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: te6egeHKo B. M. Pl-85- 449 
Aner6pb1 J11-1 H cynepanre6pb1 JlH 
c MaKCHMaJibHblMH CHCTeMaMH 06pasyio111mc 

HccnegyioTCll HeKOTOpb!e cnel\H<lmt:1eCKHe CBOHCTBa anre6p JlH 
H cynepanre6p JlH . On1-1caHb1 Bee KOHet:1HOMepHb1e m-meHHbJe anre6pb1, 
y KOTOpblX mo6all CHCTeMa o6pa9YJ()ll(HX cogeplKHT 6a9HC. Ha OCHOBe 
sToro yKasaH lIBHblH BHA anre6p JlH H cynepanre6p JlH , 06naga10111HX 
3THM CBOHCTBOM . Bee 9TH anre6pbl HMeJOT ,O:OBOJibHO npOCTYJO CTPYK
TYPY. 3TO yKa9blBaeT Ha TO, "!TO anre6pbl JlH H cynepanre6pbl JlH 
c 6one,e CJIOlKHblM CTpOeHHeM saBegoMO gonyCKaJOT MHHHMH9al\HJO 
CBOmc CHCTeM o6pa3YJ()IJIHX . 

Pa6oTa BblllOJIHeHa B Jla6opaTOPHH TeopeTH"!eCKOH ~H9HKH OIDIH . 

ITepeBog O.C . B1-1uorpagoBoH 

Lebedenko V. M. 
Lie Algebras and Subalgebras with 
Maximal Gener a t ing Systems 

Pl - 85- 449 

Some special pr oper ties of Lie algebras and subalgebras 
are investigat ed. All finited i rnensional linear algebras are 
described any generat in~ system of which contains hasis.Due to 
this an explicit form of Lie algebr as and subalgebras pos
sessing this property is indicated. All these a l gebras have 
a rather simpl e structur e . This points to the fact that Lie 
algebras and subalgebras with a more complicated structure 
certainly a l low the Minization of their generating systems. 

The investigation has been performed at the Labor ator y 
of Theoretical Physics, J I NR. 
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· 1 •. BBEAEHHE .. 

1.1. 0 COAepll<aHHH pa6otbl 
I 

' . 
B Teopern4ecKoi1 H MaTeMarn4ec1<oi1 <l>H3HKe npw pa6oTe \C a11re6:-' · 

· · paMH JlH H cynepa11re6paMH JlH t~omeT· 6b1Tb ,noneaHoi-1 MHHHMH3a4HR ' .. 
'. Cl1CTeM o6pa3YIOU(HX /yCJlOBHMCR paccMaTp~BaTb TOJlbKO KOHe4HOMepHbte -·' 

~~ anre6pbl/. B ~TJ1H4He OT, 6a3HCa' :,CHCT.eMoti o6pi;13YIOlllHX '11HHeHHOH ·- ' > 
- 'a11re6pbl C4HTalOT Tai<Oe ee nOAM1iO>KeCTBO:,H3 3JleMeHTOB. KOTOporo ny- •· 

•TE~M Kairnx-To KOHe4HblX KOM6Hi-la~1-1i1 aAAHTHBHblX 1,1 MYilbTHnJl!-1KarnaHblX·, i 
: onepa[lHH MOll<HO hOJlY411Tb J11060~' 3JleMeHT 3TOH 'ii11re6pb1. UaaeCTHO, .' 
. HanpHMep; 4TO arire6pbl hH ~OCTaT04HO 60JlbWHX pa3MepHOCTei1 l,1MelOT. 

ABa o6paayroutHX 311eMeH·Ta. npHBeAeM npocToi-1 npHMep CHCTeMbl 06.;. 
pa3YIOIJIHX' He COAepiriar.qei-1 .6a3HCa. nycn: G - a11re6pa .JlH C 6a3HCOM 

·< a·~ b' a', b' > H co CJleAYIOlllHMH KOMMyTal.lHOHHblMH COOTHOWeHHRMH:' ' 
t a,b]c a; [a',b'J=a', ·/ocTaJlbHble KOMMyTaTOl)bl..: Hymi/. 3Ta·aii-'. 

' re6pa,-HMeR paaMepHOCTb. 4eTbtpe, 06J1aAaeT TclKOH- CHCTeMo~ ·06pa3y10- ''' 
' " . . I . ' ' ' • • ! ' • ~ • 

· ~HX, COCT9Rr.qei1 H3 Tpex 3/leMe_HTOB:, ' , 

(a+a'), b,b'' ·. ([(a+a'),b],;, a; [a+a',b'];,,a'). 

