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KaK H3Bec TH O , aonpoc o . tBtt "L'II tltl nli13~1bl B 3ana HH O~ I MarHHTII O~I n o n e MO>heT 6b!Tb 

B H 8 KOT OJ10:vl OpH 611H/h8HHH IICC'11 8.c(0 El8H C 0 0!\.! 0II! biO HilXO/h118 HH 51 C H.rJOBb!X llHHIIH 3TOrO 0 01151 , 

3 TUM 06b 51 CI! 518T C51 T OT II HT epec , K OTOfJ hl it Obl3 bi B88T B H8CTOHUtee Bpe MH opo6neMa H8XO >KJle-

HHH Cll llOBbiX ll!IHHH oopeaeneHHOrO THn a M8rHH1'HblX oonel!. 

C M8T 8M8 TH'l 8 CKOH TO'IKH 3p8HHH M bl CT811KHB88MCH 3ll8Cb C He06XO.lliiMOCTb!O HCC11eao

B8HHH CHCT eM bl Tpe X 06b!KHOBeHHbiX llHcj:Jcj:JepeHUH8llbHbiX yp8BH8HHil, KOT0p bl8 B CHllY paBeH-

CTB8 d iv H = 0 06118ll810T HHB8p H8HTHOli Mepo ii. H eC MOTpH 11 8 yCHllH H MHOrH X M8TeMa-

THKOB, HCCll ellO B8HHe CIICT e M T8KOrO THna llO CHX nop He npHBellO B o6 weM Clly'lae K CKOllb-

- Hu6y llb y llOBlleTBOpHTellbHOMY OTBeTy H8 BOn poe 0 no Bell 8HHH TpaeKTOpH li 3TOrO K 118CC8 C HC

T eM , Cyi-UeCTByeT TOllbKO OllHH cny'lali, KO!"'ll8 MO>KHO ll8Tb YllOBlleTBOpHTellbHblli OTBeT H8 

nOC T 8 BlleHHblli BOnpOC, - 3TO Clly'lal! noneM, 06118ll810lUHX K8KOil-HH6yll b CHMMeTpHel! / a CMbiC

ne cy wecTBOBaHHH oaHonapaMeTpH'lecKol! l"'pynnbi HHBapHaHTHbiX npeo6paaoaaH11l!/. B 3TOM 

C lly'lae paCCM8TpHB8eMaSI CHCT8M8 llHcj:Jcj:J e peHUH8.flbHbiX ypaBHeHHH HMeeT nepB biM HHTerpan, 

6118 !"'0 Jl8 pH 'leMy nepBOH8'1811bH 851 npo6neMa CBOllliTCH K 6onee npOCTOH 38ll8'le 0 paCOOllO /I{ eHHit 

TpaeKTOpHi1 Ha a ayxMepHoi1 noaepxHocTH . npoa on >K HTenbHbie nonbiTKH lli..D . EHpKl"'Ocj:Ja nony

'IHTb 8H8110!"'H'IHblll pe3yllbT 8 T B 06weM Clly'la e K ycnexy He npHBeJIH H, K8K OOK83811 B 

/1 I 
l954 po.ay K .n. 3H!"'enb , He MornH npHBecTH K HHOMY pe3ynbTaTy. 

/ 2-6/ 
B no cne.a Hee sp e MH a pHae c T aTel1 VI.A. M opo3oaa, n.c. Conoabeaa 11 .ap . 6bino 

!lOBOllbHO noapo6HO HCCllellOB8HO pacnO.rJO/I{eHHeM CHllOBb!X llHHHH M8l"'HHTHbiX noneil, 611H3KHX K 

CIIM MeTpH'IHbiM. VfcnOllb3YH MeTOll ycpeaHeHHH, H83B8HHbie 8BTOpbl 38MeHH11H TO'IH bl e ypaBHe

HH H CHllOBbiX llHHHli 6onee npOCTb!MH npH611H>KeHHblMH ypaBH8HHHMH, KOTOp bie 11 6blllH 11MH HC

