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,Ua11mrn pa6orn nocmnueHa yny1nuemno II paJBIITIIIO npoue;:i;yphI Bh1;:i;eneHm1 

pe30HaHCOB H3 KOM6IIHaTOpHoro cpoua, npeAJIO)KeHHOH aBTOpOM B [1]. B ynoM~I.Hy

TOH pa6oTe OilIICaH MeTOA BhI)];eJieHmI pe30HaHCOB, pacna;:i;aIOil{IIXCll no AByx

'-!aCTII'-IHOMY Ka11any, KOTOpbIH onIIpaeTCll Ha CBOHCTBO aJIIMYTaJihHOH CIIMMeTpIIII 

pacna;:i;oB II IICilOJihJyeT IIHq>OpMal{IIIO O BJaIIMHOM pacnOJIO)KeHIIII peJOHaHCOB (06 

yrne Me)K)];y BeKTOpaMII IIX IIMTTYJihCOB). 

TTycTh B co6bITIIII CIIJlhHOro BJaIIMO;:i;eiiCTBIIll o6pa30BaJIOCh n peJOHaHCOB (II 

He o6pa30BaJIOCb HIIKaKIIX ;:i;pyrnx '-laCTIIU). MeTOA Il03BOJilleT nOJIY4IITb BepOllT

HOCTb IICTHHHOCTH ocymecTBJieHHll Ka)K)];oro HJ n! BOJMO)Kllb!X o6'he)];IIHeHIIii 2n 
BTOpH'-IHbIX '-!aCTHU B n npe;:i;nonaraeMhIX pe30HaHCOB. TTpH STOM, O'-leBIIAHO, TOJib

KO OAHO 06'be)];HHe1rne (KOM6IIHal{Hll) IICTHHHOe, a OCTaJihHhie n! - I COCTaBJllllOT 

KOM6HHaTOpHbIH q>OH. YnOMllHYTM BepOllTHOCTb JaBHCIIT OT ymoB Me)K)];y 

BTOpH'-IHhlMH '-!aCTHI.~aMII, o6pa30BaBUIHMHCll OT pa3JIII'-1Hh!X pacna;:i;oa. 3TII yrnhl B 

CBOIO O'-lepe;:i;h JaBIICllT OT ymoB Me)K)];y pe30HaHCaMII H OT yrnoB BhIJieTa 

BTOpII'-IHbIX '-!aCTHl{. 11Ha'-!e fOBOpll, HMilYJihCbl peJOHaHCOB, nOJIY4eHHbIX 

o6ne)];HHeHHeM pacna;:i;HhIX '-laCTIIU, JaBIICllT OT BJaHMOpacnoJIO)KeHIIll BTOpII'-IHbIX 

'-!aCTIIU. 

TaK KaK BepOllTHOCTb KOM6HHaum1 '-!aCTHU B n peJOHaHcax MO)KeT 6hITb npe;:i;-

c2 -CTaBJieHa '-1epe3 Bepol!THOCTH n BOJMO)KHbIX HeJaBlIClIMbIX CO'-leTaHlIII no )];Ba 

(nap) HJ o6pa30BaBllIIIXCll B co6bITIIH n peJOHaHCOB, TO paCCMOTpHM Ba)KHbIH '-lac

TllbIH cJiy'-laH napbl peJOHaHCOB. 

AHAJ111TWIECKOE BhIPA)KEH11E .umr YfJIA 
ME)K,UY BTOPl1qHbIMl1 qACTl111.AMl1 
OT PACITA,UA PA3HhIX PE30HAHCOB 

11TaK, nyCTh B co6bITHH o6pa30BaJIOCh )];Ba pe30HaHca. CxeMaTlI'-leCKII TaKOe 

co6bITHe HJo6pa)KeHo Ha p11c. l. CTpeJIKH COOTBeTCTBYIOT BeKTOpaM lIMnyJihCOB 

'-!aCTHU . .Ilnll npoCTOTbl HJJIO)KeHHll 6y;:i;eM HMeHOBaTb pe30HaHChl Li-pe30HaHCaMlI lI 

nonaraTb, '-ITO mm pacna;:i;alOTCll Ha )];Be '-laCTHUbl - nlIOH lI HYKJIOH. B ClIJIY 

aJlIMYTaJihHOH CHMMeTpIIII IIMTTYJihCbl BTOpII'-IHhlX '-laCTlIU C O)];lIHaKOBOii BepOllTHO

CTblO MOfJIH 6bI 6bITb HanpaBJieHhl BAOJib JII06oii 113 o6pa3yl0Il{IIX KOHYCOB, Ha 

6oKOBOH IlOBepXHOCTlI KOTOpbIX OHH Jie)KaT Ha cxeMe. 3TH KOHYChl c o6meii 

~pmttttoH • mm c~'"I!I~,:~~::1.Eophlx ttarrpamtthl ~on, 
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Pttc.l 

HMnyJihCOB Ll-pe30HaHCOB, COOTBCTCTB)'IOT HYKJIOHaM OT pacna,l.(OB pa3HhlX pe3o

HaHCOB. 

Hae HHTepecyeT pacnpeAeJICHHe no KOCHHycy yrna Me~y pacna).(HhlMH HyK

JIOHaMH B CJiyqae, KOrAa a3HMYTaJihHble yrnhI BhIJieTa HYKJIOHOB C paBHOH sepmn

HOCThlO npHHHMaIOT 3HaqeHml B o6JiaCTH O < <!\2 < 27t • .[{m1 ero nonyqeHHH B [I] 

npeMaraJIOCh MOAeJittposaHtte Ha 3BM k = l 00 spaII..1eHHH 3Be3A OT pacna).(OB KaK 

ueJioro Ha CJiyqatt:Hhie yrJihl <!>1 H <!>2 B a3HMYTaJihHhIX nJIOCKOcrnx, nepneHAHKYJIHp-

HhIX K HanpaBJICHHHM HMnyJihCOB COOTBCTCTBCHHO nepsoro H BTOporo pe3OHaHCOB. 