. . npHBeA~M MeHee. Tl)HBHaJl~Hbl~ npHMep; Koi-mne-KCHaR. a11re6pa JlH 
rpyrinbl·JlopeH4a3aJ:iaeTCR TaKHMH' COOTHO~eHHRMH 

[x1 ,_y 1J=zy, [y1 ,z~].;.~P (z 1 ,xd."'. y 1 ; 

[ x2,Y21 = z2 , [ y2;z2 ] = x 2 ,-_; [ z2' i 2-] =, y2 
: ~. ,. ' : \' . :···" :.. ; : .- . . ', ~ ·. ·,· 

6.,;MepHaR anre6pf JlH o6~a~aeT, ~BYMR' o6pa3YIOIIIHMH 

.a .. 2x 1 +x2' '·' b".'y 1 -i-'y2 ' • ·.-i, 

/c~,/3~ /.· - - ';:-. 
- 0Ka3blBaeTCR' 4TO MHHl-1MH3a41-1R' He acerAa 'B03MOll<Ha. CY111eCTBYIOT. '' .,· 

, 'TaKHe am:'e6pbl, y .KOTOPblX 11ro6aR.CHCTei.ia. o6paayrouiHx COAepll<HT ,6a3HC. 
' ·• v' · · \ · • · " · ' •. · ' • v • •· 

8 HaCTORU(eH pa6oTe AaeTCR ,nOJlHOe onHCaH.He, KOHe4HOMepHblX JlHHeHHblX ··. · 
a11re6p KaK pa3 C 3THM CBOHCTBOM,-Ha OCHOBe 1.1ero·no11y4aeTCR RBHOe . 
omicaHHe a11re6p JlH· H cynepa11re6p .JlH Ta1<or;-o POAa, npHBeAeHHoe · 
'a KOHi.ie pa60Tbl - /CM. pa3AE!Jlbl 3 H '4. / ~ . . ·. ' . ' 

• · · 3aMernM, 4TO e•.:e( 11PHBeAeHHble ,HH»<e·,. peay11bTaTbl cnpaBeAJlHBbl 
HaA rno6blM rlOJ1e1-i.cK-•;~ - ' - -'-· .. _ •, · 

J' -----------· 
' ·. ··•· . . : ' ' ·, . ' . '. . . 
- XapaKTepHCTHKa KOTOporo He prurna· ~BYM, XOT.11 BO, MHOI'.HX CJIY-:-

'. OI'Pallli'lleHH~ Ji~I'KO OOOHTH ~ "' , 



0Ka3aJlOCb, 4TO, B~ TaK11e anre6pbl 0611aAa10T AOBOJlbHO npOCTblM 
cTpoeH11eM. 3aTo, .see anre6pbl Jl11 11 ,i:ynepa11re6pb1 J111 /pa3MepHoc-.• 
T11, n '/ C 6011ee CJlOlKHOH CT:JYKTYPOH /T .e. OTJlHllHble OT YKa3aHHbix/ 
0611aAi:llOT Cl1CTeMaMl1 o6paayl0~11X, COCTOR~l1Ml1, MeHee 4eM 113 n. 3JleMeH:.. 

. TOB, 4T.o AaeT _B03MO)!(HOCTb oc~ecTBl1Tb KaKYIO~To : Ml1Hl1M113a41110. , 

1.2. 06o3HalleHHR,11 TepM11Ho11or11R 

Mb! np11MeHReM, e oc:HoBHOM, 06~enp11HRTble /cM.1
1

•
21

· l iepM11Hbl 
11 o6o3Ha4eHl1R. · 0T1111411e 3aK1110L1aen:n .. a_· ynoTpe611eH1,111 cKo6oK: · aHaK 
[x,y] B cynepa11re6pe Jll1,03HallaeT pe3yJlbTaT np11MeHeH1-1R eA11HOH 
6111111HeHHOH onepa41111, BBeAeHHOH eo_eceH 3TOH,anr:e6pe;-AJ1R MHO-' 

' lKeCTBa A. IA I '6yAeT 03HallaTb 1111'HeHHYIO '060110L11<yA; a IAIX - ,a11-
i-e6py, nopO>KA~HHYIO MHOlKeC,TBOM A, .<a1' ,a2, ••• ,an>' 6yAeT, 03Ha4aTb 
MHOlKeCTBO, COCTOR~eE: 1;13 3JleMeHTOB :.al , , a 2 , , •• ;an; A'b. ~ ~a3HOCTb 
MHOlKecTe,A 11 b. 