CllellOB8Hbl , B pe3ynbT a T e OHH o6Hapy >K H11H, 'ITO y npH611H >~< eHHbiX ypaBHeHHli cywecTBYIOT o6-

118CTH C pa311H'IH biM noBeaeHHeM CHllOBblX llHHHH H H8W11H rpaHHUy, pa3aellH!OlllY!O 3TH 06nac-

TH, 

171 
0llH8KO, K8K 6b!ll 0 HeaaBHO OOK838HO npHMeHeHHe MeTOll8 ycpeaHeHHH K H8 X O >KlleHHIO 

l"'p8HHUbl, OT aellH !OW eli 06118 C T II C p8311H'IH biM noBeaeHH e M CHllOBbiX llHHHM , n pH BOll HT, B006we 

roaop51 , K Ka'leCTB eH HO HeBepHOMY pe3ynbTaTy. B ael!cTBHTellbHOCTH 1 rpaHHua, oTaenSJIOwaH 

o6naCTH C p8311H'IHbiM nOBeaeHHeM CHllOBbiX llHHHH, HMeeT !"'Op83ll0 6onee CllO>KHbiH BHll, 'leM 

3To c n ea y e T H3 ycpeaHeHHbiX ypaBHeHHI1, anH KOTOpbiX TaKoe pacnono>KeHHe rpaHHUbi Boo6we 

HeB03 MO>KHO, 3a 6eraH Bnepea, OTMe'ly, 'ITO T8KOe He06bi'IHOe paCnOllO>KeHHe rpaHHUbl, OTaenH

IOlUel! o6naCTH C p8311H'IHbiM noBeaeHHeM CHllOBCIX llHHHl!, HB11HeTC51 OllHOl! H3 npH'IHH nOHBne

HH51 npOTy6epaHUeB H 8 nl183Me, npHBOllHlUHX, K8K H3BeCTHO, K HeyCTOl!'IHBOCTH 01183Mbl, 

LlnH Hllll!OCTpauHH CK838HHO!"'O Bb!We p aCCM OTpHM 6e3BHXpOBOe M8!"'HHTHO€' non e , 38ll8Ba-

eMOe CK811HpHWM noTeHUH8110M H 0 z + .;, (X, y, z ) , rae 

1/J (x, y, z) yaoaneT aopHeT ypaBHeHHIO nannaca, nenHOllH'lecKaH no 
2" 

H f 1/J ( x, y, z ) dz = 0 . 
0 

Yp aBH8HHH c11noawx nHHHl! 3Toro nonS! 

KOHCT8HT8, a cj:JyHKUHH 

z C nepHOllOM 2" 



dx 

dz 
~~ 

Tl0 + rf,'(x,y,z) 
z 

dy = r(; ~ ( x, y, z) 

' dz 110 + tf;' (x, y, z) 
2 

C nOMOIUb!O 38MeHbl 

z 

u = x - uFI 0 q, , r x, r. z > -uu :_j_ r r:p , r x, r. e > ¢ , r x, r •. ; > d,; + 
x ar o xz r 

+ 1/ ll
2
¢' (x,y,z) ¢" (x,y,z) + _:_ F' (x,y), 

o y xy H! y 

2 z 
v = y -1/ H

0 
¢' ( x, y, z J- 1/Tl

0 
~ { cp" ( x, y, (:) ¢ ' ( x, y, f, ) df, + 

y a X o yz X 

+ UTI! ¢ ' (x,y,z) ¢ "(x,y,z)-.!_F' (x,y 
X xy [[~ X 

MO!'YT 6b1Tb npeo6pa30B8Hbl K BHD.y: 

du · 1 F, ( ) 1 I ( 1 ) - = - u,v +-- u,v,z, - ' 
dz TI 2 v H3 11 

0 0 0 

dv 1 F' 1 1 -- = - --;;-1 ( u, v) + ~ g ( u, v, z, -- ) ' 
dz H u H l1 

0 0 0 

rae 2rr 

F ( x, y) = f ¢~~ ( x, y, z) . q_,; ( x, y, z ) d z 

2rr 

= - f ¢ " ( x, y, z) ¢ ' ( x, y, z) dz , 
0 

yz x 

a QJYHKUHH I ( u, v, z, 1/ 1I o ) H g(u,v,z, 1/ll0 ) 