Ilptt 3TOM YrJihl <!>1 H <!>2 BhI6HpaJIHCh paBHOMepHO H He3aBHCHMO B o6JiaCTH 

[O; 27t]. B 3TOM CJiyqae BCKTOphl HMnyJihCOB HYKJIOHOB «Bpall.laIOTCH» no o603Ha

qeHHhlM Ha pttc.l KOHycaM. IlocJie Ka~OH reHepaUHIJ yrnos <!>1 H <!>2 BhJqHcJrnJICH 

KOCHHyc yrna a Me~ HyKJioHaMH n no cTaTHCTHKe k = l 00 reHepaunw 

CTpOHJIOCh pacnpeAeJieHtte no Q = cos a, COOTBCTCTBYIOII..1ee AaHHOH KOM6HIIaUHH 

BTOpttqHhIX qacTHU, B pe3OHaHCbl. Ta KOM6HIIaUHH, y KOTOpOH nJIOTIIOCTh sepOHT

HOCTH o6Hap)')KHTh 3HaqeHHe cos a B6JIH3H 3KCnepHMCHTaJihHO H3MepeHHOro 

noJiyqanach Hatt60Jihlllett, noJiaranach HCTHHHOH: KaK BHAHO H3 pttc. l, KOHYCbl 

HCTHHHOH (cJiesa Ha pttc.1) H JIO)KHOH (cnpasa) KOM6HHaUHH HMCIOT pa3Hble pac

TBOpbl H yrJihl Me~y OCHMH, qTo npHBOAHT K paJJIHqHIQ B ynoMHHYTbIX pacnpeAe

JICHHHX no cos a. 
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lfro6h1 m6e)KaTh rpoM03AKOH npoueAyphl MOACJIHposaHmI, HMeeT CMhICJI no

Jl}'1IHTh aHaJIHTHqecKoe Bblpa)KCHHe MH cpyHKUHH pacnpeAeJieHHH no KOCHHycy yr

Jia Me~y BTOpHqHblMH HYKJIOHaMH (OTMCTHM, qTo B3aHMOpacnOJIO)KCHHe nHOHOB 

onpeAeJIHCTCH B3aHMOpacnoJIO)KCHHeM HYKJIOHOB). 

IlycTh (CM. pttc.2) \j/ - yroJI Me~y Lil H L1z· 1'}1 tt 1'}2 - COOTBCTCTBCHHO yrnbl 

BhIJieTa HYKJIOHOB NI H N2. TaK KaK Hae HHTepecyioT TOJlhKO yrnhI Me~y 

qaCTHUaMH, 6yAeM nonaraTh MOAYJIH scex BCKTOpOB Ha pttc.2 CAHHHqHblMH. Bse

ACM ACKapTOBY CHCTeMy KOOpAHHaT TaK, qTQ ee uaqano HaxOAHTCH B TOqKe 

B3aHMOACHCTBHH, nJIOCKOCTh xOy COOTBeTCTByeT nJIOCKOCTH, B KOTOpOH pacnOJIO

)KCHhl BCKTOpbl HMnyJihCOB pe3OHaHCOB, OCb X HanpasJieHa BAOJih HMnyJihCa nepso

ro pe3OHaHca. KoopAHHaThl CAHHHqHoro BCKTOpa, HanpaBJICHHOro BAOJih HMnyJibCa 

nepsoro HyKJIOHa, o603HaqHM {XI, YI, Zl}, a KOOpAHHaThl CAHHHqHoro BCKTopa 

BAOJih HMnyJihCa BTOporo HYKJIOHa - {X2, Y2, Z2}. TorAa KOOpAHHaTbl CAHHHqHhlX 

BeKTOpOB Ha pttc.2 

Li
1 
= { 1, 0, 0}; L1z = { cos \J', sin \J', 0}; 

{X1, YI' z1} = { cos 1'}1, sin 1'}1 cos <l>p sin 1'}1 sin <!> 1 }; 

{X2, Y
2

, Z2} = cos \J' cos 1'}2 - sin \J'sin 1'}2 cos <1>2, 

sin \J' cos 1'}2 + cos \J' sin 1'}2 cos <!>2, sin 1'}2 sin <!>2}. 
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(Ilptt nonyqeHHH {X2, Y2, Z2} ttcnonhJOBaHa MaTpttua npeo6pa3oBaHHSI ,ueKap

TOBbIX KOOp,UHHaT npH noBopoTe BOKpyr OCH Z Ha yron 'P [2], TaK KaK CHCTeMy, 
CBSl3aHHYIO C ~. MO)KHO npe,ucTaBHTb KaK noBepHYTYIO OTHOCHTenbHO CHCTeMbl, 

CBSl3aHHOH C Li1). 

KaK H3BeCTHO [2], pacnpe,ueneHHSI no a3HMYTanbttblM yrnaM <?1 H <?2 o,umrnKo

Bbl H paBHbl 1 /2rc B HHTepBane [O; 2rc]. Tor,ua ,um1 nnOTHOCTH BepOSITHOCTH 
F( cos a) cnpaBe,unttBO 

F( cos a) = f f (I /2rc)(l /2rc)o[ cos a - (XIX2 + YI y2 + Z1Z2)ld<\l1d<\l2, 

cp2 cpl 

r,ue {X1, Y
1
, Z1} H {X2, Y

2
, Z2} 3a,ua10Tcsi cooTHOllleHHSIMH (1), TO ecTb 

r,ue 

F( cos a)= (1 /2rc)
2 f ( f o[A - (f cos <\)1 + e sin <\l1)]d<\)1)d<\)2, 

cp2 cpl 

A = cos a - cos 'P cos 1'}2 cos 1'}1 + sin 'P sin 1'}2 cos 1'}1 cos <\)2, 

f = sin 'P cos 1'}2 sin t} I + cos 'P sint}2 sin t} I cos <\)2, 

e = sin 1'}2 sim\ sin <\)2. 