2 .' JlHHE~HblE, AJ1rE6Pbl .· C MAKCHMAJlbHblMH C~CTEMAMH 06PA3YIOIJ.IHX 
, ,. ' I ' ... l . : . , • J:: , , ·. , , 

6yAeM paccMaTpl1_BaTb ,· TOJlbl<O KOHellHOMepHble 1111HeHHble 'a11re6pbl 
HaA npo113so11bHblM noneM K, y 1<0Topb1x 11106aR · c11cTeMa o6pa3Y~HX; 
coAePlKHT 6a311c. · ' · · · · ' 

\ 
: ,'. ' ' ., I .1 l \' ,· .1 

· .. JleMMa 1'._ AnR 'Toro , llT06b1 1111HeHHai1 anre6pa. 'G 0611aAa11a y1<a3aH-
----' •• ' ), '. ,··' ' • " • J • ·, ... j ' ' 

HblM CBOHCTBOM; Heo6XOAl1MO 11 AOCTaTOllHO BblnOJ1HeH11e TaKl1X ·YC110B11H 
' : : : ' , ; • ' ' ! • I ,I_ • ·~ • • \ , • - ·, • • ' ' 

lblx=lbl, la,blx=la;bl (*) 

AllR 11106blx 311eMeHTOB a, _i-1 · b 11a G • · 

Ao1<,faaTe11bcTBo. nycTb 1111He~HaR anre6pa G, i-tMeeT pa3MepHocTb n-•. 
Ec1111 OHa OfillaAaeT paCCMaTp11eaeM~M '.cBOHCTBOM,, TO 11106aR ee nOA.:. . 
anre6pa, · nop6>KAeHHaR n-i 1111!'-le~Ho He3ae11cl-!Mb1M11 311eMeHTaM11, :coe- ' 
naAaeT co ceoeH . n11He11HoH 06onoL11<0H. · · · · 

'nycTb a 11- I b ' - \ AB a J111HeHHO He3aBl1Cl1MblX 3JleMeHTa anre6pbl 'G. 
Aof'!011H11M MHOlKeCTBO < a,; b> AO HeKOTOporo, -6~311ca 'A anre6pbl 'G , 

T. e. , , 

A=<a;b,a
1 

,.:.,a.,····>.•: 
, • ,. n-2 

PaCCMOTPl1M ero'.noAMHOlKeCTBa: 

Ak=-A'-.<ak>, (lt=l,2~ .. ;,n.::;2). 
- ."·· : i"· -~ ·. ·.· _-_( ;: ·~ -,' ·. : . , . \, .- :·~ .. ·_.·. ,_,·x .... ' 
TorAa, KaK YlKe 6blJ10,01"Me~eHO Bblllle, .,ace ,npAanre6p"!_JA/"".1Akl. 

CneA0BaTe11bHo, · - · · · · ·· ' 1 

· ' · . n-2 , · n;..2 · . ·. -
la.,b,lx~ IIIA~lx=IIIA _1;..1a;bl .• 

k=l ' '' k=l k' I , 

.. 

,2 

·, 

·l 

l; 

'i 

i-• 

To ecTb AOKa3aHo ~ llTO I a, b I x =Ia, b I. CooiHoweH11e b. b ~ I b I. 
MOlK,HO AOKa3aTb aHaJ10rl14HO.' , . . ,, · , , , 
· · Ta1<11M o6pa3oM, Heo6~0A11MOCTb yc11oe1111 '<* )1 

AOKa3a~a. 
nycTb, Hao6opoT, AllR•HeKOTOpOH 1111HeijHOH anre6pbl G DblnOJlHRnT

CR YCJ10B11R (*)~ TorAa oHa He MOlKeT 11MeTb ,C11CTeMy o6pa~yl0~11X, 
cocToR~yio 113 n :..1 3JleMeHTOB. ' ' . . , I. 

· AeHCTB11TeJ1bHo, nycTb, HanpoT11B, c11cTer,ia C = <c1 ,c2 ,.;.,cn;...l >, 
nop'?lKAaeT , anre6py O,. Ho TOrAa a . ~1111~, yc110B11H ·, 

Ci·. CJ ~ I Ci ~cj l·C.,I er,, ,ci '. ct~ lci I, CI C,I,. 
r ' ' • ' ' - \ - '. - - ' . _~ -. :z:~ . r • ' ' • : . ' • 

AiiR 11106blx),f, 1$ i, J:;;;n-1-,.T.e. IC} =-IC I= lc 1 ,.:.,cn_11, Ho 
anre6pa G 11MeeT. pa3MepHOCTb ll , 4TO npl1BOA11T Hae· I< npoTl1Bopel11110. , 

JleMMa 'AOl<a3aHa. ' . . . . , ~ 

-~-• 
' i 

2. nPEAJlO)l{EHHE 
,, 

,. ,AnR \ TOro' : llTOfibl m:i6aR Cl1CTeMa o6pa3ylOlll~X • KOHe'-IHOMepHOH 1111-

HeHHOH anre6pbl G co,qep>Mami 6a311c; Heo6XOA11MO · H · AOCTaT04HO · Bbl;. 
' ' .· ',' . ' \'_,t 

no11HeH11e XOTR '6bl 'oAHor:o 113 yc110B11H: - , , , · '. · 
I •' •. ; \ ' ' , . ; \ 