/ 1/ 

nepHOAHqecKHe no z C nepHOAOM 2rr ~YHKUHSl ¢ (x, y, z) , BCTpeqaBIU8SlCSl Bb!IUe, 

nonyqaeTCSl H3 rf; ( x, y, z) cneay!OIUHM o6pa3oM: nyc-rb 

, TO!'A8 

inz 
rf; (x,y,z)= ~ r/Jn(x,y)e 

n~O 
inz 

¢ ( x, y, z ) =- i ~ 1/ n rf' ( x, y ) e 
n~O n 

nycTb Tenepb 

rf; (x, y, z) = sinwxsh>..ysinz -,- cosw xch >..y cosz, 
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!'.a e )..2 = c<> 2 + 1 • Tor.aa F ( u, v ) = w >.. rr ( sh 2).. v + sin 2 w u) 

11, cne.aosaTellbHO, pacncnofKeHIIe TpaeKTOplli1 cllcTeMbi 

x / 
6y.aeT IIMeTb BII.U, 11306pafKeHHbiH Ha pile. 1 

p II C, 1. 

/2/ 

/ 8/ 
C ,apyroli CT OpOH bl, cne,aySI li.QeSIM pa60Tbl , MOfKHO Onpe.aeniiTb .UIISI CIICTeMbl /}/ 

HeKIIH aHa/lOT' cena p aTp!i Cbi, Bb!llOnHSIIO LU !iH .a nSI CliCTeM Tlill8 / } / Ty M e pO.Tib, 'ITO li 06b!'fH81'1 

cenapaTp!iC8 ,a nSI CliCT e M bl ABTOHOMHblX .U II tPcpepeHU!iBnbHbiX yp~BHeH!ill. nonb3YS!Cb pe3yllbTa

f7 / 
T8Mii 3 8 M8TKI! , MO /K HO ll0K838Tb, 'ITO ,anSI TOT'O, 'IT06bl p a CllOll O >Ke HIIe ee'I8HIIH nnoeKOeTbiO 

z = z 3Toro .aHanora eenapaTpllebi Ka'!eeTBeHHO eosna.aano e TeM, 'ITO 113o6paMeHo Ha 
0 

p 11 e . }, H 80 6 XO.U IIMO, 'IT06 bi tPYHKUIIII f ( u, v, z, 1/ll
0

) II g (u,v,z, 1/ f1
0

) y .aos-

neTBOp Hnll H e K o TopoMy 6eeKOHe'IHOM y 'lllen y ¢YHKUIIOHanbHbiX yenoBIIli. Henocpe.acTBeHHOe 

Bbl'llleneH!i8 nOK8 3 biB88T, 'ITO B paeeMaTp11B88MOM H8Mii npiiMepe y.aosneTBOpHTb ,aafKe nep

BOMY 113 3TIIX yenOBIIl! Mbi,B006 LU e T'OBOpSI, He MO >KeM. 3TO llpiiBO.QIIT K TOMy, 'ITO ee'I8HIIe 

eenapaTpllebi eHeT8Mbl / } / nnoeKoeTbiO Z = Z
0 

6y.aeT IIM8Tb BII.U, YK838HHbiH Ha pile . 2. 

x / /5/ 
3aMeTIIM KeTaTII, 'ITO .QIISI npe,aiiOfKeHHOT'O B eT8Tb8 llOTeHUII8118 

paenOnOfK8HIIe TpaeKTOpHl! eHeTeMbl / 2/
1 

BOnpeKII yTBepfK.U8HIIIO 8BTOpOB 1 6y,aeT IIM8Tb BH.U, 

IIM810LUIIl!: M8110 o6LUef'O e TeM, 'ITO 11306pafK8HO H8 p11C. 1. 
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P11C. 2. 