(2) 

(3) 

IlpOHHTerpttpyeM (2) no <?1 B HHTepBane [O; 2rc], HJ6aBnSISICb TeM caMblM OT 

0-<pyHKUHH. Jlnsi 3Toro BOCnOnbJyeMCSI H3BeCTHblMH COOTHOllleHHSIMH [3]: 

1 o . {R sin (a+ y) 
o(F(x)) = ~F o(x - x ) tt P cos a + G sm a = R ( )' ( 4) · _u_ m cos a - Tj 

ox 0 
x=x 

m 

me siny=P/R; cosy=G/R; sinri·=G/R; cosri=P/R; R=(P2 +c2)112
; 

x0 
- KOpHH ypaBHeHHSI F(x) = 0. 

m, 

I1pOH3B0,UHaSI OT apryMeHTa cnO)KHOH 8--cpyttKUHH B (2) 110 <?1 paBHa 

-[ecos<\)1 -/sin<\)1]=-Rcos(<\)1 -y), r,ue R= ✓e2 +f, siny=-f/R; cosy= 

== e / R. HaM H~Ho BblqttcnHTb ee 3HaqeHHe B ToqKe <\)~, r,ue apryMeHT o-cpyHKUHH 

paBeH ttyn10, TO ecTb, r,ue A - (!cos <\)1 + e sin <\)1) = 0. BocnonhJOBaBlllHCb (4), 

3TO cooTHOllletttte MO)KHO 3a11ttcaTb B BH,ue sin ( <\)~ + TJ) = A/ R, r,ue sin TJ = f / R , 

cos Tl = e / R. Cne,uoBaTenbHO, IR cos ( <\)~ - y)I = IR✓ 1 - (A/ R)2 I = ✓ R2 
- A 2 . To

r,ua H3 (2) ,un51 cpyHKUHH pacnpe,ueneHH51 F( cos a) nonyqnM 
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2 f d<\)2 
F(cosa)=(l/2rc) ✓ '> '> 

W-A
<P, 

11cnonb3YSI (3) 11 ( 4 ), 11onyqm1 -

r,ue 

R2 -A2 = a cos2<\)2 + b cos <\)2 + c, 

a = -sin2'P sin\'} 
2' 

b = 2 sin 'P sin t'}2 ( cos 'P cos t'}2 - cos a cos t'} I ), 

(5) 

(6) 

c = sin2'P cos2t'}2 sin2t'} 1 + sin2t'}2 sin2t'} 1 + 2 cos a cos 'P cos t'}
2 

cos t'} 
1 

-

2 '} '} '} 
- cos 'P cos-1'}2 cos~t'} 

1 
- cos~a. 

TaKHM o6pa3oM, ,unsi cpyHKUHll pacnpe,ue.ne111rn (5) nonyqaeM 

2 f d<\)2 
F( cos a)= (I /2rc) ✓ 2 cp

2 
a cos <\)2 + b cos <\)2 + c 

Tiocne JaMe11bI nepeMe1111oii X = cos <\)2, d<\)2 = -dX / ( I - X2) 1 / 2 3TO BbIpa)Ke1111e 

npHIIHMaeT BH,U 

2f d<\)2 - 2 f d<\)2 7 
F( cos a) == (I /2rc) ✓s(X) - ( I /2rc) ✓(I + X)( I _ X)(X - X)(X - X_) ,( ) 

X X 
2 r,ue X± - KOpHH Tpexqne11a a cos $2 + b cos $2 + c, 

X± == sin 'P sin t'}z( cos 'P cos t'}2 - cos(a ± t'} I )). (8) 

Mbl nonyqHnH, lJTO MHoroqJiell •1eTBepToii CTe11e111I S(X) IIOJJ. KOplleM B 3llaMe
HaTene Bblpa)KeHHSI (7) HMeeT TPII JJ,eiicTBHTenbllblX KOpllSI: ,.I == I, r,, == X , 

- + 
r3 = X _ B nopsi,uKe y6hrnam1si. Cor.nac110 [3] B 3TOM cnytJae Ka1101111•1ecKoii 3aMe11oii 

11epeMe1111oii X = X(P) no,ubu1Terpa.,Ib11oe BbIpa)Ke1111e B (7) CBOJJ.IITCH K 11opM,UIb
HOH cpopMe Jle)KaH,upa ,unsi 3nJll111THqeCKIIX H11TeIpa.,I0B. TaK )Ke 11pIrneJJ,ellbl Ka
HOHHLleCKHe npeo6pa30BallHSI, OT06pa)Ka10uu1e IIIITepBaJI lt11Terp11posa1111)1 (a, X) B 
cooTBeTCTBYIOll\HH HHTepsan ,ueiicTBHTeJ1b11oro nepeMe1111oro P Me)KJJ.Y O II re/ 2 
TaK, lJTO 

(9) 
dX dP 
~ == µ -~ 
'1;:,(X) "I/ I - k- sin P 

5 



8 paCC!'.taTpHBaeMOM HaMH c1Iy4ae Tpex J.(eiiCTBHTeJibllblX Kopueii y MIIOffilJJie

Ha S(X) 3TH npeo6pa:10Ba11m1 HMelOT BHJ.(: 

1 ). )lm1 X::; r
3 

= X_ npeo6pa3oBairne 

X=-oo l3=0,anp11X=X_ l3=1t/2; 

rl - r3 
X = rl - ~• 

.sm 1-1 

nptttJeM llpH 

2). )lJ1ll x+::;x::;I npeo6pa30Ba1111e 
X = ri<r1 - r3) - rir1 - r2) sin213 

r
1 

- r
3 

- (r
1 

- r
2

) sin2 l3 • 

np11tJeM np11 X = X_ 13 = 0, a np11 X = I 13 = 1t/2. 

B 06011x npeAhlAYlllHX cnytJallx 

r-r 1-X 
k2 = _1 __ 2 =--+. (IO) 

I r-r I-X 
I 3 -

3). B c11y4ae X _ < X < X + npeo6pa30Ba1111e X = r3 + (r 2 - r 3) sin
2

13, np11tJeM 

npttX=X_ 13=0,anpttX=X+ l3=1t/2. 