' 1/ AriR'lll06blX ABYX pa3nl14H~X 3JleMeHToB'HeKOTOpora 6a311Ca 
x,;Y ~· 11106~.ro 3JleMeHTa·.x .3Toro 6aa11ca G"' -

i_,·y:= Kr(Y)X + Ke(x)y, :: i,x,·c; !xi 
1·1 

', /3P,eCb Kr(Y.) H Kf (x). - noc_TO~HHble ,.: CM. H11lKe 3aMellaH11e 1/; _\ 
. 2/ "To lKe CaMoe~ TOJlbKO AllR ·JllOUOrO 6a311Ca anre6pbl G, 

,,' ·,· • ,! 

/ 3aMellaHHe, 1; .. Mo_>KHO 'noKa3aTb, 4TO _KOHCTaHT!", •_ K)yf H 'Ke(x): 
'He 3_aBl1CRT OT Bbl6opa 6a311ca /cM.HallaJlO, AOKa3aTeJlbCTBa/. , 

' ·, , . ,' . ' . . ,' .. ' ' 

~6Ka3aTenbCTBo', nycTb O - anre6pa paccMaTpHBaeMoro Tima . 
11 ·nycTb a , b , 11 c ".", Tpi-t'. ee 111,1~e11Ho He3'ae11c11MblX 311eM.eHTa ;, B. c~ny • 

· JleMMbl , 1 · · , · .· ·, , 
,' /. ', , ' • ; , l ,, ~' • 

a. o = k a + fo , \ b; c = m b + nc ·; 
\ . :. : '. ·, ' i ' ' '~. '·. . ' . ' ·• . 

(a+b)c =f3(a+/J)_+ac, 

rAe k,f;m;'n,/3, a - ~eKOTOpbleiKo3<!><l>11l.111eHTbl •. 
OTCIOAa·, B c:1111y. JlHHeHHOH t-1ifaae11c11Mocrn ~neMeHTOB ·a., b . 11 c, 

no11y4aeM, llT_o /J=k,m=/3 (f+n=a): (a+b)c 7 {J(a+_b) +ac'=(ka+fc)+ 
+· (mb+nc) -=, {3a +/Jb + a c • To eCTb k-=in', .. 

' AHaJl<>r114HOe nony4aeTC~, ecn11 YMHO)KaTb a+b, Ha C ,cneea. '3rn ', 
06cToRTe11bcTea cnylKaT KIII040M ,t AOKa3aTenbCTB>1 npeAJ10lKeH-11R, Bbl-
noneHHe ,yc110Bl1R b ;i:J ~ { b I; 04eB11AHO, BblTeKaeT 113 JleMMbl '1. . 

. ''; :,Ycia,HOBJleHHaR aaKOHOMepH
1

0CTb nepeHOCl1TCR Ha JlOOble /C' T04:
HOCTblO AO 0003Ha4eHHH/ ·TPl1 J111HeHHO HeaaB11Cl1Mble 3JleMeHTa: anre6-.,-' 

·-pbl. Q., , , . . I.· . /··,,: ., 

3" 



'\. 

PacCMOTPl1M npo~3BOJlbHblH 6a311C' 3TOH a11re6pbl 11 (!)11Kc11pyeM. HeKO;.. 
TOPblH ero 3JleMeHT C • Tor,qa, B Cl1JlY, npoee,qeHHblX Btttwe . paccMOTpe

.ii 
'~ 

l 
i 1 ·,;1.·1 

j 

/' 
I, 

3aM~4aHl1e 2. ·JlerK0/3aMeTl1Tb, 1:4TO see TaKl1e ~J1re6pb1·Jl112- pa37 
pewHMbl /T.e •. , , [[0,G]. [·G,G]]= 0) ••. , ', ... , c: ' .. , ·.·_ · 

. - .l. 
KOH°CTaHTbl k 11 k, 3aBl1CRT TOJlbKO OT X '. aHaJ10f"l14HO e 11 e-. TaK 'KaK' l ; , 

Hl1H, ,qnR 11106oro 311e~eHTa X·3Toro 6a311ca 

x~~,,;;·kx+ fc, C•X ... e-x +k'c. 
,lloCTaT04HO npoeecni no,qc4eTbl c BblpameHHeMd[x,yl. [z,u]) 

Ha, OCHOBe noJly4eHHOH ¢oPMYJlbl. . . , . . 
. . . . ' . 

