 

I L<R)dR = p' 
Rief 

/9/ 

BJIH Bcne,ncTBBe Bbl'IHCilHTenbHOH cno>KH0CTB /9/- nyTeM 
Mo,nenHpoBaHHJI C HCil0ilb30BaHHeM reHepaTopa cny'laHHblX 
'IHCen, pacnpe,neneHHblX no 3KCfi0HeHIJ,HanbH0MY 3aK0HY 
THna /5/ C H3BeCTHblMH 'f(R). 

3. JiaiiecoacKaJI ou.eHKa /BE/ 

innJI HCKnIO'IHTenbH0 HH3KOB CTaTHCTHKB /1-5 TpeKOB/ 
M0)KH0 nocTpoHTb BE. B naweM cny11ae oHa nony11aeTCJ1 
H3 ycnoBBJI 

'I = _ff_L_<'I_)d_'I 

B JL('f)d'f 
R = 

B 

jRUR)dR 

fL<R)dR 
/10/ 

O6naCTH HHTerpHp0BaHBJI B /10/ MoryT 6b1Tb CBC.D;CHbl 
K BHTepBanaM, K0T0pble Il0'ITH HaBepHoe co,nep)KaT HCK0M0e 

8 
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3Ha'le1rne /TaKoe cae.nenHe .nenaeT ou.enKy • 6onee ycToii
'IHBOii K rpy6LIM OWH6KaM B ,naHHbIX/. 

B 3T0M cny11ae M0)KH0 TaK)Ke B Ka'leCTBe .D;0BepHTenb
Horo HHTepBana Il0CTp0HTb HHTepBan paBHbIX waHC0B npaB
.nono.no6Hs. EaiiecoBcKas ou.eHKa B o6meM cny11ae cMemeHa, 
o.nnaxo BenH'IHHa CMemeHH'1 HeBtmHKa H CTpeMHTCJI, KaK 
npaaHno, K nyn10, Kor.na o6heM Bbl6opKH B03pacTaeT ne
orpaHH'leHH0. 

B npoCT0M cny11ae /o,nHH HCT0'IHHK pacna.na, HCT 4>ona, 
'f />'f/ 0IJ,CHKH HMCIOT aHanHTH'ICCK0C Bblpa)KCHHe: 

n n 

MME= MLE = I t. ln2/n; BE= I t. ln2/(ri+ lL 
j=l J j=l J 

3. OnucaHue npozpaMMbl 

inm1 peanu3au,HH BblweonucaHHoro no.i:{xo.na 6blna HanH
caHa nporpaMMa H'flME Ha Jl3b1Ke cl>OPTPAH-4. Bxo,nHblMH 
,naHHblMB JIBilSIOTCJI: 

1/ Q,Q 1 ,Q - 'IBCno TpeK0B a Ka)K.IJ;OB K0Mil0HeHTe; 
'f1 - BepxHJ1J1 rpanHu.a HHTepBana B3MepeHns; 
C • - K0HCTaHTa .nns Il0CTp0eHHJI BHTepBana 

'PaBHblX waucoB npaB.nono,no6Hs / .nns 
YP0BHJI ua,ne)KH0CTH 67'fo C ""1; .nns ypoB
HJI Ha,ne)KH0CTH 9O~ C =-1,15/; 

2/ nH6o 3Ha:'{eHBe 'I a' H T0r,na ou.eHBBaeTCJI R ; nH60 
3Ha'ICHHe R , H T0r,na ou.eHHBaeTCJI 'I ; 

3/ Tpe~H /B peanbHOB BpeMeHHOH WKane, 'Io Bbl'ITCHO/. 
IIporpaMMa cTp0HT MME, xoTopas paccMaTpHBaeTcJI 

KaK Ha11anbH0e 3Ha11eHHe .nns Tpe6yeMoro nepBo,na nony
pacna.na /HnB OTHOWCHBJI/, 3aTeM, BCil0Ilb3YJI 3T0 Ha'lanb
uoe 3Ha'leHBe, CTP0BTCJI MLE,IJ;ononHBTenbHO H'fIME M0)KeT 
BKnIO'laTb B ce6JI no,nnporpaMMY ,nn.a Il0CTpoeHBJI BE. 
Bbl'IBCilJIIOTCJI .D;0BepBTCilbHble BHTepaanbl /TaIOKe HHTep
Banbl paBHblX waHC0B npaB,nono.no6HJI/, 3Ha'leHB'1 KpHTepHs 
x 2 B KPHTepus KonMoropoBa. 3TH 3Ha'leHBJI HCil0ilb3yIOTCJI, 
'IT06bl npoBepHTb, He np0TBB0pe11aT nu TpeKH rHil0Te3aM 
o pacnpe,neneHBJIX /8/ c 'f /BnH R /, paBHblMB nony11eHHblM 
ou.euxaM. 
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IIpuMepw npHMeHeHHJI HTIME K aHanu3y AaHHLIX B 3Kc
nepHMeHTax bo CHHTe3y 3neMeHT0B 104, 106 H 107 ,l\aHLI 
B pa6oTax / 3,5,6/. 

ABTOP rny6oKo 6naroAapeH npocl>eccopy IO.Q.OraHeCJIHy 
3a Il0CTaH0BKY 3a,l\a'IH. OH X0Ten 6LI TaK)Ke no6naro,l\apHTb 
wpa A.r .,lJ;eMHHa /OIUIH/ HA-pa it.HH'IKe /Jia6opaTopuJI 
HM. 3.JloypeHca, BepKnu/ 3a none3HLie o6cy)l(AeHHJI MHorux 
cl>H3H'leCKHX acneKT0B 3a,l\a'IH. 

Jlwnepamypa 

1 . .JlHowu JI. Teopu.11 u npaKmuKa 06pa60111Ku pe3y11bnanoe 
U3MepeHUU. M., Mup, 1968. 

2. ,l(JKeHKUHC I'.M., Bam111c ,l(.I'. CneKmpaAbHblU aHaAU3 U 
ezo npu11oxeHu.11. M., Mup, 1971. 

3. ,l(pyuH B.A. u op. OH.JIH, E7-10499, ,l(y6Ha, 1977. 
4. 'Wilks ·s:s. Mathematical ·statistics, John Wiley & Sons, Inc., 

New-York, London, 1962. 
5. ,l(pyuH B.A. OH.RH, P7-10359, ,l(y6Ha, 1977. 
6. OzaHeC.IIH 10.1'. u op. OH.JIH, ,[(7-9866, ,l(y6Ha, 1976. 

10 

PyKOilBCb nocTynHna B B3,1\aTenbCKHH 0T,l\en 
14 uronJI 1977 ro,l\a. 