)lnll 3Toro cnytJrui 

k; = r 2 - r 3 = X + - X -
rl - r3 I - X 

(11) 

Bo Bcex Tpex cnytJallx 

2 2 
µ = ✓ 1 - X_ = ✓ 1 - sin'¥ sin 1'}

2 
( cos 'I1 cos 1'}

2 
- cos (a - 1'}

1
)) 

(12) 

l1c110J1h3Yll (7-12), nonytJHM, tJTO pac11pe.[(eneI111e F( cos a) Bhipa)KaeTcll tJe-
* peJ no1111hIe 3JJJIHIITHtJeCKHe HHTerpanhI nepBoro poAa K(k) + K (k) H HMeeT BHA 

npH X_ < COS <j>2 < X+ 

rc/2 
- l!:._ J dP - l!:._ F( cos a) - 2 ✓ 2 . - 2K(k2), 

7t 
O 

1 - k2 sm 13 1t 
(13) 

me 

2 
2 sin 1'}

1 
sina sinl'}2 sin'¥ 

k2 = I - sin'¥ sinl'}iC cos'¥ cos 1'}
2 

- cos(a - l1
1
)) ; 

11ptt -1 < cos <1>2 < x_ H 11p11 x+ < cos <1>2 < 1 

rc/2 
l!:._ J dP l!:._ F( cos a)= 2 ✓ 2 . = 2K(k 1), 
7t O 1 - k

1 
sm l3 7t 

(14) 

me 

6 

J 
:, 
r 

1j 

IJ 
!' 

2 
I - sin'¥ sinl'}i< cos'¥ cos 1'}2 - cos(a + l'} 

1
)) 

kl = 1 - sin'¥ sinl'}i< cos'¥ cos 1'}
2 

- cos(a - l'} 
1
)) ; 

l13 ( 13; 14) BHJ.(HO, lJTO, KOf.[(a <l>2 MeHlleTCll OT O J.(0 7t / 2, X = cos <1>2 J.(Ba)KJ.(bl 

11pOXOJ.(HT OT -1 J.(0 1 H TeM CaMbIM 4epe3 HHTepBaJJhl X_ < COS <j>2 < X+ 

(0 < k2 < 1), -I < cos <l>2 < x_ H x+ < cos <l>2 < 1 (0 < kl < 1). 

TTo3TOMY, npo113Be.[(ll B (7) 1111Terp11p0Ba11tte no <j>2, .[(Jill pacnpe.[(eJieHIIll no 

cos a nonytJHM 

F( cos a)= ~{K(kl) + K(k2)). 
7t 

(15) 

JlerKO BHJ.(eTh, lJTO kl = ✓ 1 - k;. l1cnOJih3Yll II3BeCTHbie COOTHOllleHml [3] 

* . ,.-----;,r * * k = '\/ 1 - k- H K(k ) = K (k), Bh1pa)KeHtte (15) MO)KHO 3anIIcaTh B BIIJ.(e cpyttKUIIII. 

OT OAHOro apryMettrn (k
1 

IIJIH k
2

): 

r.[(e k - 3TO k I HJIII k
2

. 

F( cosa) = 1<K(k) + K*(k)), 
7t 

(15a) 

CornaCHo (13) II (14) kI II k2 3aBIICllT OT cos a. Tor.[(a II o6nacTh II3MetteHIIll 

apryMeHTa cpyttKUIIii K(k) II K*(k) B (16) onpeAeJilleTCll 0611aCTh10 II3MetteHIIll 

cos a. PaCCMOTpIIM, B KaKIIX npe.[(eJiax II3MeHlleTCll yron a, YtJIIThIBllil, lJTO <l>1 II 

<l>2 MeHlllOTCll B o6nacrn [O; 27t] nptt noCTOllHHhlX 'I1 II l'} 1,2· TTpe.[(BapIITeJihHO 

OTMeTHM, lJTO H3 (10) H (11) CJie.[(yeT, lJTO kl (ntt6o k2) TeM 611m1w K e.[(IIHIIUe (a 

conpmKeHHhIH apryMeHT K HYJIIO), lJeM 6JIII)Ke Jie)KaT 3HalJeHIIll x+ II x_, TO eCTb, 

lJeM MeHhllle pa3HOCTh COS (a+ 1'}1) - COS (a -1'}1). EcJIII X+ = X_, TO yron CX 

paBeH JIH6o HYJIIO, JIII6o 7t. B 3TOM cnyqae noJIHbie 3JIJIIInTII4eCKIIe IIHTerpaJJbl B 

pacnpe.[(eJieHHII (15, 16) HMelOT IIHTerpIIpyeMylO 6ecKoHelJHOCTh [3] npII k = 1 

(nII6o npII k * = 1 ). 

TTpe.[(eJihl H3MeHeHIIll yma CX nerKO ycTaHOBHTh, Henocpe.[(CTBeHHO OnIIplli!Ch 

Ha pIIc.2. JlerKO BIIJ.(eTb, lJTO a He npeBbilllaeT 7t npII ycJIOBIIII 'I1 + l'}I + 1'}2 < 7t. 

EcJIH npII 3TOM BhlnOJIHlleTCll II 'I1 - l'}l - 1'}2 > 0, TO TeJieCHbie yrJihl, COOTBeTcTBy

lOIUHe KOHycaM, no KOTOpblM «BpamalOTCll» HYKJIOHhl, He nepeKpbIBalOTCll. 8 3TOM 

cny4ae a max = 'I1 + l'} I + 1'}2' a a min = 'I1 - l'} I - 1'}2· 

ECJIH 'I1 - l'} 1 - 1'}2 < 0, TO TeJieCHbie yrJihl, COOTBeTCTBYIOIUIIe KOHycaM, 

nepeKpbIBalOTCll nOJIHOCTblO HJIII tJaCTIIlJHO. ECJIII OHII nepeKpbIBalOTCll lJaCTIIlJHO, 

TO 6oKOBble noBepXHOCTII KOHYCOB IIMelOT nepecetJeHIIll. TTpII 3TOM a = 0 comae-
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HO onpeneneHHJO yrna a, H nptt cooTBeTcrnyroll.lJfX JHa'!eHm1x k pacnpenenettue 