., ,· '.,- ; ; ,· \'. , .,' , 

B po1111·c MomeT, 6b1Tb 111060H 3JleMeHT (ja311ca' TO cyiqeCTBYIOT 'Tai<11e ' "l ' . 
KOHCTa,HTbl .K/(x).. 11 Ke (x) .. •.; COOTBeTCT .. BYIOlll~e Kall<AOM,Y, ero ,:311eMe. fi,TY

1

X , '. . - l,1; 
. 4TO ,[IJlR Jll06blx, ,qeyx pa3J1114HblX 3JleMeHTOB :Toro 6a311Ca X '11,_Y,: " . ' ·11 , 
x :Y = Kr (}'.) x +Ke(x)y '. . B c1111y nocTpoeH1111 3Toro ,qoKa3aTenbcTea ,· , \:-- . 

Jle~Ma 3. .[IJlR Toro 4T06bl KOHe4HOMepHaR Jll1Hei'.1HaR a11re6pa C c11M-
· MeTp114eCKl1M YMHO>KeH11eM;B .n1060~ CBOeH 'CIACTeMe o6pa3YIOlltl1X co,qepll<a- . 
Jla 6a311C' . Heo6xoAl1MO ~1 · AOCTaT04HO~ BblnOJ1He~1,,1e YCJlOBHii . X. y = ·, 
= K(y)x + K(x)y,', X•X ~ lxl., XOTR 6bl ,[IJlR OAHOro 6a3.:-ica '/,q11f1 J1106oro :. -
6aa11ca/. . - . , . ' 

KO_Hc!aHTbl Kr(x) _11 Ke {y) l1~B_ap11aHTbl _orno,c11TeJ1bHO 3,aMeHbl 6a311ca. ,(, .· 
, PaCCMOTP11M yc110~11e 1 / ,qoKa3blBaeMoro, npe,qJ10ll<eHl1R ._. nycTb B _He~ l .•,- i . ·. . ' ' . . • :' ' '• . ; ' ~ 

.[loKa3aTeJlbCTBO. 'AHanorH4HO ,qaHHOMY ,[IJlR a11re6pbl .1111 /JleMMa 2/ ~- i 

K()TopoM 6a311ce a11re6pb1 0 ,qnR 11106blx ero 3JleMeHTos x ·; ,Y cnpase,q-. ·1 
; Jll1Bbl paseHCTBa X ·Y = K'(y) X + Ke(x) y. · noKall<eM, 4TO OHO Bblnommef.:. y , \\ 

.3,qecb KOHCTaHTbl K(x) 1TOlKe l1HBap11aHTHbl OTHOCHTeJlbHO 3aMeHbl 
6a311ca.- ,'· · /,, · · ,. · 

- CR 11 ~JlR BCRKOrO 6a3HC~ 0 • , nycTb <a 
1
, ... , a · > , - HOBblH 6a311C an'- . ( 

re6pbl O 11 \ ' , . ' ,· n , . ·) 

,, 

. x' _ i k a . ' y .. ' f e,· a , . . /: ''. 3. f!Bll0E 'onHCAllHE , AJlfE6P' JUf PACCt1ATPi1BAEM0f0 THnA 
- , i J .. ,, . , ,= · j j • ( }, ' ,· I . . 

1 
• 

· , . · i=l . , J=-1 . . _ 1 · ,. . . · . , , . . . -
Tor,qa ,· .. . . ·. . . \ '( '- OHO BbtTeKaeT 113 JleMMbl · 11 npe,q.noll<eHl1R' 11. 3aMe4aHl1~ · 1 / 11 2/. 

nk ·'·I { · , I'k f · . ' . ·) HraK, nycTt. G.- a11re6pa Jl11-11ci<0Moro rnn~ 1-1. Hea6e.iieeajec7 
, ~-Y =\! 1a1 )~=l Jat) "'.;i,J · .. 1 J(ai il-J ) = I /. .·,'TecT~ei-iHo, 4TO ec~ :a6e11,eew

1

a.rire6pbl Jl11 yi:\osneTeopRIOT ~aw11M Tp~--: 
. ,. • . . , · . . . -1,· · 6osaH11RM/. · Tor,qa s., 111060M ee, 6a31-1ce · AJlR pa3Jll14HblX ero 311eMeHTos 

, .. }:k
0 f (K

10
(-a·)a' -K (a")a.>'=dk'K(a)) l~a~' :i -,x11:y,[~;y]=K(y)x.::K(x)y/KaK,yll<eOTMe4aJl·ocb, KOHcj'aHTblK(x) 11H-

1,J·'1 j .r_ J-)· f. i 1.J •',J=i J __ r J i;=J ,1 1· · i' ·eap11aHTblOTHOCl1TeJ1bHO 3aMeHb16a311ca/. '•. ''· .... 
j. ' '· ' B Cl1JlY '3a~e4aHl1R 2/ a11re6~a·~a 2-pa3t-:ie~Wl1Ma. nyc_Tb KOMMyTaHT, ' 

n. . , . n • < · ·n r n 
-:-(l:k 1K((a1)) ~f1a,J, (l:k1~ =X, ie1 aj=.Y), 

i=l · J=l . i=j i J=1 
\ ' ' . ' .· ! ', ' 

a TaK, KaK KOHCTaH;b, Kr (y) , 11 Ke (x) .l1HBap11aHTHbL OTHOCl1TeJ1bH() aaMe
Hbl 6a311ca, TO,, . .· , 
. n. .. . ,• . 'D , . ·. . , 