CnnowHolt qepTolt Ha sTOM p11cyHKe 113o6 p lDK eHo c e qeHI1e cen a paTpt1C bi CHC T eMbt (I), nyHKTHpOM -

ce'!eHHe cenapaTpi1Cbi CI1CTeMbi, nony'!alOwei!cSI 113 (I ) c noM ow blO 3aMeHbi z Ha - z ; cTpen-

K8MI1 H8 STOM p11CyHKe nOK838H0
1 

B K8K OM HanpaaneHHI1 CMe W8lO TCSI TO'IKI1 Ce'!eHI1H 11p11 CLlBHr e 

no Z Ha Beni1'111HY ~ Z ~ 211 0TCIOLl8 cneJlyeT, 'ITO '!8CTb peweHHii, BbiXOLlSIWHX np11 Z = Z 0 

113 38WTp~~ OB8HHOJt H8 p11C. 2 o6naCTI1, C pOCTOM Z nOK11HeT STy o6naCTb, npH'IeM cpeLlH p e -

WeH11lt 1 nOKHLl8lOWHX H83B8HHYIO 06naCTb, cyweCTBYIOT peW e HHSI, KOTOpbie 6yLlyT H8XOLli1TbCSI B 

STOlt o6naCTH CKOnb yr OLlHO LlOnro. 

HeTpyLlHO BHLleTb, 'ITO LlOnSI peweHHlt, nOKHLl8lOWHX sawTpHxoaaHHyio Ha p11c. 2 o6nacTb, 

6yLleT 38BHCeTb oT aenH'IHHbi oTpe sKa Aa. Mo)KHO noKasaTb, 'ITO np11 11 .. 00 

0 
aenH'IHHa o T-

pesKa AB 6yLleT cTpeMHTbCSI K Hymo, KaK 
- a/l 2 

e o , rLle a >O , 11, cneLloBaTenbHo, np11 cpaa-

HHTenbHO He6onbWHX 3Ha'!BHHSIX H
0 

aenH'IHHa oTpesKa AB 6yLleT LlOBOnbHO ManoA. 8 bi6HpaSI 

o/J (x,y,z) cneu11anbHbiM o6pasoM a npHHUH'le MO)KHO Ll06HTbCII Toro, 'IT06 bi np11 H0 -+ oo aenti'IH-

" Ha OTpesKa AB cTpeMI1nacb K Hyn10, HanpHMep, KaK e -y llo , rLle y > () 

Heo6XOLlHMO OTMBTHTb, 'ITO T8K8SI OnTI1MHCTH'!eCK811 CHTy8UHSI, K8K B paCCMOTpeHHOM npHMepe, 6y 

LleT HMeTb MeCTO JlaneKO He BCerJla, PaCCMOTpHM LlnSI npHMepa pacnono)KeHHe CHnOBHbiX nHHHlt Tpexsa 

/ 6/ 
XOLlHOro BHHToao ro nonS!, aosMyweHHoro ro¢pHpoaaHH biM noneM • 3To none MO)KeT 6biTb saLla-

HO cneLlylOWHM CK8nS!pHblM llOTeHUHanOM 

rLle 10 (r) 11 1 (r) 
3 

of(r,¢,•> ~H 0 z +~1,(3ar)sin3(¢-az)+ 
a 

ho k • k + __ fi ar)stn az, 
a 

6ecceneaw ¢ YHKUHH Hyneaoro 11 TpeTbero nopS!LlKa oT MHHMoro apryMeHTa. 

YpaaHeHHSI CfinOBbiX mi"HHil sToro nonS! MoryT 6biTb sanncaH bl a cneLlylOweM BULle: 

dr 

dz 
llr 
liz 

L!_ 
1/• 'z 

6 



3 n3 {; {3u r) s in JU I kn 0 {~ ( k u r) s in k u z 
--- ---------- - ---- ·-- -- -------

Ho- 3 n
3

1
3

(3 a r ) cos ](} ' kl1
0
l,/ k " r ) c os k " z 

1 1 
d() ~ f H~ 11 z o~'·/;_,_ _- r:_r'~ ~ 
dz ---- Tl

2 
--- ,·,; 

n 3 cl h 0 a 
= .:-_~+ , ---rri__~(Jar)) cos_]_Q __ : _· -c_ f)j_ j _r f ~j__ ~ '!__!LL~~s_l:__r_!_ z 