HMeeT ynoMHHYTYJO HHTerpttpyeMyro 6ecKOHe'IHOCTb. TaKHM o6paJOM, B cnyqae 

1.!aCTH'IHO nepeKphrnaromuxcH KouycoB a . = 0. L{Jrn cny'IM nonuocThJO nepeKpb1-
mm 

BaromuxcH KoHycoB BBe)].eM o6oJHa'!eHHH y
1 
='I'+ ~

1 
- ~

2
• y

2 
= 'I' - ~

1 
+ ~

2
- B 

YKaJaHHOM cnyqae a . = min{I y
1

1, I y
2

1}. KoHyChI nepeKphrnaroTCH qacnI'IHO, 
mm 

ecntt min{y
1

, y
2

} 2: 0, H nonHOCThJO, ecntt min{yl' y
2

} < 0. ,[lnH Bcex paccMOTpeu-

HhIX BbIIIIe cnyqaeB BJaHMOpacnono)KeHUH KOHYCOB CX = 'I' + ~I + ~2-max 

CttTYllUHH, KOr)].a 'I' + ~ I + ~2 > 7t, B OTnH'!He OT npe)].hl.!l.YlllHX, CBO)].HTCH K 

~e paccMOTpeHHbIM HHBepcHeH 0)].HOro HJ KOHYCOB (peJOHaHCOB) OTHOCHTenhHO 

Ha'!ana KOOp)].HHaT. TTpH 3TOM, 'IT06hI BepttyrhCH K cnyqaJO HCXO)].HOro pacnono

)KeHHH KOHYCOB, Hy)KHO HCIIOnhJOBaTh COOTHOIIIeHHH, CBHJbIBaJOmHe HCXO)].Hble H 

nonyqeHHbie nocne HHBepCHH (OHH IIOMe'!eHhl IIITpHXOM) yrnoBbie K00p)].HllaThI: 

~'1 
2 

= 7t - ~] 2' q,' = 7t - 'I', a' = 7t - a. O1.!eBH)].HO, 'ITO a' . C00TBeTCTByeT 
, , mtn 

a , a a' nepexo.D.HT B a .. max max mm 

METO,[lHKA norryqEHH~ CTTEKTPOB PE3OHAHCOB 

HH)Ke 0IIHCbIBaeTCH MeT0)].HKa BbI)].eneHHH KOM6HHaTopttoro cpotta, 0CIIOBaH

HM Ha peIIIeHHH HHTerpanbHbIX ypaBHeHHH H HBnHJOII.lMCH )].anblleHIIIHM 

paJBHTHeM MeT0)].HKH [l], OIIHpaBIIIeHCH Ha MeT0)]. MaKCHMyMa npaB)].OII0)].06HH. 

PaccMaTpHBaeMbie co6bITHH CHnhH0ro BJaHM0)].eHCTBHH C0CT0HT B TOM, 'ITO 

3KCIIepHMeHTanhH0 JapemcTpHp0BaHbl HMnynhCbl .!l.BYX HYKn0H0B H .D.BYX IIH0H0B. 

BoJMO)KHht )].Be KOM6HHaQHH 3THX BT0pH'IHhIX 'laCTHU B )].Ba peJoHattca. Ka)K)].YJO 

KOM6HHaQHIO 6yneM xapaKTepHJ0BaTb napoil 4-BeKTOpOB HMnynhC0B peJoHaHC0B. 

3TO M0)KH0 nenaTb, Ja)].aBM MaCCbl Mf, M~ H M0.D.ynH HMnynhC0B F1, ~ peJOHaH

C0B, yrnhl BbineTa 0)].HOH HJ paCIIa)].HblX 1.!aCTHU (HanpHMep, HYKn0Ha OT pacnana 

nepBoro peJoHaHca ~~ H nHoHa OT pacnana BToporo ~~). aJHMYTanhtthie yrnh1 

<l>~, <1>; 3THX pacna)].Hb!X 1.!aCTHU B CHCTeMax C00TBeTC'fBYJOlllHX peJ0HaHC0B H )].0-

nonHHTeJibHO yron \f Me)K)].y BeKT0paMH HMnynhC0B peJ0HaHC0B H yron CX Me)K)].y 

HMnynhCaMH yKaJaHHhIX paCIIa)].HblX 'laCTHQ. 

EcnH 0)].Ha HJ KOM6HHaUHH HCTHHHM, TO BTOpM - nO)KHM. ITro6M HJ BOJ

M0)KHblX KOM6HHaUHH HBnHeTCH HCTHHHOH c TeM 6onbIIIeH BepOHTH0CTbJO, '!eM 

6onhIIIe HeHJBeCTHM BepOHTH0CTb p{if if p1 p1 'I'} )].nH paCCMaTpHBaeMhIX 
I' 2' I' 2' 

CHnhHblX BJaHMO)].eHCTBHH C0CT0HTb HJ peJ0HaHC0B C BenH'IHHOH HMnynhC0B 

F1, ~ H yrnoM Me)K)].y HMnynhCaMH peJOHaHC0B 'I'. KpoMe Toro, BepOHTHOCTb 
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KOt1Kpen1oii pean1nau1m (pemcTpaum1) ua 3KcnepHMeme :.rnii KOM6imamrn, TO 

ecTh rnnepT0'IKH {Mf, M~, Pf, P~. '¥), JaBHCHT TaK)Ke OT BepoH11ocn1 pacnanoB 

peJOllaHCOB 11a BT0pH'IHbie 1.!aCTIIUbl C JaperncTp11poBallltblMII Jfla'!emrnMII 

pl(, P;, ~~. ~; H a. AuanHT11'!ecK11e Bb1pa)Ke1111H Jl/IH pac11peJleJie1111ii W(P, ~) 110 

napaMeTpm.1 p II ~ O)ll!Oii HJ BTOp111.!HbIX qacnrn np11 JlBYX'!aCTll'III0M IIJ0Tpon-

.. MA pA HOM pacnane peJOHaltCa C MaCC0II If m.mynhCOM 11p11Be)lellbl, 11anp11Mep, B 

[2]. 8bipa)Ke1111e )].nH YCJIOBIIOH Bep0HTH0CTl1 Toro, 'ITO mmyJihCbl BT0pll'IHbIX 

'laCTIIU OT pacnana paJHbIX peJOllallC0B pa3JleTHTCH 110).l JaperncTp11poBa111tblM JlJIH 

KOIIKpeTH0ro co6hlTIIH yrnoM a 11p11 onpeJleJielllthlX P(. P~. ~~. ~~ II 'I', nonyqe110 

HaMH B npeJlbIJlymeM IIYIIKTe. O60311a'!IIM ::ny ycJIOBIIYIO BepmtTH0CTb 1.!epe3 W(a). 