;
1

KJ ,Kr (a1'_=: ,Kr (y): 
1
:

1 
K 1 K e(af') ~ Ke <.x) ~ \ 

' . . ' ' ~' ,• 

npe,qJ10ll<eH11e· ,[IOKa3aHO. ,- . . , . . . , , · '.,, 
k'OHKpeTH311pyeM nony4eHHbte pe3yJ1bTaTbl AJlR -a11re6p, J111' 11 11l.iHeHHblX 

aiire6p C" Cl1MMeTp114eCKl1M yMHOll<eH11eM ~ .. ' . . ' ·, 

JleMMa 2 ~ /Anre6pa 'Jl11, Q co,qe'pll<l1T 6ai:i11c e . 111060H. ceoeH c11c.TeMe .. 
o6pa3YIOUl11X >TOrAa 11. 'TOJlbKO 'TOr,qa ·" KOrAa 13 HeKOTOPOM 6as.iice /1-11111 
B JlOOOM/ YMHOlKeHHe B HeH 3a,qaeTCR :TaK: Jx.Yl=K(y)x-K(x)'y ;; . 
/3,qec:b 'KOHCTaHTbl K(x) 3a811CRT. TOJlbKO OT 3JleMelfTOB X 11 l1HBap11aHT-' ·' 
Hbl OTHOCHTeJlbHO 3aMe1-ii:.i 6aa11ca/; ,' 'I '. ' ' .· ' 

AoKaaaTeJlbCTBO;· , nonb;YRCb npe,q11oll<eH11eM 1 . 'nci11y4aeM
1
, 4TO 

[ x',y] = Kf(Y)+Kt(x) y •·._-:Ho_ -[x,y] = (y,.x] = K-r(x)y +' Ke(Y) X., ~TCIO;_ 
,qa Ke(X)=-K,(x) .• ,To ecTb cyiqeCTBYIOT :ra1<11e KC>HCTaHTbl K(x), :4TO 

[ x; Y]=.'K('y~ x :-' K(x}y •· :'• · , . . . ... 
. . .. 

4 
·• I 

, I . · a - [ G, G] ,"."I at'••:·• a k ,l , . , ,a1 ; •••. ,ak. 1111He11H_o He3ae11c11Mbl; [G,G] "'.°• 
'1 ! · a6e11eea, a eecb:6a311c 0,,11MeeT e11,q•<a 1, •.. ,aJt,b 1 , •••• b > •. : T.ai< 

· .) . ,KaK [ a.a] ':--a6e11esa no,qa11re6pa_ff, TO ,[IJlR J1I06oro ,i =1,p2~~.;k ; , , 
,\I : ;,' K(al) = o. ,llanee, Ta,K KaK. ,[ bi ,:'bj];.,K(bj)b i ~K(~{)b/TO I bi'~} •. · 
-.; • •• ,bP I,-: no,q~11re6pa a, TO. ecTb a11re6pa G ~anRe!cR ,pac111en11ReMblM .• . 
i ; pacw11peH11eM . a6e11eeoH no,qa11re6pbl [ a.a] ,c noMOlllblO a6e11esoi:i /e c1111y l 2-pa3peUH1MOCnt ,Gr ?o,qa11re6pb1· I b 1•··;,bi>'J.·, ,· TaK K~K K(a i) = Q,' TO .<.' 
,' ,np11 p ~ 1, K(b 1 ) =0,: 11 [ ai'a J] =.K(b j) a 1 ---K(a 1) bJ c= 0; · To. ecTb 

,-,j. .· · a11re6pa O AO_Jlll<Ha 6bt 6btTb a6eJ1eBOH, no3T_OMY ocraeTC_R. O,[IHa, SO~MOll<;_ 
• ,

1 
HocTb - P. ':71. nycTb bp=b •. Tor,qa [a 1,b]= K(b)a 1• ic=l,2:, ••• k~_, 

'; .' • ·· HopM11pyn 3JleMeHT' · b_ ~ no11y4aei-t c T04HOCTblO ,qo o6o3Ha4eH11H, , 

I.. ·. \. cne,qyiaqee on11caH11e Hea6e11ee1,1x,a11re6p .fll1 G paccMaTp11saeMoro T11na 

'I' : ', a ~fa 1•~2 •••• :ak .; b I I I~ .- ,~omiT 6b1Tb ,Jll06blM HaTypaJl~HblM 411CJlOM/-' c/ 