H - 3 h 1 ( 3 a r) cos J 0 • k h f ( k a r) cos k a z 
0 3 3 0 0 

r.n e • J lp11 
H0 u r 2 , 

CI!CTe~ta (3) HMe e T n c p Abi ii HHTerpan --
2

- - rh/3 (3a r) cos]()~ 

~ COnst , C O rll iiC HO KOTOpOMy p acno n O).Ke HHe Tp8e KTOp11ii CHCTeM I>I (3) ripH ho~ O HM eeT BH.ll, 

y Ka 3 8HH I->Il! H a p11c. 3. 

I 
/ ... 

f 
\ 

v 

PHC. 3. 

/9/ 
C Jlpyrol! CTO p O Hbl, HCriOnb3Y51 p e3y n L>T8 T b l 38MeTK11 I-IeTpy.lli-10 yCT8I-IOBI1Tb , '-ITO Ce'-!eHHe 

cenapaTpi1C b l CH CTeM bl ( 3) nnOCKOCTbiO z ~ z 0 I1M eeT B ll.ll, yKa38Hllbi ll Ha puc. 4 , npH'-! e M 

np11 hJ H, .. n BGnH'-!HHa OTpE13Ka CD 6y.neT c TpeMHTbCH K Hymo , K B K nepaa11 cTenEIHb Benii'-!HHbi 

!.J H0( 3JleC b npa.nnonaraEITCIJ, '-!T O OTHOWEIHHEI 
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P11e. 4. 

/ 
...,/ 

/} /;'// 
.r-../ ~ / 

.1"oil!o.~. / 

u 

3)leeb T8K. )l{e, K8K II B npeJlhiJlyWeM npRMepe, cpeJlR peweHRll, fi OKI!JJ. 8lOWIIX 38WTpRXOB8HHY!O 

H8 pRC. 4 o6naCTb 1 6yJlyT cyweeTBOB8Tb peweHRSI 1 KOTOpb!Q 6yJlyT H8XOJJ.I! TbCSI B H83B8HHOll o6-

naCTII CKOnb yrOJlHO JlOnro. noaTOMY fi0fi b! TK8 H8liTII rpaHRUY, OTJlenSI IOWY!O peweHRSI CIICTe

Mbl (3), KOTOpb!Q 6yJlyT JlOnro OCT8B8TbCSI B 38WTpRXOB8HHOl! H8 pRe. 4 o6naCTII 1 OT fi0KRJJ.8IO

W IIX 3TY _·o6naCTb peweHRll, C fiOMOWblO 'li!CneHHOr'O IIHTerpRpOB8HIISI CIICTQMbl ( 3) Ha He60nbWOM 

npoMe)l{ yTKe 113MeHeHIISI z BpHJJ. n11 MoryT Jl8Tb yJloaneTBOpi!TenbHhi ll p eaynhTaT, 1160 naneKo 

He SICHO OCT8HyTeSI n11 B H83B8HHOll o6naeTII XOTSI 6hl BCe peweHRSI ClleTeMql (3) 1 Bb!XOJlSIWI!e 113 

/5,6/ 
nenecTKOBhiX o6naeTell • 

/9/ 
Heo6XOJli!MO OTMeTI!Tb 1 'iTO OCHOBb!B8SICb H8 p eaynbT8T8X 38MeTKII 1 MO)I{HO fiOCTpORTb 

npi!Mepbl fiOTeHU118nOB, 8H8nOrR'lHb!X paCCMOTpeHHOMy Bb!We, )lnSI KOTOpbiX Benii'IIIH8 0Tpe3K8 

CD 6yJleT IIMeTb n106 0 l! HanepeJl 38Jl8HHb!l! nopS!JlOK OTHOei!TenbHO napaMeTpa B03 MyWeHIISI. 

Bhi6op T8KIIX nonell JlnH y Jlep)I{8HRSI nnaaMhi MO)I{eT eywecTaeHHO yaenll'li!Tb apeMSI )I{H3HII 

nnaaMbi. 
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