HaIIIa Ja)].a'!a -'- II0JIY'IHTb 11eHJBeCT1lhiii cneKTp IICTllllllbIX KOM61111au11ii B 

peJ011aHCbl p(if if p1 p1 '¼'}" LlnH ::noro B0CIIOJlhJyeMCH MeTO)lllKOii, on11ca1111oii 
I' 2' I' 2' 

B pa6oTe [4]. 

TTycTh 3Kcnep11MeHTanbI10 3apentcTp1tpoBa110 co6b1Tlle, TaK0e 'ITO 0)llla 113 

KOM6H11au11ii HMeeT napaMeTphI {Mf, M~, F1, ~. '¥), a JlpyraH - {M~A. M;A, 

P*A p*A ,u*} I:' •• •• 
I , 

2 
, r . uy)leM CTpOllTb a11aJI0nt'IHbll1 IICKOMOMY C0BOKYllllblll cneKTP 

.. A A ,,_A ,,_A *A *A *A *A * 
KOM6HllaUHH Q[{MI' M2, ~· Y:i· '¥), {Ml , M2, pl , p2, 'I')], CO0TBeTcTBy-

lOII.lHH 1.!Hcny yKaJaHHblX co6hITHii B 3KCnepm,tellTaJlbHOii CTaTIICTIIKe. TaKIIM 

o6pa30M, B COBOKYilllblH cneKTp BKJIIO'!aIOTCH II IICTll!lllhle, II JJO)Klfhle 

KOM6Ht1aQHH. 

A A ,,_A ,,_A *A *A •A •A • 
BepOHTHOCTb R[{MI' M2, ~· Y:i· '¥). {Ml , M2 , pl , p2, '¥ )] K0IIKpeT-

HOH peanllJaUHH, noJiy'lellltOH B co6btTIIII KOllqJHrypaum1 BT0p111.!llblX 'laCTIIU (T.e. 

BepoHTH0CTb pentcTpaum1 HeK0T0poro co6bITHH), npH ycJI0BIIII, 'IT0 IICTllllllbie 

peJ0HaHCbl HMeIOT napaMeTpbl {Mf, M~. F1, ~. '¥), cornac110 l13JJO)Ke!111m1y Bbl

IIIe M0)KeT 6b1Tb Jan11ca11a B BH)le 

A A A A •A •A •A *A • 
R[{MI' M2' pl' p2' '¥), {Ml 'M2 'pl 'p2 'q, )] = 

= p(M:'\ M;11• p:11. pt'¥') W(Mf, P(. e~)W(M~. P~. 0~)W(a). 

CoB0Kyn11btH cneKTP T0r)la 11011y•111TCH KaK cyMMa TaKIIX Bepmn11ocTeii wrn 

HCTIIIIIIOH KOM6HHau1111 {Mf, M~. F1, ~. '¥) (nO)KIIOii {Mt M;6, p~A. p;A. q,*)) 

.. 6 {M*A M*A p*A p*A ,u*) ( .. {MA MA .A H HCTIIIIIIOII KOM 1111au1111 I , 2 , I , 2 , T JIO)KlfOII I, 
2

, ~· 

~. 'I')): 
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A A --A --A *A *A *A *A * 
Q[{MI' M2, 1t• i'i_, 'I'}, {Ml 'M2 'P, 'p2 ''¥ )] = 

A A ...A ...A *A *A *A *A * = R[{MI' M2' 1t• 1z• '¥), {Ml 'M2 'pl 'p2 ''¥ }] + 

*A *A *A *A * A A --A --A + R[{M1 , M2 , P 1 , P2 , '¥}, {M 1, M2, 1t• 1z• '¥)] = 

= P{M;ti. Mt pt pt 'P'}W(Mf, P(, 0~)W(Mf, P;, e;)w(a) + 
*A *N *N *A *it *it * 

+ p(~.~. P~. P~. 'P}W(MI 'pl '01 )W(M2 'p2 '~2 )W(a ). (16) 

OnHpal!Ch Ha CBOHCTBO (16), CBll3b!Ba!Ow_ee COBOKYITHhlH cneKTp C HCTHHHhlM 

cneKTp0M P, HHTerpHpyll no napaMeTpaM BT0pH4HhlX 4aCTHU, M0)KH0 nonY4HTh 

mnerpanbHble ypaBHeHHll }lJlll 3THX cneKTp0B. TTpH 3T0M He BHJlH0 npHHUHnHanh

HhlX TPYJlHOCTeH nony4e11Hll TaKHX HHTerpanbHhlX ypaBHeHHH B aHanHTH4eCK0M 

BH)le. OmrnKO eCTh 6onee npoCTall npouenypa [ 4] CBe)leHHll 3a)J,a4H K CHCTeMe 

nHHeHHhlX anre6paH4eCKHX ypaBHeHHH, He JaBHClll.l.l_al! K T0MY )Ke OT BH)la onpene

nl!eMoro cneKTpa. TTol!CHHM ee ua paccl'.taTpHBaeM0M uaMH cny4ae nony4eHHll 

nmj:JcpepeuuHanhHOro cneKTpa pe3011auc0B no Mf, Mf, Pf, Pf, '¥. 

l11nepmu1h1 HJMepeHHll BenH4HH M"', ?"' H 'l'([O; 21t]) paJofaeM Ha N n0JlhIH

TepBan0B, CB0)lll 3a)la4y K .UHCKpeTH0MY c11y4a10. BBe)leM MaTpHUhl Q ""k, I , 
pqtJ rs mn 