I ,_ - / , .,. . . - ... . ... ''. .· ,: _. ...... 

l
' .·.' . sf,a1,• bl- al '. t ~ 1,2, ••••. k .•·. '0. CT• .. aJ1bHbl7 K.· OMMYT. aTOl)bl .. Hy1111. 

i I Li. f!BHOE on11cA1111E HEA6EJJEBblX · cYnEPAJ1rE6P' riw 
,)·{.'': 'PACCMATP11B,AEMOro -THnA 

-, ' 'Ha ace 3Tl1.· a:rir'e6pbl' e·~TeCTBeHHO' paCflPOCTpaHRIOTCR Tpe6oeaHHR 
<'npe,qJ10)l(eH11.A. nyc'rb a= a_·,·e a - -,<c:ynepa11re6pa paccMaTpHsaeMOro ' 

) 
·11 

'" 

• . ,:11na.· Tor,qa cpa3y e11J:ii-io·,0 ~To·, 1[ a 1' Oi=O~ .QeiicTe11TeJ1bHo: ecn!'I · 
:·:o.,l,,b ~ Gi' /e~:"H ,qall<e dimO 

1
=1_/ ,,T_a_ [ b, b ]= O; , 3To BblTeKaeT . '. . 

i: 
'.:') 

t, 

,· j" 



l .. 
t ; 

"13 ABYX ye110BHH, KOTOPblM 311eMeHT, b AOll>KeH ·YAOBlleTBOl)RTb: 
:Cb,.b]c;lb} c 9r:[b,b]i 0_(0 0 _ Or=O).,Qa11~e, ee111-1 b 1 ~ b 2 .:. ilea· 
311eMeHTa O .. i' To [b1,b 2]= 0 · /ee11J.1 G - _a11re6pa HaA no11eM, xapa_K
TepHeTHKa KOTOporo He paBHa ABYM: 

0= [ b 1 +b2 , b1 + b2 ]"7[ b 1,b1] +Lb 2;b2 ] +[ b1,b~]+[ b2,b1]=;2 [ b 1,b2 ]:-= 0 (· • 
: • ' • • .J ., • ' • ' \ ' ' ... ' / 

0Tel0Aa [ b1 ,b2l= 0. ·.. Ha. 311eMeHTbl 4efHoi1 4a,ern O O paenpoe'rpaHRIOTeR, 
orpaHH4eH1,111, Ha11araeMble npeA11o>KeHJ.1eM.! no3TOMY 0-"111"1 a6e11eea .· 
"111"1 J.1MeeT e.~1A, paeeMaTpJ.1BaeM~l1, B pa3Aelle ~·~ olf = ~ ai, .:.; a~ , b} , 
[at ,b l= a 1 , i =1,2 i '."'k ; ,' ' rye Tb 00 - 'a6e11eea a11re6pa JJ1,1, 00 = 
= I a1 ; ••• ,ak L , 0 - -= I b 1 , ... ,bf }. : TaK KaK [ G 0 ,G- ]=.0, [ G1 ;Gr:l=O, 

rn'Kr(a 1)=Kf(a/=O ,Kr(b 1)=Kr(b 1),.;0, [a1 JJhiO.To ee-fb'O 
a6e11eea, 3a 1,1eK11104eHJ.1eM e11y4aee: k >.1 , , f = 1 ; k_ = 1 , f .> 1 ; 

. k ;,.1, '· f = 1 • PaeeMotpHM CJ1y4a~, KOrAa f =1 ,· k>l. TyT 

,a.,;1a1•···•ak ,b I,' ,J,1 e TO_YHOCTblO AO HOpM"1POBKJ.1 3~eMeHTOB a,i' 
J:! ... b

1
=br ?603Ha4eH~i1.La 1_,b]=' a 1 , i 7 1,2, ••• ,k · /oeTa11bHble 

' · npOH3BeAeHJ.1R - Hy111,1/. ' . . . 

· _Tenepb .paeeMoTpHM c;11y~~i1, K~n~~ k=l_, f > 1, T,e: KOrAa Ou=l~I 
(a ... al) ' Q_ =lbl , ... -,b r:1 , • 'TyT, ,KaK J,1 paHee ' , 

,, 1" .. • . ,' 'I . " ' . I ., 
[0

0
-,Gwl=[Or,G-]=0,.[a,a·] =0,K (b ).;O, Kf(b 1 ).,;,'o, 

, . u • 1 · · · · , r t , . 