W .. k pqtJ ,rslmn' 
w* "'k I B Ka4eCTBe C4eT4HK0B xapaKTepHCTHK co6b!THll 

pqtJ ,r.l' tnll 

(p, q, i, j, k, r, s, l, m, n = I, ... , N, HH)leKChl p, q, l, m, n C00TBeTCTBYIOT 

HCTHHHhlM napaMeTpaM { ?"', ?"', '¥)' a r, s, i, j, k - napaMeTpaM, Ja

perncTpHp0BaHHhlM npH TaKHX HCTHIIHhlX B C0B0KYIIH0M cneKTpe). 8 ::ineMeHT 

Q "'k I 6yneM no6aBnl!Th e.uHmmy, ecnH B cofarTHH 0)lHH H3 HMnynhC0B 
pqtJ ,r.l' tnll 

~. ~ nonanaeT B i-H II0JlhlHTepBan, npyroii (H3 TOH )Ke KOM6HHaUHH, 4T0 H nep

Bh!H) - Bj-H, o.uHa HJ Mace M 1, M 2 nonanaeT B p-H HHTepBan, npyrall - B q-ii, a 

COOTBeTCTBY!OlllHH KOM6HIIaUHH yron Me)K.uy HMnynhCaMH - B k-H II0JlhlHTepBan 

o6nacTH [O; 27t]. TTpH 3T0M napaMeTpaM BTOpOH H3 B03M0)KHhlX KOM6HHaUHH 

*A *A •A *A * 
4eThrpex BT0pH4HhlX 4aCTHU B )lBa pe30Hauca Ml , M2 , pl , p2 , '¥ )l0n)KHhl co-

0TBeTCTB0BaTb IT0.UhlllTepBanbl r, s, l, m, n. 

3neMeHThl MaTpHU w H w*, C00TBeTCTBY!OlllHX npH .UHCKpeTH3aUHH 3a)la4H 

llJlPY mnerpanbH0ro ypaBHeHHll, CBll3b!BalO!llero HCTHHHhlH H COBOKYHHhlH cneKT

pbl, M0)KJI0 11ony4HTh JlBYMll cnoco6aMH: 

I). AHaJIHTH4ecKH, Bhl4HCnllll Bhtpa)KeHHll W(Mf, pf(, ~~)W(Mf, P;, ~;)W(a) 

*A •N *N *A *it *it * 
H W(M 1 , P1 , ~

1 
)W(M2 , P2 , ~

2 
)W(a) 1-1a paBII0MepHhIX ceTKax B o6nacrn 

~N N 1t 1t • * *N *1t * 
111Me11e11m1 11epeMeHHh1x M1, M2, r

1
, ~

1
, P2, ~

2
• '¥, a, M 1, M2, P1 P1 , '¥ . 

IO 

2). Mern.uoM Mmne-Kapno, pmbrrpb!Bal! pacnanhr pe3011auc0B c napaMeT

paMH Ml' M2, P(, P;, '¥, pacnpeneneHHhlMH paBH0MepH0 (B 06nacn1 l!X 1131\fe

HeHHll B 3KcnepHMellTe). l1cKOMall MaTp11ua nony4aeTCll IIYTeM noCTpoemtll Bepo-

.. 6 .. M"'* M"'* p*N p*1t ,u* l!TH0CTeH }lJlll n0)KllhlX K0M 1111amrn 111\feTb napaMeTpbl I , 2 , I , 
2 

, T 

A A ..N 1t HJ 
npH yc110BH11, 4T0 11cT11H11al! m1eeT M

1
, M

2
, r

1
, P

2
, T. 

nocne Toro, KaK MaTpHUhl Q, W, w* 6y.UYT noCTp0ellbl, Mb! npuneM K C00TII0-

weHHl!M BH)la 

Q .. k,l =W .. klpl +WI .. kP .. k pqtJ · rs mn pqtJ ·,rs 11111 rs 11111 n mn.pqtJ · pqtJ · 

(p, q, i, j, k, r, s, I, 111, n = I, ... , N). (17) 

PeWIIB 3TY CHCTeMy mmeHllhlX ypaB11e1111ii [ 14], I\I0)KH0 nony411Th IICTIIHHhiii 

cneKTP peJouaucoB P .. k. pqtJ. 

KaK 0TMe4eHo B [4], c11cTeMa (17) nepeonpe.uene11a: ecn11 411cno HemBeCTHhIX 
,., 

paBII0 M, TO 411Cno ypaBHe!IIIH B CIICTeMe - M~. Cne)lOBaTenhHO, 411Cno ypaB-

HeHII_H M0)KH0 yMeHbWaTb, Hanp11Mep, cyMMIIPYll JleBble II npaBble 4acn1 HeK0T0-

pblX 113 ypaBHeHl!H (17), H HCn0nh30BaTb 3TH cyMMhl }lJlll ll0CTp0e!llfll IIOBOii Cl!CTe

Mhl ypaBHeHIIH. MO)KHO TaK)Ke npm1e1111Tb MeT0.U IT0lflf)Kelflrn 411CJJa ypaB11e111tii, 

npe}lJIO)KeHHhlH B [4]. OnuaKo B nl060M cny4ae 411Cno ypaB11e1111ii )l0n)KH0 6b!Th He 

MeHbWe 411Cna Hel13BeCTlfhlX. A 3T0 411Cno, paBH0e 411Cny 6111108 B 3KCnep11MeH

TMhHOH rncTorpaMMe, B cny4ae .u11cpcpepe11u11anbHOro cneKTpa o4eHh sen11Ko. 