,Ca 1,bJ],;,; Kr (b1 )a+ Ke(~) b J ~ Kf(a}b i' 

e T04HOeTbl() AO o603Ha4eHJ.1H J,1 HOPMHPOBOI( anre6py G 
·, TaK:, a_,,;ao~ or' ,· ao.,;ra} , ~T c(b1i•···•bfl (f> 1) 

i ..;1, 2' ••• :f' /oeTallbHble np0"13BeAeHJ.1R - Hy111,1/. , '' 

MO>KHO 3aAaTb 

.• [~',b 1]=b 1,· 

· Tenepb oe-raeTCR paeeMoTpeTb KpaiiHJ.111 'e11y\.la~: lt ,"" 1, f =·1: 

' 0 = Go •• ar,'o o""lal' 0~ -=lb I. [0-;d:...1.,. o.~ co:'.:·. o·-1. _· 
. Tyi' 
\/ 

:
1

_ ': .' •• • ,:., •• :,..- '.' !.•,; ·. 1r . t• .. _o. _,Ol;- ,·,: ~ :: 1,·-;, ._1 fl/•"•· 

3Ta a11re6pa 3aAaeTeR cooTHoweHJ.1eM [a, b ] .. b: · 11; .KaK 11erKo npo-
-eepJ.1Tb,' He 0611aAaeT OAHMM o6pa3yKllqJ.1M 3J'l~MeHTOM. ,· , ,· ' ,, ' ' 

nepei1Ae~ Tenepb K e11y4a10' KOrAa Go Hea6e11eea '. KaK 6bl.110, ye-' 
TaHOBlleHO .Bbl_We,: 00 AOll>KHa. J.1~eT~ B~A , . '. . , ., • ' ·., · 

,la1·····ak, b 1., [a~ ;b)=a1; i "."1;._ .. :k>,[b;b],,;o, '[·ai .:a;]= 0:,. 
'i' 

·• KaK 1,1 nyeTb a:.. ~I b
1 

, •• ;, b' 1 i · , T .e. :, a =I a
1
. , .• ~.ak. ,b, b , .. ~; b I 

- 7'[ · m ·- , · . ·1 m 
paHee, , ai,aj]-o,, [br,b ]=0,'. ·. . . : · . ', . 

Bb1pa>KeH1,1e .[ ~P b)=Krib) bj +Ke(b 1).b= Kr{b)bi=,qb , (rAe q -
KOHeTaHTa, onpeAemteMaR1 eaM01-1 a11re6poi1 GI. Tenepb '0Te10Aa no11y:
_4aeM RBHoe on1,1eaH1-1e eynepam:e6p 3Toro THna.: · 

,' ,,,,,. d "· , . ,, . . .. •\ ' :· . , \ 

0=0o• Gf, ai.;{al ~---~alt, b I\' ·o~c; lb1; h2, •• '.; t,'m I~: 
0 , , " 1 . ,· 

k > H m MoryT 6b1Tb 11106b1M~ .HaTypa11bHblMH 4~e11aMJ.1,, .n.p1-1~ 3ToM 

[a1 ,aj],.; o·.,·· '(b 1/,bJ) =O; [a 1 ,b).,,;a1 ,[bl;bj)~O, .[a·1,bl=.O,; 

[b
1

,,bJ~qb
1

: , ... ,. , .. 

f ' I 'l /, 

6 

/ 

5 '.' :BblPOJKAEHH~IE CJ1Y4AH /,!\ j 

. AHaJ1"13"1PYR peayllbTaTbl "1 MeTOAbl AOKa3aTellbeTBa, , Mbl np"1X0/:\"1M 
K BblElOAY,. 4TO Bee np1,1BeAeHHble 3Aeeb pe3y11bTaTbl enpaBeA11"1Bbl HaA 
lll06blM noneM K' aa HeK11I04eHJ.1eM pa3Ae11a 4. A.nit no11HOTbl 1KapTHHbl ' ,' I 

HaM · AO.eTaTo4Ho yeTaHoeH~b, KaKHe: ABYMepHble a11re6pbl MoryT 1-tMeTb : 
'OA"1H 66pa3YIOl1t"1H 311eMeHT. OrpaHJ.141-1Me11 paeeM0Tpe\H1eM 2-MepHblX . 
eynepa11re6p; 3To 111,160 _' a6e11eebl H111,1' a11re6pa THna [ b, b) =·.a~ · . 1 

, Oe-raeTe11'°eute 'osiHa ABYMepHaR eyriepa11re6pa 'C eoOTHO~eHJ.1eM ' ' 
[a,b']= b., Il.~rKo noKa3aTb;_4T~ OHa He J.1MeeT'o6pa3,YIOutero 3JleMeHTa • 

- , . ' • ·1· 

B ,3aK11l04eHJ.1e aBTOp e4"1TaeT eBOJ.1M np"1RTHblM AOllrOM no611ar0Aa-
PJ.1Tb eeex TOBap"1ut~H; . npl1HRBEJ"1X y4aenie .B, o6e,Y>KAeH~J,1 pa6oTbl. 
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