J],nll perneHlfll CIICTeMhl ( 17) If mmeH!lhlX CHCTeM, nony4eHHhlX 113 Hee, pa3yM

H0 HCl10nh30BaTh MeT0.Uhl MoHTe-Kapno [5]. 8 [5], rn.5, 11.5.6 II0Ka3aH0, 4T0 ecn11 

411Cno HeH3BeCTllhlX 6onhwe 90, TO npm1eHe1me MeT0)l0B Mmne-Kapno Bblro)l

Hee, 4eM np11Me11e1111e MeT0Jl0B mmeiiHoii anre6pb1 (411CJIO re11ep11pyeMhlX Tpae

KTop11ii np11 3T0M II0JiaraeTCll nopl!JlKa Tb!Cll41)). Kpm.1e Toro, MeT0.Ubl Mmne

Kapno 1103B0Jll!IOT Henocpencrne11110 CTp0l!Th mmeiillhle cpyHKUIIOIHUlbl OT BeKT0-

pa peweHllll JJHHeHHOii CIICTeMbl ypaB11e1111ii ([5], rn.5, n.5 .3 If 2.4 ). 3TO 1103B0J!HeT 

11enocpencTBem10 CTpo11Th pewemrn, y)Ke npocyMwtposa1111b1e no 'iaCTII 1111.ueKcoB 

(1111TerpanhHb1e cneKTpb1). J],1rn coKpamemrn 11eo6xo.umtoro JlJIH pewemrn 

Mawmrnoro BpeMel!ll M0)KH0 B0Cfl0Jlh30BaTbCH pe:iyJihTaTaMII 11.2.6 113 rn.5 pa60Tbl 

[5]. Cnoco6 pewe11m1 c11cTeMhl ( 17) 6y.ueT paccl'.toTpe11 B OT.ue11b11oii pa6tne. 

TaKIIM o6pa30M, npe}lJI0)Ke!lllall MeT0.Ul!Ka IIOJIY'le!llrn ClleK"rpa pe3011a11coB 

y1111Bepcanh11a B TOM CMblCJJe, 4T0 Olla 11p11ro.u11a }lJlll II0CTpoemrn caMblX pa311blX 

(O.UIIOMepHblX II MHOroMepHb!X) cneKTp0B. 8 CIIJIY lf3JIO)Kellll0ro Bb!We ee M0)KII0 

Ha3BaTb mnerpanbHhlM MeT0.U0M Y'leTa KOM61fltaTOp11oro cpo11a. 

EcnH 11ac HHTepecylOT T0JlhK0 cneKTpbl nap pe3011a11C0B IIJIII ClleKTpbl 

0)llf1104HhlX pe30HaHC0B, TO c11y4aii, KOl:Ua co6b!Tlte C0CTOIIT 113 N pe3011a11C0B, lie 

0TJIH4aeTCH 11p1111u11m1anbll0 OT npoCTOl'O c11y4a51 co6b1T11ii 113 .UBYX pe:m11a11C0B. 

113 C0B0KYIIIIOCTH BT0pH'lllhlX '-laCTIIU M0)KII0 C0CTaBIITh N! B03M0)KllblX co61,rrnii. 
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Ka)K,!loe TaKoe co6bITHe H3 N pe3ottallCOB MO)KIIO npe)lCTaBHTb KaK COBOKym10CTb 
., 

Cjy soo6pa)KaeMblX co6bITHH H3 scex pa3JIHlJllbIX nap, KOTOpbie MO)KIIO nonytJHTb 

113 N pe30HaIICOB, H paCCMOTpeirne CBe)leTCll K H3JIO)KellllOMY Bbillle. EcnH )Ke 11ac 

HHTepecyJOT N-tJaCTHlJHble cneKTpbl (KoppenllUHH B CHCTeMax H3 N pe3011a11c0B), 

TO H B 3TOM cnytJae B npaBOH tJaCTH COOTIIOllleHHll, COOTBeTcTByJOIUero ( 17) Jlnll 

cnytJall co6bITHH H3 N pe3oHaHCOB, 6yJleT CTOllTb cyMMa, cnaraeMbie KOTOpOH COOT

BeTCTBYJOT BCeM B03MO)KHblM KOM6HHaUHllM N 11yKnOHOB H N nHOIIOB B co6bITHH 

H3 N pe30IJallCOB. TaKHM o6pa30M, 11emBeCTllbIH cneKTP 6y)leT BXO)lHTb B npasyJO 

tJaCTb 3TOro COOTIIOlllellHll, CBll3bIBaJOIUero COBOKYllllbiii H HCTHHllbIH cneKTpbl B 

BH)le N! pa3HblX cnaraeMbIX, a11anorHlJIIO TOMY, KaK Mbl HMenH 2! = 2 cnaraeMblX 

B cnytJae co6bITHH H3 JlBYX pe3m1a11coB. Ho pa3Mep11ocTh Ja)latJH npH 3TOM 

nponopUHOIIMblla N2, lJTO pe3KO IIOBbillJaeT Tpe6osa11m1 K 3Kcnepm1e11Tanbl!OH 

CTaTHCTHKe . 
Xorn 11p11Me11e1rne MeTOJlHKH npe,unonaraeT oTCYTCTBHe 11epe3011a11c11oro cpo11a 

(TO eCTh OTCYTCTBHe HYKnOHOB H nHOIIOB, ne llBnllJOIUHXCll BTOpHtJHbIMH 

tJaCTHUaMH OT pacna)lOB pe3011aHCOB), ee MO)KHO npHMeHllTh Jlnll nonytJeHHll npo

Me)KYTOlJHblX cneKTpOB, CB060)lllbIX OT KOM6H1JaTop11oro cpo11a. K TaKHM cneKTpaM 

MO)KHO )lanee npHMeHllTh o6bilJHO HCnonbJyeMbie MeTO)lbl BbI)leneHHll pe30HaHCOB, 

11anpHMep MeTOJl 3cpcpeKTHBHblX Mace. 
8 JaKnJOtJeHHe asTOpbl Bbipa)KaJOT 6naro)lap110CTb M.11.no)lropeUKOMY, 

A.A.Ky311euosy H E.H.KnaAHHUKOH Ja o6cy)KJleirnll H no,!l,!l,ep)l(Ky. 
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· , Theinyestigation has been performed.at the Laboratory of High Energies; JINR. 
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Com~~nicati~riof ~he ~~int lnstit~te. for N~~l~ar' Rese~ch; Dubna, ~ i 996, ' 
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